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Abstract

Generalizing the notions of (E, € Vq) -fuzzy left (right) ideal, (e, € Vq) -fuzzy quasi-ideal, and (e, € \/q) -
fuzzy bi-ided, the notions of (€,,€, v{,)-fuzzy left (right) ided, (€,,€, V) -fuzzy quasi-ideal and
(ey '€, vqﬁ) -fuzzy bi-idea of semigroups are defined. Regular, intra regular and semisimple semigroups are

characterized by the properties of these fuzzy ideals.
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1. Introduction

Many researchers used the concept of fuzzy set,
introduced by Zadeh [1] in 1965, to generalize
some of the notions of algebra. Rosenfeld [2] laid
the foundations of fuzzy algebra in 1971. He
introduced the notion of fuzzy subgroup
(subgroupoid) of a group (groupoid). Kuroki [3, 4]
initiated the study of fuzzy semigroups. Bhakat and
Das [5, 6] used the "belongs to" relation and "quasi-
coincidence with" relation, given in [7, 8], and

defined (e,e vq)-fuzzy subgroups which are

generalizations of Rosenfeld fuzzy subgroups.
Many authors applied this idea to define

(e,evq)-fuzzy substructures of  different

algebraic structures (see [9-20]). Generalizing the
concept of the quasi-coincidence of a fuzzy point
with a fuzzy set, Jun [21] defined (e,e qu) -fuzzy

subalgebras in BCK/ BCl-algebras. In [22] Shabir
et a. characterized semigroups by the properties of

(e,evqy)-fuzzy idedls, (&€ vq,)-fuzzy quasi-
ideals and (e&,e V0 )-fuzzy bi-idedls. Recently,
Shabir and Rehman [23], studied (e,e vq, ) -fuzzy

ideals of ternary semigroups. In this paper,
generalizing the notions of (&, e vq) -fuzzy left

*Corresponding author
Received: 26 March 2012 / Accepted: 3 July 2012

(right) ideal, (&,&vq)-fuzzy quesi-ideal, and
(e,e v()-fuzzy bi-idedl, the notions of
(€,,€, vOs)-fuzzy  left  (right)  idea,
(e,,€, v0y)-fuzzy quasi-ideal and
(,,€, v0;)-fuzzy bi-idea of semigroup are

defined. Also, regular, intraregular, and semisimple
semigroups are characterized by the properties of
these fuzzy ideals.

2. Preliminaries

An agebraic system (S,.) consisting of a non-
empty set S together with an associative binary
operation "." is caled a semigroup. A non-empty
subset A of a semigroup S is caled a
subsemigroup of S if abe A for adl a,be A,

that is A?c A. A non-empty subset A of a

semigroup S is called a left (right) ideal of S if
sac A (ase A) fordl ae A and s€S. A

is called atwo sided ideal or simply an ideal of S
if it is both a left ideal and a right ideal of S. A
non-empty subset Q of asemigroup S iscaled a
quasi-ideal of S if QSNVcQ. A
subsemigroup B of a semigroup S is called a bi-
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ideal of S if BSB < B. A non-empty subset B
of asemigroup S iscalled ageneralized bi-ideal of
S if BB B. A non-empty subset | of a
semigroup S is called an interior ideal of S if
SSc S. Every idea of a semigroup S is an
interior ideal of S but the converse is not true.
Every left (right) ideal of asemigroup S isaquasi-
ideal. Every quasi-ideal is a bi-ideal and every bi-
ideal is a generalized bi-idea of S. But the
converseis not true.

A semigroup S is called regular if for each
Xe S there exists a€ S such that X = Xax. A
semigroup S is called intra regular if for each

Xe S there exist a,be S such that X = ax’b.

In general, neither regular semigroup is intra
regular nor is intra regular semigroup regular. But
in commutative semigroups both the concepts

coincide. A semigroup S is caled semisimple if
every idea of S isidempotent. Itisclear that S is
semisimple if and only if Xe(S(S)(S(S) for
every Xe S, that is there exist a,b,ce S such

that X=axbxc. In general, every regular
semigroup is semisimple but the converse is not
true. However in acommutative semigroup both the
concepts coincide.

The following results are well known.

2.1. Theorem The following assertions for a
semigroup S are equivalent.

(1) Sisregular.

(2 RL=RNL for every right ideal R and left
ideal L of S.

(3) Q=0QQ for every quasi-ideal Q of S.

2.2. Theorem The following assertions for a
semigroup S are equivalent.

(1) Sisintraregular.

(2 RNL c LR for every right idea R and Ieft
ideal L of S.

2.3. Theorem The following assertions for a
semigroup S are equivalent.

(1) S isboth regular and intraregular.

(2) Every quasi-ideal of S isidempotent.

(3) Every bi-ideal of S isidempotent.

A fuzzy subset f of aset X isa function from
X into the unit closed interval [0,1], that is

f i X—>[0].1f f and g are fuzzy subsets

of X, then f < g meansthat f(x) < g(x) for all
Xe X . Thefuzzy subsets f AQ and f v g of
X are defined as (f A g)(x)= f(x)Ag(x) and
(fveg)¥=Ff(x)vgx) for al xeX. If
{f}., isafamily of fuzzy subsets of X, then
A foand v f, are fuzzy subsets of X defined

iel iel

by (1 )00 =inf{f, (x)ha and (v, )09 =sup{ (..,

forall Xe X..
Let f be afuzzy subset of X and t e (0,]].
Then

U(f;t)={xeS: f(x)>t}
iscaled the level subset of f .

A fuzzy subset f of X of theform

¢ (a){t #z0ifa=x

0 otherwise

is called a fuzzy point with support X and value t
and isdenoted by X, .

A fuzzy point X "belongs to" (resp. "quasi-
coincident with") afuzzy set f , writtenas X, € f
(resp. Xqf ) if f(X)>t (resp. F(X)+t>1)
(cf. [8]). If xef or xgf, then we write
xevgf.If x ef and Xgf then we write
X endf. If f(X)<t (resp. f(X)+t<1),
then we say that xef (resp. x qf ). Similarly
J} (resp. m ) meansthat € vq ( resp.
€ A() doesnot hold.

Let 7,0 €[0,]] be such that ¥ <J . For afuzzy
point X, and afuzzy subset f of X ,wesay

W xe, fif f(x)2t>y.

2 xq;f if f(X)+t>20.

3 x €, vosf if x e, f or xq,f.

4 x e, nQ;f if x e f and xq,f.

5 xaf if xaf does not hold for
a €{e,,q;,€, vOs,€, AQs}.

Let f and g be fuzzy subsets of a semigroup
S. Then their product fg is afuzzy subset of S
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defined by

v {f(¥)~9(2)} if xisexpressibleasx=yz for somey, ze S
-yz

(f9)(x)=1"

0 otherwise.

3. («, f) -fuzzy ideals

Throughout the remaining paper 7,0 €[0,]],
where y <6. a, B €{€,,0;,€, VUs,€, AQs}
and #€, NQ; .

Let f beafuzzy subset of asemigroup S such
that f(X)<o.Let Xe S and t €[0,1] be such
that x €, AQ;f. Then f(X)2t>y and

f(X)+t>20. It follows that
20<f(X)+t< fF(X)+ F(X)=2F(X), that is
f(x)>0. This means that

{x :x e, Aq;f}=¢. Therefore we are not

taking o =€, AQ; .

3.1. Definition A fuzzy subset f of a semigroup
S iscalled an (&, f) -fuzzy subsemigroup of S,
if it satisfies

(F1) xaf and yaf = (%), BT foral
Xx,yeSandt,re(y,]].

3.2. Definition A fuzzy subset f of a semigroup
S iscaled an («, ) -fuzzy left (right) idea of
S, if it satisfies
F2) xaf =(yq) Bt (resp. (xy),BT) for
dl x,yeSadte(y,]].

A fuzzy subset f of asemigroup S iscalled an
(a, B) fuzzy ided of S, if it is both (&, ) -
fuzzy leftideal and (@, f3) -fuzzy right ideal of S.

3.3. Definition A fuzzy subset f of a semigroup
S iscaledan (&, f3) -fuzzy interior ideal of S, if
it satisfies

(F) xaf = (yxz),pf foradl X,y,zeS
andte(y,].

3.4. Definition A fuzzy subset f of a semigroup
S iscdled an («, f) -fuzzy generalized bi-ideal
of S, if it satisfies

(F4) xaf ad yaf = (x2y) 0, Bf for

dl X,y,ze Sand t,r e(y,]].

3.5. Definition A fuzzy subset f of a semigroup
S iscaled an («, f) -fuzzy bi-ideal of S, if it
satisfies conditions (F1) and (F4).

36. Theorem Let 20=1+y and f be an
(a, p) -fuzzy subsemigroup of S. Then
f,={xeS: f(X)>y} is a subsemigroup of
S.

Proof: Let X yef . Then f(X)>y and
f(y)>y. sSuppose tha f(xy)<y. If
a e{e,,€, vQs}, then X yaf and y; af

but (Xy)min{f(x),f(y))ﬁf for every
Bele,,q5.€, va;,€, AQ,} (because f(xy) <y <min
{09, f(V}: S0 (Xy)min{f(x),f(y)}éf and
f (xy)+min{f (x),f (y)}<y+min{f (x),f (y)}<y+1=26,
s0 (xy)mm{f(x)’f(y)}@f ), a contradiction. Hence
f(xy)>y, tha is Xyef . If a=0q; then
X0sf and Y05 (because f(X)+1>1+y =25
and f(y)+1>1+y=25). But (xy)l/Tf for
every fefe,.0s.€, vO;.€, AQs} (because f(xy)<y,
o (xy)ef ad f(xy)+1<y+1=25. =
(xy)lq_df ), a contradiction. Hence T (Xy) > 7, that

is Xy € fy. This shows that fy is a subsemigroup of
S.

37. Theorem Let 20=1+y and f be an
(a, f) fuzzy left (right) ideal of S. Then
f,={xeS: f(X)>y} isaleft (right) ideal of
S.

Proof: The proof is similar to the proof of Theorem
3.6.

3.8. Theorem (1) Let 26 =1+ and f be an

(@, B) -fuzzy generalized bi-ideal of S. Then f,

isageneralized bi-ideal of S.
(2 Let 20 =1+y and f be an (a,f) -fuzzy

bi-ideal of S. Then fy isabi-idea of S.
(3 Let 20 =1+y and f be an (a,f) -fuzzy
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interior ideal of S. Then fy is an interior ideal of
S.

Proof: The proof is similar to the proof of Theorem
3.6.

39. Theorem Let 20 =1+y and A be a non-

empty subset of S. Then A is a subsemigroup of
S if and only if the fuzzy subset f of S defined

by
f(X)— >0 ifxe A
<y otherwise

isan (a,€, v{;) -fuzzy subsemigroup of S.

Proof: Let A beasubsemigroup of S.
(1) Let X,yeS and t,r (7,1 be such that

xe, f,y,e, f. Then f(X)2t>y and
f(y)=r>y.Thus X,ye A and so Xye A,
that is f(xy)>o0. If min{t,r} <o, then
f(xy)>o>2min{t,r} >y. This implies
OYingey €, F- 1f min{t,r} >4, then
f(xy)+min{t,r} >6+06=20. This implies
OY)ninery ds T - Hence f isan (€,,€, va;)-

fuzzy subsemigroup of S.
(2 Let X,yeS and t,r €(y,1] be such that

x0sf,y.q;f. Then f(x)+t>25 and
f(y)+r>25. This implies f(x)>26-t=25-1=y
and f(y)>20-r>25-1=y. Thus x,ye A
and so Xy € A. Thisimplies f(Xy) > . Now if
min{t,r} <J, then f(xy)>J>min{t,r} >y,
0 (Y €T If min{t,r}>5, then

f(xy)+min{t,r} > 5+5=25- ThuS (XY) iy Os T -
Hence f isa (0;,€, v0;)-fuzzy subsemigroup
of S.

(3) Let X,ye S and t,r €(y,1] be such that
xe, f ad yQ;f. Then f(X)2t>y and
f(y)+r>25- Thus f(Y)+r>2= f(y)>25-r>26-1=y
Thisimplies X, Y € A andso Xy € A. Analogous
to (1) and (2) we obtain (XY) iy €, VOs T

that is f is an (€, vQ,,€, va;) -fuzzy

subsemigroup of S.

Conversely, assume that f isan (a,€, vd;)-
fuzzy subsemigroup of S. Then A= fy. It

follows from Theorem 36 tha A is a
subsemigroup of S.

3.10. Corollary Let 20 =1+ and A be a non-
empty subset of S. Then A is a subsemigroup of
S if and only if y,, the characteristic function of
Aisan (a,€, vQ;) -fuzzy subsemigroup of S.
Similarly we can prove the following theorem.

3.11 Theorem Let 20 =1+y and A be a non-
empty subset of S. Defineafuzzy subset f of S

as
>0 ifxe A
f(x)={ =’
<y otherwise

Then

() f isan (a,€, vd;) -fuzzy left (right) ideal
of Sifandonlyif A isaleft (right) ideal of S.
@ f isan (a,€, vQ,)-fuzzy generalized bi-
ideal (bi-ideal) of S if and only if A is a
generalized bi-ideal (bi-ideal) of S.

3 f isan (a,€, vQ,)-fuzzy interior ideal of
S ifandonly if A isaninterioridea of S.

3.12. Corollary (1) Let 20 =1+y and A bea
non-empty subset of S. Then A is a left (right)
ideal of S if and only if y,, the characteristic
function of A is an (a,€, v0;) -fuzzy left
(right) ideal of S.

(2) Let 20 =1+ y and A be a non-empty subset
of S. Then A is a generalized bi-ideal (bi-ideal)
of S if and only if y,, the characteristic function
of Aisan (a,€, v0y)-fuzzy generaized bi-
ideal (bi-idedl) of S.

(3) Let 20 =1+ y and A be a non-empty subset
of S. Then A isaninterior ideal of S if and only
if x.. the characteristic function of A is an
(a,€, vQ,) -fuzzy interior ideal of S.

It is easy to see that each («,f3)-fuzzy
subsemigroup (left ideal, right ideal, generalized bi-
ideal, bi-ideal, interior idea) of S is an



121

1JST (2013) 37A2: 117-131

(a,e vQ) -fuzzy subsemigroup (left ideal, right
ideal, generalized bi-ideal, bi-ideal, interior ideal)
of S.

The following example shows that the converse is
not true.

313 Example Consider the semigroup

S={ab,c,d}

O|T|Q
DO DD
DO DT
DL D

T|IT|IO |0

o

a a b

Defineafuzzy subset f of S asfollows
f(a)=05, f(b)=04, f(c)=06 and
f(d)=03.
Thus
S if 0<t <0.3
{ab,c} if 0.3<t <04
U(f;t)=4{ac} if04<t<05
{C} if 0.5<t<0.6
@ if 0.6<t

Then
@ f isan (gy,€, VQy,) -fuzzy idedl of S.

(2 f isnot an (€,,€,)-fuzzy ideal of S,
because Gy €, f but (CC)O_Se_Of :
(d f isnot an (g,,q,,)-fuzzy idead of S,

because G, 55 €, f but (cC), 25@f :

3.14. Theorem (1) Every (€, v0;,€, v0Q;,)-
fuzzy subsemigroup of S is an (€,,€, vQ,)-
fuzzy subsemigroup of S.

(2) Every (€, v0y,€, v0Q,)-fuzzy left (right)
ideal of S isan (€,,€, v0;)-fuzzy left (right)
ideal of S.

(3) Every (€, vQ,,€, v0Q,)-fuzzy generalized
bi-ideal (bi-ided) of S isan (€,,€, v0;)-fuzzy
generalized bi-ideal (bi-ideal) of S.

(4) Every (€, v0;,€, vQ,)-fuzzy interior ideal

of Sisan (€,,€, vQ,)-fuzzy interior ideal of

S.

Proof: The proof follows from the fact that if
x €, f then x €, va,f.

315 Theorem (1) Every (Q,,€, v0y)-fuzzy
subsemigroup of S is an (€,,€, vQ,)-fuzzy
subsemigroup of S.

(2) Every (Q,,€, v0,) -fuzzy left (right) ideal of
Sisen (€,,€, vQ,)-fuzzy left (right) idea of
S.

(3) Every (Q,,€, V) -fuzzy generalized bi-ideal
(bi-ideal) of S is an (€,,€, v0;)-fuzzy
generalized bi-ideal (bi-ideal) of S.

(4) Every (d,€, v0;) -fuzzy interior ideal of S

isan (€,,€, v0;)-fuzzy interior ideal of S.

Proof: We prove only (1). Proofs of (2),(3) and
(4) are similar to the proof of (1) .

Let f bea (q,,€, v0y)-fuzzy subsemigroup
of S.Let X,ye S and t,r € (y,1] be such that
xe f,y,e f. Then f(X)2t>y and

f(y)=r>y. Suppose (XY)ine.y €, V05 then

f(xy) <min{t,r} and f(xy)+min{t,r} <26 = f(xy)<5-
Now max{ f (xy),} <min{ f (x), f(y),5}. Then
sdlectan Se (,1] suchthat

26 —max{ f (xy),7} > s> 20 —min{ f (X), f (y),5}
= 201 (xy) =206 —max{f (xy),y}
>s>max{20—f (x),20 -1 (y),o}

= f(X)+s>26, f(y)+s>25

and f(Xy)+S<20 and f(Xy)<J <S.Hence

X0 f,y0,;f but (xy);e, vo,f . This is a
contradiction. Hence (Xy) €, vQ; T thatis

min{t,r}
f isan (g,,€, vQ,) -fuzzy subsemigroup of S.

The above discussion shows that every («, f3) -
fuzzy subsemigroup (left ideal, right idedl,
generalized bi-ideal, bi-idedl, interior ideal) of a
semigroup S is an  (a,€, v0;) fuzzy
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subsemigroup (left ideal, right ideal, generalized bi-
ideal, bi-ideal, interior ideal) of S. Also every
(a,€, vQy) -fuzzy subsemigroup (left ideal, right
ideal, generalized bi-ideal, bi-ideal, interior ideal)
of a semigroup S is an (€,,€, v0;)-fuzzy
subsemigroup (left ideal, right ideal, generalized bi-
ideal, bi-ideal, interior ideal) of S. Thus in the
theory of («, ) -fuzzy subsemigroups (left ideals,
right ideals, generalized bi-ideals, bi-ideals, interior
ideals) of S, (€,,€, v0;)-fuzzy subsemigroups

(Ieft ideals, right ideals, generalized bi-ideals, bi-
ideals, interior ideals) play a centra role.

4. (€,,€, vQ,) -fuzzy ideals
We start this section with the following theorem.

4.1. Theorem For any fuzzy subset f of a
semigroup S and for dl X, ¥,zeS and
t,re(r,]] (1a) isequivaent to (1b), (2a) is
equivalent to (2b), (3a) is equivaent to (3b)
and (4a) isequivaent to (4b), where

1a) %, ¥, €, = Y minery €, VO T
(1b) max{ f (xy), 7} = min{ f (x), f (y),J}.
(22) xe, f=(me vaf (©9)e vaf)-
(2b) max{ f(yx),7}2min{ f(x),6} (max{f(xy),y}=min{f(x),6},
(3a) x. ¥, €, f =)y € VO T
(3b) max{ f (xzy),y} = min{ f (x), f (y),6} .
(4a) x e, f = (yx2), €, vq,f.

(4b) max{ f (yxz),7} = min{ f (x),o}.

Proof: We prove only (1a) < (1b). Proofs of the
remaining parts are similar to this.
(1a) = (1b) Let f beafuzzy subset of S which

satisfies (la). Let x,yeS be such that
max{ f (xy), 7} <min{ f (%), f (y),5} - Select t € (,1]

such that  max{ f (xy),7} <t<min{ f(x), f(y),6} -
Then f(X)>t>y, f(y)>2t>y, f(xy)<t and

f(xy)+t<s+5=25,thatis x €, f,y, €, f
but (xy),€, vq,f . Which is a contradiction.

Hence max{ f (xy),7} = min{ f (), f ().} .
(Ib)=(1a) Let f be a fuzzy subset of S
which satisfies (). Let X,yeS and

t,re(y,] besuchtha x e, f,y e f but

(Xy)mm{tyr} €, v, f . Then

f(xX)>t>y D
f(y)zr>y @)
f (xy)<min{t,r} (3)
and f (xy)+min{t,r} <26 (4).

It follows from (3) and (4) that f(xy) <o . Now
max{ f (xy),7} <5 and max{fOy).7k<min{f (), f(y)},

Thus  max{ f (xy), 7} <min{ f (x), f (y),s}. Which
isacontradiction. Hence (xy) ;.. , €, v, f -

From the above theorem we deduce that

4.2. Definition A fuzzy subset f of a semigroup
Siscaledan

*(€,,€, vQ;)-fuzzy subsemigroup of S if it
satisfies (1b) .

o(g,,€, vO;)-fuzzy left (right) ideal of S if it
satisfies (2b) .

*(€,,€, v0;)-fuzzy generalized bi-ideal of S if
it satisfies (3b).

o(€,,€, v0;)-fuzzy bi-ideal of S if it satisfies
(2b) and (3b).

o(g,,€, v0;)-fuzzy interior ideal of S if it
satisfies (4b) .

4.3. Definition Let f be a fuzzy subset of a
semigroup S. We define

f={xeS:xe f}={xeS: f(X)zr>y}=U(f;r)-

fo={xeS:xq,f}={xeS: f(x)+r>25}.
[f]?={xeS: x e, v fr=1 U f7 for
dlre(y].

44. Theorem Let f be a fuzzy subset of a
semigroup S. Then

() f isan (€,,€, v0;)-fuzzy subsemigroup of
S if and only if U (f;t)(# ¢) is asubsemigroup
of Sfordl te(y,o].

2 f isan (g,,€, vQ,)-fuzzy left (right) ideal
of S if and only if U(f;t)(= @) isaleft (right)
ideal of S forall te(y,0].
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@ f isen (g,,€, vQ,)-fuzzy generalized bi-
ideal (bi-idedl) of S if and only if U (f;t)( @)
is a generalized bi-ideal (bi-ideal) of S for all
te(y,o].

@ f isan (g,,€, vQ,)-fuzzy interior ideal of
S if and only if U (f;t)(= @) isainterior ided
of Sfordl te(y,o].

Proof: (1) Let f be an (c,e, vq,) -fuzzy
subsemigroup of S and x,yeU(f;t) for some
te(y,0]- Then f(x)>t and f(y)>t. By hypothesis
max{ f (xy), 7} = min{ f (%), (y),6} = minft, 8} =t = f (xy) >t -
Hence XyeU(f;t), tha is U(f;t) is a
subsemigroup of S.
Conversely, assume that U(f;t) #¢ is a
subsemigroup of S for al te(y,0]. Suppose
that there exist X,Yye€S such that
max{  (xy), 7} <min{ f (x), f (y),5} - ChoOSe te (y,0]
such that max{ f (xy),7} <t<min{ f(x), f(y),o}.
This implies f(X)>t, f(y)>t and
f(xy)<t, tha is X yeU(f;t) but
xy ¢U (f;t) which is a contradiction. Hence
max{ f (xy), 7} =min{ f(x), f(y), 5}, that is
f isan (€,,€, vQ,) -fuzzy subsemigroup of S.
Similarly we can prove (2), (3) and (4).

From the above Theorem it follows that
(1) Every (€,,€, vQ,)-fuzzy ideal of a
semigroup S is an (€,,€, V() -fuzzy interior
ideal of S.
(2 Every (€,,€, vQ,)-fuzzy left (right) ideal of
asemigroup S isan (€,,€, vd;)-fuzzy bi-ided
ideal of S.
(3) Every (€,,€, v0;)-fuzzy bi-idea of a
semigroup S is an  (€,,€, v0;)-fuzzy
generalized bi-ideal of S.

45. Theorem Let f be a fuzzy subset of a
semigroup S and 20 =1+ y . Then

() f isan (€,,€, vd;)-fuzzy subsemigroup of
Sifandonly if f’(# @) isasubsemigroup of S
foral r e (y,0]

@ f isan (g,,€, vd;)-fuzzy left(right) ideal
of S if and only if f°(# @) isaleft(right) ideal
of Sfordl re(y,o]

3 f isen (g,,€, vQ,)-fuzzy generalized bi-
ideal (bi-ideal) of S if and only if f°(=¢) isa
generalized bi-ideal (bi-ideal) of S for all
re(y,o]

@ f isan (g,,€, vQ;)-fuzzy interior ideal of
S if and only if f’(# @) is an interior ideal of
Sforadl r e(y,0]

Proof: (1) Suppose f isan (€,,€, vd;)-fuzzy
subsemigroup of S and X,ye f°. Then
X,Y,0;f, tha is f(X)+r>20 and
f(Y)+r>20=>1f(X)>20-r>26-1=y
and similaly f(y)>y. By hypothesis
max{ f (xy), 7} = min{ f (x), f (y), 5}

= f(xy) 2min{ f (x), f(y), s}

= f(xy)>min{26-r,26—r,0}.

Since re(y,0], 0<r<l=2-r<9d.
Thus f(xy)>20-r= f(xy)+r>26=>xye
f? . Hence f° isasubsemigroupof S.

Conversely, assume that f’(2¢) is a
subsemigroup of S for dl re(d,]]. Let

X,YeS be such that
max{f (xy),7} <min{f (x),f (y),o} =

26 —min{f (x),f (y),0} <26 —max{f (xy), 7}

= max{25 - f(x),25 - T (y),5} <min{25 — T (xy),26 — 7} -
Take re(y,o] such that
max{26 — f (x),26 — f(y),8} <r <min{26 — f (xy),20 —y} -
Then 206-—f(X)<r,26-f(y)<r and
r<25-f(xy)= f(X)+r>20 and
f(y)+r>20 but f(xy)+r<20, tha is

x0,f,y.q;f but (xy),q,f. Which is a

contradiction. Hence max{ f (xy), 7} > min{ f (x), T (y),5} -
Similarly, we can prove the parts (2), (3) and (4).

46. Theorem Let f be a fuzzy subset of a
semigroup S and 20 =1+ y . Then
() f isan (g,,€, v0;)-fuzzy subsemigroup of

S if and only if [ f]°(# ¢#) is a subsemigroup of
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Sforal re(y,]].

2 f isan (g,,€, vQ,)-fuzzy left(right) idea
of Sifandonlyif [ f]°(# @) isaleft(right) ideal
of Sforal re(y,]].

@3 f isan (g,,€, v(;)-fuzzy generdized bi-
ideal (bi-ideal) of S if and only if [ f1°( ¢) isa
generalized bi-ideal (bi-idea) of S for all
re(y, .

@ f isen (g,,€, vq;) -fuzzy interior ideal of
S if and only if [ f]°(# ¢) isan interior ideal of
Sforal re(y,]].

Proof: (1) Suppose f isan (€,,€, v(;)-fuzzy
subsemigroup of S and X,ye[f]’. Then
x e, vg,f ad vy e vqg;f, tha is
f(X)>r>y  or f(X)+r>26 ad
f(y)2r>y o f(y)+r>26. Thus
f(x)=r>y or f(X)>20-r>26-1=y and
f(yy2r>yor f(y)>26-r>226-1=y.If
re(y,0], then y<r<¢5. This implies
20—r >0 2>r. Then it follows from the above
that f(X)=r and f(y)>r. By hypothesis
max{ f (xy), 7} = min{ f (), f (y). s}
= f(xy)2min{ f(x), f(y),0} >min{r,r,r}=r
andso (xy), €, f.Thus xye[f]°.
If re(o,]], then o<r<1. This implies
20-r<o<r. Then it follows that
f(X)>20—-r and f(y)>20—-r.
Now by hypothesis Max{ f (x),73 = min{ { (), f (y),)
=f (xy)=>min{f (x),f (y),5} >

min{26 —r,26 —r,20—r}=20—r
= f(xy)+r>20=(xy),q;f .
This implies xye[f]’. Thus [f]° is a
subsemigroup of S.

Conversely, assume that [ f]° is a subsemigroup
of Sforal re(y,]].Let X,ye S besuch that

max{ f (xy), 7} <min{ f (x), f(y),o}. Select
re(y,1] such that madf(y).z}<r<min{f(),f(y),5},

Then x €, f,y, e f but (Xy)reyquf.

Which  contradicts our hypothesis. Hence

max{ f (xy), 7} > min{ f (x), f(y),o0} ,thatis
f isan (g,,€, vQ,) -fuzzy subsemigroup of S.
Similarly, we can prove the parts (2), (3) and (4).
4.7. Theorem (1) The intersection of any family of
(€,,€, v0;)-fuzzy subsemigroups of S is again
an (€,,€, v0,)-fuzzy subsemigroup of S.

(2) The intersection of any family of
(€,,€, vQ,)-fuzzy left (right) ideals of S is
again an (€,,€, v0;)-fuzzy left (right) ideal of
S.

(3 The intersection of any family of
(€,,€, v0;)-fuzzy generalized bi-ideal (bi-idedl)
of Sisagainan (€,,€, vQ,)-fuzzy generalized

bi-ideal (bi-ideal) of S.
(49 The intersection of any family of
(€,,€, v0;)-fuzzy interior ideals of S is again

an (€,,€, vQ,)-fuzzy interior ideal of S.

Proof: Straightforward.

4.8. Theorem The union of any family of
(g,,€, v0;)-fuzzy left (right) ideals of S is
again an (€,,€, v0;)-fuzzy left (right) ideal of
S.

Proof: Straightforward.

4.9. Proposition Let f be an (g,,€, va,)-
fuzzy leftidea of S and g bean (€,,€, vQ;)-
fuzzy right ideal of S. Then fg is an
(€,,€, v0y)-fuzzy idea of S.

Proof: Straightforward.

Next we show that if f and Qg are
(€,,€, v0O;)-fuzzy ideals of S, then
fgt fAQ.

410. Example Let S={a,b,c,d} be a
semigroup with the following multiplication table

a c|d

O l0T|Q
VYD IDT

ala
a|a
b | a
b|b

DD
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Define fuzzy subset f,g of S by

f(a)=0.6, f(b)=0.3 f(c)=0.4,
f(d)=0.3, g(a)=065  g(b)=0.3,
g(c)=04, g(d)=0.2.
Then

{a,b,c,d}if 0<t<0.1
{a,b,c} if 0.1<t<0.3

U(f;t)=<{a,c} if 0.3<t<04
{a} if 04<t<0.6
¢ if 06<t
{a,b,c,d} if 0<t<0.2
{a,b,c} if 0.2<t<0.3
U(g;t)=+ {ac} if 0.3<t<04
{a} if 04<t<0.65
¢ if 0.65<t

By Theorem 4.4, f and g are (€,,€, vQ;,)-

fuzzy ideds of S for y =0 and & =0.3. But
f9(0) = v {f (X)Ag(y)} ={04,0.10.3 =042 (f A g)(b) =03

Hence fg £ f A g ingeneral.

4.11. Definition Let f,g be fuzzy subsets of a
semigroup  S. We define the fuzzy subsets
f', fA"g,fvigand f*xgof Sasfollows:
) =(f()vy)no

(f A X =(f AN Vy)AS

(fFVv o)X =W(fvaX)Dvy)rs

(F*g)(¥) =(fg)(X)) v )~
foral Xe S.

412. Lemma Let f,g be fuzzy subsets of a
semigroup S. Then the following hold:

@ fA'g=f"AQ

@ fvig=f'vg

(3 fxg>f'g".

Proof: Proofs of (1) and (2) are straightforward.

(3) Let xeS. If X isnot expresshle as x=yz for
Al ,,cs, then (F=009 =DMV Ad=7A020= g,
Otherwise

()0 =9GNV A0=(( v fa00)v7 |
(v @ )vIAe@vIM)rs

(.10 v NASIA(e@ v A8
(f'()Ag'(@)=(f"g")(x)

= Vv
x=yz

4.13. Lemma Let A, B be non-empty subsets of a
semigroup S. Then the following hold.

*

(D) YaNXe =X aB-
D Xa*Xe=Xns-

4.14. Theorem (1) A fuzzy subset f of a
semigroup S is an  (€,,€, vQ,)-fuzzy
subsemigroup of S if andonlyif f*f < f*.

(2) A fuzzy subset f of a semigroup S is an
(€,,€, v0;)-fuzzy generalized bi-ideal of S if
andonly if f*S*f < f",

(3) A fuzzy subset f of a semigroup S is an
(,,€, v0;) fuzzy left (right) ideal of S if and
onlyif S* f < f* (f*S<f").

(4) A fuzzy subset f of a semigroup S is an
(€,,€, v0;)-fuzzy bi-ideal of S if and only if
frf<f and f*Sxf<f7,

Where S is the fuzzy subset of S mapping every
elementof S on 1.

Proof: Straightforward.

4.15. Definition A fuzzy subset f of a semigroup
Sisan (€,,€, vQ;)-fuzzy quasi-ideal of S if
andonly if (f *S)A(S=f)< f".

4.16. Lemma A non-empty subset A of a
semigroup S is a quasi-ideal of S if and only if
the characteristic function of A is an
(e,,€, v0;)-fuzzy quasi-ideal of S.

Proof: Straightforward.

5. Regular Semigroups

Recall that a semigroup S is regular if for each
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X € S thereexists a€ S such that X = Xax.
5.1. Proposition In aregular semigroup S , every
(€,,€, vO;)-fuzzy interior idea is an

(€,,€, v0;)-fuzzy ideal of S.
Proof: Straightforward.

5.2. Proposition In aregular semigroup S, every
(,,€, vO;)-fuzzy generalized bi-ideal is an

(€,,€, vQy)-fuzzy bi-idedl of S.

Proof: Straightforward.

53. Theorem The following assertions are
equivalent for asemigroup S:

(1) S isregular.

(2) fAg=1fx*g for every (,,€, vQ;)-
fuzzy right idead f and every (€,,€, v(Q,)-
fuzzy leftideal g of S.

Proof: (1)=(2) Let f bean (,,€, vQ,)-

fuzzy right ideal and g bean (€,,€, vQ;,) -fuzzy
left ideal of S. Then by Lemma 4.12,

fxg<fAag.
Let Xe S. Then there exists ae€ S such that
X = Xax. Now

(f *g)(x)=(( v (f(y)/\g(z)))\/}/)/\5

>((f()rg@))vy)as
((fe9A g(ax)vy))vy)/\é
(

((

v

f(X) A g(X)/\5))\/]/)/\5
fF)AgX))vy)as

visko

Thus f *g> f/*\g.Hencef*g:f/*\g.
(2)=(1) Let R bearight ideal and L aleft

ideal of S. Then yi and 7, are (€,,€, vQ,)-

fuzzy right and (€, €, vQ;)-fuzzy left ideals of

S, respectively. By hypothesis Zr* 2L = ZrNL,
By Lemma 4.3, this implies that

*

Yr=Xr=~>RL=RNL. Hence S is a
regular semigroup.

54. Theorem The following assertions are
equivalent for asemigroup S:

(1) S isregular.

(2) fAgah< fxgxh  for every
(€,,€, vQ,)-fuzzy right ided f, every
(€,,€, v0;s)-fuzzy generalized bi-ideal g and
every (€,,€, v0;)-fuzzy leftided h of S.

(3) f/*\g/*\hsf*g*h for  every
(€,,€, vO;)-fuzzy right ided f, every
(€,,€, vQ,)-fuzzy bi-idel g and every
(€,,€, v0;)-fuzzy leftidea h of S.

(4) fAgah< fxgxh  for every
(€,,€, vO;)-fuzzy right ided f, every
(€,,€, vQ;)-fuzzy ques-ideal g and every
(€,,€, v0Q,) -fuzzy leftideal h of S.

Pr oof: (1):>(2) Le f,g,h be any
(€,,€, v0;)-fuzzy right idedl, (€,,€, vd;)-
fuzzy generdized bi-idea and (€,,€, vQ;)-

fuzzy left ideal of S, respectively. Let Xe€ S.

Then there exists a € S such that X = Xax. Thus
we have

(f *g*h)(x):[(( v (f(y)A(g*h)(z)))v;/)/\d}

> ( f(xa) A g*h)(x))vy)w]
:( f(xa)vy)A g*h)(x))vy)w]
z( (F()AS)A g*h)(x))vy)m]

mf( g(y)/\h(z)))vyjAgjv},jA 5}
(

[( f(X) A g(X)/\h(aX))v;/)/\é‘)vy)/\é}
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[ (109 (909 A(h@Iv ) A8)v 7)as]
2 [(109A (90 A (009 8))) 3) 7)1
~[((F(AgXIAN)v 7) 28]

:(f/*\g/*\h)(x).

Thus f AgAah< fxgh.

(2) = (3) = (4) are straightforward.
(4):>(1) Let f bean (g,,€, v0y)-fuzzy
right ideal and g be an (€,,€, vQ;)-fuzzy left
ideal of S. Since S isan (€,,€, V() -fuzzy
quasi-ideal of S, so by hypothesis we have
(figj(x):[fiskgj(x)s(f*S*g)(x)s(f*g)(x)-

But (f /*\gj(x)z(f *g)(X) aways holds,

Thus f Ag=f *Q. Hence by Theorem 5.3, S
isregular.

55. Theorem The following assertions are
equivalent for asemigroup S:

(1) S isregular.

(2) f=1+Sxf for every (g,,€, v0Q,)-
fuzzy generalized bi-ideal f of S.

(3) f=1+Sxf for every (g,,€, vQ;)-
fuzzy bi-ideal f of S.

(4) f=1+Sxf for every (g,,€, v0Q,)-
fuzzy quasi-ideal f of S.

Proof: The proof is similar to the proof of Theorem
5.4,

5.6. Theorem The following assertions are
equivalent for asemigroup S:

(1) S isregular.

(2) f /*\g =fxgxf forevery (g,,€, vQ;)-
fuzzy ques-ided f and every (€,,€, vQ;) -
fuzzy ided g of S.

(3) f/*\g= frgx=f for every (g,,€, v0;)-
fuzzy ques-ided f and every (€,,€, vQ;) -
fuzzy interior ideal g of S.

(4) f/*\g: frgxf for every (g,,€, v0;)-
fuzzy bi-ided f and every (€,,€, vQ,)-fuzzy
ideal g of S.

(5) fig:f*g*f for every (€,,€, v0;)-
fuzzy bi-idedl f and every (€,,€, vQ,)-fuzzy
interior ideal g of S.

(6) f;g: frgxf for evay (e,,€, v0,)-
fuzzy generalized bi-ided f
(€,,€, vQ,) fuzzyided g of S.

and every

(7) fag=fxgxf for every (€,.€, vQs)-
fuzzy generalized bi-ided f
(€,,€, vQ,) -fuzzy interior ideal g of S.

and every

Proof: The proof is similar to the proof of Theorem
5.4.

5.7. Theorem The following assertions are
equivalent for asemigroup S:

(1) S isregular.

(2) fAag<fxg for every (g,,€, v0;)-
fuzzy quesi-idel f and every (€,,€, v(Q;)-
fuzzy leftidea g of S.

(3) fag<fxg for every (€,,€, v0Q,)-
fuzzy bi-ided f and every (€,,€, vQ,)-fuzzy
leftided g of S.

(4) fAag<fxg for every (g,,€, vQ;)-
fuzzy generalized bi-ided f and every
(¢,,€, v0;)-fuzzy leftidea g of S.

Proof: The proof is similar to the proof of Theorem
5.4.

6. Intraregular Semigroups

A semigroup S is said to be intra regular if for
each XeS there exis a,beS such that
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X =axxb . In general, neither regular semigroup is
intra regular nor is intra regular semigroup regular.
If S is commutative then both the concepts
coincide.

6.1. ExampleLet A be acountably infinite set and
S={a : A> A : aisoneoneand A-a(A) isinfinite]
Then S is a semigroup with respect to the
composition of functions and is called Baer-Levi
Semigroup (cf. 24). This semigroup is right
cancellative, right simple without idempotents (cf.
[24, Th. 8.2). Thus S is not regular but intra
regular.

6.2. Example Consider the semigroup

={0,1,2,3,4}.

0|12 |34
0/0]0]0]0|O0
1/0[{0]0]1]2
2/0]1]2]0]0
3/]0/]0]|0]3 |4
4/0|13|14|]0]0

Thissemigroup S isregular but not intraregular.

6.3. Theorem The following assertions are
equivalent for asemigroup S :

(1) S isintraregular.
(2) f/*\gs fxg for every (g,,€, v0;)-

fuzzy leftideal f and every (€,,€, vQ;,)-fuzzy
rightideal g of S.

Proof: (1):>(2) Let f bean (€,,€, v0Q,)-
fuzzy left idedl and g bean (€,,€, vQ,)-fuzzy

right ideal of S. Let Xe€ S. Then there exist
a,be S suchthat X =axxb . Now

(f *g)(x):(( v (f(y)/\g(Z)))V]/)/\5

2((f (ax)Ag(xb))vy)Aa
=(((f@)vy)A(gb) v y))vy)as
2(( (f()AS)A g(x)/\é))v;/),\g

((

f()Ag(X)vy)as

=(f/*\g)(x).

Thusf*ng/*\g.

(2)=(1) Let R be any right ideadl and L be
any left ideal of S. Then yy and y, are
(€,,€, vQ,)-fuzzy right and (€,,€, vQ,)-
fuzzy left ideals of S, respectively. By hypothesis

XL * X2 XL N Xr- By Lemma4.13, thisimplies

that ¥ x> ¥ -r = LRDLNR. Hence S is
anintraregular semigroup.

6.4. Theorem The following assertions are
equivalent for asemigroup S:

(1) S isboth regular and intraregular.

(2) lt =fxf for every (g,,€, vQ;)-fuzzy
quasi-ideal f of S.

(3) ]t =fxf for every (g,,€, v0;)-fuzzy
bi-ideal f of S.

(4) f /*\g <f=xg foral (g,€, va;)-fuzzy
quasi-ideals f, Qg of S.

(5) f;gs f+g for every (g,,€, v0,)-
fuzzy quesi-idedl f and every (€,,€, vQ;)-
fuzzy bi-ideal g of S.

(6) f /*\g <fxg foral (g,€, va;)-fuzzy
bi-ideals f,g of S.

Proof: (1)=(6) Let f,g be (c,,€, va,) -

fuzzy bi-idedlsof S. Let X € S. Then there exist
a,b,ce S such that x=axxb and X= Xxcx.

Thus
X = XCX = XCXCX = xc(axxb)cx = (xcax)(xbcex) .
Thus we have

(fxg)(x)= ((X_vyz( F(y) A g(z)))v 7/)/\5
> ((f (xcax) A g(xbex)) v 7 ) A S
=(((fOca) v y) A(g(oecx) v 7)) vy ) A S
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2(((f(X)A5)A(g(X)A5))v7)A5
=((f)Ag())vy)as

:(f /\gj(x)

Thus f *g> f/*\g.
(6):(5):(4) are obvious.
(4):>(2) Take f=g in (4) we get

fxf>f. Since every (€,,€, va,)-fuzzy

quesi-ideal of S is an (€,,€, vQ,)-fuzzy

subsemigroup of S, fxf<f. Thus

frf=f.
(6):(3) Take f=g in (6) we get

f+f>f. Snceevery (g,€, va;)-fuzzy bi-
idel of S is an (g,€, v0;)-fuzzy
subsemigroup of S, so f*xf <f. Thus
f=f=1F.

(3) = (2) Obvious.

(2)=(1) Let Q be aquasi-ideal of S. Then
Xo isan (€,,€, v{,)-fuzzy quesi-ideal of S.
Hence by hypothesis , * ¥4 = ¥ - Thisimplies

that yoo = Xo. that is QQ=Q. Hence by
Theorem 2.3, S isboth regular and intraregular.

6.5. Theorem The following assertions are
equivalent for asemigroup S:

(1) S isboth regular and intraregular.

(2) f/*\gs(f*g)/\(g*f) for every
(€,,€, vQ;)-fuzzy right idea f and every
(,,€, vO;)-fuzzy leftidea g of S.

(3) fag<(frg)a(g*f) for every
(€,,€, vQ;)-fuzzy right ideal f and every
(€,,€, vQ;)-fuzzy quas-ideal g of S.

(4) f/*\gﬁ(f*g)/\(g*f) for every
(,,€, v0;)-fuzzy right ideal f and every
(€,,€, vQ,)-fuzzy bi-ided g of S.

(5) fag<(f*g)a(g*f) for every
(,,€, v0;)-fuzzy right ideal f and every
(€,,€, v0;)-fuzzy generalized bi-ideal g of S.
(6) frg<(frg)a(g+f) for every
(€,,€, vQ,)-fuzzy left idel f and every
(¢,,€, v0y)-fuzzy quasi-ideal g of S.

(7) f/*\gﬁ(f*g)/\(g*f) for every
(€,,€, vO;)-fuzzy left ided f and every
(€,,€, vQ,)-fuzzy bi-ided g of S.

(8) fag<(f*g)a(g*f) for every
(€,,€, vO;)-fuzzy left ided f and every
(€,,€, v0;)-fuzzy generalized bi-ideal g of S.
(9) frg<(frg)a(g+f) for al
(,,€, vQ,)-fuzzy quasi-ideal f,g of S.
(10) fag<(f*g)a(g*f) for every
(€,,€, v0O;)-fuzzy quasi-idel f and every
(¢,,€, v0;) -fuzzy bi-ideal g of S.

(1) fag<(fxg)a(gef) for every
(€,,€, v0Os)-fuzzy quas-idel f and every
(€,,€, v0;) -fuzzy generdlized bi-idedl g of
S.

(12)  fag<(fxg)a(gsf) for al
(¢,,€, vQ,)-fuzzy bi-ideds f, g of S.

(13) f/*\gS(f*g)/\(g*f) for every
(€,,€, vO;)-fuzzy bi-ided f and every
(€,,€, v0;) -fuzzy generdlized bi-ideal g of
S.

(14) f/*\gg(f*g)/\(g*f) for all
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(€,,€, v0;)-fuzzy generalized bi-ideal f,g of
S.

Proof: The proof is similar to the proof of Theorem
6.4.
7. Semisimple Semigroups

Recall that a semigroup S is semisimple if every
two sided ideal of S isidempotent. It is clear that a
semigroup S is semisimple if and only if
ae (SaS)(SaS) for every a€ S, that is there

exist X, Y,z t € S suchthat a=(xay)(taz).

7.1. Theorem In a semisimple semigroup S, a
fuzzy subset f of Sisen (€,,€, vQ,)-fuzzy

ideal of S if and only if itisen (€,,€, vQ,)-
fuzzy interior ideal of S.

Proof: Straightforward.

7.2. Theorem For a semigroup S the following
assertions are equival ent

(1) S issemisimple.

(2) f*f= f for every (€,,€, vQ;)-fuzzy
ideal f of S.

(3) fxf= lt for every (€,,€, vq,)-fuzzy
interior ideal f of S.

(4) f /*\g =f g foral (g,,€, vQ,)-fuzzy
ideals f,g of S.

(5) f/*\g= fxg for every (€,,€, vQ,)-
fuzzy idedl f and every (€,,€, vQ,)-fuzzy
interior ideal g of S.

(6) f/*\g= fxg for every (g,,€, vQ;)-
fuzzy interior ideal f and every (€,,€, v{;)-
fuzzy ideal g of S.

(7) f /*\g =f g foral (¢,,€, vQ,)-fuzzy
interior ideals f, g of S.

Pr oof: (1):>(7) Let S be a semisimple

semigroup and  f,g be (€,,€, va,)-fuzzy
interior ideals of S. Let X€ S. Then there exist
a,b,c,de S such that x=(axb)(cxd). Thus
we have

(fxg)(x)= ((szyz( f(y) A g(z)))v 7)A5

:(f;\gj(x).

Thus f *g> f AQ.Sinceevery (€,,€, vQ;)-

fuzzy interior ideal of S in a semismple
semigroup is an (€,,€, V() -fuzzy idea of S,

S0 f*gSf/*\g.Hence f *g:f/*\g.
(7)=(6)=(4)=(2). (7)=(3)=(2) and
(7)=(5)=(4) areobvious.

(2)=(1) Let A beany ideadl of S. Then y, is
an (€,,€, v0,)-fuzzy ideal of S. Thus by

hypothesis  y,* yo= 7, tha is AA=A.
Hence S isasemisimple semigroup.
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