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Abstract 

In this study, we focused on 
ఒ

ଶ
- Legendre curves and non-	

ఒ

ଶ
	- Legendre curves in 3-dimensional Heisenberg  group 

 .ଷ. Also, we gave some characterizations of these curvesܰܫ
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1. Introduction 

In mathematics , the Heisenberg group, named after 
Werner Heisenberg, is the group of 3 ൈ 3 upper 
triangular matrices of the form 
 

൭
1 ܽ ܾ
0 1 ܿ
0 0 1

൱ 

 
or its generalizations under the operation of matrix 
multiplication. In 1987, L. Bianchi classified the 
homogeneous metrics. L. Bianchi, E. Cartan and G. 
Vranceanu found the following 2-parameter family 
of homogeneous Riemannian metrics on the 
cartesian 3- space ܴܫଷሺݔ, ,ݕ  :ሻݖ
 

݃ఒ,ஜ ൌ
ଶݔ݀ ൅ ଶݕ݀

ሼ1 ൅ μሺݔଶ ൅ ଶሻሽݕ
൅ ൜݀ݖ ൅

ߣ
2

ݔ݀ݕ െ ݕ݀ݔ
ሼ1 ൅ μሺݔଶ ൅ ଶሻሽݕ

ൠ
ଶ

, ,ߣ	׊ μ

א  .ܴܫ
 
In this family, if ߣ ൌ μ ൌ 0, the Euclidean metric is 
obtained, and if ߣ ് 0, μ ൌ 0, the Heisenberg 
metric is obtained. Inoguchi studied the differential 
geometry of Heisenberg metric. 

The Legendre curves play an important role in the 
study of contact manifolds. In a 3- dimensional 
Sasakian manifold, the Legendre curves are studied 
by Baikousis and Blair who gave the Frenet 3-
frame in this space [1]. Yıldırım gave some 
characterizations of Legendre curves in 
Homogeneous space [2]. İlarslan gave a 
characterization of curves on non-Euclidean 
manifolds [3]. On the other hand, Baikosis and 
Hirica studied Legendre curves in Riemannian and 
Lorentzian Sasaki spaces [4]. Also, Legendre 
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curves in ߙ- Sasakian spaces are studied by Özgür 
and Tripathi [5]. In this study, we focused on 
ఒ

ଶ
െLegendre curves in 3-dimensional Heisenberg 

group in ܰܫଷand gave a characterization of these 
curves. Also, we gave similar results for non- 
ఒ

ଶ
െLegendre curves in 3-dimensional Heisenberg 

group in ܰܫଷ. 

2. Preliminaries 

In this section, we will give some basic concepts 
related to Sasakian geometry for later use. 

The Heisenberg group ܰܫଷ can be seen as the 
Euclidean space with the multiplication 
 

ሺݔ, ,ݕ ,ᇱݔሻሺݖ ,ᇱݕ ᇱሻݖ ൌ ൭ݔ ൅ ,ᇱݔ ݕ ൅ ,ᇱݕ ݖ ൅ ᇱݖ ൅
ߣ
2
ሺݕݔᇱ െ  ᇱሻ൱ݔݕ

 
and with the Riemannian metric 
 
݃ఒ ൌ ଶݔ݀ ൅ ଶݕ݀ ൅ ቄ݀ݖ ൅

ఒ

ଶ

௬ௗ௫ି௫ௗ௬

ሼଵାஜሺ௫మା௬మሻሽ
ቅ
ଶ
, ,ߣ	׊ μ א  (1)        .ܴܫ

 
 ଷ is a three dimensional, connected, simplyܰܫ

connected and 2-step nilpotent Lie group. The Lie 
algebra of ܰܫଷ has a basis 
 

ە
ۖ
۔

ۖ
ଵ݁ۓ ൌ

డ

డ௫
െ ݕ

డ

డ௭

݁ଶ ൌ
డ

డ௫
െ ݔ

డ

డ௭

݁ଷ ൌ
డ

డ௭

                                                    (2) 

 
which is dual to 
 

ቐ

ଵߠ ൌ ݔ݀
ଶߠ ൌ ݕ݀

ଷߠ ൌ ݖ݀ ൅
ఒ

ଶ
ሺݔ݀ݕ െ .ሻݕ݀ݔ

	                                (3) 
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For this basis Lie brackets are 
ሾ݁ଵ, ݁ଶሿ ൌ ݁ଷ, ሾ݁ଷ, ݁ଵሿ ൌ ሾ݁ଶ, ݁ଷሿ ൌ 0,[6]. 

To study curves in ܰܫଷ, we shall use their Frenet 
vector fields and equations. Let ߛ: ܫ ՜  ଷ be aܰܫ
differentiable curve parametrized by arc length and 
let ሼ ଵܸ, ଶܸ, ଷܸሽ be the orthonormal frame field 
tangent defined as follows: by ଵܸ we denote ߛሶ  
tangent to ߛ, by ଶܸ the unit vector field in the 
direction ܦ௏భ ଵܸ normal to ߛ	and we choose 

ଷܸ ൌ ଵܸ ൈ ଶܸ, so that ሼ ଵܸ, ଶܸ, ଷܸሽ is a positive 
oriented orthonormal basis. Thus, we have the 
following Frenet equations [7]: 
 

቎
௏భܦ ଵܸ

௏భܦ ଶܸ

௏భܦ ଷܸ

቏ ൌ ൥
0 ߢ 0
െߢ 0 െ߬
0 ߬ 0

൩ ൥
ଵܸ

ଶܸ

ଷܸ

൩.                             (4) 

 
Now, let us consider the odd-dimensional 

Riemannian manifold ሺܯ, ݃ሻ. So, the Riemannian 
manifold ሺܯ, ݃ሻ is said to be an almost contact 
metric manifold if there exist on ܯ a ሺ1,1ሻtensor 
field ߮, a vector field ߦ (called the Reeb vector 
field) and a 1-form ߟ such that 
 

ሻߦሺߟ ൌ 1, ߮ଶሺܺሻ ൌ െܺ ൅  ߦሺܺሻߟ
 
and 
 

݃ሺ߮ܺ, ߮ܺሻ ൌ ݃ሺܺ, ܻሻ െ  ሺܻሻߟሺܺሻߟ
 
for any vector fields ܺ, ܻ on ܯ. In particular, in an 
almost contact metric manifold we also have 
ߦ߮ ൌ 0 and ߮݋ߟ ൌ 0. 

Such a manifold is said to be contact metric 
manifold, if ݀ߟ ൌ Ф, where Фሺܺ, ܻሻ ൌ ݃ሺܺ,Фܻሻ is 
called the fundamental 2-form of ܯ. If ߦ is a 
Killing vector field, then ܯ is said to be a 
ܭ െcontact manifold, we have 
ሺܦ௑߮ሻܻ ൌ ܴሺߦ, ܺሻܻ  
for any ܺ, ܻ א  .ܯ

On the other hand, the almost contact metric 
structure of ܯ is said to be normal if 
ሾ߮, ߮ሿሺܺ, ܻሻ ൌ ߮ଶሾܺ, ܻሿ ൅ ሾ߮ܺ, ܻ߮ሿ െ ߮ሾ߮ܺ, ܻሿ െ
߮ሾܺ, ܻ߮ሿ, [8, 9]. 

A normal contact metric manifold is called a 
Sasakian Manifold. It can be proved that a Sasakian 
manifold is ܭ െcontact, and that an almost contact 
metric manifold is Sasakian if and only if 
 

ሺܦ௑߮ሻܻ ൌ ݃ሺܺ, ܻሻߦ െ  ሺܻሻܺߟ
 
for any ܺ, ܻ. Furthermore, assuming that ߟ ൌ  ,ଷߠ
ߦ ൌ ݁ଷ and defining 
߮: ߯ሺܰܫଷሻ ՜ ߯ሺܰܫଷሻ, ߮ሺܺሻ

ൌ െܽଶ
߲
ଵݔ߲

൅ ܽଵ
߲
ଶݔ߲

൅
ߣ
2
ሺݔଵܽଵ ൅ ଶܽଶሻݔ

߲
ଷݔ߲

 

 

where ∑ ܽ௜
డ

డ௫೔

ଷ
௜ୀଵ א ߯ሺܰܫଷሻ, it can be easily seen 

that ܰܫଷ is a Sasakian space. Since all computings 

have 
ఒ

ଶ
 coefficients, we have denoted ܰܫଷ as 

ఒ

ଶ
െSasakian space. We need the following Lemma 

for later use: 
 
Lemma: Let ܺ and ܻ be two vector fields in 
߯ሺܰܫଷሻ, ܦ and ܦ෩ be Riemannian connections on 
 ,ଷ, respectively. Thusܧܫ ଷandܰܫ
 

௑ܻܦ ൌ
ఒ

ଶ
ܺ ר ܻ െ ݃ఒሺሾ݁ଵ, ݁ଶሿ, ܺሻܻ߮ ൅ ෩௑ܦ

௒.         (5) 
 

On the other hand, if ܦ is the contact distribution 
in a contact manifold ሺܯ, ߮, ,ߦ  ሻ, defined by theߟ
subspaces ܦ௠ ൌ ሼܺ א ௠ܶ|ܯ	ߟሺܺሻ ൌ 0ሽ, then a 
one-dimensional integral submanifold of ܦ will be 
called a Legendre curve. A curve ߛ: ܫ ՜  ,ܯ
parametrized by its arc length is a Legendre curve if 
and only if ߟሺߛሶሻ ൌ 0, [8, 9]. 

3.		
ࣅ

૛
െ Legendre Curves in ࡺࡵ૜ 

Theorem 3.1. Let ߛ: ܫ ՜  ଷ be a non-geodesicܰܫ
ఒ

ଶ
െ Legendre curve. The Frenet frame of ߛ is 

ሼ ଵܸ, ߮ ଵܸ,  ሽ and the Frenet formulas areߦ
 

቎

௏భܦ ଵܸ

௏భ߮ܦ ଵܸ

ߦ௏భܦ
቏ ൌ ൦

0 ߢ 0
െߢ 0

ఒ

ଶ

0 െ
ఒ

ଶ
0
൪ ൥

ଵܸ
߮ ଵܸ
ߦ
൩.                       (6) 

 
Proof: Let ߛ: ܫ ՜  ଷ be a curve with arc lengthܰܫ
parameter and the Frenet frame of ߛ be ሼ ଵܸ, ଶܸ, ଷܸሽ. 
Assume that ߟሺߛሶሻ ൌ ߪ ് 0. In this case, an 

orthonormal basis of 
ఒ

ଶ
െ Sasakian space is 

൜ ଵܸ,
ఝ௏భ

ඥଵିఙమ
,
కିఙ௏భ
ඥଵିఙమ

ൠ. From here, we get 
 

௏భܦ ଵܸ ൌ ߙ
ఝ௏భ

ඥଵିఙమ
൅ ߚ

కିఙ௏భ
ඥଵିఙమ

, ,ߙ ߚ א  .ஶሺԳଷ,Թሻܥ
 

On the other hand, derivating ߪ we obtain 
 
ሶߪ ൌ  ߪ௏భܦ
    ൌ ௏భ݃ఒሺܦ ଵܸ,  ሻߦ
    ൌ ݃ఒ൫ܦ௏భ ଵܸ, ൯ߦ ൅ ݃ఒሺ ଵܸ,  ሻߦ௏భܦ

    ൌ ݃ఒ ൬ߙ
ఝ௏భ

ඥଵିఙమ
൅ ߚ

కିఙ௏భ
ඥଵିఙమ

, ൰ߦ ൅ ݃ఒሺ ଵܸ, െ
ఒ

ଶ
߮ ଵܸሻ 

1√ߚ=     െ  .ଶߪ
 

From here, we say that 
 

ߚ ൌ ሶߪ
ଵ

ඥଵିఙమ
. 

 
Since ߛ is a 

ఒ

ଶ
െ Legendre curve, we can easily 

see that ߚ ൌ0. Moreover, from (4) we get ߙ ൌ  ,ߢ
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ଶܸ ൌ ߮ ଵܸ, ܦ௏భ ଵܸ ൌ ߮ߢ ଵܸ and 
 
௏భܦ ଶܸ ൌ ௏భܦ߮ ଵܸ ൅ ൫ܦ௏భ߮൯ ଵܸ 

											ൌ 	߮ሺ߮ߢ ଵܸሻ ൅
ߣ
2
ሼ݃ఒሺ ଵܸ, ଵܸሻߦ െ ሺߟ ଵܸሻ ଵܸሽ 

											ൌ െߢ ଵܸ ൅
ఒ

ଶ
  .ߦ

 

From (4), we get ଷܸ ൌ ߬ ,ߦ ൌ െ
ఒ

ଶ
. Hence, the 

Serret-Frenet formulas are 
 

቎

௏భܦ ଵܸ

௏భ߮ܦ ଵܸ

ߦ௏భܦ
቏ ൌ

ۏ
ێ
ێ
ێ
ۍ
0 ߢ 0

െߢ 0
ߣ
2

0 െ
ߣ
2

ے0
ۑ
ۑ
ۑ
ې

൥
ଵܸ

߮ ଵܸ
ߦ
൩. 

 
Theorem 3.2: Let ߛ: ܫ ՜  ଷ be a non-geodesicܰܫ
ఒ

ଶ
െ Legendre curve and 0 ൏ ሶ	ߛሺߟ| ሻ| ൏ 1. The 

curvature and the torsion of ߛ are 
 
ߢ ൌ ඥߙଶ ൅ ,ଶߚ ,ߙ ߚ א  ஶሺԳଷ,Թሻ                        (7)ܥ
 
and 
 

߬ ൌ
ఒ

ଶ
൅

ఈఉሶ ିఈఉሶ

ఈమାఉమ
൅

ఈఙ

ඥଵିఙమ
,                                        (8) 

 
respectively. 
 
Proof: Let ߛ: ܫ ՜  ଷ be a curve with arc lengthܰܫ
parameter and the Frenet frame of ߛ be ሼ ଵܸ, ଶܸ, ଷܸሽ. 
Assume that ߟሺߛሶሻ ൌ ߪ ് 0.In this case, an 

orthonormal basis of 
ఒ

ଶ
െ Sasakian space is 

൜ ଵܸ,
ఝ௏భ

ඥଵିఙమ
,
కିఙ௏భ
ඥଵିఙమ

ൠ. From here we get 
 

௏భܦ ଵܸ ൌ ߙ
ఝ௏భ

ඥଵିఙమ
൅ ߚ

కିఙ௏భ
ඥଵିఙమ

, ,ߙ ߚ א  .ஶሺԳଷ,Թሻܥ
 

So, we obtain 
 
ߢ ൌ ฮܦ௏భ ଵܸฮ 	ൌ ඥߙଶ ൅ ,ߙ			 ,ଶߚ ߚ א ,ஶሺԳଷܥ Թሻ  
 
and 
 

ଶܸ ൌ
1
ߢ
௏భܦ ଵܸ. 

 
On the other hand, derivating ߮ ଵܸ, we have 

 
௏భ߮ܦ ଵܸ ൌ ௏భܦ߮ ଵܸ ൅ ሺܦ௏భ߮ሻ ଵܸ 

             ൌ ߮ ൬ߙ
ఝ௏భ

ඥଵିఙమ
൅ ߚ

కିఙ௏భ
ඥଵିఙమ

൰ ൅
ఒ

ଶ
ሺߦ െ ߪ ଵܸሻ 

             ൌ െ
ఈ

ඥଵିఙమ
ଵܸ ൅

ఈఙ

ඥଵିఙమ
ߦ െ

ఉఙ

ඥଵିఙమ
߮ ଵܸ ൅

ఒ

ଶ
ሺߦ െ ߪ ଵܸሻ.                                                           (9) 

 
Similaly, derivating ߦ െ ߪ ଵܸwe get, 

 
ߦ௏భሺܦ െ ߪ ଵܸሻ ൌ ߦ௏భܦ െ ሶߪ ଵܸ െ ௏భܦߪ ଵܸ 

                       ൌ െ
ఒ

ଶ
߮ ଵܸ െ ሶߪ ଵܸ െ ߙߪ

ఝ௏భ
ඥଵିఙమ

െ

ߚߪ
కିఙ௏భ
ඥଵିఙమ

 .                                                            (10) 
 

On the other hand, derivating ߪ we have 
 
ሶߪ ൌ  ߪ௏భܦ
    ൌ ௏భ݃ఒሺܦ ଵܸ,  ሻߦ
    ൌ ݃ఒ൫ܦ௏భ ଵܸ, ൯ߦ ൅ ݃ఒሺ ଵܸ,  ሻߦ௏భܦ

   ൌ ݃ఒ ൬ߙ
ఝ௏భ

ඥଵିఙమ
൅ ߚ

కିఙ௏భ
ඥଵିఙమ

, ൰ߦ ൅ ݃ఒሺ ଵܸ, െ
ఒ

ଶ
߮ ଵܸሻ 

			ൌ 1√ߚ െ  .ଶߪ
 

From here, we see that 
 

ߚ ൌ ሶߪ
ଵ

ඥଵିఙమ
 . 

 
Similarly, derivating 

ఈ

ඥଵିఙమ
and 

ఉ

ඥଵିఙమ
we obtain 

 

௏భܦ ൬
ఈ

ඥଵିఙమ
൰ ൌ ሶߙ

ଵ

ඥଵିఙమ
൅ ߪߚߙ

ଵ

ଵିఙమ
                    (11) 

 
and 
 

௏భܦ ൬
ఉ

ඥଵିఙమ
൰ ൌ ሶߙ

ଵ

ඥଵିఙమ
൅ ߪଶߚ

ଵ

ଵିఙమ
                    (12) 

 
respectively. Furthermore, 
 

௏భܦ ଶܸ ൌ ௏భܦ ൬
1
ߢ
௏భܦ ଵܸ൰ 

           ൌ െ
఑ሶ

఑మ
௏భܦ ଵܸ ൅

ଵ

఑
௏భܦ௏భܦ ଵܸ           											 

												ൌ െ
ሶߢ
ଶߢ
௏భܦ ଵܸ ൅

1
ߢ
௏భܦ ൬

ߙ

√1 െ ଶߪ
൰߮ ଵܸ

൅
1
ߢ
൬

ߙ

√1 െ ଶߪ
൰ܦ௏భ߮ ଵܸ 

																൅
ଵ

఑
௏భܦ ൬

ఉ

ඥଵିఙమ
൰ ሺߦ െ ߪ ଵܸሻ ൅

ଵ

఑
൬

ఉ

ඥଵିఙమ
൰ܦ௏భሺߦ െ ߪ ଵܸሻ. 

 
Using (9), (10), (11) and (12), we get 

 

௏భܦ ଶܸ ൌ െߢ ଵܸ െ ൬െ
ሶߢߙ
ଶߢ

൅
ሶߙ
ߢ
െ
ߚߣ
ߢ2

െ
ߪߚߙ

1√ߢ െ ଶߪ
൰

߮ ଵܸ

√1 െ ଶߪ
 

           ൅൬െ
ఉ఑ሶ

఑మ
൅

ఉሶ

఑
െ

ఒఈ

ଶ఑
െ

ఈమఙ

఑ඥଵିఙమ
൰
కିఙ௏భ
ඥଵିఙమ

. 
 

From (6), it can be easily seen that 
 

߬ ଷܸ ൌ ൬െ
ሶߢߙ
ଶߢ

൅
ሶߙ
ߢ
െ
ߚߣ
ߢ2

െ
ߪߚߙ

1√ߢ െ ଶߪ
൰

߮ ଵܸ

√1 െ ଶߪ
 

      ൅൬െ
ఉ఑ሶ

఑మ
൅

ఉሶ

఑
െ

ఒఈ

ଶ఑
െ

ఈమఙ

఑ඥଵିఙమ
൰
కିఙ௏భ
ඥଵିఙమ

 . 
 

Taking the norm of the last equation, we have 
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߬ ൌ
ఒ

ଶ
൅

ఈఉሶ ିఈఉሶ

ఈమାఉమ
൅

ఈఙ

ඥଵିఙమ
. 

 
Lemma 3.1. Let ߛ: ܫ ՜  ଷ be a curve with arcܰܫ
length parameter and ሼ ଵܸ, ଶܸ, ଷܸሽ be the Frenet 
frame of ߛ. Then, the following equation is 
obtained: 
 

௏భܦ
ଷ

ଵܸ െ 2
఑ሶ

఑
௏భܦ
ଶ

ଵܸ ൅ ቀ2
఑ሶ

఑
െ

఑ሷ

఑
൅ ଶߢ ൅

ఒమ

ସ
ቁܦ௏భ ଵܸ ൅

ሶߢߢ ଵܸ ൌ 0.                                                            (13) 
 
Proof: From (6), we know that 
 

௏భ߮ܦ ଵܸ ൌ െߢ ଵܸ ൅
ߣ
2
 ߦ

 
and 
 

௏భܦ ଵܸ ൌ െ߮ߢ ଵܸ. 
 

From here, 
 

௏భܦ
1
ߢ
௏భܦ ଵܸ ൌ െߢ ଵܸ ൅

ߣ
2
 ߦ

֜ ቀ
ଵ

఑
ቁ
ᇱ
௏భܦ ଵܸ ൅

ଵ

఑
௏భܦ
ଶ

ଵܸ ൌ െߢ ଵܸ ൅
ఒ

ଶ
 .ߦ

 
Differentiating the last equation, we have 

 
1
ߢ
௏భܦ
ଷ

ଵܸ ൅ 2 ൬
1
ߢ
൰
ᇱ

௏భܦ
ଶ

ଵܸ ൅ ቆ൬
1
ߢ
൰
ᇱᇱ

൅ ߢ ൅
ଶߣ

4
1
ߢ
ቇܦ௏భ ଵܸ

൅ ሶߢ ଵܸ ൌ 0. 
 

Considering the last equation, we get 
 

௏భܦ
ଷ

ଵܸ െ 2
఑ሶ

఑
௏భܦ
ଶ

ଵܸ ൅ ቀ2
఑ሶ

఑
െ

఑ሷ

఑
൅ ଶߢ ൅

ఒమ

ସ
ቁܦ௏భ ଵܸ ൅

ሶߢߢ ଵܸ ൌ 0. 
 
Theorem 3.3. Let ߛ: ܫ ՜ ሻݐሺߛ ,ଷܰܫ ൌ
ሺߛଵሺݐሻ, ,ሻݐଶሺߛ  ሻሻ, be aݐଷሺߛ

ఒ

ଶ
െLegendre curve in 

ݖ on ߛ be the projection curve of ߙ ଷ andܰܫ ൌ 0 
plane. Then, the curvature of ߛ is the curvature of 
 .ߙ
 
Proof: The tangent vector field of ߛ is 
ሻݐሶሺߛ ൌ ଵሶߛ ሺݐሻ݁ଵ ൅ ଶሶߛ ሺݐሻ݁ଶ ൅ ଷሶߛ ሺݐሻ݁ଷ. 
We can choose the parameter of ߛ as ߛଵሶ ሺݐሻଶ ൅
ଶሶߛ ሺݐሻଶ ൌ 1. Then, if we choose ߛଵሺݐሻ and ߛଶሺݐሻ as 
ଵሶߛ ሺݐሻ ൌ െ sin ଶሶߛ ,ሻݐሺߠ ሺݐሻ ൌ cos  ,ሻ, respectivelyݐሺߠ
we obtain 
 

ఊሶܦ ሺ௧ሻߛሶ ሺݐሻ ൌ ଵሷߛ ሺݐሻ݁ଵ ൅ ଶሷߛ ሺݐሻ݁ଶ 
 
and 
 

ฮܦఊሶ ሺ௧ሻߛሶ ሺݐሻฮ ൌ
1
2
ඥߛଵሷ ሺݐሻଶ ൅ ଶሷߛ ሺݐሻଶ 

ߢ ൌ  .ሻݐሶሺߠ
 

On the other hand, the projection curve ߙ of ߛ on 

ݖ ൌ 0 plane is ߙሺݐሻ ൌ ሺߛଵሺݐሻ,  ሻሻ. Thus, it canݐଶሺߛ
be easily seen that α is a unit speed curve. The 
curvature of α is 
 

ఈߢ ൌ
|ఊభሷ ሺ௧ሻఊమሶ ሺ௧ሻିఊభሶ ሺ௧ሻఊమሷ ሺ௧ሻ|

ඥሺఊభሶ ሺ௧ሻమାఊమሶ ሺ௧ሻమሻమ
య . 

 
From here, 

 
ߢ ൌ  .ఈߢ
 
Corollary 3.1. Let ߛ be a non-geodesic Legendre 
curve in IN³. Then, 
i) ߛ is not a circle. 
ii) If ߛ is a helix, it satisfies the following equation: 

ܪ∆ ൌ ቀߢଶ ൅
ఒమ

ସ
ቁܪ. 

iii) If γ is a line, 
݃ఒ൫ܦ௏భ ଵܸ, ߮ ଵܸ൯ ൌ 0. 
iv) γ is not a planar curve. 
 

Proof: i) Since ߛ is a 
ఒ

ଶ
െLegendre curve, the 

torsion of ߛ is െ
ఒ

ଶ
. So, it can be easily seen that ߛ is 

not a circle. 
ii) If ߛ is helix, 

఑

ఛ
 is constant. Also, on the ground 

that the torsion of ߛ is െ
ఒ

ଶ
 ,must be constant. So ߢ ,

ሶߢ , ሷߢ ൌ 0. 
From (13), we obtain 

 

௏భܦ
ଷ

ଵܸ ൌ െቀߢଶ ൅
ఒమ

ସ
ቁܦ௏భ ଵܸ. 

 
Using ଵܸ ൌ ሶߛ , ∆ൌ െܦ௏భܦ௏భ ଵܸ and ܪ ൌ ௏భܦ ଵܸ we 

have 
 

ܪ∆ ൌ ቀߢଶ ൅
ఒమ

ସ
ቁܪ. 

 
iii) If ߛ is a line, the curvature of ߛ is zero. Also, 
௏భܦ ଵܸ ൌ ߮ߢ ଵܸ. 
From here, we get 
݃ఒ൫ܦ௏భ ଵܸ, ߮ ଵܸ൯ ൌ 0. 

iv) Since ߛ is a 
ఒ

ଶ
െLegendre curve, the torsion of ߛ 

is not zero. So, it is said that ߛ is not a planar curve. 
 
Example 3.1. 

		ܫ				:ߛ ՜ Գଷ, ሻݐሺߛ ൌ ቀݎ cos ,ݐ ݎ sin ݐ ,
ఒ

ଶ
 ቁ is aݐଶݎ

curve in ܰܫଷ. If we assume that 
ݔ ൌ ݎ cos  ݐ
ݕ ൌ ݎ sin  ݐ

ݖ ൌ
ߣ
2
 ଶݎ

we get 
 

ሻݐሶሺߛ ൌ ቀെݕ
డ

డ௫
൅ ݔ

డ

డ௬
൅ ݖ

డ

డ௭
ቁ
ఊሺ௧ሻ

. 

 
Thus, using (1.3), we get 
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൞

ሻ൯ݐሶሺߛଵ൫ߠ ൌ െݕ

ሻ൯ݐሶሺߛଶሺ൫ߠ ൌ ݔ

ሻ൯ݐሶሺߛଷ൫ߠ ൌ 0.

                                                (14) 

 
From (14), we can say that ߛ is a 

ఒ

ଶ
െLegendre 

curve. On the other hand, we obtain 
 
‖ሻݐሶሺߛ‖ ൌ ඥሾߠଵሺߛሶ ሺݐሻሻሿଶ ൅ ሾߠଶሺߛሶ ሺݐሻሻሿଶ ൅ ሾߠଷሺߛሶ ሺݐሻሻሿଶ 
ൌ  ,|ݎ|

ଵܸ ൌ ט
ݕ
ݎ
݁ଵ ט

ݔ
ݎ
݁ଶ 

 
and 
 

߮ ଵܸ ൌ ט
௫

௥
݁ଵ ט

௬

௥
݁ଶ. 

 
Moreover, from (5) we have	 

 

௏భܦ ଵܸ ൌ
ߣ
2 ଵܸ ר ଵܸ െ ݃ఒሺሾ݁ଵ, ݁ଶሿ, ଵܸሻ߮ ଵܸ ൅ ෩௏భܦ

௏భ 

           ൌ െ݃ఒሺሾ݁ଵ, ݁ଶሿ, ଵܸሻ߮ ଵܸ ൅ ෩௏భܦ
௏భ 

           ൌ ט
ଵ

௥
߮ ଵܸ. 

 
Namely, we see that 
 

ߢ ൌ ט
1
ݎ

 
 
where ߢ is the curvature of ߛ. Also, we know that 

߬ ൌ െ
ఒ

ଶ
 for a non-geodesic 

ఒ

ଶ
െ Legendre curve in 

Գଷ. As a result, ߢ and ߬ are non-zero constants. So, 
 .is a helix ߛ
 
Result 3.1. Helix in Euclidean space is a helix in 
ఒ

ଶ
െ Sasakian space, too. Also, it is a 

ఒ

ଶ
െ Legendre 

curve. 

Corollary 3.2. :ߛ				ܫ		 ՜ Գଷ be a  
ఒ

ଶ
െ non-Legendre 

curve. Then, 
i) If ߛ is a geodesic, it satisfies the following 
equation: 
 

෩௏భܦ
௏భ ൌ ݃ఒሺሾ݁ଵ, ݁ଶሿ, ଵܸሻ߮ ଵܸ. 

 
ii) If ߛ is a circle, 
 

ߣ ൌ
ߪߙ2

√1 െ ଶߪ
 

 
or 
 

ߣ ൌ െ
ଶఈఙ

ඥଵିఙమ
൅  .ଶݎሻݐሶሺߠ

 
where ߙ ൌ ݎ cos ߚ ሻ andݐሺߠ ൌ ݎ sin  .ሻݐሺߠ
iii) If ߛ is a circular helix, 
 

߬ ൌ െ
ఒ

ଶ
൅

ఈఙ

ඥଵିఙమ
. 

 

iv) If ߛ is a helix, 
 

ଶߙ ൅ ଶߚ ൌ ܿଶ ൬
ఒ

ଶ
൅

ఈఉሶ ିఈఉሶ

ఈమାఉమ
൅

ఈఙ

ඥଵିఙమ
൰
ଶ

. 

 
Proof: i) If ߛ is a geodesic, ߢ ൌ ߬ ൌ 0. So, from (7) 
we say that ߙ ൌ ߚ ൌ 0 and ߬ is indefinite. 
On the other hand, if ߛ is a geodesic, ܦ௏భ ଵܸ ൌ 0. 
So, from (5) we get 
 

෩௏భܦ
௏భ ൌ ݃ఒሺሾ݁ଵ, ݁ଶሿ, ଵܸሻ߮ ଵܸ. 

 
ii) If ߛ is a circle, ߢ is a non-zero constant. In which 
case there are two situations: 
a) We assume that ߙ and ߚ are constants. Thus, 
 

߬ ൌ െ
ߣ
2
൅

ߪߙ

√1 െ ଶߪ
ൌ 0 

 
or 
 

ߣ ൌ
ଶఈఙ

ඥଵିఙమ
. 

 
b) We assume that ߢ is a non-zero constant and ߙ 
and ߚ are not constants. Hence, if ߙ and ߚ are 
chosen as ݎ cos ݎ ሻ andݐሺߠ sin  ሻ, respectively, itݐሺߠ
is found that 
ଶߙ ൅ ଶߚ ൌ  ଶݎ
and 
 

ሶߚߙ െ ሶߚߙ ൌ  .ଶݎሻݐሶሺߠ
 

Since ߬ ൌ 0, from (12) we get 
 

ߣ ൌ െ
ଶఈఙ

ඥଵିఙమ
൅  .ଶݎሻݐሶሺߠ

 
iv) If ߛ is a helix,

఑

ఛ
ൌ ܿ, ܿ ് 0 ൌ  and from ݐݏ݊݋ܿ

(7) and (8) 
 

ଶߙ ൅ ଶߚ ൌ ܿଶ ൬
ఒ

ଶ
൅

ఈఉሶ ିఈఉሶ

ఈమାఉమ
൅

ఈఙ

ඥଵିఙమ
൰
ଶ

. 

 
Example 3.2. 
		ܫ				:ߛ ՜ Գଷ, ሻݐሺߛ ൌ ሺݎ cos ,ݐ ݎ sin ݐ , ܿሻ is a curve 
in Գଷ. If we assume that, 
ݔ ൌ ݎ cos  ݐ
ݕ ൌ ݎ sin  ݐ
ݖ ൌ ܿ 
we get 
 

ሻݐሶሺߛ ൌ ቀെݕ
డ

డ௫
൅ ݔ

డ

డ௬
ቁ
ఊሺ௧ሻ

. 

 
Thus using (3), we obtain 

 

൞

ሻ൯ݐሶሺߛଵ൫ߠ ൌ െݕ

ሻ൯ݐሶሺߛଶሺ൫ߠ ൌ ݔ

ሻ൯ݐሶሺߛଷ൫ߠ ൌ െݎଶ.
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So, we can say that ߛ is not a 
ఒ

ଶ
െLegendre curve. 

On the other hand, we have 
 

ሻݐሶሺߛ ൌ ሺെ݁ݕଵ ൅ ଶ݁ݔ െ  ଶ݁ଷሻఊሺ௧ሻݎ
 
and 
 

‖ሻݐሶሺߛ‖ ൌ ඥሾߠଵሺߛሶሺݐሻሻሿଶ ൅ ሾߠଶሺߛሶሺݐሻሻሿଶ ൅ ሾߠଷሺߛሶሺݐሻሻሿଶ. 
 

Thus, we get 
 

ଵܸ ൌ െ
ݕ

ଶݎ√ݎ ൅ 1
݁ଵ ൅

ݔ

ଶݎ√ݎ ൅ 1
݁ଶ െ

ݎ

ଶݎ√ ൅ 1
݁ଷ 

 
and 
 

߮ ଵܸ ൌ െ
௫

௥ඥ௥మାଵ
݁ଵ െ

௬

௥ඥ௥మାଵ
݁ଶ. 

 
Moreover, from (5) we have 

 

௏భܦ ଵܸ ൌ
ߣ
2 ଵܸ ר ଵܸ െ ݃ఒሺሾ݁ଵ, ݁ଶሿ, ଵܸሻ߮ ଵܸ ൅ ෩௏భܦ

௏భ 

          ൌ െ݃ఒሺሾ݁ଵ, ݁ଶሿ, ଵܸሻ߮ ଵܸ ൅ ௏భܦ ଵܸ෫  

          ൌ ൬
ଵ

௥ඥ௥మାଵ
൅

ఒ

ଶඥ௥మାଵ
൰߮ ଵܸ. 

 
Since, 
 

௏భܦ ଵܸ ൌ ߙ
߮ ଵܸ

√1 െ ଶߪ
൅ ߚ

ߦ െ ߪ ଵܸ

√1 െ ଶߪ
,ߙ ߚ א Թ 

 
we obtain 

 

ߙ ൌ
1

ଷݎ ൅ ݎ
൅

ݎߣ
ଶݎ2 ൅ 2

 
 
and ߚ ൌ 0. On the other hand, we get 
 

ߢ ൌ ฬ
1

ଷݎ ൅ ݎ
൅

ݎߣ
ଶݎ2 ൅ 2

ฬ 
 
And 
 

߬ ൌ െ
ߣ
2
൬

1
ଶݎ ൅ 1

൰ െ ൬
1

ଶݎ ൅ 1
൰ 

 
where ߢ and ߬ are the curvature and the torsion of 
 and ߬ are ߢ respectively. As a result, we say that ,ߛ
non-zero constants. Namely, ߛ is a circular helix. 
 
Result 3.2. Circle in Euclidean space ܧܫଷ is a 

circular helix in 
ఒ

ଶ
െSasakian space. 
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