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Abstract 

The goal of this paper is to generalize the recently introduced summability method and introduce ܫఒ െdouble 
statistical convergence of order ߙ by using ideal. We also investigate certain properties of this convergence. 
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1. Introduction 

The idea of statistical convergence was given by 
Zygmund [1] in the first edition of his monograph 
published in Warsaw in 1935. The concept of 
statistical convergence was introduced by 
Steinhause [2] and Fast [3] and later reintroduced 
by Schoenberg [4] independently. Over the years 
and under different names statistical convergence 
has been discussed in the theory of Fourier analysis, 
ergodic theory, number theory, measure theory, 
trigonometric theory, turnpike theory and Banach 
spaces. In recent years generalization of statistical 
convergence has appeared in the study of strong 
integral summability and the structure of ideals of 
bounded continuous functions on local compact 
spaces.  

In [5], Kostyrko et al. introduced the concept of I 
-convergence of sequences in a metric space and 
studied some properties of such convergence. Note 
that I-convergence is an interesting generalization 
of statistical convergence. More investigations in 
this direction and more applications of ideals can be 
found in [6-11] where many important references 
can be found. 

Quite recently in [6, 10] we used ideals to 
introduce the concepts of ࡵ െstatistical 
convergence, ࡵ െlacunary statistical convergence 
and ࣅࡵ െ	statistical convergence and investigated 
their properties. On the other hand, in [12-14] a 
different direction was taken to the study of these 
important summability methods where the notions 
of statistical convergence of order ࢻ	and 
ࣅ െstatistical convergence of order ࢻ	were 
introduced and studied. 
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If Գ denotes the set of natural numbers and 
ࡷ ؿ Գ,	 then ࡷሺ࢔,࢓ሻ denotes the cardinality of the 
set ࡷ	 ת ሾ࢓,  ሿ. The upper and lower natural࢔
density of the subset ࡷ is defined by 
 

ሻࡷഥሺࢊ ൌ ܕܑܔ
՜ஶ࢔

࢖࢛࢙
,ሺ૚ࡷ ሻ࢔

࢔
ሻࡷሺࢊ	ࢊ࢔ࢇ	

ൌ ܕܑܔ
՜ஶ࢔

ࢌ࢔࢏
,ሺ૚ࡷ ሻ࢔

࢔
. 

 
If ࢊഥሺࡷሻ ൌ  ሻ then we say that the naturalࡷሺࢊ

density of K exists and it is denoted simply by 

ሻࡷሺࢊ ሻ. Clearlyࡷሺࢊ ൌ ՜ஶ࢔ܕܑܔ
ሻ࢔,ሺ૚ࡷ

࢔
. 

A sequence ሺ࢞࢑ሻ of real numbers is said to be 
statistically convergent to ࡸ if for arbitrary ࣕ	 ൐ 	૙ 
the set ࡷሺࣕሻ 	ൌ ሼ࢑ א Գ: |࢞࢑| ൒ ࣕሽ has natural 
density zero. Statistical convergence turned out to 
be one of the most active areas of research in 
summability theory after the work of Fridy [15] and 
Salat [16]. The more general idea of ࣅ െstatistical 
convergence was introduced by Mursaleen in [17]. 

Mursaleen and Edely [18] defined double 
statistical convergence and examined some 
properties. Quite recently E. Savas [19] introduced 
the concepts of ࡵ െ	double statistical convergence, 
and ࣅࡵ െ double statistical convergence and 
investigated their properties. Subsequently many 
interesting investigations have been done by 
various authors on this convergence (see, for 
example [20-26]). 

In this paper we introduce a new and further 
general notion namely, ିࣅࡵ	double statistical 
convergence of order ࢻ. We mainly investigate 
some basic properties of this new summability 
method. 
 
 



 
 

IJST (2013) 37A3 (Special issue-Mathematics): 397-402                                                                                                     398 
 
2. Preliminaries 

The following definitions and notions will be 
needed in the sequel. 
 
Definition 1. A family ࡵ	 ૛Գ is said to be an ideal 
of Գ if the following conditions hold: 
(a) ࡮,࡭	 א ࡭ implies ࡵ	 	࡮ א  ,ࡵ	
(b) 	࡭ א ,ࡵ	 ࡮ 	࡮ implies ࡵ א  .ࡵ	
 
Definition 2. A non-empty family ࡲ	 ૛Գ is said 
to be a filter of Գ if the following conditions hold: 
(a) ׎ ב  ,ࡲ
(b) 	࡭, 	࡮ א ࡭ implies ࡲ	 ת 	࡮ א  ,ࡲ	
(c)		࡭ א ࡮,ࡲ	 ۴ implies ࡮	 א  .ࡲ	

If ࡵ is a proper ideal of Գ (i.e. Գ ב  then the ,(ࡵ
family of sets ࡲሺࡵሻ ൌ ሼࡹ ؿ Գ: ࡭׌ א ࡹ:ࡵ ൌ  ሽ࡭\ࡺ
is a filter of Գ. It is called the filter associated with 
the ideal. 
 
Definition 3. A proper ideal ࡵ is said to be 
admissible if ሼ࢔ሽ א ࢔ for each	ࡵ א Գ. 

Throughout ࡵ will stand for a proper admissible 
ideal of ࡺ and by sequence we always mean 
sequences of real numbers. 
 
Definition 4. (see [6]). Let ࡵ	 ૛Գ	be a proper 
admissible ideal in Գ. 
(i) The sequence ሺ࢞࢑ሻ of elements of Թ is said to be 
ࡵ െconvergent to ࡸ א Թ if for each 0 < ࢿ, the set 
ሻࢿሺ࡭ ൌ ሼ࢑ א Գ: |࢞࢑ െ |ࡸ ൒ ࣕሽ א  .ࡵ
(ii) The sequence ሺ࢞࢑ሻ		of elements of Թ is said to 
be כࡵ െconvergent to ࡸ א Թ if there exists ࡹ א
 .ࡸ converges to ࡹאሻ such that ሺ࢞࢑ሻ࢑ࡵሺࡲ

A double sequence ࢞	 ൌ 	 ሺ࢞࢒࢑ሻ of real numbers, 
࢑, ࢒ א Գ	 the set of all positive integers, is said to be 
convergent 	in the Pringsheim's sense or 
ࡼ െconvergent if for each ࢿ	 ൐ 	૙ there exists 
ۼ א Գ such that |࢞࢒࢑ െ |ࡸ ൏ ,࢑ whenever ࢿ ࢒ ൒  ࡺ
and ࡸ	 is called Pringsheim limit (denoted by 
	ࡼ െ 	࢞	࢓࢏࢒	 ൌ  .[27] ,( ࡸ	

A double sequence ࢞ is bounded if there exists a 
positive number ࡹ such that |࢞࢒࢑| ൏  and ࢐ for all ࡹ
࢑, i.e., if  
 

‖࢞‖ሺஶ,૛ሻ ൌ ࢐,࢑ห࢞࢐࢑ห࢖࢛࢙ ൏ ∞. 
 

Note that in contrast to the case for single 
sequences, a convergent double sequence need not 
be bounded. Let us denote by ࢒ஶ૛ , the space of all 
bounded double sequences. 

Let ࡷ ك Գ ൈ Գ be a two dimensional set of 
positive integers and let ࢔,࢓ࡷ be the numbers of 
ሺ࢏, ࢐ሻ	in	ࡷ such that ࢏ ൑ ࢐ and	࢔ ൑  Then the .࢓
lower asymptotic density of ࡷ is defined as  
 

ࡼ െ ࢔,࢓ࢌ࢔࢏	ܕܑܔ
࢔,࢓ࡷ

࢔࢓
ൌ  .ሻࡷ૛ሺࢾ

 

In the case when the sequence ቀ
࢔,࢓ࡷ
࢔࢓

ቁ
ୀ૚,૚࢔,࢓

ஶ,ஶ
 has a 

limit, we say that ࡷ has a natural density and is 
defined as 
 

ࡼ െ ࢔,࢓	ܕܑܔ
࢔,࢓ࡷ

࢔࢓
ൌ  .ሻࡷ૛ሺࢾ

 
For example, let	ࡷ ൌ ሼሺ࢏૛, ࢐૛ሻ: ,࢏ ࢐ א Գሽ, where 

Գ	is the set of natural numbers. Then  
 

ሻࡷ૛ሺࢾ ൌ ࡼ െ ࢔,࢓࢓࢏࢒
࢔,࢓ࡷ

࢔࢓
൑ ࡼ െ ࢔,࢓࢓࢏࢒

࢔√࢓√
࢔࢓

ൌ ૙ 

 
(i.e. the set ࡷ	has double natural density zero).  

Recently Mursaleen and Edely [18] presented the 
notion of statistical convergence for double 
sequence ࢞	 ൌ 	 ሺ࢞࢒࢑ሻ as follows: A real double 
sequence ࢞	 ൌ 	 ሺ࢞࢒࢑ሻ is said to be statistically 
convergent to ࡸ, provided that for each ࢿ ൐ ૙  
 

ܕܑܔ
࢔,࢓

૚
࢔࢓

|ሼሺ࢑, :ሻ࢒ ࢑ ൑ ࢒	ࢊ࢔ࢇ	࢓ ൑ ,࢔ ࢒࢑࢞| െ |ࡸ

൒ |ሽ	ࢿ ൌ ૙. 
 

A nontrivial ideal of Գ ൈ Գ is called strongly 
admissible if ሼ࢏ሽ ൈ Գ and Գ ൈ ሼ࢏ሽ belong to ࡵ	for 
each ࢏ א Գ. It is evident that a strongly admissible 
ideal is also admissible. Let 
 
૙ࡵ ൌ ൛࡭ ؿ Գ ൈ Գ: ൫࢓׌ሺ࡭ሻ

א Գሺ࢑, ࢒ ൒ ሻ࡭ሺ࢓ ֜ ሺ࢑, ሻ࢒ ב  .ሻ൯ൟ࡭
 

Then ࡵ૙ is a nontrivial strongly admissible ideal 
and clearly an ideal ࡵ is if and only if ࡵ૙ ؿ  Now .ࡵ
let ࡵ be a nontrivial admissible ideal in Գ ൈ Գ. A 
double sequence ࢞	 ൌ 	 ሺ࢞࢒࢑ሻ of real number is said 
to be convergent to the number र with respect to the 
ideal ࡵ, if for each ࢿ ൐ ૙,  
 

ሻࢿሺ࡭ ൌ ሼሺ࢑, ሻ࢒ א Գ ൈ Գ: ࢒࢑࢞| െ |ࡸ ൒ ࣕሽ א  .ࡵ
 
In this case we write ࡵ െ ࢒࢑ܕܑܔ ࢒࢑࢞ ൌ  .ࡸ

Note that if I is the ideal ࡵ૙, then ࡵ െ convergence 
coincides with the convergence in Pringsheim’s 
sense and if we take ࢊࡵ ൌ ሼ࡭ ؿ Գ ൈ Գ: ሻ࡭૛ሺࢾ ൌ ૙ሽ 
then ࢊࡵ െconvergence becomes statistical 
convergence for double sequences. 

3. Maın results 

We now introduce our main definitions. 
Definition 5. A sequence ࢞	 ൌ 	 ሺ࢞࢒࢑ሻ is said to be 
ࡵ െstatistically convergent of order ࢻ to ࡸ or 
࢙૛ሺࡵሻࢻ െ	convergent to ࡸ, where ૙ ൏ ࢻ ൑ ૚, if for 
each ࢿ ൐ ૙ and ࢾ ൐ ૙ 
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൜ሺ࢔,࢓ሻ א Գ ൈ Գ:
૚

ሺ࢔࢓ሻࢻ
|ሼ࢑ ൑ ࢒	ࢊ࢔ࢇ	࢓

൑ :࢓ ࢒࢑࢞| െ |ࡸ ൒ |ሽ	ࢿ ൒ ൠࢾ א  .ࡵ
 

In this case, we write ࢞࢒࢑ ՜  ሻ. The classࢻሻࡵሺ࢙૛ሺࡸ
of all ࡵ െ double statistically convergent of order 
 .ࢻሻࡵsequences will be denoted by simply ࢙૛ሺ	ࢻ
 
Remark 1. For ࡵ ൌ ,࢔࢏ࢌࡵ ࢙૛ሺࡵሻࢻ െconvergence 
coincides with double statistical convergence of 
order ࢻ. For an arbitrary ideal ࡵ and for ࢻ ൌ ૚ it 
coincides with ࡵ െ double statistical convergence 
[1]. When ࡵ ൌ ࢻ and ࢔࢏ࢌࡵ ൌ ૚ it becomes only 
double statistical convergence, which is defined by 
Mursaleen and Edely. 

In [17], Mursaleen introduced the idea of ࣅ െ
	statistical convergence for single sequence as 
follows: 

Let ࣅ ൌ ሺ࢔ࣅሻ be a non-decreasing sequence of 
positive numbers tending to ∞ such that 
 

ା૚࢔ࣅ ൑ ࢔ࣅ ൅ ૚, ૚ࣅ ൌ ૚. 
 

The generalized de la Vallee-Pousin mean is 
defined by 
 

:ሺ࢞ሻ࢔࢚ ൌ
૚
࢔ࣅ

෍ ࢞࢑
࢔ࡵא࢑

 

 
where ࢔ࡵ ൌ ሾ࢔ െ ࢔ࣅ ൅ ૚,  .ሿ࢔

A sequence ࢞ ൌ 	 ሺ࢞࢑ሻ is said to be 
ሺࢂ, ሻࣅ െsummable to a number ࡸ if 
 

ሺ࢞ሻ࢔࢚ ՜ र	࢙ࢇ	࢔ ՜ ∞. 
 

The number sequence ࢞ ൌ 	 ሺ࢞࢑ሻ is said to be ૃ െ 
statistically convergent to the number ۺ	if for each 
ઽ ൐ ૙, 
 

࢓࢏࢒
࢔

૚
࢔ࣅ
|ሼ࢔ െ ࢔ࣅ ൅ ૚ ൑ ࢑ ൑ ,࢔ |࢞࢑ െ |ࡸ ൒ |ሽ	ࢿ ൌ ૙ 

 
In this case we write 	࢙ࣅ െ ࢑࢓࢏࢒ ࢞࢑ ൌ  and we ࡸ

denote the set of all ૃ െ statistically convergent 
sequences by ૃܛ. 

Let ࣅ ൌ ሺ࢓ࣅሻ and ࣆ ൌ ሺ࢔ࣆሻ	be two non-
decreasing sequences of positive numbers, both of 
which tend to ∞ as m and n approach ∞, 
respectively. Also, let ࢓ࣅା૚ ൑ ࢓ࣅ ൅ ૚, ૚ࣅ ൌ
૚	܌ܖ܉	࢔ࣆା૚ ൑ ࢔ࣆ	 ൅ ૚, ૚ࣆ ൌ ૚. The collection of 
such sequence ࣅത࢔࢓	will be denoted by ઢ. 

We write the generalized double de la Valee-
Poussin mean by 
 

:ሺ࢞ሻ࢔,࢓࢚ ൌ
૚

ࢻ࢓ࣅ ࢻ࢔ࣆ
෍ ࢒,࢑࢞

࢔ࡶא࢒,࢓ࡵא࢑

 

 
where ࢓ࡵ ൌ ሾ࢓ െ ࢓ࣅ ൅ ૚,࢓ሿ and ࢔ࡶ ൌ

ሾ࢔ െ ࢔ࣆ ൅ ૚,  .ሿ࢔
A sequence ࢞ ൌ 	 ሺ࢞࢒࢑ሻ is said to be 

,ࢂൣ ഥ൧ࣅ	
ࢻ
ሺࡵሻ െsummable to a number ࡸ א  if ,ࢄ

 
ࡵ െ ࢓࢏࢒

࢔,࢓
ሺ࢞ሻ࢔,࢓࢚ ՜  ࡸ

 
i.e. for any ࢾ ൐ ૙, 
 

൛ሺ࢓, ሻ࢔ א Գ ൈ Գ: ห࢚࢔,࢓ሺ࢞ሻ െ หࡸ ൒ ൟࢾ א  .ࡵ
 

Throughout this paper we shall denote ࢔ࣆ࢓ࣅ by 
and ሺ࢑	࢔࢓തࣅ	 א ,࢓ࡵ ࢒ א ,ሻ by ሺ࢑ࡵ ሻ࢒ א  .࢔,࢓ࡵ

If ࡵ ൌ ,ࢂൣ			,࢔࢏ࢌࡵ ത൧ࣅ
ࢻ
ሺࡵሻ െsummability becomes 

	ሾࢂ,  തሿ summability. If we takeࣅ
ࢻ ൌ ૚, ,ࢂൣ		 ഥ൧ࣅ	

ࢻ
ሺࡵሻ െsummability reduce to ሾࢂ,  തሿࣅ

summability. 
 
Definition 6. A sequence ࢞ ൌ 	 ሺ࢞࢒࢑ሻ is said to be 
 or ࢻ double statistically convergent of orderିࣅࡵ
ሻࡵതሺࣅ࢙

ࢿ convergent to L, if for each ࢻ ൐ ૙ and 
ࢾ ൐ ૙ 
 

ቊሺ࢓, ሻ࢔ א Գ ൈ Գ:
૚

ࢻ࢔࢓തࣅ
|ሼሺ࢑, ሻ࢒ א :࢓࢔ࡵ ࢒࢑࢞| െ |ࡸ

൒ |ሽ	ࢿ ൒ ቋࢾ א  .ࡵ

 
In this case we write ࢙ࣅതሺࡵሻ

ࢻ െ ࢞࢓࢏࢒ ൌ  or ࡸ
࢒࢑࢞ ՜ ሻࡵതሺࣅሺ࢙ࡸ

 .ሻࢻ
 
Remark 2. If we take ࡵ ൌ ࢔࢏ࢌࡵ ൌ ሼ࡭ ك
 is a non-trivial ࢌࡵ ሽ, thenܜ܍ܛ܊ܝܛ	܍ܜܑܖܑ܎	܉	ܛܑ	࡭:ࡺ
admissible ideal of N, and ࢙ࣅതሺࡵሻ

 convergence againࢻ
coincides with ૃ െ double statistically convergent 
of order ࢻ. For an arbitrary ideal I and for ࢻ ൌ ૚ it 
coincides with ିࣅࡵdouble statistically convergence 
[1]. Finally, for ࡵ ൌ ࢻ and ࢔࢏ࢌࡵ ൌ ૚ it becomes 
ૃ െdouble statistically convergence. Also, note that 
taking ࣅത࢔࢓ ൌ  we get definition 5 from ࢔࢓
definition 6. 

We shall denote by ࢙ࣅതሺࡵሻ
,ࢂൣ	 and ࢻ ത൧ࣅ

ࢻ
ሺࡵሻ the 

collection of all ࣅࡵ െ double statistically convergent 
of order ࢻ and ൣࢂ, ሻࡵത൧ሺࣅ െconvergent of order 
 .sequences respectively	ࢻ
 
Theorem 1. Let ૙ ൏ ࢻ ൑ ࢼ ൑ ૚. Then ࢙ࣅതሺࡵሻ

ࢻ ؿ
ሻࡵതሺࣅ࢙

 .ࢼ
 
Proof: Let ૙ ൏ ࢻ ൑ ࢼ ൑ ૚. Then 
 
|ሼሺ࢑, ሻ࢒ א :࢔࢓ࡵ ࢒࢑࢞| െ |ࡸ ൒ ࣕሽ|

࢔࢓തࣅ
ࢼ

൑
|ሼሺ࢑, ሻ࢒ א :࢔࢓ࡵ ࢒࢑࢞| െ |ࡸ ൒ ࣕሽ|

ࢻ࢔࢓തࣅ
 

 
and so for any ࢾ ൐ ૙, 
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ቊሺ࢔,࢓ሻ א Գ ൈ Գ:

|ሼሺ࢑, ሻ࢒ א :࢔࢓ࡵ ࢒࢑࢞| െ |ࡸ ൒ ࣕሽ|

࢔࢓തࣅ
ࢼ ൒ ቋࢾ

ؿ ቊሺ࢔,࢓ሻ א Գ ൈ Գ:
|ሼሺ࢑, ሻ࢒ א :࢔࢓ࡵ ࢒࢑࢞| െ |ࡸ ൒ ࣕሽ|

ࢻ࢔࢓തࣅ

൒  ቋࢾ

 
Hence if the set on the right hand side belongs to 

the ideal ࡵ then obviously the set on the left hand 
side also belongs to ࡵ. This shows that ࢙ࣅതሺࡵሻ

ࢻ ؿ
ሻࡵതሺࣅ࢙

 .ࢼ
 
Remark 3. We can see that the inclusion is 
sometimes strict. Suppose that ࢼ,ࢻ	are such that 

there is a ࢑, 	࢒ א ࡺ ൈ ࢻ with ࡺ ൏
૚

࢒,࢑
൏  and ,ࢼ

ࡵ ൌ  To prove that the inclusion is strict .࢔࢏ࢌࡵ
consider the sequence ࢞ ൌ 	 ሺ࢞࢒࢑ሻ defined by 
࢒࢑࢞ ൌ ૚,	if	࢑ ൌ ࢒	and	࢖࢏ ൌ  ࢗ࢐
࢒࢑࢞ ൌ ૙,	if	࢑ ് ࢒	and	࢖࢏ ് ,ࢗ࢐ ,࢏ ࢐ א Գ ൈ Գ. 

Then ࢙૛ሺࡵሻࢼ െ ࢒,࢑࢞ܕܑܔ ൌ ૙ i.e. ࢞ א ࢙૛ሺࡵሻࢼ and 
so ࢞ א ሻࡵതሺࣅ࢙

࢞ but ,ࢼ ב ࢙૛ሺࡵሻࢻ and so not in 
ሻࡵതሺࣅ࢙

  .	ࢻ
 
Corollary 1. If a sequence is ࣅࡵത െstatistically 
convergent of order ࢻ	to ࡸ for some ૙ ൏ ࢻ ൑ ૚ 
then it is ࣅࡵത െstatistically convergent to ࡸ, i.e. 
ሻࡵሺ	തࣅࡿ

ࢻ ؿ   ሻࡵሺ	തࣅࡿ
We also show that 
 
Theorem 2. Let ૙ ൏ ࢻ ൑ ࢼ ൑ ૚. Then 
(i) ࢙૛ሺࡵሻࢻ ؿ ࢙૛ሺࡵሻࢼ  
(ii) ༰	ࢂ, ሻࡵሺ	ࢻത༱ࣅ ؿ ༰	ࢂ,  ሻࡵሺ	ࢼത༱ࣅ
(iii) In particular, ࡿሺࡵሻࢻ ؿ ࢙ሺࡵሻ and 
	ሾࢂ, ሻࡵሺ	ࢻሿࣅ ؿ ,ࢂൣ  .ሻࡵሺ		ത൧ࣅ
 
Theorem 3. ࢙ࣅത	ሺࡵሻ

ࢻ ת ஶ૛࢒  is closed subset of ࢒ஶ૛  
where as usual, ࢒ஶ૛ 	is the banach space of all 
bounded real squences endowed with the sup norm. 
 
Proof: Suppose that ሺ࢞࢓࢔ሻ ؿ ሻࡵሺ	തࣅ࢙

ࢻ ת ஶ૛࢒ , ૙ ൏
ࢻ ൑ ૚ is a convergent sequence and converges to 
࢞ א ஶ૛࢒ . We need to prove that ࢞ א ሻࡵሺ	തࣅ࢙

ࢻ ת
ஶ૛࢒ 	since ࢙ࣅത	ሺࡵሻ

ࢻ ؿ ሻࡵሺ	തࣅ࢙ ሻ andࡵሺ	തࣅ࢙ ת ஶ࢒
૛  is closed 

in ࢒ஶ૛ , (see, theorem 2.4 [1]). So ࢞ א ሻࡵሺ	ࣅ࢙ ת ஶ૛࢒ . 
Again since ࢞࢓࢔ א ሻࡵሺ	തࣅ࢙

ࢻ ؿ  ሻ for allࡵሺ	തࣅ࢙
࢓ ൌ ૚, ૛, ૜, …, and ࢔ ൌ ૚, ૛, ૜, … ,  is ࢓࢔࢞
തࣅࡵ െstatistically convergent to some number ࢔࢓ࡸ 
for ࢓ ൌ ૚, ૛, ૜, …, and ࢔ ൌ ૚, ૛, ૜, …. We first 
show that the sequence (࢔࢓ࡸ) is convergent to some 
number	ࡸ and the sequence ࢞ ൌ ሺ࢞࢒࢑ሻ is 
തࣅࡵ െstatistically convergent of order ࢻ		to ࡸ. Take a 
positive strictly decreasing sequence (࢔࢓ࢿ) 
converging to 0. Choose a positive integer ࢔,࢓ 

such that ‖࢞ െ	࢞࢔࢓	‖ஶ ൏ 
࢔࢓ࣕ
૝
. Let ૙ ൏ ࢾ ൏

૚

૜
.	 

Write 
 

࡭ ൌ ቊሺ࢔,࢓ሻ א ࡺ ൈ :ࡺ
૚

࢔࢓തࣅ
ቚቄሺ࢑, ሻ࢒ א 	࢔࢓ࡵ

׷ ࢒࢑࢞|
࢔࢓ െ	࢔࢓ࡸ| 	൒ 	

࢔࢓ࣕ
૝
ቅቚ ൏ ቋࢾ

א  ሻࡵሺࡲ
and  
 

࡮ ൌ ቊሺ࢔,࢓ሻ א Գ	 ൈ 	Գ

׷
૚

࢔࢓തࣅ
ቚቄሺ࢑, ሻ࢒ א 	࢔࢓ࡵ

׷ ࢒࢑࢞|
࢔࢓ െ	࢔࢓ࡸ| 	൒ 	

࢔࢓ࣕ
૝
ቅቚ ൏ ቋࢾ

א  ሻࡵሺࡲ
 

Since ࢡ ת 	ࢢ א 	ࣘ	܌ܖ܉	ሻࡵሺࡲ ב  ሻ, we canࡵሺ	ࡲ
choose ࢓	 א 	࡭ ת  Then .࡮

 
૚

࢔࢓തࣅ
 ቄሺ࢑, ሻ࢒ א 	࢔࢓ࡵ ׷ ࢒࢑࢞|

࢔࢓ െ	࢔࢓ࡸ| 	൒ 	
࢔࢓ࣕ
૝
ש		

	ห࢞࢒࢑
ା૚࢔,ା૚࢓ െ	࢓ࡸା૚,࢔ା૚ห 	൒ 	

࢔࢓ࣕ
૝
ቅ 	൑ 		

૛

ࢾ
	൏ ૚. 

 
Since ࣅത࢔࢓ 	՜ 	∞	and ࡭	 ת 		࡮	 א  ,ሻ is infiniteࡵሺࡲ	

we can actually choose the above ࢔,࢓ so that 
࢔࢓തࣅ ൐ ૞	ሺܡ܉ܛሻ.	 Therefore there must exist ሺ࢑,  ሻ࢒
א ࢒࢑࢞| ,for which we have	࢔࢓ࡵ

࢔࢓ െ	࢔࢓ࡸ| 	൏ 	
࢔࢓ࣕ
૝

 and 

	ห࢞࢒࢑
ା૚࢔,ା૚࢓ െ	࢓ࡸା૚,࢔ା૚ห 	൏ 	

࢔࢓ࣕ
૝

. 

Hence it follows that 
 
࢔࢓ࡸ| െ	࢓ࡸା૚,࢔ା૚| ൑	 ࢔࢓ࡸ| െ ࢒࢑࢞

|	࢔࢓ 	൅	 ࢒࢑࢞|
࢔࢓ െ

࢒࢑࢞
|ା૚࢔,ା૚࢓ 	൅	 ห࢞࢒࢑

ା૚࢔,ା૚࢓ െ	࢓ࡸା૚,࢔ା૚ห 
࢒࢑࢞|≥

࢔࢓ െ	࢔࢓ࡸ|+ห࢞࢒࢑
ା૚࢔,ା૚࢓ െ	࢓ࡸା૚,࢔ା૚ห+‖࢞ െ

  ஶ‖	࢔࢓࢞	
+‖࢞	 െ  ‖ஶ	ା૚࢔,ା૚࢓࢞
൏  

࢔࢓ࣕ
૝

 + 
࢔࢓ࣕ
૝

 +
࢔࢓ࣕ
૝

 + 
࢔࢓ࣕ
૝

 .࢔࢓ࣕ = 
 

This implies that 	ሺ࢔࢓ࡸሻ	is a Cauchy sequence of 
real numbers and let ࢔࢓ࡸ ՜ ՜ ࢔,࢓ as ࡸ	 	∞. We 
prove that 	࢞	 ՜ ሻࡵതሺࣅሺ࢙ࡸ	

	ࢿ Choose .ࢻ ൐ ૙ and 
choose ሺ࢔,࢓ሻ א 	Գ	 ൈ 	Գ such that ૓ܖܕ ൏	

૓

૝
 , 

‖࢞ െ	࢞࢔࢓‖ஶ ൏ 
ࣕ

૝
࢔࢓ࡸ| , െ  ൏ |	ࡸ	

ࣕ

૝
. Now since 

 
૚

ࣆࢽതࣅ
ࢻ  |ሼሺ࢑, א ሻ࢒ ࢒࢑࢞ | :ࣆ,ࢽࡵ െ  	|ሽ ࣕ ≤ | ࡸ	

≤   
૚

ࣆࢽതࣅ
ࢻ  |ሼሺ࢑, א ሻ࢒ ࢒࢑࢞ | :ࣆ,ࢽࡵ െ ࢒࢑࢞

࢒࢑࢞ | + |	࢓࢔
࢓࢔ െ  ࢔࢓ࡸ

| 	൅ 	 ࢔࢓ࡸ | െ  |ሽ ࣕ ≤ | ࡸ	
≤   

૚

ࣆࢽࣅ
ࢻ  |ሼሺ࢑, א ሻ࢒ ࢒࢑࢞ | :ࣆ,ࢽࡵ

࢓࢔ െ  ≤ | ࢔࢓ࡸ
ࣕ

૛
 ሽ|. 

 
So it follows that 

 
ሼሺࢽ, ሻࣆ א	 	Գ	 ൈ 	Գ: 

૚

ࣆࢽതࣅ
ࢻ  |ሼሺ࢑, ሻ࢒ 	 א ࢒࢑࢞ | :ࣆ,ࢽࡵ െ  ࡸ	

|	≥ ࣕ ሽ| ≥	ࢾ ሽ 
,ࢽሼሺ ؿ ሻࣆ א	 	Գ ൈ 	Գ	: 

૚

ࣆࢽതࣅ
ࢻ  |ሼሺ࢑, א ሻ࢒ ࢒࢑࢞ | :ࣆ,ࢽࡵ െ  ࡸ	
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|	≥		
ࣕ

૛
	ሽ|	≥	ࢾ ሽ 

 
for any given ઼ ൐ ૙. This shows that ࢞ ՜
ሻࡵതሺࣅሺ࢙	ࡸ

 and this completes the proof of the		ሻࢻ
theorem. 
 
Theorem 4. Let ࣅത ൌ ሺ	ࣅത࢔࢓ሻ א 	∆. Then ࢞࢒࢑ 	՜
,ࢂ	༰	ࡸ ࢒࢑࢞ ฺ ሻࡵሺ	ࢻത༱ࣅ 	ื ሻࡵതሺࣅሺ࢙	ࡸ

 ሻ and theࢻ
inclusion 	༰	ࢂ, ሻࡵሺ	ࢻത༱ࣅ ؿ ሻࡵതሺࣅ࢙

 ሻ is proper for everyࢻ
ideal I. 
 
Proof: Let ࣕ ൐ ૙ and ࢞࢒࢑ 	ื ,ࢂ	༰	ࡸ	  ሻ. Weࡵሺ	ࢻത༱ࣅ
write  
 
∑ ࢒࢑࢞	| 	՜ ࢔࢓ࡵאሻ࢒ሺ࢑|ࡸ  ≥  
∑ ࢒࢑࢞	| 	՜ |ࡸ ൒ ࣕ.ሺ࢒࢑ሻ|&࢔࢓ࡵא	࢒࢑࢞	՜ࡸ|வࢿ  |ሼሺ࢒࢑ሻ א	  :	࢔࢓ࡵ
࢒࢑࢞	| 	՜  .|ሽ	ࣕ ≤ |ࡸ
So for a given ࢾ ൐ ૙,  
૚

࢔࢓തࣅ
ࢻ  |ሼሺ࢑, א ሻ࢒ ࢒࢑࢞ |	:࢔࢓ࡵ െ   ฺ  ࢾ ≤ |ሽ ࣕ ≤ | ࡸ	

૚

࢔࢓തࣅ
ࢻ  

∑ ࢒࢑࢞	| 	՜ ࢔࢓ࡵאሻ࢒ሺ࢑|ࡸ  ,ࢾࣕ ≤ 

 i.e. ሼሺ࢔,࢓ሻ א 	Գ ൈ 	Գ	: 
૚

࢔࢓തࣅ
ࢻ  |ሼሺ࢑, ሻ࢒ 	 א  ࢔࢓ࡵ

࢒࢑࢞	|	: െ | ࡸ	 	൒ ࣕ ሽ| 	൒ ࢾ ሽ ؿ 	 ሼሺ࢔,࢓ሻ א 	Գ ൈ 	Գ	: 
૚

࢔࢓തࣅ
ࢻ  ∑ ࢒࢑࢞	| 	՜ ࢔࢓ࡵאሻ࢒ሺ࢑	|ࡸ ൒ 	ࣕሽ. 

Since ࢞࢒࢑ 	՜ ,ࢂ	༰	ࡸ  ሻ, the set on the rightࡵሺ ࢻത༱ࣅ
hand side belongs to	ࡵ and so it follows that 
࢒࢑࢞ 	ื ሻࡵതሺࣅሺ࢙	ࡸ

  .ሻࢻ
To show that ࢙ࣅത	ሺࡵሻ

,ࢂ	༰	ه ࢻ  ሻ, take a fixedࡵሺ ࢻത༱ࣅ
	࡭ א ࢞ Define .ࡵ ൌ ሺ࢞࢒࢑ሻ by 
 
࢒࢑࢞ ൌ

	ቐ
࢓				ࢌ࢏			,࢒࢑		 െ ༰ඥࢻ࢓ࣅ ༱൅ 	૚	 ൑ 	࢑	 ൑ ࢔			,࢓ െ ༰ඥࢻ࢔ࣆ༱൅ 	૚ ൑ 	࢒ ൑ ሻ࢔,࢓ሺ			,࢔ ב ࡭
࢓			ࢌ࢏						,࢒࢑ െ ࢓ࣅ ൅ ૚	 ൑ 	࢑ ൑ ࢔			,࢓ െ	࢔ࣆ ൅ 	૚	 ൑ 	࢒	 ൑ ሻ࢔,࢓ሺ					,࢔ א	 ࡭

૙,																																																																																					ࢋ࢙࢏࢝࢘ࢋࢎ࢚࢕.

   

 
Then for every ࣕ	 ൐ ૙	ሺ૙ ൏ ࣕ	 ൏ ૚ሻ since 

 
࢔࢓ࢇ ؔ	

૚

࢓ࣅ
ࢻ ࢔ࣆ

ࢻ |ሼሺ࢑, ࢒࢑࢞	:࢔࢓ࡵ א ሻ࢒ െ ૙| ൒ ࣕሽ| ൌ

	
༰ඥ࢓ࣅ

ࢻ ༱	ቂඥ࢔ࣆ
ቃࢻ

࢓ࣅ
ࢻ ࢔ࣆ

ࢻ     
 
tends to zero in Pringsheim's sense as ࢔,࢓	 ՜
	∞	and ሺ࢔,࢓ሻ ב	 ࢾ Hence for each .࡭ ൐ ૙ ሼሺ࢓,  ሻ࢔
א 	Գ ൈ 	Գ: ≤ ࢔࢓ࢇ	ࢾ ሽ ࡭ ؿ	 ׫ ሼሺԳ ൈ 	Գ ך
,ሺሺሼ૚ځሻ࡭ ૛, … , ࢕࢏ െ ૚ሽ ൈ Գሻ ׫ ሺԳ ൈ ሼ૚, ૛, … ࢕࢏ െ
૚ሽሻሻሽ. for some ࢕࢏ א 	Գ.	 Since ࡵ is strongly 
admissible ideal, it follows that ࢞࢒࢑ ՜ തሻࣅሺ࢙ࡸ

 .ሻ	ሻࡵሺ	ࢻ
Obviously, ࢞࢒࢑ ե ૙	༰	ࢂ,  ሻ. Note that ifࡵሺࢻത༱ࣅ

࡭	 א ࢒࢑࢞	 is infinite then ࡵ ե തሻࣅሺ࢙ࣂ	
 ሻ. Thisࡵሺ	ࢻ

example also shows that ࣅࡵ െ double statistical 
convergence of order ࢻ is more general than ࣅ െ 
double statistical convergence of order ࢻ.  
 
Theorem 5. ࢙૛ሺࡵሻࢻ ؿ	 	   if and only if ࢻሻࡵሺࣅ࢙
 

࢔࢓ࢌ࢔࢏	࢓࢏࢒	
ࢻ࢔࢓തࣅ

ሺ࢔࢓ሻࢻ
	൐ ૙.                                         (1) 

 

Proof: For given ࣕ ൐ ૙, 
 
૚

ሺ࢔࢓ሻࢻ
 |࢑ ൑ ,࢓ ࢒ ൑ ࢔ ׷ ࢒࢑࢞	| െ |ࡸ ൒ ࣕሽ| 			൒

				
૚

ሺ࢔࢓ሻࢻ
ሼሺ࢑, ሻ࢒ א 	 	࢔࢓ࡵ ׷ ࢒࢑࢞	| െ |ࡸ ൒ ࣕሽ|			 

൒					
ࢻ࢔࢓തࣅ

ሺ࢔࢓ሻࢻ
	
૚

ࢻ࢔࢓തࣅ
			ሼሺ࢑, ሻ࢒ א 	 	࢔࢓ࡵ ׷ ࢒࢑࢞	| െ |ࡸ

൒ ࣕሽ|	.									 
 

If ࢓࢏࢒	࢓࢔ࢌ࢔࢏՜ஶ
ࢻ࢔࢓തࣅ

ሺ࢔࢓ሻࢻ
ൌ  then from definition ࢇ

ሼሺ࢔,࢓ሻ א ࡺ ൈ ࡺ ׷ 	
ࢻ࢔࢓തࣅ

ሺ࢔࢓ሻࢻ
൏ 	

ࢇ

૛
ሽ is finite. 

For ࢾ ൐ ૙,  
 
{ሺ࢓, ሻ࢔ א 	Գ ൈ 	Գ ׷ 	

૚

࢔࢓തࣅ
ࢻ 			ሼሺ࢑, ሻ࢒ א 	 	࢔࢓ࡵ ׷

࢒࢑࢞	| െ |ࡸ ൒ ࣕሽ| 	൒  {ࢾ	

ሻ࢔,࢓ሼሺ ؿ																		 א 	Գ ൈ 	Գ	
૚

ሺ࢔࢓ሻࢻ
ሼሺ࢑, ሻ࢒ א

	࢔࢓ࡵ	 ׷ ࢒࢑࢞	| െ |ࡸ ൒ ࣕሽ| 	൒ 	
ࢇ

૛
ሽࢾ  ׫

ሼሺ࢔,࢓ሻ א 	Գ ൈ 	Գ ׷
ࢻ࢔࢓തࣅ

ሺ࢔࢓ሻࢻ
	൏ 	

ࢇ

૛
 ሽ. 

 
Since ࡵ is admissible, the set on the right hand 

side belongs to ࡵ. 
Conversely, suppose that ࢞	 א 	 ࢙૛ሺࡵሻࢻ and either 

࢔ࢌ࢔࢏	࢓࢏࢒
ࢻ࢓ࣅ

࢓ࢌ࢔࢏	࢓࢏࢒ or ࢻ࢓
ࢻ࢔ࣆ

ࢻ࢔
 or both are zero. Then 

as in [18], we can choose subsequences	ሺ࢓ሺ࢖ሻሻ࢖ୀ૚
ஶ  

and ሺ࢔ሺࢗሻሻࢗୀ૚
ஶ  such that 

ࢻ࢓ࣅ ሺ࢖ሻ

ሻ࢖ሺࢻ࢓
 ൏		

૚

	࢖
 and 

ሻࢗሺࢻ࢔ࣆ

ሻࢗሺࢻ࢔
 ൏	

૚

ࢗ
. 

Define a sequence ࢞ ൌ ሺ࢞࢒࢑ሻ by 
 

࢒࢑࢞ ൌ 	 ൜
૚,								ࢌ࢏		࢑	 א 	࢒	ࢊ࢔ࢇ				ሻ࢖ሺ࢓࢑	 א 		 		,ሻࢗሺ࢔ࡵ
૙,																																													ࢋ࢙࢏࢝࢘ࢋࢎ࢚࢕.

  

 
Then,	࢞ is bounded and statistical convergence of 

order ࢻ and hence ࢞	 א 	 ࢙૛	ሺࡵሻࢻ. But on the other 
hand, ࢞	 ב 	 ሾࢂ, 	࢞ ,തሿ and from theorem 4ࣅ  .ࢻሻࡵሺ	૛࢙ ב
This contradiction implies that condition (1) must 
hold. This completes the proof.  
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