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Abstract 

In this paper, we consider a system of generalized resolvent equations involving generalized pseudocontractive 
mapping with corresponding system of variational inclusions in real Banach spaces. We establish an equivalence 
between the system of generalized resolvent equations and the system of variational inclusions using the concept 
of H(.,.)-co-accretive mapping. Furthermore, we prove the existence of solution of system of generalized resolvent 
equations and discuss the convergence of iterative sequences generated by the proposed algorithm. 
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1. Introduction 

A useful and important generalization of variational 
inequalities is a mixed variational inequality 
containing nonlinear term [1]. Due to the presence 
of nonlinear term, the project method cannot be 
used to study the existence of solution for the 
mixed variational inequalities. In 1994, Hassouni 
and Moudafi [2] introduced variational inclusions 
which contain mixed variational inequalities as 
special cases and they studied perturbed method for 
solving variational inclusions. 

Using the concept of resolvent operator 
technique, Noor and Noor [3] introduced and 
studied resolvent equations and established the 
equivalence between the mixed variational 
inequalities and the resolvent equations. The 
resolvent operator technique is being used to 
develop powerful and efficient numerical technique 
for solving mixed (quasi) variational inequalities 
and related optimization problems. 

Ahmad and Yao [4] introduced and studied a 
system of generalized resolvent equations in 
uniformly smooth Banach spaces by showing its 
equivalence with a system of variational inclusions. 
They developed an iterative algorithm for finding 
the approximate solutions of system of resolvent 
equations. 

In 2008, Zou and Huang [5] introduced and 
studied ܪሺ. , . ሻ-accretive mapping and its resolvent 
operator in Banach spaces. After that Ahmad et al. [6, 7] 
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introduced and studied ܪሺ. , . ሻ-cocoercive mapping 
and ܪሺ. , . ሻ-co-accretive mapping for solving 
variational inclusion problems. 
In this paper, by using the concept of ܪሺ. , . ሻ-co-
accretive mapping, we solve a system of 
generalized resolvent equations and the 
convergence criterion is also discussed. Our results 
can be viewed as a refinement and improvement of 
some known results of this field. 

2. Preliminaries 

Throughout the paper, unless otherwise specified, 
we assume that ܺ be a real Banach space with its 
norm,‖.  is the topological dual of ܺ, ݀ is the כܺ ‖
metric induced by the norm ‖.  ሺܺሻܤܥ ,‖
(respectively, 2௑) is the family of all nonempty 
closed and bounded subsets (respectively, all 
nonempty subsets) of ܺ, ࣞ (.,.) is the Hausdorff 
metric on ܤܥሺܺሻ defined by 
 

ࣞ(A,B) = max൜Sup
௫ఢ஺

݀ሺݔ, ,ሻܤ 	Sup
௬ఢ஻

݀ሺܣ,  ,ሻቋݕ

 
where dሺx, Bሻ ൌ inf

௬ఢ஻
݀ሺݔ, ,dሺA		ሻ  andݕ yሻ 	ൌ

inf
௫ఢ஺
݀ሺݔ,  .ሻݕ

We also assume that 〈. , . 〉 is the duality pairing 
between ܺ and ܺכ and ࣠:	X ՜ 2௑

כ
 is the 

normalized duality mapping defined by 
 

࣠ሺxሻ ൌ ሼ݂ א :כܺ ,ݔ〉 ݂〉 ൌ ‖ݔ‖	݀݊ܽ	‖݂‖‖ݔ‖
ൌ ‖݂‖ሽ, ݔ׊ א ܺ. 
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We need the following concepts and results for 
the presentation of the main result of this paper. 
 
Proposition 2.1. [8]. Let ܺ be a real Banach space 
and ࣠:ܺ ՜ 2௑

כ
 be a normalized duality mapping. 

Then for any ݔ, ݕ א ܺ, 
 
ݔ‖ ൅ ଶ‖ݕ ൑ ଶ‖ݔ‖ ൅ ,ݕ〉2 ࣼሺݔ ൅ ,〈ሻݕ ݔሺࣼ	׊ ൅ ሻݕ

א ࣠ሺݔ ൅  .ሻݕ
 
Definition 2.1. Let ܶ: ܺ ՜ ܺ be a single-valued 
mapping and ࣠:ܺ ՜ 2௑

כ
 be a normalized duality 

mapping, then ܶ is said to be 
(i) cocoercive, if there exists a constant ߤᇱ ൐ 0	such 
that 
 
ݔܶ〉 െ ,ݕܶ ࣼሺݔ െ 〈ሻݕ ൒ ݔܶ‖ᇱߤ െ ,ଶ‖ݕܶ ,ݔ	׊ ݕ א
	ܺ,			ࣼሺݔ െ ሻݕ א 	࣠ሺݔ െ  ;ሻݕ
 
(ii) relaxed-cocoercive, if there exists a constant  
ᇱߛ	 ൐ 0	 such that 
 
ݔܶ〉 െ ,ݕܶ ࣼሺݔ െ 〈ሻݕ ൒ ሺെߛᇱሻ‖ܶݔ െ ,ଶ‖ݕܶ ,ݔ	׊ ݕ א
	ܺ,			ࣼሺݔ െ ሻݕ א 	࣠ሺݔ െ  ;ሻݕ
 
(iii) ߟ- expansive, if there exists a constant ߟ ൐ 0 
such that 
 

ݔܶ‖	 െ ‖ݕܶ ൒ ݔ‖ߟ െ ,‖ݕ ,ݔ	׊ ݕ א 	ܺ; 
 
if 	ߟ ൌ 1,  then it is expansive. 
 
Definition 2.2. Let ܪ:ܺ ൈ ܺ ՜ ,ܣ ,ܺ :ܤ ܺ ՜ ܺ be 
the single-valued mappings and ࣠:ܺ ՜ 2௑

כ
 be a 

normalized duality mapping, then 
(i) ܪሺܣ, . ሻ is said to be cocoercive with respect to 
ߤ if there exists a constant ,ܣ ൐ 0 such that 
 
,ݔܣሺܪ〉 ሻݑ െ ,ݕܣሺܪ ,ሻݑ ࣼሺݔ െ 〈ሻݕ ൒ ሺߤሻ‖ݔܣ െ
,ଶ‖ݕܣ ,ݔ	׊ ,ݕ ݑ א 	ܺ, ࣼሺݔ െ ሻݕ א ࣠ሺݔ െ  ;ሻݕ
 
(ii) ܪሺ. ,  ሻ is said to be relaxed-cocoercive withܤ
respect to ܤ, if there exists a constant ߛ ൐ 0 such 
that 
 
,ݑሺܪ〉 ሻݔܤ െ ,ݑሺܪ ,ሻݕܤ ࣼሺݔ െ 〈ሻݕ ൒ ሺെߛሻ‖ݔܤ െ
,ଶ‖ݕܤ ,ݔ	׊ ,ݕ ݑ א 	ܺ, ࣼሺݔ െ ሻݕ א ࣠ሺݔ െ  ;ሻݕ
 
(iii)	ܪሺܣ, . ሻ is said to be symmetric cocoercive with 
respect to ܣ and ܤ, if ܪሺܣ, . ሻ is cocoercive with 
respect to ܣ and ܪሺ. ,  ሻ is relaxed-cocoercive withܤ
respect to ܤ; 
(iv) ܪሺܣ,  ሻ is said to be mixed Lipschitzܤ
continuous with respect to ܣ and ܤ,  if there exists a 
constant ݎ ൐ 0  such that 
 
,ݔܣሺܪ‖ ሻݔܤ െ ,ݕܣሺܪ ‖ሻݕܤ ൑ ݔ‖ݎ െ ,‖ݕ ,ݔ	׊ ݕ

א 	ܺ. 
 
Definition 2.3. A single-valued mapping ݃:ܺ ՜ ܺ 
is said to be 

(i) ݇-strongly accretive, ݇ א ሺ0,1ሻ if for any 
,ݔ ,ݕ א ܺ there exists, ࣼሺݔ െ ሻݕ א ࣠ሺݔ െ  ሻݕ
such that 
 

ݔ݃〉 െ ,ݕ݃ ࣼሺݔ െ 〈ሻݕ ൒ ݔ‖݇ െ  ;ଶ‖ݕ
 
(ii) Lipschitz continuous, if for any ݔ, ,ݕ א ܺ there 
exists a constant ߣ௚ ൐ 0, such that 
 

ݔ݃‖ െ ‖ݕ݃ ൑ ݔ‖௚ߣ െ  .‖ݕ
 
Definition 2.4. Let ܯ:ܺ ൈ ܺ ՜ 2௑ be a multi-
valued mapping, ݂, ݃: ܺ ՜ ܺ be the single-valued 
mappings and ࣠:ܺ ՜ 2௑

כ
 be a normalized duality 

mapping, then 
(i) ܯሺ݂, . ሻ is said to be ߙ-strongly accretive with 
respect to ݂, if there exists a constant ߙ ൐ 0 such 
that 
 
ݑ〉 െ ,ݒ ࣼሺݔ െ 〈ሻݕ ൒ ݔ‖ߙ െ ,ଶ‖ݕ ,ݔ	׊ ,ݕ ݓ א ܺ, ݑ א
,ሻݓ,ݔሺ݂ܯ ݒ א ,ሻݓ,ݕሺ݂ܯ ࣼሺݔ െ ሻݕ א ࣠ሺݔ െ  ;ሻݕ
 
(ii) ܯሺ. , ݃ሻ is said to be ߚ-relaxed accretive with 
respect to ݃, if there exists a constant ߚ ൐ 0 such 
that 
 
ݑ〉 െ ,ݒ ࣼሺݔ െ 〈ሻݕ ൒ ሺെߚሻ‖ݔ െ ,ଶ‖ݕ ,ݔ׊ ,ݕ ݓ א
ܺ, ݑ א ,ݓሺܯ ,ሻݔ݃ ݒ א ,ݓሺܯ ,	ሻݕ݃ ࣼሺݔ െ ሻݕ א
࣠ሺݔ െ  ;ሻݕ
 
(iii) ܯሺ. , . ሻ is said to be symmetric accretive with 
respect to ݂ and ݃, if ܯሺ݂, . ሻ is strongly accretive 
with respect to ݂ and ܯሺ. , ݃ሻ is relaxed accretive 
with respect to ݃. 
 
Definition 2.5. A multi-valued mapping ܶ: ܺ ՜
 ሺܺሻ is said to be ࣞ-Lipschitz continuous if forܤܥ
any ݔ, ݕ א ܺ there exists a constant ࣞߣ೅ ൐ 0 such 
that 
 

ࣞሺܶሺݔሻ, ܶሺݕሻሻ ൑ ݔ‖೅ࣞߣ െ  .‖ݕ
 
Definition 2.6. Let ܣ, :ܤ ܺ ՜ ܺ and ܪ:ܺ ൈ ܺ ՜ ܺ  
be the single-valued mappings, then 
(i)	ܪሺܣ, . ሻ is said to be generalized 
pseudocontractive with respect to ܣ, if there exists a 
constant ݏ ൐ 0  such that 
 
,ݔܣሺܪ〉 ሻݑ െ ,ݕܣሺܪ ,ሻݑ ࣼሺݔ െ 〈ሻݕ ൑ ݔ‖ݏ െ
,ଶ‖ݕ ,ݔ׊ ,ݕ ݑ א 	ܺ,			ࣼሺݔ െ ሻݕ א ࣠ሺݔ െ  ;ሻݕ
 
(ii) ܪሺ. ,  ሻ is said to be generalizedܤ
pseudocontractive with respect to ܤ, if there exists 
a constant ݐ ൐ 0 such that 
 
,ݑሺܪ〉 ሻݔܤ െ ,ݑሺܪ ,ሻݕܤ ࣼሺݔ െ 〈ሻݕ ൑ ݔ‖ݐ െ
,ଶ‖ݕ ,ݔ	׊ ,ݕ ݑ א 	ܺ,			ࣼሺݔ െ ሻݕ א ࣠ሺݔ െ  .ሻݕ
 
Note: If ܺ ൌ  a real Hilbert space, then ,ܪ
Definition 2.6 reduces to Definition 2.4(4) of [9]. 
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Definition 2.7. Let ܣ, ,ܤ ݂, ݃: ܺ ՜ ܺ and ܪ:ܺ ൈ
ܺ ՜ ܺ be the single-valued mappings. Let ܯ:ܺ ൈ
ܺ ՜ 2௑ be a multi-valued mapping. The mapping 
.ሺܪ is said to be ܯ , . ሻ-co-accretive with respect to 
,ܣ ,ܤ ݂ and ݃, if ܪሺܣ,  ሻ is symmetric cocoerciveܤ
with respect to ܣ and ܯ ,ܤሺ݂, ݃ሻ is symmetric 
accretive with respect to ݂ and ݃ and ൫ܪሺܣ, ሻܤ ൅
,ሺ݂ܯߣ ݃ሻ൯ሺܺሻ ൌ ܺ, for every ߣ ൐ 0. 
 
Theorem 2.1 [7]. Let ܺ be a real Banach space, let 
,ܣ ,ܤ ݂, ݃: ܺ ՜ ܺ and ܪ:ܺ ൈ ܺ ՜ ܺ  be the single-
valued mappings. Let ܯ:ܺ ൈ ܺ ՜ 2௑ be an ܪሺ. , . ሻ-
co-accretive mapping with respect to ܣ, ,ܤ ݂ and ݃. 
Let ܣ be ߟ-expansive and ܤ be ߪ-Lipschitz 
continuous. Then the mapping ൫ܪሺܣ, ሻܤ ൅

,ሺ݂ܯߣ ݃ሻ൯
ିଵ

 is single-valued, for every ߣ ൐ 0. 
 
Definition 2.8 [7]. Let ܣ, ,ܤ ݂, ݃: ܺ ՜ ܺ and 
ܺ:ܪ ൈ ܺ ՜ ܺ be the single-valued mappings. Let 
ܺ:ܯ ൈ ܺ ՜ 2௑ be an ܪሺ. , . ሻ-co-accretive mapping 
with respect to ܣ, ,ܤ ݂ and ݃. The resolvent 

operator ఒܴ,ெሺ.,.ሻ
ுሺ.,.ሻ : ܺ ՜ ܺ is defined by 

 

ఒܴ,ெሺ.,.ሻ
ுሺ.,.ሻ ሺݔሻ ൌ ൫ܪሺܣ, ሻܤ ൅ ,ሺ݂ܯߣ ݃ሻ൯

ିଵ
ሺݔሻ, ݔ	׊ א

ܺ, ߣ ൐ 0.                                                                (1) 
 
Theorem 2.2 [7]. Let ܣ, ,ܤ ݂, ݃: ܺ ՜ ܺ and 
ܺ:ܪ ൈ ܺ ՜ ܺ be the single-valued mappings. 
Suppose ܯ:ܺ ൈ ܺ ՜ 2௑ be an ܪሺ. , . ሻ-co-accretive 
mapping with respect to ܣ, ,ܤ ݂ and ݃ with 
constants ߤ, ,ߛ -ߟ be ܣ respectively. Let ,ߚ and ߙ
expansive and ܤ be ߪ-Lipschitz continuous such 
that ߙ ൐ ,ߚ ߤ ൐ ߟ and ߛ ൐  Then the resolvent .ߪ

operator ఒܴ,ெሺ.,.ሻ
ுሺ.,.ሻ : ܺ ՜ ܺ is Lipschitz continuous 

with constant ܮ, that is, 
 
ቛܴఒ,ெሺ.,.ሻ

ுሺ.,.ሻ ሺݔሻ െ ܴఒ,ெሺ.,.ሻ
ுሺ.,.ሻ ሺݕሻቛ ൑ ݔ‖ܮ െ ,‖ݕ ,ݔ	׊ ݕ א ܺ,   (2) 

 
where ܮ ൌ:

ଵ

ఒሺఈିఉሻାሺఓఎమିఊఙమሻ
. 

3. Iterative algorithms and convergence result 

Let ଵܺ and ܺଶ be two real Banach spaces, 
	,ଵܤ	,ଵܣ ଵ݂, ଵ݃: ଵܺ ՜ ଵܺ, ܣଶ,	ܤଶ,	 ଶ݂,	݃ଶ: ܺଶ ՜ ܺଶ,	 
:ଵܪ ଵܺ ൈ ଵܺ ՜ ଵܺ,	ܪଶ: ܺଶ ൈ ܺଶ ՜ ܺଶ, ܵ: ଵܺ ൈ ܺଶ ՜
ଵܺ and ܶ: ଵܺ ൈ ܺଶ ՜ ܺଶ  be the single-valued 

mappings, ܧ: ଵܺ ՜ 2௑భ, ܨ: ܺଶ ՜ 2௑మ be the multi-
valued mappings. Let ܯଵ: ଵܺ ൈ ଵܺ ՜ 2௑భ and 
ଶ:ܺଶܯ ൈ ܺଶ ՜ 2௑మ be the ܪଵሺܣଵ,  ଵሻ-co-accretiveܤ
and ܪଶሺܣଶ,  ,ଶሻ-co-accretive mappingsܤ
respectively. We consider the problem of finding 
 
ሺݔ, ሻݕ א ଵܺ ൈ ܺଶ, ݑ א ,ሻݔሺܧ ݒ א ,ሻݕሺܨ ᇱݖ	 א ଵܺ, ᇱᇱݖ	 א ܺଶ 
 
such that 

 

൝
ܵሺݔ, ሻݒ ൅ ଵߣ

ିଵܬఒభ,ெభሺ.,.ሻ
ுభሺ.,.ሻ ሺݖᇱሻ ൌ ଵߣ					,0 ൐ 0

ܶሺݑ, ሻݕ ൅ ଶߣ
ିଵܬఒమ,ெభሺ.,.ሻ

ுమሺ.,.ሻ ሺݖᇱᇱሻ ൌ ଶߣ					,0 ൐ 0
			     (3) 

 
where 
 
ఒభ,ெభሺ.,.ሻܬ
ுభሺ.,.ሻ

ൌ ܫ െ ଵܪ ቂܣଵ ൬ ఒܴభ,ெభሺ.,.ሻ
ுభሺ.,.ሻ ሺ. ሻ൰ , ଵܤ ൬ ఒܴభ,ெభሺ.,.ሻ

ுభሺ.,.ሻ ሺ. ሻ൰ቃ, 
 
ఒమ,ெమሺ.,.ሻܬ
ுమሺ.,.ሻ

ൌ ܫ െ ଶܪ ቂܣଶ ൬ ఒܴమ,ெమሺ.,.ሻ
ுమሺ.,.ሻ ሺ. ሻ൰ , ଶܤ ൬ ఒܴమ,ெమሺ.,.ሻ

ுమሺ.,.ሻ ሺ. ሻ൰ቃ, 
 
ܴఒభ,ெభሺ.,.ሻ
ுభሺ.,.ሻ  and ఒܴమ,ெమሺ.,.ሻ

ுమሺ.,.ሻ are the resolvent operators 

associated with ܯଵ and ܯଶ respectively,  
 
ଵሺܴఒభ,ெభሺ.,.ሻܣଵሺܪ	

ுభሺ.,.ሻ ሺݖᇱሻሻሻ ൌ ଵሺܴఒభ,ெభሺ.,.ሻܣଵሺܪ
ுభሺ.,.ሻ ሻሻሺݖᇱሻ   

 
and 
 
ଶሺܴఒమ,ெమሺ.,.ሻܣଶሺܪ

ுమሺ.,.ሻ ሺݖᇱᇱሻሻሻ ൌ ଶሺܴఒమ,ெమሺ.,.ሻܣଶሺܪ
ுమሺ.,.ሻ ሻሻሺݖᇱᇱሻ. 

 
The system (3) is called system of generalized 

resolvent equations. 
We mention the following system of variational 

inclusions and we will show its equivalence with 
system of generalized resolvent equations (3). 

Find ሺݔ, ሻݕ א ଵܺ ൈ ܺଶ, ݑ א ,ሻݔሺܧ ݒ א  ሻ, suchݕሺܨ
that 
 

൜
0 א ܵሺݔ, ሻݒ ൅ ଵሺܯ ଵ݂ሺݔሻ, ଵ݃ሺݔሻሻ,
0 א ܶሺݑ, ሻݕ ൅ ଶሺܯ ଶ݂ሺݕሻ, ݃ଶሺݕሻሻ,

			                     (4) 

 
Lemma 3.1. ሺݔ, ሻݕ א ଵܺ ൈ ܺଶ, ݑ א ,ሻݔሺܧ ݒ א  ሻݕሺܨ
is a solution of system of variational inclusions (4) 
if and only if ሺݔ, ,ݕ ,ݑ  ሻ satisfiesݒ
 
ݔ ൌ ܴఒభ,ெభሺ.,.ሻ

ுభሺ.,.ሻ ,ሻݔଵሺܣଵ൫ܪൣ ሻ൯ݔଵሺܤ െ ,ݔଵܵሺߣ ଵߣ			,ሻ൧ݒ ൐ 0, 
 
ݕ ൌ ܴఒమ,ெమሺ.,.ሻ

ுమሺ.,.ሻ ,ሻݕଶሺܣଶ൫ܪൣ ሻ൯ݕଶሺܤ െ ,ݑଶܶሺߣ ଶߣ			,ሻ൧ݕ ൐ 0. 

 
Proof: The proof of Lemma 3.1 follows directly 
from the definition of resolvent operators 

ܴఒభ,ெభሺ.,.ሻ
ுభሺ.,.ሻ  and ఒܴమ,ெమሺ.,.ሻ

ுమሺ.,.ሻ . 

 
Proposition 3.1. The system of variational 
inclusions (4) has a solution ሺݔ, ,ݕ ,ݑ  ሻ withݒ
ሺݔ, ሻݕ א ଵܺ ൈ ܺଶ, ݑ א ݒ	 ሻ andݔሺܧ א  ሻ, if andݕሺܨ
only if system of generalized resolvent equations 
(3) has a solution ሺݖᇱ, ,ᇱᇱݖ ,ݔ ,ݕ ,ݑ ,ݔሻ with ሺݒ ሻݕ א
ଵܺ ൈ ܺଶ, ݑ א ,ሻݔሺܧ ݒ א ᇱݖ 	,ሻݕሺܨ א ଵܺ, ᇱᇱݖ א ܺଶ,  

where 
 
ݔ ൌ ఒܴభ,ெభሺ.,.ሻ

ுభሺ.,.ሻ ሺݖᇱሻ,                                                 (5) 
 
ݕ ൌ ܴఒమ,ெమሺ.,.ሻ

ுమሺ.,.ሻ ሺݖᇱᇱሻ,                                                (6) 
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and  
 

ᇱݖ ൌ ,ሻݔଵሺܣଵ൫ܪൣ ሻ൯ݔଵሺܤ െ ,ݔଵܵሺߣ  ,ሻ൧ݒ
 

ᇱᇱݖ ൌ ,ሻݕଶሺܣଶ൫ܪൣ ሻ൯ݕଶሺܤ െ ,ݑଶܶሺߣ  .ሻ൧ݕ
 
Proof: Let ሺݔ, ,ݕ ,ݑ  ሻ be a solution of system ofݒ
variational inclusions (4), then by Lemma (3.1) it 
satisfies the following equations: 
 
ݔ ൌ ܴఒభ,ெభሺ.,.ሻ

ுభሺ.,.ሻ ,ሻݔଵሺܣଵ൫ܪൣ ሻ൯ݔଵሺܤ െ ,ݔଵܵሺߣ ଵߣ			,ሻ൧ݒ ൐ 0, 
 
ݕ ൌ ܴఒమ,ெమሺ.,.ሻ

ுమሺ.,.ሻ ,ሻݕଶሺܣଶ൫ܪൣ ሻ൯ݕଶሺܤ െ ,ݑଶܶሺߣ ଶߣ			,ሻ൧ݕ ൐ 0. 
 
Let ݖᇱ ൌ ,ሻݔଵሺܣଵ൫ܪൣ ሻ൯ݔଵሺܤ െ ,ݔଵܵሺߣ  ሻ൧ andݒ
ᇱᇱݖ ൌ ,ሻݕଶሺܣଶ൫ܪൣ ሻ൯ݕଶሺܤ െ ,ݑଶܶሺߣ  ሻ൧, then weݕ
have 
 

ݔ ൌ ఒܴభ,ெభሺ.,.ሻ
ுభሺ.,.ሻ ሺݖᇱሻ, 

 
ݕ ൌ ܴఒమ,ெమሺ.,.ሻ

ுమሺ.,.ሻ ሺݖ,,ሻ, 
 
and 
 
ᇱݖ ൌ ଵܪ ቂܣଵ ቀܴఒభ,ெభሺ.,.ሻ

ுభሺ.,.ሻ ሺݖᇱሻቁ , ଵܤ ቀܴఒభ,ெభሺ.,.ሻ
ுభሺ.,.ሻ ሺݖᇱሻቁቃ െ ,ݔଵܵሺߣ  ,ሻݒ

 
ᇱᇱݖ ൌ ଶܪ ቂܣଶ ቀܴఒమ,ெమሺ.,.ሻ

ுమሺ.,.ሻ ሺݖᇱᇱሻቁ , ଶܤ ቀܴఒమ,ெమሺ.,.ሻ
ுమሺ.,.ሻ ሺݖᇱᇱሻቁቃ െ ,ݑଶܶሺߣ  ,ሻݕ

 
it follows that 
 
ቂܫ െ ଵܪ ቀܣଵ൫ܴఒభ,ெభሺ.,.ሻ

ுభሺ.,.ሻ ሺ. ሻ൯, ଵ൫ܴఒభ,ெభሺ.,.ሻܤ
ுభሺ.,.ሻ ሺ. ሻ൯ቁቃ ሺݖᇱሻ ൌ െߣଵܵሺݔ,  ,ሻݒ

 
and 
 
ቂܫ െ ଶܪ ቀܣଶ൫ܴఒమ,ெమሺ.,.ሻ

ுమሺ.,.ሻ ሺ. ሻ൯, ଶ൫ܴఒమ,ெమሺ.,.ሻܤ
ுమሺ.,.ሻ ሺ. ሻ൯ቁቃ ሺݖᇱᇱሻ ൌ െߣଶܶሺݑ,  ,ሻݕ

 
that is, 
 

ܵሺݔ, ሻݒ ൅ ଵߣ
ିଵܬఒభ,ெభሺ.,.ሻ

ுభሺ.,.ሻ ሺݖᇱሻ ൌ 0, 
 

ܶሺݑ, ሻݕ ൅ ଶߣ
ିଵܬఒమ,ெభሺ.,.ሻ

ுమሺ.,.ሻ ሺݖᇱᇱሻ ൌ 0. 
 

Thus ሺݖᇱ, ,ᇱᇱݖ ,ݔ ,ݕ ,ݑ  ሻ is a solution of system ofݒ
generalized resolvent equations (3). 

Conversely, let ሺݖᇱ, ,ᇱᇱݖ ,ݔ ,ݕ ,ݑ  ሻ be a solution ofݒ
system of generalized resolvent equations (3), then 
 
,ݔଵܵሺߣ ሻݒ ൌ െܬఒభ,ெభሺ.,.ሻ

ுభሺ.,.ሻ ሺݖᇱሻ,                                  (7) 
 
,ݑଶܶሺߣ ሻݕ ൌ െܬఒమ,ெభሺ.,.ሻ

ுమሺ.,.ሻ ሺݖᇱᇱሻ.                                 (8) 
 
Now 
 
,ݔଵܵሺߣ ሻݒ ൌ െܬఒభ,ெభሺ.,.ሻ

ுభሺ.,.ሻ ሺݖᇱሻ 

ൌ െቂܫ െ ଵܪ ൬ܣଵ ቀܴఒభ,ெభሺ.,.ሻ
ுభሺ.,.ሻ ሺ. ሻቁ , ଵܤ ቀܴఒభ,ெభሺ.,.ሻ

ுభሺ.,.ሻ ሺ. ሻቁ൰ቃ ሺݖᇱሻ 

ൌ ଵܪ ቂܣଵ ൬ ఒܴభ,ெభሺ.,.ሻ
ுభሺ.,.ሻ ሺݖᇱሻ൰ , ଵܤ ቀ ఒܴభ,ெభሺ.,.ሻ

ுభሺ.,.ሻ ሺݖᇱሻቁቃ െ  .ᇱݖ
 

It follows that 
 
ᇱݖ ൌ ଵܪ ቂܣଵ ቀܴఒభ,ெభሺ.,.ሻ

ுభሺ.,.ሻ ሺݖᇱሻቁ , ଵܤ ቀܴఒభ,ெభሺ.,.ሻ
ுభሺ.,.ሻ ሺݖᇱሻቁቃ െ ,ݔଵܵሺߣ  ,ሻݒ

 

ఒܴభ,ெభሺ.,.ሻ
ுభሺ.,.ሻ ሺݖᇱሻ

ൌ ఒܴభ,ெభሺ.,.ሻ
ுభሺ.,.ሻ ቂܪଵ ൬ܣଵ ቀ ఒܴభ,ெభሺ.,.ሻ

ுభሺ.,.ሻ ሺݖᇱሻቁ , ଵܤ ቀ ఒܴభ,ெభሺ.,.ሻ
ுభሺ.,.ሻ ሺݖᇱሻቁ൰

െ ,ݔଵܵሺߣ  ሻቃݒ
 
i.e.,  ݔ ൌ ܴఒభ,ெభሺ.,.ሻ

ுభሺ.,.ሻ ,ሻݔଵሺܣଵ൫ܪൣ ሻ൯ݔଵሺܤ െ ,ݔଵܵሺߣ  .ሻ൧ݒ
 
Further, 
 
,ݑଶܶሺߣ ሻݕ ൌ െܬఒమ,ெభሺ.,.ሻ

ுమሺ.,.ሻ ሺݖᇱᇱሻ 

ൌ െቂܫ െ ଶܪ ൬ܣଶ ቀܴఒమ,ெభሺ.,.ሻ
ுమሺ.,.ሻ ሺ. ሻቁ , ଶܤ ቀܴఒమ,ெమሺ.,.ሻ

ுమሺ.,.ሻ ሺ. ሻቁ൰ቃ ሺݖᇱᇱሻ 

ൌ ଶܪ ቂܣଶ ൬ܴఒమ,ெభሺ.,.ሻ
ுమሺ.,.ሻ ሺݖᇱᇱሻ൰ , ଶܤ ቀܴఒమ,ெమሺ.,.ሻ

ுమሺ.,.ሻ ሺݖᇱᇱሻቁቃ െ  .ᇱᇱݖ
 
It follows that 
 
ᇱᇱݖ ൌ ଶܪ ቂܣଶ ቀܴఒమ,ெమሺ.,.ሻ

ுమሺ.,.ሻ ሺݖᇱᇱሻቁ , ଶܤ ቀܴఒమ,ெమሺ.,.ሻ
ுమሺ.,.ሻ ሺݖᇱᇱሻቁቃ െ ,ݑଶܶሺߣ  ,ሻݕ

 
ܴఒమ,ெమሺ.,.ሻ
ுమሺ.,.ሻ ሺݖᇱᇱሻ

ൌ ఒܴమ,ெమሺ.,.ሻ
ுమሺ.,.ሻ ቂܪଶ ൬ܣଶ ቀ ఒܴమ,ெమሺ.,.ሻ

ுమሺ.,.ሻ ሺݖᇱᇱሻቁ , ଶܤ ቀ ఒܴమ,ெమሺ.,.ሻ
ுమሺ.,.ሻ ሺݖᇱᇱሻቁ൰

െ ,ݑଶܶሺߣ  ሻቃݕ
 
i.e.,ݕ ൌ ܴఒమ,ெమሺ.,.ሻ

ுమሺ.,.ሻ ,ሻݕଶሺܣଶ൫ܪൣ ሻ൯ݕଶሺܤ െ ,ݑଶܶሺߣ  .ሻ൧ݕ
 
Thus, we have 
 
ݔ ൌ ఒܴభ,ெభሺ.,.ሻ

ுభሺ.,.ሻ ,ሻݔଵሺܣଵ൫ܪൣ ሻ൯ݔଵሺܤ െ ,ݔଵܵሺߣ  ,ሻ൧ݒ
 
ݕ ൌ ܴఒమ,ெమሺ.,.ሻ

ுమሺ.,.ሻ ,ሻݕଶሺܣଶ൫ܪൣ ሻ൯ݕଶሺܤ െ ,ݑଶܶሺߣ  .ሻ൧ݕ
 

Then by Lemma 3.1, ሺݔ, ,ݕ ,ݑ  ሻ is a solution ofݒ
system of variational inclusions (4). 
 
Algorithm 3.1. For the given ሺݔ଴, ଴ሻݕ א ଵܺ ൈ
ܺଶ, ଴ݑ א ,଴ሻݔሺܧ ݒ א ,଴ሻݕሺܨ ᇱ଴ݖ א ଵܺ and ݖᇱᇱ଴ א ܺଶ,   
compute the sequences ሼݖ௡ᇱ ሽ, ሼݖ௡ᇱᇱሽ, ሼݔ௡ሽ, ሼݕ௡ሽ, ሼݑ௡ሽ 
and ሼݒ௡ሽ by the following iterative schemes: 
 
௡ݔ ൌ ఒܴభ,ெభሺ.,.ሻ

ுభሺ.,.ሻ ሺݖᇱ௡ሻ,                                             (9) 
 
௡ݕ ൌ ܴఒమ,ெమሺ.,.ሻ

ுమሺ.,.ሻ ሺݖ,,௡ሻ,                                           (10) 
 
௡ݑ א :௡ሻݔሺܧ ௡ାଵݑ‖ െ ‖௡ݑ ൑ ࣞሺܧሺݔ௡ାଵሻ,  ௡ሻሻ,    (11)ݔሺܧ
 
௡ݒ א :௡ሻݕሺܨ ௡ାଵݒ‖ െ ‖௡ݒ ൑ ࣞሺܨሺݕ௡ାଵሻ,  ௡ሻሻ,     (12)ݕሺܨ
 
௡ାଵᇱݖ ൌ ,௡ሻݔଵሺܣଵሺܪ ௡ሻሻݔଵሺܤ െ ,௡ݔଵܵሺߣ  ௡ሻ,       (13)ݒ
 
௡ାଵᇱᇱݖ ൌ ,௡ሻݕଶሺܣଶሺܪ ௡ሻሻݕଶሺܤ െ ,௡ݑଶܶሺߣ  ௡ሻ,      (14)ݕ
 
where ݊ ൌ 0,1,2, … and ߣଵ ൐ 0, ଶߣ ൐ 0 are two 
constants. 
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The system of generalized resolvent equations (3) 
can also be written as 
 
ᇱݖ ൌ ,ሻݔଵሺܣଵ൫ܪ ሻ൯ݔଵሺܤ െ ܵሺݔ, ሻݒ ൅ ሺܫ െ ଵߣ

ିଵሻܬఒభ,ெభሺ.,.ሻ
ுభሺ.,.ሻ ሺݖᇱሻ, 

 
ᇱᇱݖ ൌ ,ሻݕଶሺܣଶ൫ܪ ሻ൯ݕଶሺܤ െ ܶሺݑ, ሻݕ ൅ ሺܫ െ ଶߣ

ିଵሻܬఒమ,ெమሺ.,.ሻ
ுమሺ.,.ሻ ሺݖᇱᇱሻ. 

 
We use the above fixed point formulation to 

suggest the following iterative algorithm. 
 
Algorithm 3.2. For the given ሺݔ଴, ଴ሻݕ א ଵܺ ൈ
ܺଶ, ଴ݑ א ,଴ሻݔሺܧ ݒ א ,଴ሻݕሺܨ ᇱ଴ݖ א ଵܺ and ݖᇱᇱ଴ א ܺଶ, 
compute the sequences ሼݖ௡ᇱ ሽ, ሼݖ௡ᇱᇱሽ, ሼݔ௡ሽ, ሼݕ௡ሽ, ሼݑ௡ሽ 
and ሼݒ௡ሽ by the following iterative schemes: 
 
௡ݔ ൌ ఒܴభ,ெభሺ.,.ሻ

ுభሺ.,.ሻ ሺݖ௡ᇱ ሻ,  
 
௡ݕ ൌ ܴఒమ,ெమሺ.,.ሻ

ுమሺ.,.ሻ ሺݖ௡ᇱᇱሻ,    
 
௡ݑ א :௡ሻݔሺܧ ௡ାଵݑ‖ െ ‖௡ݑ ൑ ࣞሺܧሺݔ௡ାଵሻ,  ,௡ሻሻݔሺܧ

 
௡ݒ א :௡ሻݕሺܨ ௡ାଵݒ‖ െ ‖௡ݒ ൑ ࣞሺܨሺݕ௡ାଵሻ,  ,௡ሻሻݕሺܨ

 
௡ାଵᇱݖ ൌ ,௡ሻݔଵሺܣଵ൫ܪ ௡ሻ൯ݔଵሺܤ െ ܵሺݔ௡, ௡ሻݒ ൅ ሺܫ െ

ଵߣ
ିଵሻܬఒభ,ெభሺ.,.ሻ

ுభሺ.,.ሻ ሺݖ௡ᇱ ሻ, 
 
௡ାଵᇱᇱݖ ൌ ,௡ሻݕଶሺܣଶ൫ܪ ௡ሻ൯ݕଶሺܤ െ ܶሺݑ௡, ௡ሻݕ ൅ ሺܫ െ

ଶߣ
ିଵሻܬఒమ,ெమሺ.,.ሻ

ுమሺ.,.ሻ ሺݖᇱᇱ௡ሻ. 
 

We now prove the following existence and 
convergence result for the system of generalized 
resolvent equations (3). 
 
Theorem 3.1. Let ଵܺ and ܺଶ be two real Banach 
spaces. Let ܧ: ଵܺ ՜ ሺܤܥ ଵܺሻ, ܨ:ܺଶ ՜  ሺܺଶሻ beܤܥ
the ࣞ-Lipschitz continuous mappings with 
constants ࣞߣಶ and ࣞߣಷ, respectively. Let ܪଵ: ଵܺ ൈ

ଵܺ ՜ ଵܺ,	ܪଶ: ܺଶ ൈ ܺଶ ՜ ܺଶ be the single-valued 
mappings such that ܪଵ is ݎଵ-mixed Lipschitz 
continuous with respect to ܣଵ and ܤଵ, ݏଵ-
generalized pseudocontractive with respect to ܣଵ 
and ݐଵ-generalized pseudocontractive with respect 
to ܤଵ and ܪଶ is ݎଶ-mixed Lipschitz continuous with 
respect to ܣଶ and ܤଶ, ݏଶ-generalized 
pseudocontractive  with respect to ܣଶ and ݐଶ-
generalized pseudocontractive with respect to ܤଶ. 
Let ܵ: ଵܺ ൈ ܺଶ ՜ ଵܺ,	ܶ: ଵܺ ൈ ܺଶ ՜ ܺଶ be Lipschitz 
continuous in the first and second arguments with 
constants ߣௌభ,ߣௌమ,ߣ భ் and ߣ మ், respectively. Let 
:ଵܯ ଵܺ ൈ ଵܺ ՜ 2௑భ and ܯଶ:ܺଶ ൈ ܺଶ ՜ 2௑మ be 
,ଵܣଵሺܪ ,ଶܣଶሺܪ ଵሻ-co-accretive andܤ -ଶሻ-coܤ
accretive mappings such that resolvent operators 
associated with ܯଵ and ܯଶ are Lipschitz continuous 
with constants ܮଵ and ܮଶ, respectively, 
where 
 
ଵܮ ൌ:

ଵ

ఒభሺఈభିఉభሻାሺఓభఎభ
మିఊభఙభ

మሻ
, ଶܮ ൌ:

ଵ

ఒభሺఈమିఉమሻାሺఓమఎమ
మିఊమఙమ

మሻ
. 

 

If there exist constants ߣଵ ൐ 0 and ߣଶ ൐ 0, such 
that 
 

ቊ
0 ൏ ଵܭଵ൫ܮ ൅ ඥߠଵ ൅ ඥߠଷ൯ ൏ 1

0 ൏ ଶܭଶ൫ܮ ൅ ඥߠଶ ൅ ඥߠସ൯ ൏ 1
                         (15)   

 
where 
 

ଵܭ ൌ ට
ଵାଶሺ௦భା௧భሻାଷ௥భ

ଵି௥భ
 and ܭଶ ൌ ට

ଵାଶሺ௦మା௧మሻାଷ௥మ
ଵି௥మ

. 

 
Then there exist ሺݔ, ሻݕ א ଵܺ ൈ ܺଶ, ᇱݖ א ଵܺ, ᇱᇱݖ א

ܺଶ, ݑ א ݒ ሻ andݔሺܧ א  ሻ satisfy the system ofݕሺܨ
resolvent equations (3) and the iterative sequences 
ሼݖ௡ᇱ ሽ, ሼݖ௡ᇱᇱሽ, ሼݔ௡ሽ, ሼݕ௡ሽ, ሼݑ௡ሽ and ሼݒ௡ሽ generated by 
Algorithm 3.1 converge strongly to ݖᇱ, ,ᇱᇱݖ ,ݔ ,ݕ  ݑ
and ݒ, respectively. 
 
Proof: From Algorithm 3.1, we have 
 
௡ାଵᇱݖ‖ െ ௡ᇱݖ ‖ ൌ ฮܪଵ൫ܣଵሺݔ௡ሻ, ௡ሻ൯ݔଵሺܤ

െ ,௡ݔଵܵሺߣ ௡ሻݒ
െ ሾܪଵሺܣଵሺݔ௡ିଵሻ, ௡ିଵሻሻݔଵሺܤ
െ ,௡ିଵݔଵܵሺߣ  ௡ିଵሻሿฮݒ

൑ ฮݔ௡ െ ௡ିଵݔ ൅ ሾܪଵ൫ܣଵሺݔ௡ሻ, ௡ሻ൯ݔଵሺܤ
െ ,௡ିଵሻݔଵሺܣଵሺܪ  ௡ିଵሻሻሿฮݔଵሺܤ

 
൅‖ݔ௡ െ ௡ିଵݔ ൅ ,௡ݔଵሺܵሺߣ ௡ሻݒ െ ܵሺݔ௡ିଵ,  ௡ିଵሻሻ‖     (16)ݒ
 

By Proposition 2.1, using the mixed Lipschitz 
continuity and generalized pseudoconractivity of 
 ଵ, we haveܪ
 
ฮݔ௡ െ ௡ିଵݔ ൅ ሾܪଵ൫ܣଵሺݔ௡ሻ, ௡ሻ൯ݔଵሺܤ

െ ,௡ିଵሻݔଵሺܣଵሺܪ ௡ିଵሻሻሿฮݔଵሺܤ
ଶ
 

൑ ௡ݔ‖ െ ௡ିଵ‖ଶݔ ൅ 2〈ሾܪଵ൫ܣଵሺݔ௡ሻ, ௡ሻ൯ݔଵሺܤ െ
,௡ିଵሻݔଵሺܣଵሺܪ   ,௡ିଵሻሻሿݔଵሺܤ
ሺࣼሺݔ௡ െ ௡ିଵݔ ൅ ሾܪଵ൫ܣଵሺݔ௡ሻ, ௡ሻ൯ݔଵሺܤ െ
,௡ିଵሻݔଵሺܣଵሺܪ   〈௡ିଵሻሻሿሻݔଵሺܤ
൑ ௡ݔ‖ െ ௡ିଵ‖ଶݔ ൅ 2〈ሾܪଵ൫ܣଵሺݔ௡ሻ, ௡ሻ൯ݔଵሺܤ െ
,௡ିଵሻݔଵሺܣଵሺܪ ,௡ିଵሻሻሿݔଵሺܤ ࣼሺݔ௡ െ   〈௡ିଵሻݔ
൑ ௡ݔ‖ െ ௡ିଵ‖ଶݔ ൅ 2〈ሾܪଵ൫ܣଵሺݔ௡ሻ, ௡ሻ൯ݔଵሺܤ െ
,௡ିଵሻݔଵሺܣଵሺܪ ,௡ିଵሻሻሿݔଵሺܤ ࣼሺݔ௡ െ   〈௡ିଵሻݔ
൅2〈ൣܪଵ൫ܣଵሺݔ௡ሻ, ௡ሻ൯ݔଵሺܤ െ
,௡ିଵሻݔଵሺܣଵ൫ܪ ,௡ିଵሻ൯൧ݔଵሺܤ ࣼሺݔ௡ െ ௡ିଵݔ ൅
ሾܪଵ൫ܣଵሺݔ௡ሻ,    ௡ሻ൯ݔଵሺܤ
െܪଵሺܣଵሺݔ௡ିଵሻ, ௡ିଵሻሻሿሻݔଵሺܤ െ ࣼሺݔ௡ െ   〈௡ିଵሻݔ
൑ ௡ݔ‖ െ ௡ିଵ‖ଶݔ ൅ 2〈ሾܪଵ൫ܣଵሺݔ௡ሻ, ௡ሻ൯ݔଵሺܤ െ
,௡ିଵሻݔଵሺܣଵሺܪ ,௡ିଵሻሻሿݔଵሺܤ ࣼሺݔ௡ െ          〈௡ିଵሻݔ
൅2ሾฮܪଵ൫ܣଵሺݔ௡ሻ, ௡ሻ൯ݔଵሺܤ െ
,௡ିଵሻݔଵሺܣଵሺܪ         ‖௡ିଵሻሻݔଵሺܤ
               ൈ ൛ฮݔ௡ െ ௡ିଵݔ ൅ ,௡ሻݔଵሺܣଵ൫ܪ ௡ሻ൯ݔଵሺܤ െ
,௡ିଵሻݔଵሺܣଵሺܪ ௡ିଵሻሻฮݔଵሺܤ ൅ ௡ݔ‖ െ  ௡ିଵ‖ൟሿݔ
             
൑ ௡ݔ‖ െ ௡ିଵ‖ଶݔ ൅ 2〈ሾܪଵ൫ܣଵሺݔ௡ሻ, ௡ሻ൯ݔଵሺܤ െ
,௡ିଵሻݔଵሺܣଵሺܪ ,௡ିଵሻሻሿݔଵሺܤ ࣼሺݔ௡ െ  〈௡ିଵሻݔ
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                 	൅2ሾݎଵ‖ݔ௡ െ ‖௡ିଵݔ ൈ ൛ฮݔ௡ െ ௡ିଵݔ ൅
,௡ሻݔଵሺܣଵ൫ܪ ௡ሻ൯ݔଵሺܤ െ ,௡ିଵሻݔଵሺܣଵ൫ܪ  ௡ିଵሻ൯ฮݔଵሺܤ
                  ൅‖ݔ௡ െ  ௡ିଵ‖ሽሿݔ
൑ ௡ݔ‖ െ ௡ିଵ‖ଶݔ ൅ 2〈ሾܪଵ൫ܣଵሺݔ௡ሻ, ௡ሻ൯ݔଵሺܤ

െ ,௡ିଵሻݔଵሺܣଵሺܪ ,௡ିଵሻሻሿݔଵሺܤ ࣼሺݔ௡
െ  〈௡ିଵሻݔ

                    ൅ݎଵሺ‖ݔ௡ െ ௡ିଵ‖ଶݔ ൅ ฮݔ௡ െ ௡ିଵݔ ൅

,௡ሻݔଵሺܣଵ൫ܪ ௡ሻ൯ݔଵሺܤ െ ,௡ିଵሻݔଵሺܣଵ൫ܪ ௡ିଵሻ൯ฮݔଵሺܤ
ଶ
ሻ 

                    ൅2ݎଵ‖ݔ௡ െ  ௡ିଵ‖ଶݔ
               ൑ ௡ݔ‖ െ ௡ିଵ‖ଶݔ ൅ 2ሺݏଵ ൅ ௡ݔ‖ଵሻݐ െ
௡ିଵ‖ଶݔ ൅ ௡ݔ‖ଵݎ3 െ  ௡ିଵ‖ଶݔ
൅ݎଵฮݔ௡ െ ௡ିଵݔ ൅ ,௡ሻݔଵሺܣଵ൫ܪ ௡ሻ൯ݔଵሺܤ

െ ,௡ିଵሻݔଵሺܣଵ൫ܪ ௡ିଵሻ൯ฮݔଵሺܤ
ଶ
 

 
which implies that 
 
ሺ1 െ ௡ݔଵሻฮݎ െ ௡ିଵݔ ൅ ,௡ሻݔଵሺܣଵ൫ܪ ௡ሻ൯ݔଵሺܤ

െ ,௡ିଵሻݔଵሺܣଵ൫ܪ ௡ିଵሻ൯ฮݔଵሺܤ
ଶ
 

                 ൑ ሾ1 ൅ 2ሺݏଵ ൅ ଵሻݐ ൅ ௡ݔ‖ଵሿݎ3 െ  .௡ିଵ‖ଶݔ
 
Thus, we have 
 
ฮݔ௡ െ ௡ିଵݔ ൅ ,௡ሻݔଵሺܣଵ൫ܪ ௡ሻ൯ݔଵሺܤ െ
,௡ିଵሻݔଵሺܣଵ൫ܪ ௡ିଵሻ൯ฮݔଵሺܤ ൑ ௡ݔ‖ଵܭ െ  ௡ିଵ‖,   (17)ݔ
 

where ܭଵ ൌ ට
ଵାଶሺ௦భା௧భሻାଷ௥భ

ଵି௥భ
. 

Since ܵ is Lipschitz continuous in both the 
arguments and ܨ is ࣞ-Lipschitz continuous, we 
have 
 
‖ܵሺݔ௡, ௡ሻݒ െ ܵሺݔ௡ିଵ, ‖௡ିଵሻݒ

൑ ‖ܵሺݔ௡, ௡ሻݒ െ ܵሺݔ௡ିଵ, ‖௡ሻݒ
൅ ‖ܵሺݔ௡ିଵ, ௡ሻݒ െ ܵሺݔ௡ିଵ,  ‖௡ିଵሻݒ

൑ ௡ݔ‖ௌభߣ െ ‖௡ିଵݔ ൅ ௡ݒ‖ௌమߣ െ  ‖௡ିଵݒ
൑ ௡ݔ‖ௌభߣ െ ‖௡ିଵݔ ൅ ,௡ሻݔሺܨௌమࣞሺߣ  ௡ିଵሻሻݕሺܨ

൑ ௡ݔ‖ௌభߣ െ ‖௡ିଵݔ ൅ ௡ݕ‖ಷࣞߣௌమߣ െ  ௡ିଵ‖.       (18)ݕ
 

Using (18) and Proposition 2.1, it follows that 
 
௡ݔ‖ െ ௡ିଵݔ ൅ ,௡ݔଵሺܵሺߣ ௡ሻݒ െ ܵሺݔ௡ିଵ, ௡ିଵሻሻ‖ଶݒ

൑ ௡ݔ‖ െ  ௡ିଵ‖ଶݔ
൅2ߣଵ〈ܵሺݔ௡, ௡ሻݒ െ ܵሺݔ௡ିଵ, ,௡ିଵሻݒ ࣼሺݔ௡ െ ௡ିଵݔ

൅ ,௡ݔଵሺܵሺߣ ௡ሻݒ
െ ܵሺݔ௡ିଵ,  〈௡ିଵሻሻሻݒ

                     ൑ ௡ݔ‖ െ ௡ିଵ‖ଶݔ ൅ ,௡ݔଵሾ‖ܵሺߣ2 ௡ሻݒ െ
ܵሺݔ௡ିଵ,  ‖௡ିଵሻݒ
                       ൈ ௡ݔ‖ െ ௡ିଵݔ ൅ ,௡ݔଵሺܵሺߣ ௡ሻݒ െ
ܵሺݔ௡ିଵ,  ௡ିଵሻሻ‖ሿݒ
                   ൑ ௡ݔ‖ െ ௡ିଵ‖ଶݔ ൅ ௡ݔ‖ௌభߣଵሺߣ2 െݔ௡ିଵ‖ ൅ ௡ݕ‖ಷࣞߣௌమߣ െ  ௡ିଵ‖ሻݕ
                      	ൈ ௡ݔ‖ െ ௡ିଵݔ ൅ ,௡ݔଵሺܵሺߣ ௡ሻݒ െ
ܵሺݔ௡ିଵ,  ‖௡ିଵሻሻݒ
                   ൑ ௡ݔ‖ െ ௡ିଵ‖ଶݔ ൅ ௡ݔ‖ௌభሺߣଵߣ െ
௡ିଵ‖ଶݔ ൅ ௡ݔ‖ െ ௡ିଵݔ ൅ ,௡ݔଵሺܵሺߣ  ௡ሻݒ
െܵሺݔ௡ିଵ, ௡ݕ‖ಷሺࣞߣௌమߣଵߣ௡ିଵሻሻ‖ଶሻ൅ݒ െ  ௡ିଵ‖ଶݕ

                       		൅‖ݔ௡ െ ௡ିଵݔ ൅ ,௡ݔଵሺܵሺߣ ௡ሻݒ െ
ܵሺݔ௡ିଵ,  ௡ିଵሻሻ‖ଶݒ
                     ൌ ௡ݔ‖ െ ௡ିଵ‖ଶݔ ൅ ௡ݔ‖ௌభߣଵߣ െ
௡ିଵ‖ଶݔ ൅ ௡ݕ‖ಷࣞߣௌమߣଵߣ െ  ௡ିଵ‖ଶݕ
                        	൅ሺߣଵߣௌభ ൅ ௡ݔ‖ಷሻࣞߣௌమߣଵߣ െ ௡ିଵݔ ൅
,௡ݔଵሺܵሺߣ ௡ሻݒ െ ܵሺݔ௡ିଵ,  ,௡ିଵሻሻ‖ଶݒ
 
ሾ1 െ ௌభߣଵ൫ߣ ൅ ௡ݔ‖ಷ൯ሿࣞߣௌమߣ െ ௡ିଵݔ ൅
,௡ݔଵሺܵሺߣ ௡ሻݒ െ ܵሺݔ௡ିଵ,    ௡ିଵሻሻ‖ଶݒ
 ൑ ሺ1 ൅ ௡ݔ‖ௌభሻߣଵߣ െ ௡ିଵ‖ଶݔ ൅ ௡ݕ‖ಷࣞߣௌమߣଵߣ െ
      .௡ିଵ‖ଶݕ
  
It follows that 
 
௡ݔ‖ െ ௡ିଵݔ ൅ ,௡ݔଵሺܵሺߣ ௡ሻݒ െ ܵሺݔ௡ିଵ, ௡ିଵሻሻ‖ଶݒ

൑
ሺ1 ൅ ௌభሻߣଵߣ

1 െ ௌభߣଵ൫ߣ ൅ ಷ൯ࣞߣௌమߣ
௡ݔ‖

െ  ௡ିଵ‖ଶݔ

 	൅
ఒభఒೄమఒࣞಷ

ଵିఒభቀఒೄభାఒೄమఒࣞಷቁ
  ௡ିଵ‖ଶݕ௡ିݕ‖

ൌ ௡ݔ‖ଵߠ െ ௡ିଵ‖ଶݔ ൅   ௡ିଵ‖ଶݕ௡ିݕ‖ଶߠ
 ൑ ௡ݔ‖ଵߠ െ ௡ିଵ‖ଶݔ ൅   ௡ିଵ‖ଶݕ௡ିݕ‖ଶߠ
 ൅2ඥߠଵߠଶ‖ݔ௡ െ  ,‖௡ିଵݕ௡ିݕ‖‖௡ିଵݔ
 
௡ݔ‖ െ ௡ିଵݔ ൅ ,௡ݔଵሺܵሺߣ ௡ሻݒ െ ܵሺݔ௡ିଵ, ‖௡ିଵሻሻݒ ൑
ඥߠଵ‖ݔ௡ െ ‖௡ିଵݔ ൅ ඥߠଶ‖ݕ௡ െ  ௡ିଵ‖,                (19)ݕ
 
where 
 

ଵߠ ൌ
ሺଵାఒభఒೄభሻ

ଵିఒభቀఒೄభାఒೄమఒࣞಷቁ
, ଶߠ ൌ

ఒభఒೄమఒࣞಷ
ଵିఒభቀఒೄభାఒೄమఒࣞಷቁ

. 

 
Using (17) and (19), (16) becomes 
 
௡ାଵᇱݖ‖ െ ௡ᇱݖ ‖ ൑ ሺܭଵ ൅ ඥߠଵሻ‖ݔ௡ െ ‖௡ିଵݔ ൅

ඥߠଶ‖ݕ௡ െ  ௡ିଵ‖.                                                (20)ݕ
 

Again, from Algorithm 3.1, we have 
 
௡ାଵᇱᇱݖ‖ െ ‖௡ᇱᇱݖ ൌ ฮܪଶ൫ܣଶሺݕ௡ሻ, ௡ሻ൯ݕଶሺܤ

െ ,௡ݑଶܶሺߣ ௡ሻݕ
െ ሾܪଶሺܣଶሺݕ௡ିଵሻ, ௡ିଵሻሻݕଶሺܤ
െ ,௡ିଵݑଶܶሺߣ  ௡ିଵሻሿฮݕ

                      
൑ ฮݕ௡ െ ௡ିଵݕ ൅ ሾܪଶ൫ܣଶሺݕ௡ሻ, ௡ሻ൯ݕଶሺܤ െ
,௡ିଵሻݕଶሺܣଶሺܪ  ௡ିଵሻሻሿฮݕଶሺܤ
                    				൅‖ݕ௡ െ ௡ିଵݕ ൅ ,௡ݑଶሺܶሺߣ ௡ሻݕ െ
ܶሺݑ௡ିଵ,  ௡ିଵሻሻ‖.                                                 (21)ݕ
 

Using the same argument as for (17), we have 
 
ฮݕ௡ െ ௡ିଵݕ ൅ ,௡ሻݕଶሺܣଶ൫ܪ ௡ሻ൯ݕଶሺܤ െ
,௡ିଵሻݕଶሺܣଶ൫ܪ ௡ିଵሻ൯ฮݕଶሺܤ ൑ ௡ݕ‖ଶܭ െ  ௡ିଵ‖ଶ,        (22)ݕ
 

where ܭଶ ൌ ට
ଵାଶሺ௦మା௧మሻାଷ௥మ

ଵି௥మ
. 

Since ܶ is Lipschitz continuous in both the 
arguments, ܧ is ࣞ-Lipschitz continuous, we have 
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‖ܶሺݑ௡, ௡ሻݕ െ ܶሺݑ௡ିଵ, ‖௡ିଵሻݕ
൑ ‖ܶሺݑ௡, ௡ሻݕ െ ܶሺݑ௡ିଵ, ‖௡ሻݕ
൅ ‖ܶሺݑ௡ିଵ, ௡ሻݕ
െ ܶሺݑ௡ିଵ,  ‖௡ିଵሻݕ

                  		൑ ߣ భ்
௡ݑ‖ െ ‖௡ିଵݑ ൅ ߣ మ்

௡ݕ‖ െ  ‖௡ିଵݕ
 	൑ ߣ భ்ࣞሺܧሺݔ௡ሻ, ௡ݑ‖௡ିଵሻሻݔሺܧ െ ‖௡ିଵݑ ൅ 
                            	൑ ߣ భ்ࣞߣಶ‖ݔ௡ െ ‖௡ିଵݔ ൅
ߣ మ்

௡ݕ‖ െ  ௡ିଵ‖.                                                 (23)ݕ
 

Using (23) and Proposition 2.1, we have 
 
௡ݕ‖ െ ௡ିଵݕ ൅ ,௡ݑଶሺܶሺߣ ௡ሻݕ െ ܶሺݑ௡ିଵ, ௡ିଵሻሻ‖ଶݕ

൑ ௡ݕ‖ െ  ௡ିଵ‖ଶݕ
൅2ߣଶ〈ܶሺݑ௡, ௡ሻݕ െ ܶሺݑ௡ିଵ, ,௡ିଵሻݕ ࣼሺݕ௡ െ ௡ିଵݕ

൅ ,௡ݑଶሺܶሺߣ ௡ሻݕ
െ ܶሺݑ௡ିଵ,  〈௡ିଵሻሻሻݕ

൑ ௡ݕ‖ െ ௡ିଵ‖ଶݕ ൅ ,௡ݑଶሾ‖ܶሺߣ2 ௡ሻݕ
െ ܶሺݑ௡ିଵ,  ‖௡ିଵሻݕ

  ൈ ௡ݕ‖ െ ௡ିଵݕ ൅ ,௡ݑଶሺܶሺߣ ௡ሻݕ െ ܶሺݑ௡ିଵ,  ௡ିଵሻሻ‖ሿݕ
                   ൑ ௡ݕ‖ െ ௡ିଵ‖ଶݕ ൅ ߣଶሺߣ2 భ்ࣞߣಶ‖ݔ௡ െ
‖௡ିଵݔ ൅ ߣ మ்

௡ݕ‖ െ  ௡ିଵ‖ሻݕ
                      	ൈ ௡ݕ‖ െ ௡ିଵݕ ൅ ,௡ݑଶሺܶሺߣ ௡ሻݕ െ
ܶሺݑ௡ିଵ,  ‖௡ିଵሻሻݕ
                   ൑ ௡ݕ‖ െ ௡ିଵ‖ଶݕ ൅ ߣଶߣ భ்ࣞߣಶሺ‖ݔ௡ െ
௡ିଵ‖ଶݔ ൅ ௡ݕ‖ െ  ௡ିଵݕ
                         
൅ߣଶሺܶሺݑ௡, ௡ሻݕ െ ܶሺݑ௡ିଵ,  ௡ିଵሻሻ‖ଶሻݕ
                         ൅ߣଶߣ మ்ሺ‖ݕ௡ െ ௡ିଵ‖ଶݕ ൅
௡ݕ‖ െ ௡ିଵݕ ൅ ,௡ݑଶሺܶሺߣ ௡ሻݕ െ ܶሺݑ௡ିଵ,  ௡ିଵሻሻ‖ଶሻݕ
                     	൑ ௡ݕ‖ െ ௡ିଵ‖ଶݕ ൅ ߣଶߣ భ்ࣞߣಶሺ‖ݔ௡ െ
௡ିଵ‖ଶݔ ൅ ߣଶߣ మ்

௡ݕ‖ െ  ௡ିଵ‖ଶݕ
                         ൅ߣଶሺߣ భ்ࣞߣಶ ൅ ߣ మ்ሻ‖ݕ௡ െ ௡ିଵݕ ൅
,௡ݑଶሺܶሺߣ ௡ሻݕ െ ܶሺݑ௡ିଵ,  ,௡ିଵሻሻ‖ଶݕ
 
ሾ1 െ ߣଶሺߣ భ்ࣞߣಶ ൅ ߣ మ்ሻሿ‖ݕ௡ െ ௡ିଵݕ ൅ ,௡ݑଶሺܶሺߣ ௡ሻݕ

െ ܶሺݑ௡ିଵ,  ௡ିଵሻሻ‖ଶݕ
൑ ߣଶߣ భ்ࣞߣಶ‖ݔ௡ െ ௡ିଵ‖ଶݔ ൅ 1 ൅ ߣଶߣ మ்

௡ݕ‖ െ
 .௡ିଵ‖ଶݕ
 
It follows that 
 
௡ݕ‖  െ ௡ିଵݕ ൅ ,௡ݑଶሺܶሺߣ ௡ሻݕ െ ܶሺݑ௡ିଵ, ௡ିଵሻሻ‖ଶݕ ൑

ఒమఒ೅భఒࣞಶ
ଵିఒమሺఒ೅భఒࣞಶାఒ೅మሻ

௡ݔ‖ െ  ௡ିଵ‖ଶݔ

                                                                                        

൅
ଵାఒమఒ೅మ

ଵିఒమሺఒ೅భఒࣞಶାఒ೅మሻ
௡ݕ‖ െ  ௡ିଵ‖ଶݕ

                                                                                      
ൌ ௡ݔ‖ଷߠ െ ௡ିଵ‖ଶݔ ൅ ௡ݕ‖ସߠ െ  ௡ିଵ‖ଶݕ
                                                                                      
൑ ௡ݔ‖ଷߠ െ ௡ିଵ‖ଶݔ ൅ ௡ݕ‖ସߠ െ  ௡ିଵ‖ଶݕ
                                                                                         
൅2ඥߠଷߠସ‖ݔ௡ െ  ‖௡ିଵݕ௡ିݕ‖‖௡ିଵݔ
 
௡ݕ‖ െ ௡ିଵݕ ൅ ,௡ݑଶሺܶሺߣ ௡ሻݕ െ ܶሺݑ௡ିଵ, ‖௡ିଵሻሻݕ ൑
ඥߠଷ‖ݔ௡ െ ‖௡ିଵݔ ൅ ඥߠସ‖ݕ௡ െ  ௡ିଵ‖,               (24)ݕ
 

where  

ଷߠ ൌ
ఒమఒ೅భఒࣞಶ

ଵିఒమሺఒ೅భఒࣞಶାఒ೅మሻ
, ସߠ ൌ

ଵାఒమఒ೅మ
ଵିఒమሺఒ೅భఒࣞಶାఒ೅మሻ

. 

Using (22) and (24), (21) becomes 
 
௡ାଵᇱᇱݖ‖ െ ‖௡ᇱᇱݖ ൑ ඥߠଷ‖ݔ௡ െ ‖௡ିଵݔ ൅ ሺܭଶ ൅

ඥߠସሻ‖ݕ௡ െ  ௡ିଵ‖.                                              (25)ݕ
 

Adding (20) and (25), we have 
 
௡ାଵᇱݖ‖ െ ௡ᇱݖ ‖ ൅ ௡ାଵᇱᇱݖ‖ െ ‖௡ᇱᇱݖ

൑ ൫ܭଵ ൅ ඥߠଵ ൅ ඥߠଷ൯‖ݔ௡
െ  ‖௡ିଵݔ

					൅൫ܭଶ ൅ ඥߠଶ ൅ ඥߠସ൯‖ݕ௡ െ  ௡ିଵ‖.                (26)ݕ
 

Also, from (9) and (10), we have 
 
௡ݔ‖ െ ‖௡ିଵݔ ൌ ቛܴఒభ,ெభሺ.,.ሻ

ுభሺ.,.ሻ ሺݖ௡ᇱ ሻ െ ܴఒభ,ெభሺ.,.ሻ
ுభሺ.,.ሻ ሺݖ௡ିଵ

ᇱ ሻቛ ൑

௡ᇱݖ‖ଵܮ െ ௡ିଵݖ
ᇱ ‖                                                      (27)  

 
and 
 
௡ݕ‖ െ ‖௡ିଵݕ ൌ ቛܴఒమ,ெమሺ.,.ሻ

ுమሺ.,.ሻ ሺݖ௡ᇱᇱሻ െ ܴఒమ,ெమሺ.,.ሻ
ுమሺ.,.ሻ ሺݖ௡ିଵ

ᇱᇱ ሻቛ ൑

௡ᇱᇱݖ‖ଶܮ െ ௡ିଵݖ
ᇱᇱ ‖                                                      (28) 

 
Using (27) and (28), (26) becomes 

 
௡ାଵᇱݖ‖ െ ௡ᇱݖ ‖ ൅ ௡ାଵᇱᇱݖ‖ െ ‖௡ᇱᇱݖ

൑ ଵܭଵ൫ܮ ൅ ඥߠଵ ൅ ඥߠଷ൯‖ݖ௡ᇱ

െ ௡ିଵᇱݖ ‖ 
					൅ܮଶ൫ܭଶ ൅ ඥߠଶ ൅ ඥߠସ൯‖ݖ௡ᇱᇱ െ ௡ିଵᇱᇱݖ ‖ 

  ൑ ௡ᇱݖ‖ሺߞ െ ௡ିଵᇱݖ ‖ ൅ ௡ᇱᇱݖ‖ െ ௡ିଵᇱᇱݖ ‖ሻ                   (29) 
 
where ߞ ൌ ଵܭଵ൫ܮ൛ݔܽ݉ ൅ ඥߠଵ ൅ ඥߠଷ൯, ଶܭଶ൫ܮ ൅

ඥߠଶ ൅ ඥߠସ൯ൟ. 
By (15), we know that 0<	1> ߞ and so (29) 

implies that ሼݖ௡ᇱ ሽ and ሼݖ௡ᇱᇱሽ are both Cauchy 
sequences. Thus, there exist ݖᇱ߳ ଵܺ and ݖᇱᇱ߳ܺଶ such 
that ݖ௡ᇱ ՜ ௡ᇱᇱݖ ᇱ andݖ ՜ ݊ ᇱᇱ asݖ ՜ ∞. From (27) and 
(28), it follows that ሼݔ௡ሽ and ሼݕ௡ሽ are also Cauchy 
sequences in ଵܺ and ܺଶ, respectively, that is, there 
exist ߳ݔ ଵܺ, ܺ߳ݕଶ such that ݔ௡ ՜ ௡ݕ and ݔ ՜  as ݕ
݊ ՜ ∞. Also, from (11) and (12) we have 
 

௡ାଵݑ‖ െ ‖௡ݑ ൑ ࣞሺܧሺݔ௡ାଵሻ, ௡ሻሻݔሺܧ ൑
௡ାଵݔ‖ಶࣞߣ െ  ,‖௡ݔ

 
௡ାଵݒ‖ െ ‖௡ݒ ൑ ࣞሺܨሺݕ௡ାଵሻ, ௡ሻሻݕሺܨ ൑

௡ାଵݕ‖ಷࣞߣ െ  ,‖௡ݕ
 
and hence, ሼݑ௡ሽ and ሼݒ௡ሽ are also Cauchy 
sequences such that ݑ௡ ՜ ௡ݒ and ݑ ՜  ,ݒ
respectively. Now we will show that ܧ߳ݑሺݔሻ and 
 ௡ሻ andݔሺܧ௡߳ݑ ሻ. Sinceݕሺܨ߳ݒ
 

݀ሺݑ௡, ሻሻݔሺܧ
൑ ,௡ݑሼ݀ሺݔܽ݉ ,ሻሻݔሺܧ Sup

௪భఢாሺ௫ሻ
ሺܧሺݔ௡ሻ,  ଵሻሽݓ
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 ൑ max	ሼ Sup

௪మఢாሺ௫೙ሻ
ሺݓଶ,ܧሺݔሻሻ, Sup

௪భఢாሺ௫ሻ
ሺܧሺݔ௡ሻ,  ଵሻሽݓ

 ൌ ࣞሺܧሺݔ௡ሻ,  ,ሻሻݔሺܧ
 
we have 
 

݀൫ݑ, ሻ൯ݔሺܧ ൑ ݑ‖ െ ‖௡ݑ ൅ ݀൫ݑ௡,  ሻ൯ݔሺܧ
    ൑ ݑ‖ െ ‖௡ݑ ൅ ࣞሺܧሺݔ௡ሻ,   ሻሻݔሺܧ
   ൑ ݑ‖ െ ‖௡ݑ ൅ ௡ݔ‖ಶࣞߣ െ ‖ݔ ՜ 0, ݊	ݏܽ ՜ ∞, 
 
which implies that ݀൫ݑ, ሻ൯ݔሺܧ ൌ 0. Since 
 ሻ. Similarly, weݔሺܧ߳ݑ ሺܺሻ, it follows thatܤܥሻ߳ݔሺܧ
can show that ܨ߳ݒሺݕሻ. By continuity of 
,ܧ	,ଶܯ	,ଵܯ	,ଶܤ	,ଵܤ	,ଶܣ	,ଵܣ	,ଶܪ	,ଵܪ ,ܨ ܵ, ܶ, 	ܴఒభ,ெభሺ.,.ሻ

ுభሺ.,.ሻ , 	ܴఒమ,ெమሺ.,.ሻ	
ுమሺ.,.ሻ  

and Algorithm 3.1, we have 
 

ᇱݖ ൌ ,ሻݔଵሺܣଵ൫ܪ ሻ൯ݔଵሺܤ െ ,ݔଵܵሺߣ ሻݒ

ൌ ଵܪ ൬ܣଵ ቀܴఒభ,ெభሺ.,.ሻ
ுభሺ.,.ሻ ሺݖᇱሻቁ , ଵܤ ቀܴఒభ,ெభሺ.,.ሻ

ுభሺ.,.ሻ ሺݖᇱሻቁ൰

െ ,ݔଵܵሺߣ  ,ሻݒ
 

ᇱᇱݖ ൌ ,ሻݕଶሺܣଶ൫ܪ ሻ൯ݕଶሺܤ െ ,ݑଶܶሺߣ ሻݕ

ൌ ଶܪ ൬ܣଶ ቀ ఒܴమ,ெమሺ.,.ሻ
ுమሺ.,.ሻ ሺݖᇱᇱሻቁ , ଵܤ ቀܴఒమ,ெమሺ.,.ሻ

ுమሺ.,.ሻ ሺݖᇱᇱሻቁ൰

െ ,ݑଶܶሺߣ  .ሻݕ
 

By Proposition (3.1) the required result follows. 
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