I JST (2013) 37A3 (Special issue-Mathematics): 365-378

Iranian Journal of Science & Technology
http://ijsts.shirazu.ac.ir

Somekindsof (e,,e, va,)-fuzzy ideals of ternary semigroups

N. Rehman® %* and M. Shabir?

1Department of Basic Sciences, Riphah International University, Islamabad, Pakistan
2Department of Mathematics, Quaid-i-Azam University, Islamabad, Pakistan
E-mails: noorrehman82@yahoo.com & mshabirbhatti @yahoo.co.uk

Abstract

Generalizing the concepts of (e, S Vq) -fuzzy (left, right, lateral) ideals, (E, ev( ) -fuzzy quasi-ideals and

(E,E \/q) -fuzzy bi (generalized bi-) ideals in ternary semigroups, the notions of (Ey €, \/qﬁ)-fuzzy (left,

right, lateral) idedls, (ey,ey vqg)-fuzzy quasi-ideals and (ey,ey vqg)-fuzzy bi (generaized bi-) in

ternary semigroups are introduced and several related properties are investigated. Some new results are obtained.
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(ey,ey Vq(s)-fuzzy ideals bi-ideals

1. Introduction

Lehmer in 1932 introduced the notion of ternary
semigroup in his pioneering paper [1]. To develop
the theory of ternary semigroups, ideal theory plays
an important role. Sioson in [2], studied ternary
semigroups with a special reference of ideals and
radicals and characterized regular ternary
semigroups by the properties of quasi-ideals. Dixit
and Dewan studied quasi-ideals and bi-ideals of
ternary semigroups [3]. Zadeh introduced the
concept of fuzzy subset of aset in his semina paper
[4]. There has been rapid growth worldwide in the
interest of fuzzy set theory and its applications from
the past two decades. An extensive account of
applications of fuzzy set theory have been found in
different fields such as expert system, coding
theory, computer science, artificial intelligence,
control engineering, information sciences, operation
research, robotics etc. After the introduction of
fuzzy set by Zadeh, reconsideration of the concepts
of classical mathematics began. On the other hand,
because of the importance of group theory in
mathematics as well as its applications in many
areas, the notion of fuzzy subgroup was introduced
by Rosenfeld [5]. Kuroki is responsible for much of
the fuzzy ideal theory of semigroups (see[6-10]). The
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monograph by Mordeson et al. concentrates on the
theory of fuzzy semigroups and its applications in
fuzzy coding theory, fuzzy finite state machines and
fuzzy languages (see [11]). Puand Liuin [12], gave
the idea of quasi-coincidence of a fuzzy point with
a fuzzy set. Murali [13], introduced the notion of
fuzzy point belonging to a fuzzy subset under a
natural equivalence on fuzzy subsets. Bhakat in [14,
15], and Bhakat and Das [16, 17], introduced the
concept of (e, ) -fuzzy subgroup by using the
combined notions of “helongingness and “quasi-
coincidence' between a fuzzy point and a fuzzy

subset and introduced the concept of (e vq ) -level
subset, (e, € vq) -fuzzy normal, quasinormal,
maximal subgroup and (e, ev(q ) -fuzzy subgroup.

In fact, (e, € \/q) -fuzzy subgroup is an important

generalization of Rosenfeld's fuzzy subgroup. It is
now natural to investigate similar types of
generalizations of the existing fuzzy subsystems
with other algebraic structures. Davvaz defined

(e,e vq) -fuzzy subnear rings and ideals of a near
ring in his paper [18]. Kazanci and Yamak in [19],
discussed (e,e vq)-fuzzy bi-ideds of a
semigroup. In [20], Shabir et al. characterized
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regular semigroups by (e,evq)—fuzzy ideals.
Dudek et a. in [21] and Ma and Zhan in [22]
defined (a, ) -fuzzy ideds in hemirings, and
investigated some related properties of hemirings.
Akram in [23], studied (€,evq)-fuzzy K -

algebra. Zhan and Yin considered (ey,ey vq(s)-

fuzzy subnear-rings and ideals of a near-ring in
[24]. Ma et d. in [25], introduced the concept of

(ey,ey vq(s)-fuzzy ideals of BCl-algebras.
Recently Shabir and Ali characterized semigroups
by the properties of their (ey,ey vqg)-fuzzy

ideals[26].
In the current paper we initiate the study of

(ey,ey vqg)-fuzzy ternary  subsemigroup,

(ey,ey vq(y)-fuzzy left (right, lateral) ideals,

(ey,ey vqg)-fuzzy quasi-ideals, (67,67 an)-

fuzzy bi (generalized bi-) ideals of ternary
semigroups and investigated several related
properties.

2. Preliminaries

A ternary semigroup is an algebraic structure
(T.[ ]) such that T is a non-empty set and
[]:T3>»T a ternary operation satisfying the
associative law: [[xyz]uv |=[x[yzulv | =[xy [zuv]]
for al X,y,z,uVv eT . For the ske of
simplicity we write [xyz] as XYz ' and consider
the ternary operation as multiplication. A non-
empty subset A of a ternary semigroup T is
cdled a tenary subsemigroup of T  if
AAA C A. By a left (right, lateral) ided of a
ternary semigroup T wemean a non-empty subset
A of T such thaa TTACA
(ATT c A,TAT c A). If anon-empty subset
A of T isaleft and right ideal of T , then it is
called a two sided ideal of T . If a non-empty
subset A of aternary semigroup T isaleft, right
and lateral ideal of T , then it is called an ided of

T . A non-empty subset A of aternary semigroup
T is cdled a quasi-ided of T if

ATT NTAT N"NTTACA and
ATT ATTATT ATTACA. A non-empty

subset A of aternary semigroup T is called a
generalized bi-ideal of T if ATATACA. A

ternary subsemigroup of aternary semigorup T is
called bi-ideal if A isageneralized bi-ideal of T .
It is clear that every left (right, lateral) ideal of T
is a quasi-ideal, every quasi-ided is a bi-ideal and
every bi-ideal isageneralized bi-ideal of T .

A fuzzy subset f of auniverse X isafunction
from X into the unit closed interval [O,l],that is,

f : X —>[01].

A fuzzy subset f of auniverse X of theform

. (y):{t €(0,1] .ify =X
0 ify #x
is said to be a fuzzy point with support X and
value t and is denoted by X, . For a fuzzy point
X, andafuzzy set f inaset X , Puand Liu[12]
gave meaning to the symbol X,af , where
ae{e,q,evq,e/\q}. A fuzzy point X, is
said to belong to (resp. be quasi-coincident with ) a
fuzzy set f written X, €f (resp. X, 0f ) if
f(x)=t (resp. f (x)+t>1), and in this
case, X, evqf (resp. X, € ACf ) means that
X, €ef or x,gf (resp. X € f and Xqf).By
xaf wemeanthat X f doesnot hold.

For any two fuzzy subsets f and g of T,
f<g means tha, for dl XxeT,

f(X)S g(x). Thesymbols f AQ and fv g
will mean the following fuzzy subsetsof T .
(fAg)(x)=1f(x)rg(x)
(f vg)(x): f(X)v g(X) foral xeT.

Let f,g and h be three fuzzy subsets of a

ternary semigroup T . The product f ogoh isa
fuzzy subset of T defined by:

v {f(x)Ag(y)Aah(z)} if thereexist x,y, ze T such that
a=xyz

(fegeh)(a)= a=xz
0 otherwise.

Let f be afuzzy subset of aternary semigroup
T . Then the set

U(f;t)={xeT : f(x)xt],
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where t € [O,l], iscalled alevel subset of f .

Definition 1. A fuzzy subset f of a ternary
semigroup T is a fuzzy ternary subsemigroup of

T if f(xyz)=f(x)af(y)af(z) for al
X,y,zeT.

Definition 2. A fuzzy subset f of a ternary
semigroup T is afuzzy left (right, lateral) ideal of
Tif £ (x2)= f(2) (F(x2) 1 (%), F (x92)> F(y)
fordl X,y,zeT.

Definition 3. A fuzzy subset f of a ternary
semigroup T is called a fuzzy generalized bi-ideal
of Tif f(xuywz)> f(x)A f(y)a f(z) for
al x,¥,z,u,veT, and is caled a fuzzy bi-ideal

of T if itisboth afuzzy ternary subsemigroup and
afuzzy generalized bi-ideal of T .
If AcT, then the characteristic function of A

isafunction C, of T onto {0,1} defined by:

C(X)— lifxe A
ATV 0ifxe A

Let y, 56[0,1] be such that » <o . For a
fuzzy point X and afuzzy subset f of aternary
semigroup T , we say that:

W x e, fif f(x)2t>y

@ %0, f if f(x)+t>25

@ x €, vo,f if x e, f orxq;f

@ % €, nqsf if x e f and xQ,f
(5) X arf meansthat X f doesnot hold.

3. (a,,b’) -fuzzy ideals

Throughout this paper 7,0 € [0,1], where
y<o, %, ﬂe{ey,qﬁ,ey Vs, €, /\qﬁ} and
a#€, AQy .

We omit the case of a =€, NQs, because if f

is a fuzzy subset of a ternary semigroup T such
tha f(X)<& fordl xeT and te[0,1] be

such that X €, AQ, T, then f(Xx)=t>y and
f(X)+t>25.  This  implies  that
26 < f(x)+t< f(x)+ f(x)=2f(x).
26 <t (x)+t <f (x)+f (x)=2f (x) which
implies f(x)>5.Thus{x‘ L X €, A fl=¢-

Definition 4. A fuzzy subset f of a ternary
semigroup T is called an (a,ﬂ) -fuzzy ternary
subsemigroup of T if

(T1) xaf, yaf ad zaf implies
(xyz)min{t’rys}ﬁf for al XVY,zeT and
t,r,se(y,].

Definition 5. A fuzzy subset f of a ternary
semigroup T iscaledan (&, f3) -fuzzy left (right,
lateral) ideal of T , if it satisfies:
(T2) zaf implies (XyZ)t pf
((zxy)tﬂf,(xzy)tﬂf) foral X,y,zeT and

te(y,].
A fuzzy subset f of aternary semigroup T is

caled an («, ) -fuzzy two sided ideal of T if it
is an (a,f)-fuzzy left ideal and an (a,f3)-
fuzzy right ideal of T. A fuzzy subset f of a
ternary semigroup T is called an (&, ) -fuzzy
ideal of T if it is an (o, B)-fuzzy left idesl,
(a,ﬂ) -fuzzy right ideal and an (a,,[i’)—fuzzy
lateral ideal of T .

Definition 6. A fuzzy subset f of a ternary
semigroup T is cdled an (a,f)-fuzzy
generalized bi-ideal of T , if it satisfies:

(13)  xaf, yaf ad zaf implies
(xuyvz)mm{tyrys}ﬂf foral X,y,zZu,veT and
t,r,se(y,].

A fuzzy subset f of aternary semigroup T is
cdled an (a,f)-fuzzy bi-ideal of T, if it
satisfies (T1) and (T3).
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Theorem 1. Let 20=1+y and f be an
(a,B) -fuzzy termary subsemigroup of a ternary
semigroup T . Then the set f = {xeT : f(x)> 7}

isaternary subsemigroup of T .

Proof: Suppose X,y,ze f . Then f(x)>y,
f(y)>}/ and f(Z)>7/. Assume  that
f(xyz)s;/. If ae{ey,eyvqg}, then
Xf(x)af,
f (xyz) <y <min{f(x),f(y),f(z)} and
f (xyz)+min{f(x),f(y),f(z)}<y+1=25.
This implies that (Xyz)

Vi@ f, Z, & f but

minf 13,112y BT 0T
every ﬂe{ey,qd,ey vQs,€, /\q5} , whichisa
contradiction. Hence f(xyz)>y, tha is,
XyZ € fy. Also, f(X)+1>7+l:2§,
f(y)+1>y+1=26 and f(z)+1>y+1=25.
Thisimpliesthat xq,f, y,0,f and zq,f , but
f(xyz)<y S0 (XyZ)lé;/f and
f(xyz)+1<y+1=25, s (xyz),q,f. a
contradiction. Hence f(xyz)>y, tha is,

Xyze f . Therefore, f, isaternary subsemigroup
of T.

Theorem 2. Let 20=1+y and f be an
(a, B) -fuzzy It (right, lateral, two sided) ideal

of a ternary semigroup T . Then the set
f,={xeT : f(x)>y}, is a left (ight,
lateral, two sided) ideal of T .

Proof: Let f bean (a, f)-fuzzy leftideal of T
and Ze f,. Suppose there exist X,y eT such
that f(Xxyz)<y. Now, if ae{ey,ey v%},
then Zf(z)af but f(xyZ)S)/< f(Z). This
(Xyz)f(z)gyf . Also,
f (xyz)+ f (Z)S;/+ f (Z)Sy+1=25, S
(Xy2),,,d, f - This implies that (xyz), , A1

implies that

for every [ € {ey,qd,ey Vs, €, /\q5} , which
is a contradiction. Hence f(xyz)>y. This
implies that xyze f . If a=q;, then zq,f .
Bu f(xyz)<y, w0 (Xyz)léyf and
f(xyz)+1<y+1=25. So (Xyz),q,f. Thus
(xyz), Bf for every Bele,.q5.€, va;,€, AG, |
which is a contradiction. Hence f(xyz)>y.

Thisimpliesthat Xyze f . Therefore, f, isaleft
ideal of T .

Theorem 3. (1) Let 20 =1+y and f be an
(a,p)-fuzzy generdlized bi-idesl of a ternary
semigroup T . Then the set f,={xeT : f(x)>7]
isageneralized bi-ideal of T .

@ Let 26=1+y and f bean (a,B)-fuzzy
bi-ideal of T . Then the set f={xeT : f(x)>7} IS
abi-ideal of T .

Proof: The proof is similar to the proof of Theorem
1

Theorem 4. Let 20 =14+y and A be a non-
empty subset of aternary semigroup T . Then A is

a ternary subsemigroup of T if and only if the
fuzzy subset f of T defined by:
>0 ifxeA
f(x)= _
<y ifxegA,

isan (a,ey vq(;) -fuzzy ternary subsemigroup of

T, where ae{ey,q(;,ey vq(;}.

Proof: Let A beaternary subsemigroup of T .
() For a=€,. L X Y,zeT and

t,r,se(y,]] be such that X €, f,y eyf
ad ze f. Then f(Xx)2t>y>6,
f(y)2r>y>6 ad f(z)>s>y>6.

Thus X,¥,Ze A. Since A is a temnary
subsemigroup of T, we have Xyze A, that is,

f(xyz)=6.
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If min{t,r,s}<s,then f(xyz)>s>min{t,r,s}>y.
which impliesthat (Xyz) .. . €, T

If min{t,r,s} >4, then
f (xyz)+min{t,r,s}>5+5=25, which implies
that (XyZ)mm{t‘rys} gsf. Hence f is an
(ey,ey vqﬁ)-fuzzy ternary subsemigroup of T .
2 For a=(,. Let XY, zeT and
t,r,se(y,1 besuchthat x0,f, y,q;f and
2,0, f . Then f(X)+t>25, f(y)+r>25
and f(z)+s>25, which implies that
f(x)>25-t225-1=y, A0 f(y)>25-r>25-1=y
and f(z)>26-s>26-1=y. Thus
X,¥,Z€ A and so Xyze A, which implies that
f(xyz)>6.

Now, if, min{t,r,s} <& then
f (xyz) = 5> min{t,r,s} >y, which implies that
(xyz)min{t'r’s} e f.

If min{t,r,s} > &, then
f (xyz)+min{t,r,s}>5+5=25, which implies
that (XyZ)min{tYr’S} Os;f. Hence f is a
(q5 €, VO ) -fuzzy ternary subsemigroup of T .
(3 For a=€,vQ;. Let X, y,zeT and
t,r,se(y,] be such tha X €, v, f,
Y, €, vQ,f and z e vq,f, which implies
that X €, f or xg;f,y € f oryq,f ad
ze, forzgf.

If xe f, ye f ad zg,f, then
f(X)2t>y, f(y)zr>y and f(z)+s>26
implies  f(z)>25-s>25-1=y, which

implies that X,y,Zze A and so Xyze A.
Anaogous to (1) and (2) we obtain

(Xyz)min{t’r’s} €, vQsf. Hece f is an
(ey vQ;s,€, vq(;)-fuzzy ternary subsemigroup

of T . The other cases can be considered similar to
this case.

Conversely, assumethat f isan (a,ey vq(;)—
fuzzy ternary subsemigroup of T, for
ae{ey,qé,ey v%}. Then A= f. Thus by

Theorem 1, A isaternary subsemigroupof T .

Corollary 1.  Let 20=1+y and
e {ey,qg,ey vq5} . Then a non-empty subset

A of a ternary semigroup T is a ternary
subsemigroup of T if and only if the characteristic

function C, of A is an (a,ey vqﬁ)—fuzzy
ternary subsemigroup of T .
In asimilar manner we can prove the following:

Theorem 5. Let 20=1+y and
a e{ey,qJ,Ey v%}, and A be a non-empty

subset of T . Defineafuzzy subset f of T by:

f(x)=

>0 ifxeA
<y ifxe A

Then

@ fisan (a,€, va, ) -fuzzy left (right, lateral,
two sided) ideal of T if and only if A is a left
(right, lateral, two sided) ideal of T .

@ f is an (a,ey vqé)-fuzzy bi-ideal

(generalized bi-idedl) of T if and only if A isabi-
ideal (generalized bi-ideal) of T .

Corollary 2. Let 26=1+y and
ae{ey,qé,ey v%}. If A is a non-empty
subset of T , then

(1) A isaleft (right, lateral) ideal of T if and only

if the characteristic function C, of A is a left

(right, lateral) ideal of T .

(2 A is abi-ideal (generalized bi-ideal) of T if
and only if the characteristic function C, of A is
abi-ideal (generalized bi-ideal) of T .

Theorem 6. (1) Every (%,ey v%)—fuzzy

ternary subsemigroup of T is an (ey,ey vqg)-

fuzzy ternary subsemigroup of T .
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(2) Every (0;,€, v, )-fuzzy left (right, laterdl,
two sided) ided of T isan (ey,ey vq(;)—fuzzy
left (right, lateral, two sided) ideal of T .

3)  Every (qg,ey ng)-fuzzy bi-ideal
(generalized bi-ideal) of T isan (e,,€, v, )-
fuzzy bi-ideal (generalized bi-ideal) of T .

Proof: We prove (1). The proofs of (2) and (3) are
similar to (1).

@ Let f bea (q5,€7 vqg)-fuzzy ternary
subsemigroup of T. Let X, Yy,zeT and
t,r,se(y,] besuchtha xe, f,y e f
f(x)2t>y,
f(y)>r>y ad f(z)>s>y. Suppose
(XV2) e € VG f - ThEN f (xyz) <minft,r.s)
and f(xyz)+min{t,r,s} <25. This implies
that £ (xyz)+ f (xyz)< f (xyz)+min{t,r,s}<25-
This implies tha  f(xyz)<&. Now,
max{f(xyz),;/}<min{f(x),f(y),f(z),&}.
Choose te(yq such that

25 -max{ f (xyz),7} 2t,> 25 -min{f (x), f(y), f(2).5}
thatis

and ze, f.  Then

25 —max {f (xyz),y}=min{25 - (xyz),26 -y}
>ty >max {26 -f (x),26-f (y),26-f (z),5}.
Thisimplies that
t,>25-f(x),,>25-f(y).,>25-f(2).
Thisimplies that

f(X)+t,>26, f(y)+t,>25,f(z)+t,>25

and 25— f(xyz)>t,. This implies that
f(xyz)+t, <26 and f(xyz)<d<t,. Thus
%05 f.y,0; f and  70,f but
(xyz)t €, vQsf, which is a contradiction.
Hence f is an (ey,ey vqﬁ)-fuzzy ternary

subsemigroup of S.

Theorem 7. (1) Every (ey V0, €, vq(y)—fuzzy
ternary subsemigroup of aternary semigroup T is
an (ey,ey vqﬁ)-fuzzy ternary subsemigroup of
T.

(2 Every (ey Vs, €, vqg)—fuzzy left (right,
lateral, two sided) ideal of aternary semigroup T
is an (ey,ey vqg)-fuzzy left (right, lateral, two
sided) ideal of T .

(3) Every (ey vQ;s, €, \/q5)-fuzzy bi-ideal
(generalized bi-ideal) of aternary semigroup T is
an (ey,ey vqg)-fuzzy bi-ideal (generalized bi-
ideal) of T .

Proof: The proof follows from the fact that if
X €, f, then X, €, v, f .
The above discussion shows that every (a, ) ) -

fuzzy ternary subsemigroup (left ideal, right ideal,
lateral ideal, two sided ideal, bi-ideal, generalized
bi-ideal) of a ternary semigroup T is an

(a,ey vqg)-fuzzy ternary subsemigroup (left

ideal, right idesal, lateral ideal, two sided ideal, bi-
ideal, generalized bi-ideal) of T. Also, every

(a,ey vqg)-fuzzy ternary subsemigroup (left

ideal, right ideal, lateral ideal, two sided ideal, bi-
ideal, generdlized bi-ided) of T is an

(ey,ey \/qd)-fuzzy ternary subsemigroup (left
ideal, right ideal, lateral ideal, two sided ideal, bi-
ideal, generalized bi-ideal) of T. Thus in the
theory of (¢, ) -fuzzy temary subsemigroup (left
ideal, right ideal, lateral ideal, two sided ideal, bi-
ideal, generalized bi-ided) of T (€., v@,)-

fuzzy ternary subsemigroup (left ideal, right ideal,
lateral ideal, two sided ideal, bi-ideal, generalized

bi-ideal) of T playsacentra role.

4, (ey,ey vqg)—fuzzyideals

In this section we introduce the concepts of
(ey,ey vqg)-fuzzy ternary  subsemigroups,
(ey,ey \/qd)-fuzzy left (right, lateral) idedls,
(ey,ey vqg)-fuzzy bi-ideal (generalized bi-ideal)
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of ternary semigroups and investigate some new
results.

Definition 7. A fuzzy subset f of a ternary
semigroup T is caled an (ey,ey v%)-fuzzy
ternary subsemigroup if X, Y, , z €, f implies
(XyZ)mm{t’r's} €, vQf foral X,y,zeT and
t,r,se(y,].

Definition 8. A fuzzy subset f of a ternary
semigroup T is called an (ey,ey v%)-fuzzy
left (right, lateral) ideal of T if it satisfies:

ze, f implies (XyZ)t €, v, f

((ny)t €, vg,f ,(xzy)t €, vq(;f) for all
X, Y,2zeT and t e (y,]].

Definition 9. A fuzzy subset f of a ternary
semigroup T is caled an (ey,ey v%)-fuzzy
generdlized bi-ideal of T if X, Vy,, z €, f
implies (quz)min{t,r,s} e, vg;f  for all

X Y,ZzuveT and t,r,se(y,].
A fuzzy subset f of aternary semigroup T is

called an (&,,€, v, )-fuzzy bi-ideal of T if it
is an (ey,ey vqg)-fuzzy ternary subsemigroup
and an (ey,ey vq(;)—fuzzy generalized bi-ideal of

T.
Theorem 8. A fuzzy subset f of a ternary

semigroup T is an (ey,ey v%)-fuzzy ternary

subsemigroup of T if and only if
max{f(xyz),;/}Zmin{f(x),f(y),f(z),&}.

Proof: Suppose f is an (ey,ey v%)-fuzzy

ternary subsemigroup of a ternary semigroup T .
Assume that

max { f (xyz),7} <min{f (x), f(y),f(2).5}.
Choose t € (,1] such that

max{ f (xyz),7} <t<min{f(x), f(y),f(2).5}
Then X e, f, yye f ad ze f, but

(xyz),e, f ad f(xyz)+t<5+5=25.

This implies that (xyz) €, vq,f ., which is a

contradiction. Hence
max{f (xyz);/} > min{ f(x),f(y) f (z),é}
Conversely, assume that

max { f (xyz),7}=min{f(x), f(y), f(z).5}.
Let xe, f, yye f and ze f. This
implies that f(X)>t>y, f(y)>t>y and
f(Z)Zt>}/ Since

max { f (xyz),7} =min{f(x), f(y),f(2).5}

>min{t,t,t,5} =min{t,s}.

If t<s, then max{f(xyz),y}>t. But
t>y.% f(XyZ)2t>]/.Thus(XyZ)t e f.
If t>0, then max{f(xyz),y}zd But
y<6. so f(xyz)>6. This implies that
f(xyz)+t>6+5=25. Thus (xyz) q,f .
Therefore, f is an (ey,ey vqg)-fuzzy ternary

subsemigroup of T .
If weput =0 and 6 =0.5 in Theorem 8, we
get the following corollary.

Corollary 3. [27] A fuzzy subset f of a ternary
semigroup T is an (e,evq)-fuzzy ternary
subsemigroup of T if and only if
f(xyz)Zmin{f(x),f(y),f(z),O.S} for
al X,y,zeT.

Remark 1. Every fuzzy ternary subsemigroup of a
ternary semigroup T is an (ey,ey vq§)—fuzzy

ternary subsemigroup of T but the converse is not
truein general.

Example 1. Consider T = {—i,O,i} ,where T isa

ternary semigroup under the usual multiplication of
complex numbers. Define a fuzzy subset f of T

by:
f (—i) =043 f (I) =035, f (O) =0.6.
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Then routine calculations show that f is an
(60.5,60.5 vq0_7)-fuzzy ternary subsemigroup of

T but not afuzzy ternary subsemigroup of T .

Theorem 9. A fuzzy subset f of a ternary
semigroup T is an (ey,ey v%)-fuzzy left
(right, lateral) ideal of T if and only if

max { f (xy2),7} = min{ f (2),5}(min{f (x),8},min{f (y),5}).

Proof: The proof is similar to the proof of Theorem
8

If weput =0 and 6 =0.5 in Theorem 9, we
get the following corollary.

Corollary 4. [27] A fuzzy subset f of a ternary
semigroup T is an (e,e vq)-fuzzy left (right,
lateral) ideal of T if and only if

f (xyz)> f(z)A05(f(x)A05, f(y)A05)
foral X,y,zeT.

Example 2. Let T be a ternary semigroup as
defined in Example 1. Define a fuzzy subset f of

T by:
f (—i) =040, f (i ) =052, f (0) =0.31.

It is now smple to verify that f is an

(€01€06 VO ) -fuzzy ideal of T .

Lemma 1. The intersection of any number of
(ey,ey vqﬁ)-fuzzy left (right, lateral) ideals of a
ternary semigroup T is an (ey,ey v%)-fuzzy
left (right, lateral) ideal of T .

Proof: Let {f}

fuzzy leftidealsof T and X,Y,Ze€ T . Then

be a family of (ey,ey vqg)-

(.A f.)(xw)vy:A f.(yz)v 7

Thisimplies that (Afi)(xyz)vyz(/\fi)(z)/\5 :

iel iel

iel

Hence (/\ fi) isan (ey,ey vq(;)—fuzzy left ideal

of T.
In a similar manner we can prove the following
lemma

Lemma 2. The union of any number of
(ey,ey vqé)-fuzzy left (right, lateral) ideals of a
ternary semigroup T is an (ey,ey vqg)-fuzzy

left (right, lateral) ideal of T .

Definition 10. Let f be afuzzy subset of aternary
semigroup T . We define:
fo={xeT : xe, f}
={xeT : f(x)2t>7/}:U(f;t)’
f={xeT : xq,f}={xeT : f(x)+t>25},
5 -
[f]tz{XeT .X[eyvq(gf}, for  all
te(r,].
Cleatly, [ ]} = f, U f?.

The next theorem provides the relationship

between (ey,ey vq(;)—fuzzy ternary
subsemigroup and the crisp ternary subsemigroup
of T.
Theorem 10. Let f be afuzzy subset of aternary
semigroup T . Then f isan (ey,ey vq§)—fuzzy
ternary subsemigroup of T if and only if f, (;t ¢)
isaternary subsemigroup of T foral t e (y,0].

Proof: Let f be an (ey,ey vqg)-fuzzy ternary
subsemigroup of T and X,Yy,ze f, for some
te(y,8].Then f(Xx)2t>y, f(y)=t>y,
f (Z) >t>y. Now, by hypothesis
max{ f (xyz),7}=min{f(x),f(y).f(z),5}>min{ttt,5} =t
This implies that max{f (xyz),7}>t. But
t>y, so f(xyz)>t. This implies that

xyze f,. Thus f, is a ternary subsemigroup of

T.
Conversely, assume that ¢ # fI is a ternary

subsemigroup of T for al te(y,0]. Suppose
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there  exist X Y,zeT such that
max { f (xyz),7} <min{f(x),f(y).f(2). 5}
Choose te(y,0o] such that
max { f (xyz),y} <t<min{f(x),f(y).f(z),5}
Then X,y,ze f,, but Xyze f., which is a
contradiction. Hence

max{f(xyz),;/}Zmin{f(x),f(y),f(z),5}.
Hence, f is an (ey,ey vqﬁ)-fuzzy ternary

subsemigroup of T .
In a similar manner we can prove the following
theorems.

Theorem 11. A fuzzy subset f of a ternary
semigroup T is an (ey,ey vq5)-fuzzy left
(right, lateral) ideal of T if andonly if f,(#¢) is
aleft (right, lateral) ideal of T forall t € (7,0].

Theorem 12. A fuzzy subset f of a ternary
semigroup T is an (ey,ey vqg)—fuzzy bi-ideal
(generalized bi-ideal) of T if and only if f,(# ¢)
is a bi-ideal (generalized bi-ideal) of T for all
te(y,o].

Theorem 13. Let 20 =1+y and f be afuzzy
subset of a ternary semigroup T. Then f isan

(ey,ey vq(;)—fuzzy ternary subsemigroup of T

if and only if (@) isaternary subsemigroup
of T fordl te(d,]].

Proof: Let f bean (ey,ey vqg)-fuzzy ternary
subsemigroup of T and X,Y,Ze ft‘s. Then
X1 YT 248 g implies that
f(x)+t>25, f(y)+t>25, f(2)+t>25.
This implies that f (X)>26-t>25-1=y.
This implies that f(X)>y. Similaly,
f (y)>;/ and f(Z)>;/. Now, by hypothesis

max{f (xyz)y} > min{f (x),f(y),f (2). o‘} > min{Zo‘—t,Za‘—t,Zé—t,é} =25 -t.

This implies that f (Xyz) > 25 —t . This implies
tha f(Xxyz)+t>25. This implies that

xyze f°. Hence f’ is a ternary subsemigroup
of T.
Conversely, assume that ¢ # ft5 is a ternary

subsemigroup of T for al te(0,]]. Let
X,¥,Z€T be such that max{f (xyz),y}<min
{f(x),f(y).f(2),5}. This implies that
26 —min
{£(x).f(y).f(2), 8} <20 -max{f(xyz),7}
max {25 - f(x),26- 1 (y),25- f(2),6} <min{25 - f (xyz),25- 7} *
Take I € (0,]] such that

max {25 - f(x),25- T (y),25- f (2),6) <r <min{25- f (xyz),25-7}.
Then

26— f(x)<r, 26— f(y)<r,26-f(z)<r,
and r<26-f(xyz). This implies that
f(x)+r>25, f(y)+r>25, f(z)+r>25
and f (Xxyz)+r <26. Thisimpliesthat X0, f
y.0;f, zg,f but (xyz) g,f, which is a

contradiction. Thus
max{f (xyz),;/}z min{f (x),f(y),f(2), 5}.

€ ,€, Vv(,
Hence f is an ( rer q")—fuzzy ternary

subsemigroup of T .
In a similar manner we can prove the following
theorems.

Theorem 14. Let 20 =1+y and f be afuzzy
subset of a ternary semigroup T . Then f isan

(67,67 \/qd)-fuzzy left (right, lateral) ideal of T
if and only if f’(#¢) is aleft (right, lateral)
ideal of T foral te(0,]] .

Theorem 15. Let 20 =1+y and T be afuzzy
subset of a ternary semigroup T . Then f isan

(ey,ey vq(s)-fuzzy bi-ideal (generalized bi-ideal)
of T if and only if f’(#¢) is a bi-ideal
(generalized bi-ideal) of T foral te(5,]].

Theorem 16. Let 20 =1+y and f be a fuzzy
subset of a ternary semigroup T . Then f isan

(ey,ey vqg)-fuzzy ternary subsemigroup of T
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if and only if [f]f(;t(ﬁ) is a ternary
subsemigroup of T foral te (y,]] .

Proof: Let f bean (ey,ey vqg)-fuzzy ternary

subsemigroup of T and X, y,Ze[f]f. Then
x e, v, f, ye vg,f and 7z € vg,f.
This implies that  f(X)=t>y o
f(X)+t>25, f(y)2t>y o f(y)+t>25,
and f(Z)2t>7 or f(Z)+t>25. Thus
f(X)2t>y or f(X)>26-t>25-1=y.
Similarly, f(y)>t>y Or f(y)>25-t>25-1=y
and f(z)2t>y or f(z)>25-t>25-1=y.
If te(y,0], then 256-t>0>t. By
hypothesis

max { f (xyz),7} = min{f(x),f(y),f(2), 5}z min{t,t,t,5} =t

This implies that f (Xxyz)>t >y . This implies

that (xyz), €, f.Thus xyze| f]
If te(o,], then 20-t<o<t and s
f(x)>25-t, f(y)>25-tand f(z)>25-t.

Again by hypothesis

max { f (xyz),y}=min{f (x),f(y).f(2),5}.

Thisimplies that

5
¢

f (0yz) > min{f (x),(y),f(2), 5}>min{26-t, 25 -1, 25 -1, 5} =25 -t.

Thus f(xyz)+t>25.So (xyz), g f . This
implies that XyZe[f]f. Therefore, [f]f is a
ternary subsemigroup of T .

Conversely, assume that [f]f is ternary
subsemigroup of T for adl te(y,]. Let
XY,z2eT be such that
max { f (xyz),7} <min{f (x),f(y).f(2), 5}
Choose t € (7,]] such that
max { f (xyz),7} <t<min{f(x),f(y).f(2), 5}
Then x e, f, yye f ad ze f, but
(xyz), €, v, f , which is a contradiction. Hence

f is an (ey,eyvqg)-fuzzy ternary

subsemigroup of T .

In a similar manner we can prove the following
theorems.

Theorem 17. Let 20 =1+y and f be afuzzy
subset of a ternary semigroup T. Then f isan

(67,67 \/qd)-fuzzy left (right, lateral) ideal of T

if and only if [f]f (#¢) is aleft (right, lateral)
ideal of T forall te(y,]].

Theorem 18. Let 20 =1+y and f be afuzzy
subset of a ternary semigroup T . Then f isan

(€,.€, vQ; )-fuzzy bi-ideal (generalized bi-ideal)

of T if and only if [f] (#¢) is a bi-idea
(generalized bi-ideal) of T foradl t e (y,]].

Remark 2. Every (ey,ey vqg)-fuzzy ideal of a

ternary semigroup T is an (ey,ey vqg)—fuzzy
ternary subsemigroup of T but the converse is not
truein general.

Example 3. Consider the ternary semigroup T as
in Example 1. Define afuzzy subset f of T by:

f (—i):0.60, f (O) =040, f (i):0.87.
Then

T if0<t<048
{—i,i} if 0.48<t<0.59
{—i} if 0.59<t<0.86

¢ 110.86<t<l.

U(f;t)=

It is now routine to verify that f is an
(€0a8+€0as Voo ) -fUzzy ternary subsemigroup

but not an (€451 €g.45 V G5 ) -fuzzy ideal of T .

Definition 11. A fuzzy subset f of a ternary
semigroup T is called an (ey,ey vqg)-fuzzy
quasi-ideal of T if

max { f (x),7}zmin{(f o TeT)(x),(Te fT)(x),(TeTe F)(x), 5}
and

max{ f (x),7} = min{(f e ToT)(X),(ToTo foToT)(x),(TeTo f)(x), 5}
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foral XeT, where T isthe fuzzy subset of T
mapping every element of T on 1.

Lemma 3. A non-empty subset Q of a ternary
semigroup T is a quasi-idea of T if and only if
the charecteristic function C, of Q is an

(€,.€, v, )-fuzzy quasi-ideal of T

Proof: Suppose Q isaquasi-ideal of T and C,,

the characteristic function of Q. Let XeT . If
XgQ, then xgTTQ o XxgTQT or
XgQTT. If xgTTQ o xgTQT or

xgQTT, then (ToToCo)(X)=0 or
(ToCooT)(x)=0 or (CuoToT)(x)=0
and therefore,
min{(ToToCy)(X),(TeCqoT)(x),(CooToT)(x), 5}
:OSmax{CQ(x),y}.

If XeQ, then

(ToToCQ)(x),(ToCQoT)(X),}

max{Co(X)'J/}—lzmin{ (CQoToT)(x),5

Similarly,

max (G, (x).7) -1 min{(ToTocQ)(x),(ToTocQOTOT)(X),}.

(CoeToT)0.5

Hence, C, isan (ey,ey vqg)—fuzzy quasi-ideal
of T.

Conversely, assume tha C,

is an
(ey,ey vq(;)—fuzzy quasi-ideal of T . We show
thaa Q is a quas-ided of T. Let
acTTQNTQT NQTT . Then aeTTQ and

aeTQT and ae QTT . This implies that there
exist X,Y,2€Q and §,S,,S,t;,t,,t;€T such
that a=StX and a=Syt, and a=zst,.
Thus,

(CooTeT)(a)= v {Co(P)AT(a)AT(r)}

So (CQOTOT)(a):L Similarly, (TOTOCQ)(a)zl
and (ToCQ oT)(a) =1. Now,

max{Cy (a),7} min{(ToToCQ)(a),(TcTcCQoToT)(a),(CQcTcT)(a),J}

S.

v

Thus C,(@)=1. This implies that aeQ.

Therefore, TTQNTQT NQTT < Q .
Similarly, we can show that
TTQNTTIQTT NQTT < Q. Hence, Q is a
quasi-ideal of T .

Theorem 19. Every (ey,ey vq(s)-fuzzy right
(Ieft, lateral) ideal of a ternary semigroup T isan
(€,.€, vQ; )-fuzzy quasi-ideal of T .

Proof: Let f be an (ey,ey v%)—fuzzy right
ideal of T and X€ T . Then

(foToT)(x)= v (f(U)AT(V)AT(w))

X=uw

= v f(u).

X=uw

Thisimplies that

(foToT)(x)/\éz( v f(u))Aéz v (f(u)Ad)

X=uww X=Uuw

< v fluw)vy=f(x)vy.

This implies that f (X)vy >(foToT)(X)AS.
Thisimplies that

max { f (x),y}zmin{(foToT)(x),(To foT)(x),(ToTo f)(x), 5}.
Similarly,

max{f (X),;/} > min{(f OTOT)(X),(TOTO f OTOT)(X),(TOTO f )(X), 5} .

Hence f isan (ey,ey vqg)-fuzzy quasi-ideal of

T.
Similarly, we can prove the case of left and lateral

ideal of T .
The converse of Theorem 19 does not hold in
general, as shown in the following example.

Example 4. Let

o o (o okl D5 ke o
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where T is a ternary semigroup under ternary
matrix multiplication. Let f be a fuzzy subset of

T defined by:
. 00
0.7 ifx= :
0O
. 0 -1
0.5 ifx= ,
0 O
-1 0
f(x)=404 if x= ,
0 O
. 0O O
03 ifx= ,
-1 0
. 0O O
0.2 ifx= .
0 -1
Then we have the following:
T ift<02

Mo (G Y5 o rozersos

if 0.3<t<04
u(f;t)=
if 04<t<05

00 :
if 0.5<t<0.7
oo

P if 0.7<t.

This shows that f is an (€y,,€04 V07 )-
fuzzy quasi-ideal, but neither (€,4,€0, V07 )-
fuzzy left nor (60_4,60.4 vqoj)-fuzzy right, nor

(€04, €04 VO ) -fuzzy lateral ideal of T .

Theorem 20. Every (ey,ey \/q(;)-fuzzy quasi-

ideal of a ternary semigroup T is an
(ey,ey vq(;)—fuzzy bi-ideal of T .

Proof: Let f be an (ey,ey vqﬁ)-fuzzy quasi-
ideal of T and U,V,X,Y,Z€ T . Then

max { £ (372),7} = min{(f o ToT)(92).(Te f o T)(x2),(ToTo f)(92).6}

2 (X)AT(Y)AT(2)] A{T(X) A f(Y)AT(2)}
MT(X)AT(Y)A f(2)jAS

= f(X)/\ f (y)/\ f (Z)/\é‘.

Thisimplies that

max { f (xyz),7 | =min{f(x), f(y),f(2).5}

also,
[(foToT)(xupwz),(ToTo f oToT)(xupvz),
{f(xuyvz),y}zm'”{ (ToTo f)(xupvz),s }

{f(xupvz), 7} 2 (FoToT)(xupvz)A(ToTo foToT)(xuyvz)
A(ToTo f)(xupvz)AS

| HS)AT()AT(5)}

XUNZ=5%,%

A T N(E)AT()T(S)

XUYPVZ=S45555

A TATEIA ()] |0

XUWZ=T1Tol

=[ v if (%)AT(SZ)AT(%)}}

XUWVZ=5$,S;

A:xumqu%se{SAXm(T(a)AT(b)A f (C))AT(%)AT(SG)}}

Al v {T(rl)/\T(rz)/\f(r3)} AO

XUYVZ=Tyloly

[ng{f (%)AT(SZ)AT(%)}:

/\_xuy\a=(\gb0)%55(T(a)/\T(b)A f (C))AT(%)AT(%)}
AR ORI,

| xuyvz=nr,ry

{f(x)/\T(uyv)/\ ( )}/\{T( )/\T(u)/\f(y)/\T(v)/\T(z)}
AMT(X)AT(upv) A £ ( )}
=t f(y)at(2)ne

Thisimplies that
max { f (xuyvz),y}=min{f(x), f(y), f(2).5}-

Hence, f is an (ey,ey v%)-fuzzy bi-ideal of
T.

Definition 12. Let f,g and h be fuzzy subsets of
a ternary semigroup T. We define the fuzzy
wbsets(f)‘;,fAfg, fv)g and fo‘;gojh
asfollows:

® (1), (9=(T(X)vr)rs
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@ (f A g)(x):((f (x)/\g(x))vy)/\a”
@ (fve g)(x):((f (X)v g(x))vy)/\a”

foral xeT.

Lemma 4. Let f,g and h be fuzzy subsets of a
ternary semigroup T . Then the following hold.

@ (f A 9)=(f) A(9);
@ (fv;g)=(f) v(9)
@ ol gerh=(f) o(g); (h).

/4 v

Proof: The proofs of (1) and (2) are obvious.
(3) Let X T . Consider,

(fe2gesh)(x)=((fegoh)( v}/)/\§

v, )jv;/}/\é
{ /\ (q)v;/)/\ﬁ}/\{(h(r)v;/)/\ﬁ}}
(1 (P)a@) @ (h) ()]

f/ )x

)=((
{loa
Lol
L
=((1)
Hence f 0‘; go;i h=(f)50(g)50(h)5.

Theorem 21. Let f be an (ey,ey v%)-fuzzy
right ideal, g an (&, €, V0, ) -fuzzy lateral ideal
and h an (6,,6, V%) -fuzzy left ideal of aternary
semigroup T . Then f o go® h< f A2 g A h.

Proof: Let f be an (ey,ey vqg)-fuzzy right
ideal, g an (ey,ey vqg)—fuzzy lateral ideal and
h an (ey,ey vqg)-fuzzy left ideal of T and
XeT . Consider,

(f go h) f v;/)Aé

)))\/7} 5
Ab) (h(W)Aa‘)}vy}/\é‘

(f( g(uvw \/7) (h(uwv)vy)}vy:iAb‘

§<

§<

-
{
IR%
[

IA

{( v f(uvw)Ag(uvw)/\h(uvw))vy}Aé

X=Uuw

((f(x)/\g(x)/\h(x))vy)/\5

=(f /\f g/\f h)(x).

Hencefo‘jgo‘;hgf/\fg/\fh

Theorem 22. Let f be an (ey,ey vqg)-fuzzy
right idel and g an (ey,ey vqg)—fuzzy left

ideal of a ternary semigroup T. Then
folTohg<fAlg.

Proof: Suppose f is an (ey,ey vqg)-fuzzy
right idel and g an (e,,€, v, )-fuzzy left
ideal of T.Let Xe T . Consider

(fo T g)(x)=

Thus, fofTofgsf/\fg.

The proof of the following theorem is
straightforward and we omit the detail.

Theorem 23. A non-empty subset A of aternary
semigroup T is a left (right, lateral, two sided)
ideal of T if and only if (C,) is an
(€,.€, va; )-fuzzy left (right, lateral, two sided)
ideal of T, where C, isthe characteristic function
of A.
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