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Abstract

In this paper, by employing the Guo-Krasnoselskii fixed point theorem in a cone, we study the existence of
positive solutions to the following nonlocal fractional boundary value problems

C
( DEu() = f(Lu(®),  te (D),

u(t) +u'(0) = %

Hy (9 @) +f H, (S'U(S))ds].
E

l u(l) +u'(1) =0,

where °Dg is the standard Caputo derivative of order @,1 < a < 2,E < (0,1) is some measurable set. We
provide conditions on f, H,, H, and ¢ such that the problem exhibits at least one positive solution.
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1. Introduction

Fractional calculus is the field of mathematical
analysis which deals with the investigation and
applications of integrals and derivatives of arbitrary
order, the fractional calculus may be considered an
old and yet novel topic.

Recently, fractional differential equations have
been of great interest. This is because of both the
intensive development of the theory of fractional
calculus itself and its applications in various
sciences, such as physics, mechanics, chemistry,
engineering, etc. For example, for fractional initial
value problems, the existence and multiplicity of
solutions were discussed in (Babakhani and Gejji,
2003; Baleanu et al., 2012; Delbosco and Rodino,
1996; Kilbas and Trujillo, 2001; Kilbas and
Trujillo, 2002), moreover, fractional derivative
arises from many physical processes, such as a
charge transport in amorphous semiconductors
(Scher and Montroll, 1975), electrochemistry and
material science are also described by differential
equations of fractional order (Diethelm and Freed,
1999; Gaul et al.,, 1991; Glockle and Nonnenmacher,
1995; Mainar, 1997; Metzler et al., 1995).

*Corresponding author
Received: 6 March 2013 / Accepted: 10 May 2014

The existence of solutions of initial value problems
for fractional order differential equations have been
studied in the literature (Agarwal et al., 2010;
Lakshmikantham and Vatsala, 2008; Nyamoradi,
2012; Nyamoradi, 2013; Nyamoradi, 2012;
Nyamoradi and Bashiri, 2012; Nyamoradi and
Bashiri, 2013; Podlubny, 1999; Razminia et al.,
2013; Samko et al.,, 1993) and the references
therein.

On the other hand, certain authors have
investigated  nonlocal, nonlinear  boundary
conditions including, for example, (Ehme et al.,
2002; Graef and Webb, 2009; Kong and Kong,
2005; Liu et al., 2010; Webb and Infante, 2006;
Webb and Infante, 2009; Yang, 2005; Yang, 2006).
In addition, there are examples of nonlocal
boundary conditions in the context of fractional
differential and difference equations (see, for
example, (Goodrich, 2011; Goodrich, 2011;
Goodrich, 2011; Goodrich, 2012; Goodrich, 2011)
and the references therein).

Our purpose in this paper is to show the existence
and multiplicity of positive solutions for the
boundary value problem of fractional differential
equation:
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|( ‘ DSu(®) = f(t,u(®), te(01),
1
u(t) +u'(0) = 3 [Hl(fp(u)) + f H, (Sju(S))dS],
E
{ u(1) + /(1) = 0,

®

where  <pg. is the standard Caputo derivative of
order a,1 < a < 2,E € (0,1) is some measurable
set and ¢ is a linear functional having the form

1

o) = f u(®)da(t), @
0

where the integral appearing in (2) is taken in the
Lebesgue-Stieltjes sense and f:[0,1] x R » R is a
given function with suitable conditions.

Prior to describing the novel contributions of this
work, let us place problem (1) in an appropriate
context and review briefly some recent results on
such problems. In particular, rich literature on
nonlocal boundary value problems exists along,
with the important work by Debbouche, Baleanu
and Agarwal (Debbouche et al., 2012), in which a
unified theory of a nonlocal onlinear fractional
problem which the authors proved the existence of
mild and strong solutions of a nonlocal nonlinear
fractional problem with the nonlocal condition
u(0) + X, ulty) = uo.

The rest of the article is organized as follows: in
Section 2, we present some preliminaries that will
be used in Section 3. In Section 3, we give the
existence of one positive solution for the problem
(1) by using the Guo-Krasnoselskii fixed point
theorem. Finally, in Section 4, an example is given
to demonstrate the application of our main result.

2. Preliminaries

In this section, we present some notations and
preliminary lemmas that will be used in Sections 3
and 4.

Definition 1. Let X be a real Banach space. A hon-
empty closed set P < Xiis called a cone of X if it
satisfies the following conditions:

(1)x € P,u = 0implies ux € P,

(2)x€P,—x €Pimpliesx=0.

Definition 2. The Riemann-Liouville fractional
integral operator of order & >o,0f function

f € LY(R ) is defined as

1

o f (t - ) f(s)ds,

Igl+f(t) =

where I"(\) is the Euler gamma function.

Definition 3. The Riemann-Liouville fractional
derivative of order @>0 N—1<a<n, , cy js
defined as

d

Dg:f(t) =

where the function f (t) has absolutely continuous
derivatives up to order (n — 1).

Lemma 1. ((Kilbas, et al., 2006)). The equality
Do g f(t)=f(t),a>o holds for
f E1)).

Definition 4. ((Kilbas, et al., 2006; Podlubny,

1999)) The fractional derivative of f in the Caputo
sense is defined as

cpe = 1 d " n—a—1
D+ f(t) = m(-t> fo (t—ys) f(s)ds, n

—1<a<n,

where n = [a] + 1.

Lemma 2. ((Kilbas, et al., 2006)). Let & >0
Then the differential equation
‘D& u) =0

has a unique solution u(t) =cy+cit+ -+
ot L gERi=1,..,n ,wheren—1<a <
n.

Lemma 3. ((Kilbas, et al., 2006)). Assume that
h € €(0,1) nL}(0,1) with a derivative of order
a > 0 that belongs to (0,1) n L1(0,1). Then

Igs CD(‘j‘m(t) =h() + ¢y + eyt + - + ¢ t771,

forsome ¢, ER, i=1,..,n—1,where n—1<
a<n.

Lemma 4. Suppose that h € C[0,1], then the
boundary value problem (1) has a unique solution

u(®) = (1 - ) [H(p@) + [, Hy (s,u(s))ds| +
J, G(t,5)h(s)ds, ?)

where
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J(l —-) 1 -+t —-95%*T 1-5%2%1-1t) s<p<1
_ r'p) Me-1) "~ 7 '
G(t.s) = Q-9 1=t (1-9s)%21-0t) h )
L ') fa—n ~ 25°=°=7%

Proof: The proof is similar to that of Lemma 3.1 in
(Zhang, 2006), so we omit it here.

Lemmab. Let 0 € (0, %) then the function G(t,s)
defined by (4) satisfies the following conditions:
(i) G(t,s) € €([0,1] x [0,1)) and (t,s) >0, for
any (¢,s) € (0,1) x (0,1);
(ii) There exists a positive function y € €(0,1) such
that
Jnin G (t,s) 2 y(s)M(s),
0<r§1<a1>_£9_6(t, s) < M(s), s€(0,1),

where
2(1 =)@t (1—5)22
M(s) = sefoD),
Q) I'(a) ra-n SE€lob
y(s) = p U= H@ DA - e (),

2(1-5)%"1+(a-1)(1-5)%"2’

Proof: The proof is similar to that of Lemma 2.5 in
(Yang et al., 2012), so we omit it here.

Now, we consider the system (1). By applying
lemma 4, u € €(0,1) is a solution of the system (1)
if and only if u € C[0,1] is a solution of the
following nonlinear integral system:

u(®) = (1-16) [H1(<p(u)) + f H, (S,u(s))ds]
E

1
+f Gt s)f (s,u(s))ds. 5)

0

The basic space used in this paper is a real
Banach space B = C[0,1] with the norm |jul| =
Mmaxo<e<1 [u(t)].

3. Main result for the single-valued case

Now we are able to present the existence results for
problem (1). In this section, to establish the
existence one positive solution of system (1), we
will employ the following Guo-Krasnoselskii fixed
point theorem.

Our approach is based on the following Guo-
Krasnoselskii  fixed point theorem of cone
expansion-compression type (Krasnoselskii, 1964).

Theorem 1. Let E be Banach space and K € E a
cone in E. Assume Q, and ., are open subsets of E

K be a completely continuous operator. In addition
suppose either

(A |ITull < |lull,vu e KnaQ, and ||Tull =
[lull,vu € K n 3Q, or
(B) |Tull = |lul,vu e KnaQ, and ||Tul <

[lull,vu € K ndQ,

holds. Then T has a fixed pointin K n (Q,\Q,).
Also, we introduce the following notations.

Define

Mming<r<1-9(1-t) ming<r<1-g¥(t)

}

o= min{ ,
maxost<1(1-t)

Then, choose a cone K c 3, by

{u EL:u=20 Osrtréiln_e(u(t))
2 olfull, p1(w), 2 (u) = 0

and define an operator T: E — E by

T(w)(®)

=(1-10 [Hl(go(u)) + fE H, (s,u(s))ds]

+ flG(t, S)f (s, u(s))ds. (6)
0

Throughout the forthcoming the
following conditions are assumed:
(H1) Let H;:[0,+o) — [0,+o0) and H,:[0,1] X
[0,4+00) = [0, +00) be two real-value, continuous
function;

(H2) The functional @(w):= [) u(t)da,(t) +

fol u(t)da,(t) can be written in the form

analysis,

o) = p1(W) + @, (11)
f u(t)dal(t)%—[ u(t)da,(t),
0 0

(7
where a,a,,a,:[0,1] » R satisfy a € BV ([0,1])
and ¢4, @, are linear functionals;

(H3) For each i=1,2 both

J; (= Dday(®) =0 ®)
and
J- G(t,s)da;(t) =0 €))

hold, where (9) holds for every s € [0,1].
(H4) There is a constant C; € [0,1) such that the
functional ¢ in (7) satisfies the inequality
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lp)| < Gillull, vu € C([0,1]). (10)

Moreover, there is a constant C, > 0 such that the
functional ¢ in (7) satisfies ¢,(uw) = G,llull
whenever u € K;;

H5) limsup,,_.., ., "2% — 0:
( Pu—+

u

(H6) There exists a function p: [0, +00) — [0, +00)
satisfying the growth condition

p(u) £ C4u, forsomeC, =0, 11D

having the property

) H,(t,u)
limsup =
UuU—+0o

0, (12)

uniformly with respect to (¢t,u) € [0,1] x R*;

(H7) limsup,_o+ 252 = +oo  uniformaly  with

respect to (¢,u) € [0,1] x R*.

few) 0
u

(H8) limsupy,_+e
respect to (¢t,u) € [0,1] x R*.

uniformaly  with

Lemma 6. If (H1), (H2), and (H3) hold, then the
operator T: K — K is well-defined, i.e. T(K) € K
and completely continuous.

Proof: For any u € K, by Lemma 5, T(u)(t) =
0,t € [0,1], and it follows from (6) that
IT @l

< max(1—1t) -Hl(fp(u))

0sts<1

+f H, (s,u(s))ds] +f M(s)f(s,u(s))ds
E 0

= max(1 —1t) _Hl((p(u)) +f H, (s,u(s))ds]
E

0st<1

+<L{ﬂf%4£; )@u@f@ﬂwnw)

< ggtagg(l —t) [Hl((p(u)) + [, H, (s,u(s))ds] +
30,7 M(s)f(s,u(s))ds. (13)

Thus, for any u € K, it follows from Lemma 5
and (6) that

oLy 0O

= min {(1 ) [Hl (p(w))
+ f H, (s,u(s))ds]

+ f G(t, s)f(s, u(s))ds}

~ osts1-6

> min (1-1¢) [Hl (go(u)) + f H, (s,u(s))ds]
E
1-6
+L Y(SIM(s)f (s, uls))ds

min (1—1t)
- 0sts1-6 ) Hy (o)) +f H, (S,u(S))ds]
E

~ max(l-—t
0st=<1

1-6
+ min y(t)f M(s)f(s,u(s))ds
0<t<1-6 0

2 alIT@Il.

Finally, for u € K,i = 1,2 and (H3), one can
obtain

»:i(T(w)
1
s]ﬂ—ﬂm@@)
0

+j H, (s,u(s))ds] da;(t)
5
+f <j G(t,s)f(s,u(s))ds)dai(t)
o \Jo
= [Hl((ﬂ(u))
H, (s, d 1-t)da;
+L (s u(s)) s]fo (1-t)da;(t)

+ jol (folG(t, s)dai(t))f(s,u(s))ds

= 0.

Therefore, from the above, we conclude that
T(w)(t) €eK, that is, T(K)c K. Thus, The
operator T by an application of the Ascoli-Arzela
theorem, is completely continuous. This completes
the proof.

It is clear that the existence of a positive solution
for the problem (1) is equivalent to the existence of
a nontrivial fixed point of T in K.

Theorem 2. If (H1)-(H8) hold, E € (0,1) and
¢, +C,m(E) <1, (14)
then (1) has at least one positive solution.

Proof: By (H7), there exists r; > 0 such that
ft,u) =2nu, 0 <u<r.Set

Q :={u€p:|lull <n} (15)
and let n, satisfy

1-6
7]10’J:9 M(s)ds = 1. (16)

Then, for any u € K n dQ,, one can get
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1 We consider two cases:
1 te(Z
T(w) (E) > f G (2,5) f(s'u(s))ds Case (i): Suppose that f is unbounded, then define
0 a function f*: [0, +00) = [0, +0) by
1-6
> |lulln,o M(s)ds = ||ull. f*(r):=max{f(t,u): t€[0,1],0<u<r}
which implies that It is easy t(j)c*(sr«)ae that f* is nondecreasing and
limsup,_ ;o =0, and
T(w) = |lull, foru€ K naoQ,. 17)
. - fr(r) <er, forr>r,. (26)
On the other hand, the condition (14) implies the
existence of € > 0 such that Taking 73 > max {r 211 Me &} then from (26),
2 2y ’ C,
Ci+Cm(E)+e<1. one has

But then by choosing € even closer to zero if
necessary, we may also assume that

€C; +m(E)Ce + e < 1. (18)

Henceforth, we let € be fixed such that (18) holds.
Now, since (H5) holds, fore > 0, there exists
M, > 0 such that

Hl((p(u)) <ep(u), foreache(u) > M. (19)

Since ¢, (u) = 0, (H4), it follows that ¢(u) >
@, (W) = Cyllull, so that if

M,
= — 2
Il = 5, (20)

then (19) holds. Similarly, condition (H6) implies
the existence of a number M, > 0, which we do not
relabel, such that

Hy (te (u(s))) < €F (u(s)), (2D

for each t € [0,1], u(s) > M,. In order to ensure
that this occurs, note that it is sufficient to assume
that

Jull = 2 22

ull = — (22)
Indeed, it then holds that

min7()(¢) = min u(w)  ollull = 0.7 = M.. (23)
Note that (23) is allowable since E € (6,1 — 6).

In any case, then, both (20) and (24) hold provided
that

Me M,
2

Since (H8) holds, for n, >0, there exists
r, >1r >0 such that f(t,u) <n,u for u>n,
where 1, satisfy

r;zf M(s)ds < €. (25)

ft,w) < f*(ry) <ery, forte[0,1],0 <u <715 (27)
Set
Qp :={u € f:|lull <} (28)

Then, for any u € K N 91),, one may obtain

T < Hy (o) + f H, (s, u(s))ds
+ JlM(s)f(s,u(s))ds

<ep(u)+ j eF(u(s))ds + 7’2*772] M(s)ds
0

E
< eCyllull + m(E)Cy € |lull+€ lull
< [eC; + m(E)C, € +€]|lull < |lull.
which implies that

Tw) <|lull, for u€eKnan,. (29)

Case (ii): Suppose that f is bounded, say
maXxep 1 f(tu) <r, for some r, =0 s
sufficiently large. In fact, without loss of generality,
we may assume that

v
fEuw) £ —F——¢ (30)
f M(s)ds
Taking 5 > max {rz,ﬂ,% %} forany u € K n
o 2
aQ,, we have

1T < Hy (o) + j H, (s,u(s))ds

+f M(s)f(s,u(s))ds
< 6<p(u)+f6F(u(s)) ds
E
M(s)d
f M(s)dsJ’ (s)ds

< €Cyllull + m(E)C, € (lull+€ [jull
< [eC, + m(E)C, € +€]]|ull
< lull-
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which implies that

T < ||lull, for u € K N 9Q,. 3D

Thus, in either case, we may combine estimates
(17) and (29) or (31) together with Theorem 1 to
deduce the existence of a function uy € K n
(Q,/9,) such that (ug) =u,. Therefore the
problem (1) has at least on positive solution. So, the
proof is complete.

4. Application

Example 3. Consider the following singular
boundary value problem:

(

c 3 t+1\*, 1
Dg,,u(t) = (T) (ueu - u), t € (0,1),

i
/
{u(0)+ u (0)=§[H1(<p(u))+ [ . (s.u(s))ds]. G2
| E
\

4
w+ Y=o

t+1

here, = ; ft,u) = (7)4 (ue% — u). Now, we

define

H(u) =u-— ue%ﬁ, p(w) =4u, H,(t,u)
t 1
=10 (ueu - u),
and ¢ (u) = ¢, (w) + ¢, (u) where
1 /2 1 /1
®1(u) =gu(§)—§u<z); ¥, (w)

= fl *ut)dt.

3

Also, we choose @ =1,E = [3,1], which
4 30° 3

implies that m(E) = —. In addition, we have
30

oI < gllull+ gl + (5= 3) lull = 50
vl < glull+glul+{5=3) i =36

and

1
>
(pZ(u) =15 Ullull,

for each u € K. Thus, upon putting C, ::%e
[0,1) and Cy;= %a > 0. Clearly, f,¢,H, and H,
satisfy the conditions (H1)-(H8). Then, all
conditions of Theorem 2 hold. Hence, the system

(32) has at least one solution.
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