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Abstract 

Algebraic frames are generalizations of Fourier transforms on locally compact abelian groups in the sense that the 
family of vectors forming the frame are replaced by a family of unbounded linear functionals. The paper studies 
the indexing measure space of the algebraic frames; as the investigation narrows down to the class of lower semi-
frames, more relations are revealed between the discreteness and the redundancy of the frame family. 
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1. Introduction 

The notion of an algebraic frame in a separable 
Hilbert space was defined in [1] as an extension of 
the various notions of frame, generalized frame and 
upper/lower semi-frame ([1-15]) in which a family 
of vectors in	ܪ, viewed as bounded linear 
functionals on ܪ, are replaced by a family of 
unbounded linear functionals. By a pseudo-frame 
on a separable Hilbert space ܪ, we mean a family 
߆ ൌ ሺߠ௭ሻא	Z	  ܺᇱ indexed by a (positive) measure 
space ሺܼ,ࣧ,  ሻ in which ܺᇱ is the algebraic dual ofߤ
a dense linear subspace ܺ of ܪ and, for all ݄ א ܺ, 
the function ෨݄ defined by ෨݄ሺݖሻ ݄ؔ,  square-ߤ ௭ isߠ
summable. (The function ෨݄ may be viewed as an 
element of ԧ and/or ܮଶሺߤሻ as understood from the 
context.) The space ܺ, denoted by ࣞሺ߆ሻ, may be 
called the domain of ߆. Let ݐ௵:ࣞሺ߆ሻ ՜  ሻ beߤଶሺܮ
the linear operator defined by ݐ௵݄ ൌ ෨݄. If 	ݐ௵ is 
closable, its closure, denoted by ௵ܶ, is called the 
analysis operator of ߆. Note that the domain ࣞሺ ௵ܶሻ 
of ௵ܶ	contains ࣞሺ߆ሻ as a dense subspace. However, 
one can use a Hausdorff maximality argument to 
assume without loss of generality that ࣞሺ߆ሻ ൌ
ࣞሺ ௵ܶሻ. To see this, let ࣭	denote the class of all 
linear subspaces ࣬ of the linear space ԧ with the 
following properties:  

(i) ෨݄ 	 א ࣬	 for all ݄ א ࣞሺ߆ሻ; (ii) each 	݂ א ࣬	 
represents an element of ࣬ሺ ௵ܶሻ; and (iii) no distinct 
pair of elements of ࣬ are equal a.e. ሾߤሿ. Now, the 
union of any chain in ࣭ falls in ࣭ and, hence, ࣭ 
contains a maximal element ࣬. Now, it follows 
from the maximality of ࣬ that, for all ݄ א ࣞሺ ௵ܶሻ, 
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the ܮଶሺߤሻ-function ௵݄ܶ is uniquely represented by 
an element ݂ א ࣬; hence, one can assume 
ࣞሺ߆ሻ ൌ ࣞሺ ௵ܶሻ by defining ݄, 	௭ߠ ൌ 	 ݂ሺݖሻ for all 
ݖ א ܼ. 

A pseudo-frame with an injective analysis 
operator is called an algebraic frame. An algebraic 
frame is called lower (resp. upper) bounded if there 
exists a positive constant ܿ such that || ௵݄ܶ|| 
	ܿ||݄|| (resp. || ௵݄ܶ||  	ܿ||݄||) for all ݄ א 	ࣞሺݐ௵ሻ. 
An analytic frame is an algebraic frame in which all 
linear functionals ߠ௭ are bounded. In light of the 
Riesz representation, the analytic frame ߆ can be 
identified with a subset of the Hilbert space ܪ, 
which is how the frames, generalized frames, etc. 
are defined. Note that, if 	ܺ is the collection of all 
simple functions in ܮଶሺԹሻ, then the linear 
functionals ߠ௭  ᇱ defined byܺ א
 

݄, ௭ߠ ൌ ሻ݁ݐ݄ሺ	Թ
ି௧.௭ (ݖ א Թሻ 

 
yield a bilaterally bounded algebraic frame whose 
analysis operator is the Fourier transform from 
 ଶሺԹሻ ; although its analysis operatorܮ ଶሺԹሻ ontoܮ
is unitary, it is not analytic, anyway. In general, if 
࣬ሺ ௵ܶሻ ്  .is called redundant ߆ ሻ, thenߤଶሺܮ	

If ߆ is a pseudo-frame consisting of bounded 
linear functionals, then it follows from the proof of 
Lemma 2.1 of [2] that the corresponding ݐ௵ is 
closable; in fact, if 	ሺ݄ሻאԳ ؿ ࣞሺ߆ሻ converges to 
0 and the sequence ݄෪ converges to ݂	 in ܮଶሺߤሻ-
norm, then a subsequence of ݄෪ converges 
pointwise to ݂ a.e.	ሾߤሿ; hence, ݂ ൌ 	0෨ ൌ 0 a.e. ሾߤሿ. 
Therefore, the desired closure		 ௵ܶ exists and it is 
easy to see that 
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ࣞሺ ௵ܶሻ	ሼ݄ א  	:ܪ	
Z
 |݄, ሻݖሺߤ௭|ଶ݀ߠ ൏ ∞ሽ.      (1) 

	
Upper bounded analytic frames ߆ are the same as 

upper semi-frames defined in [2]; in this case the 
inclusion in (1) will become an equality and, more 
precisely, ࣞሺ ௵ܶሻ ൌ  Our class of lower bounded .ܪ
analytic frames maybe different from that of lower 
semi-frames [2] in various aspects. The first 
difference is the density of ࣞሺ ௵ܶሻ; for algebraic 
frames we assume the initial domain ࣞሺ߆ሻ	and, 
hence, the resulting domain ࣞሺ ௵ܶሻ	is dense in the 
underlying Hilbert space ܪ, while for lower semi-
frames, the domain is the set on the right-hand side 
of the inclusion (1). Then, to avoid pathological 
problems, conditions are imposed to guarantee the 
density of ࣞሺ ௵ܶሻ. (For example, see Lemma 2.3 of 
[2].) The second difference is in the analysis 
operator which is automatically closed for analytic 
frames but has to be assumed so for algebraic 
frames. Finally, for a given pair of lower bounded 
analytic frames indexed by the same measure space, 
we do not know of the equality of their analysis 
operators when the domain of one is included in the 
domain of the other. For this reason, we regard the 
class of densely defined lower semi-frames as a 
proper subset of the class of lower bounded analytic 
frames. 

In Section 2, we will study the structure of the 
measure space indexing an algebraic frame and, in 
case we have a lower bounded analytic frame, we 
prove a strong relation between the frame, its 
discreteness and its redundancy. The paper is 
concluded by examples of lower bounded pseudo-
frames coming short of closed analysis operators. 

2. The structure of algebraic or analytic frames 

Throughout the remainder of the paper, ߆ ൌ
ሺߠ௭ሻא	Z	 denotes an algebraic frame in an infinite-
dimensional separable Hilbert space ܪ indexed by a 
measure space (ܼ,ࣧ,   .ሻߤ

In what follows we will need the notion of 
isometric equivalence of two algebraic frames 
characterized in the following definition and 
lemma. 
 
Definition 1. The pseudo-frames ߆ ൌ ሺߠ௭ሻא	Z	 and 
ߌ ൌ ሺߦ௬ሻ௬א on a common signal space ࣞሺ߆ሻ ൌ
ࣞሺߌሻ are said to be isometric if 
 

Z
 |ߠ௭, ݄|ଶ݀ߤሺݖሻ ൌ

Y
 หߦ௬, ݄ห

ଶ
 ሻݕሺߥ݀

 
for all ݄ א ܺ, where ߤ	and ߥ are the corresponding 
measures. 
 

Lemma 1. Assume ߆ ൌ ሺߠ௭ሻא	Z	 is an algebraic 
frame isometric to a pseudo-frame ߌ ൌ ሺߦ௬ሻ௬א  on 
a common signal space ࣞሺ߆ሻ ൌ ࣞሺߌሻ. Then ߌ is 
an algebraic frame and ࣞሺ ௵ܶሻ ൌ ࣞሺ ܶሻ. Moreover, 
	࣬ሺ ௵ܶሻ is closed in ܮଶሺߤሻ if and only if ࣬ሺ ܶሻ is 
closed in ܮଶሺߥሻ. 
 
Proof: Define ܷ: ௵ܶ	ܺ		ܮଶሺߤሻ ՜  ሻ byߥଶሺܮ
ሺܷ ௵ܶ	݄ሻሺݕሻ ൌ ݄, ݄ for all	௬ߦ א ࣞሺ߆ሻ	and all 
ݕ א 	ܻ, where	ߤ	and ߥ are the corresponding 
measures on ܼ and ܻ, respectively. Since ܷ is an 
isometry, it has an isometric extension to the 
closure of ௵ܶ	ࣞሺ߆ሻ which is denoted by the same 
letter ܷ. It is easy to see that the operator 
ܷ ௵ܶ:ࣞሺ ௵ܶሻ ՜  ሻ is injective and is the closureߥଶሺܮ
of the operator sending ݄ א 	ࣞሺ߆ሻ to the function 
ݕ հ ݄,  ሻ. The last part of the lemmaߥଶሺܮ in	௬ߦ
follows from the fact that an isometry maps 
complete subspaces onto complete ones. 

The following theorem simplifies the measure 
theoretic structure of an algebraic frame under 
isometric modifications. 
 
Theorem 1. Let ߆ ൌ ሺߠ௭ሻא	Z	 be an algebraic 
frame indexed by the measure space (ܼ,ࣧ,  ሻ withߤ
completion (ܼ, ഥࣧ ,  ሻ. Then the followingߤ̅
assertions are true. 
(1). There exists a σ-finite ߤ -measurable set 
ܻ			ሼݖ ௭ߠ :Z א ് 0} such that the family ߌ 
ൌ ሺߠ௭ሻא	Y	 indexed by the measure space ሺܻ,ࣨ,  ሻߥ
is an algebraic frame isometric to	߆, where 
ࣨ ൌ ܻ ת ഥࣧ  and ߥ ൌ  .ࣨ|ߤ̅
(2). Let ߌ, ܻ,ࣨ,  be as in the previous part. Then ߥ
there exists an equivalence relation on ܻ with the 
quotient map ߮	such that the algebraic frame ߌ is 
isometric to an algebraic frame ߆	indexed by the 
measure space ሺ߮ሺܻሻ, ߮ሺࣨሻ,  ଵሻ whose atomsି߮	ߥ
are singleton and whose singleton sets are 
measurable. 
 
Proof: Since ௵ܶ is closed and densely defined, the 
polar decomposition ௵ܶ=ܸ| ௵ܶ| exists and, hence, 
࣬ሺ ௵ܶሻ	ܸܪ is separable. Let ሺ ݂ሻאԳ be a 
countable dense subset of ࣬ሺ ௵ܶሻ and let 	߁ ൌ ሼݖ א
	ܼ:	 ݂ሺݖሻ ് 	0ሽ. Since each ݂ is square integrable, 
it follows that the corresponding ߁ and, hence, the 
sets ܻ ൌୀଵஶ  measurable subsets-ߤ	  are σ-finite	߁
of 	ܼ. Thus, the sequence ሺ ݂ሻאԳ consists of 
functions which are zero almost everywhere outside 
ܻ. Since every function in ܴሺ ௵ܶሻതതതതതതതത is the almost 
everywhere limit of a subsequence of ሺ ݂ሻאԳ, it 
follows that ݄, ݖ ௭=0 for almost allߠ א 	ܼ ྚך ܻ. 
Now, let ሺܻ,ࣨ,  ሻ be as in part (1) and observeߥ
that, for all ݄ א 	ࣞሺݐ௵ሻ, 
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Z
 |݄, ሻݖሺߤ௭|ଶ݀ߠ ൌ

Y
 ห݄, ௬หߠ

ଶ
 .ሻݕሺߥ݀

 
This proves part (1). 

For part (2), let ܻ ൌ Գאڂ ܻ be a partition of ܻ 
into sets of finite measures and let ሼ߂:		݅	 א  ሽ beܫ	
the family of all atoms of ߥ. Let 	ܫ be the set of 
those ݅	 א such that νሺ ܫ	 ܻ ת	 ሻ߂ ് 	0. By 
definition, 	ܫ ת ݇ for all =ܫ ് ݆. Since 
∑ νሺ߂ሻאூೖ 	 νሺ ܻሻ ൏ ∞, it follows that ܫ is 
countable and, hence, ܫ can be identified as Գ  or as 
a segment ሼ1,2, … , ݊ሽ of Գ. Now, by ignoring a set 
of measure zero, one can assume without loss of 
generality that ߂ ת ,݅ for all distinct	 = ߂ ݆ א  ;ܫ	
define ܻ ൌ ܻ	 ூא	ྚ ,ݕ . For߂ ݖ א 	ܻ, define ~ݕ	ݖ 
if ݕ ൌ ݖ א ܻ or ݕ, ݖ א ݅  for some߂ א  We thus .ܫ	
obtain an equivalence relation whose quotient map 
will be denoted by ߮. Identifying ߮ሺ ܻሻ	by ܻ, the 
quotient space ߮ሺܻሻ	can be partitioned as ߮ሺܻሻ ൌ
ܻ ሶ ሼφሺ߂ሻ:		i א 	Iሽ. Now, define ߮ሺࣧሻ  ൌ
ሼ߮ሺܯሻ:	ܯ א ࣧሽ and ߱ሺܯሻ:ൌ ሺߤ	ି߮ଵሻሺ߮ሺܰሻሻ ൌ
ܰ	ሺ߮ିଵሺ߮ሺܰሻሻሻ for allߤ -is a σ ߗ ,Clearly .ࣨ א
finite measure on (the σ-algebra) ߮ሺࣨሻ having the 
singletons ൛ሼ߮ሺ߂ሻሽ:	݅ א  as its collection of all	ൟܫ	
atoms. Moreover, ߱ሺሼ߮ሺ߂ሻሽሻ ൌ  ሻ for all߂ሺߤ
݅ א 	coincide on ߥ and ߱ and ܭ ܻ. 

Now, for ݄ א ࣞሺ߆ሻ, observe that the complex-
valued function ݄,  ௬ defined on ܻ is essentiallyߠ
constant on each ߂. Assume without loss of 
generality that, for each ݄ א 	ࣞሺ߆ሻ, the function 
݄, ෨:ൌ߆ . Define߂ ௬ is constant on eachߠ
ሺߠ෪ሻאఝሺሻ	by ݄, ෪ߠ ൌ ݄, ݖ for any	௭ߠ א 	߮ିଵሺߞሻ. 
It now follows that, for every ݄ א ࣞሺ߆ሻ, 
 

||ܶ௵෩݄||ଶ ൌ 	
( )Y |݄, 	݀ωሺζሻ	෪|ଶߠ

ൌ ,௭ߠబ| ݄|
ଶ	݀ߥሺݖሻ ห݄, ௭หߠ

ଶ
ሻ߂ሺߥ

אூ

ൌ || ܶ	݄||ଶ, 

 
where ݖ א   is any representative of the߂
equivalence class ߂ (݅ א  .(ܫ	

The following theorem studies the structure of 
analytic frames. A special case of Part (2) of the 
theorem was proved in [5] for generalized frames 
with surjective analysis operators. In the following, 
by a normalized analytic frame, ߆ ൌ ሺߠ௭ሻא	Z	, we 
mean one for which ||ߠ௭||=1 for almost all ݖ. 
 
Theorem 2. Let ߆ ൌ ሺߠ௭ሻא	Z	 be an analytic frame 
indexed by (ܼ,ࣧ,  ሻ. The following assertions areߤ
true. 

 is isometric to a normalized analytic frame ߆ .(1)
such that the corresponding measures have the 
same collection of atoms. Moreover, if ߆ is 
normalized, then the operator ௵ܶ: ࣞሺ ௵ܶሻ ՜ Lஶሺߤሻ 
has a (continuous) extension to ܪ sending the unit 

ball of ܪ to the unit ball of 	Lஶሺߤሻ. 
(2). If ߆ ൌ ሺߠ௭ሻא	Z	 is a lower bounded analytic 

frame, if ߠ௭ ് 0 for almost all ݖ and if 	࣬ሺ ௵ܶሻ is a 
closed subspace with a finite co-dimension in 
	Lଶሺߤሻ, then the measure ߤ is discrete in the sense 
that ܼ is the union of (countably many) atoms. 
 
Proof: In the definition of ܻ in Theorem 1(1), 
choose ݂ ൌ ௵ܶ	݁ for some orthonormal basis 
ሼ݁ଵ, ݁ଶ, … ሽ of 	ࣞሺݐ௵ሻ. Observe that ܻ ൌ ሼݖ א
௭ߠ	:ܼ	 ് 0} and that ||ߠ௭||ଶ ൌ 	∑ |݁, ௭|ଶߠ , where 
the terms of the series on the right-hand side are 
measurable functions. Thus, the function ||ߠ௭|| is 
measurable. In view of Theorem 1, assume without 
loss of generality that ܻ ൌ ܼ and ߤ is complete. 
Define the normalized frame ߗ ൌ ሺ߱௭ሻ௭א by 
߱௭ ൌ  ௭|| indexed by the measure spaceߠ||	/	௭ߠ	
(ܼ,ࣧ, ሻݖሺߟ݀ ሻ, whereߟ ൌ 	 ݖ ሻ forݖሺߤ||ଶ݀	௭ߠ|| א 	ܼ. 
It follows that, for all ݄ א ࣞሺ߆ሻ,  
 

ห| ఆܶ	݄|ห
ଶ
ൌ

Z
 |݄, ߱௭|ଶ݀ߟሺݖሻ

Z
 |݄,  ሻݖሺߤ௭|ଶ݀ߠ

ൌ || ௵݄ܶ||ଶ. 
 

This proves that ߗ is an analytic frame isometric 
to ߆. Since ߤ and ߟ are absolutely continuous with 
respect to each other, they have the same 
collections of atoms. Hence, one is discrete if and 
only if the other is so. 

To complete the proof of (1), assume ||ߠ௭|| ൌ 1 
a.e., and observe that, for all ݄ א ࣞሺ߆ሻ, 
|ሺ ௵݄ܶሻሺݖሻ| ൌ |݄, |	௭ߠ  	 ||݄|| for almost all ݖ א
	ܼ. Therefore, ௵ܶ	maps the unit ball of ܪ into the 
unit ball of 	Lஶሺߤሻ, and hence, the linear operator 
ܪ:ܶ௵ ՜	 	Lஶሺߤሻ has a bounded extension of norm at 

most 1 to all of ܪ. 
For (2), observe that ߆ is isometric with a 

normalized lower bounded analytic frame ߗ ൌ
ሺߠ௬/||ߠ௬||ሻ௬א indexed by the complete measure 
space ሺܻ,ࣨ,  ሻ. By Lemma 1, the range ofߤ௭||ଶ݀ߠ||
the analysis operator of the latter family remains 
closed; we show that its co-dimension also remains 
finite. Let ሼ݃:	݅ א  ሽ be an orthonormal set inܫ	
࣬ሺ ௵ܶሻୄ. Then, for ݅, ݆ א ݄ and for ܫ א ࣞሺ߆ሻ, 
 

Y ݃ 	ሺݕሻ݃ఫ	ሺݕሻതതതതതതതത/||ߠ௬||ଶ݀ߟሺݕሻ ൌ   ߜ

Y ݃ 	ሺݕሻ/||ߠ௬||	݄, ሻݕሺߟ௬||݀ߠ||/௬ߠ ൌ Y
݃ 	ሺݕሻ݄, ሻݕሺߤ௬݀ߠ ൌ 0. 

 
To complete the proof of (2), we then assume 

without loss of generality that ߆ is normalized and 
the range of its analysis operator has co-dimension 
݉. We claim ܼ is a (countable) union of atoms. If 
not, given ݊ א Գ, there exists a disjoint collection 



 
 

IJST (2013) 37A3: 227-230                                                                                                                                           230 
 

 

…,ଶܯ,ଵܯ  ାଵ of sets of positive measures suchܯ,
that 0 ൏ ୀଵሺߤ

ାଵ ሻܯ 	 	1/݊. Let ݂ ൌ ߯ெೖ
; 	݇ ൌ

1,2, … ,݉  1. Since ଵ݂, ଶ݂, … , ݂ାଵ are mutually 
orthogonal nonzero vectors, the finite co-
dimensional (closed) subspace ࣬ሺ	 ௵ܶሻ contains a 
linear combination ݑ ൌ 	∑ ߙ ݂

ାଵ
ୀଵ 	 of 	Lஶ-norm 

1. Then ||ݑ||ଶ ൌ ∑ |ଶߙ| ሻܯሺߤ  ሺߤ ሻܯ ՜
0 as ݊ ՜ ∞. Let ݄ א ࣞሺ ௵ܶሻ be such that ௵ܶ	݄ ൌ
݊ ,||ݑ||/ݑ	 ൌ 1,2,3, …. Then ||݄|| 
	ܿିଵ|| ௵݄ܶ||ଶ ൌ ܿିଵ, where ܿ is the lower bound in 
the definition of a lower bounded analytic frame. 
Moreover, for all ݊ א Գ, 
݊ଵ/ଶ  	 ||ଶݑ||/	||ஶݑ|| ൌ 	 ||ஶ݄߆ܶ|| ൌ ,|݄	௭ݑݏ 		|௭ߠ
 	 ||݄||ଶ 	 	 ܿିଵ||݄ܶ߆||ଶ ൌ ܿିଵ||ݑ||ଶ/||ݑ||ଶ 
ܿିଵ;	
a contradiction. 

Our final result is the construction of examples of 
pseudo-frames which are lower bounded but not 
algebraic. 
 
Example 1. Let ߆ ൌ ሺߠ௭ሻא	Z	 be any generalized 
frame indexed by a non-discrete measure space 
(ܼ,ࣧ, ሻ. By Theorem 2, ࣬ሺߤ ௵ܶሻ is an infinite-
dimensional closed subspace of 	Lଶሺߤሻ with infinite 
co-dimension. Choose arbitrary Hamel bases 
ሼݑ:	݅ א ሽ for ࣬ሺܫ ௵ܶሻ and ሼݒ:	݆ א ሽ for ࣬ሺܬ	 ௵ܶሻୄ 
with ܫܬ. Define ܣ:࣬ሺ ௵ܶሻ ՜ ࣬ሺ ௵ܶሻୄ by ݑܣ ൌ  ݒ
for all ݅ א  Next, define the family of linear .ܫ	
functionals ߗ ൌ ሺ߱௭ሻ௭א by ݄, ߱௭	 ൌ ሺ ௵ܶ	݄ሻሺݖሻ 	
	ሺܣ ௵ܶ	݄ሻሺݖሻ, ݖ א ܼ. Then ݐఆ	݄ ൌ ௵ܶ ْ ܣ ௵ܶ which 
by a suitable choice of ܣ can be nonclosable. Also, 
for all ݄ א ݄||ଶ		ఆݐ|| ,ܪ ൌ || ௵ܶ	݄||ଶ  ܣ|| ௵ܶ	݄||ଶ 
|| ௵ܶ	݄||ଶ  	ܿ||݄||ଶ. 
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