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Abstract

The purpose of this paper is the study of sub-hyperspaces of a hypervector space investigating some of their
properties. In this regard, the notion of a normal fuzzy sub-hyperspace of hypervector space is introduced. Using
it, we construct new fuzzy sub-hyperspaces. We aso show that, under certain conditions, a fuzzy sub-hyperspace

of ahypervector space is two-valued and takes the values 0 and 1.
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1. Introduction

Hyperstructure theory was born in 1934 when
Marty [1] defined hypergroups, began to anayze
their properties and applied them to groups, and
rational algebraic functions. Now they are widely
studied from a theoretical point of view and for
their applications to many subjects of pure and
applied properties [2]. In 1988, Maria Scafati
Tallini [3] introduced the notion of hypervector
space and studied their basic properties. In 1965,
Zadeh [4] introduced the notion of afuzzy subset of
a non-empty set X as a function from X to
[0,1]. Fuzzy set theory has been shown to be a

useful tool to describe situations in which the data
are imprecise or vague. Fuzzy sets handle such
situations by attributing a degree to which a certain
object belongs to a set. In 1971, Rosenfeld [5]
applied this to the theory of grupoids and groups
defining the concept of fuzzy group. Since then
many papers have been published in the field of
fuzzy algebra. One recent book [6] contains a
wealth of applications. The concepts of fuzzy field
and a fuzzy linear space over a field were
introduced and discussed by Nanda [7]. In 1997,
Katsaras and Liu [8] formulated and studied the
notion of fuzzy vector subspaces over the field of
real or complex numbers. Severa characterizations on
fuzzy vector spaces have been provided in [9-14].
Recently fuzzy set theory has been well developed in
the context of hyperalgebraic structure theory [15-26]
etc. In[15] Ameri introduced and studied the notion of
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fuzzy hypervector space over valued fields. In [16-
19] Ameri et. a. studied more properties of fuzzy
hypervector spaces as a generaization of fuzzy
vector spaces. The purpose of this paper is the study
of sub-hyperspaces of a hypervector space
investigating some of their properties. Especialy,
some ways of constructing new fuzzy sub-
hyperspaces from the old are considered. In this
regard, we introduce the notion of a normal fuzzy
sub-hyperspace of hypervector space. Using it, we
construct new fuzzy sub-hyperspaces. We also
show that, under certain conditions (such as: a non-
constant normal fuzzy sub-hyperspace is maximal
in the partia ordered set of anorma fuzzy sub-
hyperspaces of a hypevector space), a fuzzy sub-
hyperspace of a hypervector space is two-valued
and takesthe values 0 and 1.

2. Preliminaries

In this section, we present some definitions and
simple properties of hypervector spaces and fuzzy
subsets that we will use later.

Definition 2.1. A map o: HxH =P (H) is
called hyperoperation or join operation on the set
H, whee H is a nonempty set and

P (H)=PH)\{D} denotes the set of all
non-empty subsetsof H .

Definition 2.2. A hyperstructure is called a pair
(H ,0) where o isahyperoperationontheset H .
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If Xe H and A, B are non-empty subsets of H ,
then

AeB= [ acb,Acx=Ac{x},and xo B={x}oB-

acAbeB

Definition 2.3. [27] Let K be afield and (V,+)

an Abelian group. A hypervector spaceover K isa
quadruple (V,+,0,K) , where "o" isamapping:

o KxV = P'(V)

such that for al a,be K and X,yeV the
following conditions hold:

1L ao(x+y)caex+acy,

2. (a+b)oxc aox+box,

3. ac(box) =(ab)o x,

4, ao(—X) =(-a)ox=—(acXx),

5 XeloX.

Remark 1. (i) In the right-hand side of the right
distributive law (H1), the sum is meant in the sense
of Frobenius, that is we consider the set of all sums
of an element of ao X with an element of acy.

Similarly, itisin the left distributive law (H2).

(i) We say that (V,+,0, K) isleft distributive if
Va,be K,vxeV,(a+b)oxoaox+box
and strongly left distributive if

Va,be K,vxeV,(a+b)ox=aox+box.
In a similar way, we define the right distributive
and strongly right distributive hypervector spaces,
respectively. The hypervector space (V,+,0,K) is
called strongly distributive if it is both strongly left
and strongly right distributive.

(iii) The left-hand side of the associative law (H3)
means the set-theoretical union of &l thesets ao y,

where y runsover theset bo X, that is,

ac(box)= (Jaoy.

yebox

(iv) Let Q, =000, where O is the zero of
(V,+). In [27], it is shown that if V is either
strongly right or strongly left distributive, then Q
isasubgroup of (V,+).

Several examples and other characterizations of
hypervector spaces can be found in [18], [22], [28-

37].

Througout the paper, unless otherwise specified, we
assumethat V isahypervector space over the field
K.

Definition 2.4. A non-empty subset W of V is
called a sub-hyperspace if W is itself a
hypervector space with the hyperoperation on V ,
that is,

W=,

vX,yeW = x-yeW,

Vaec K,VXxeW =aoxcW.

In this case, we write W <V .
Let X beanordinary set. By afuzzy set i in X,

we mean afunction : X —[0,1] with the grade
of membership u(X) for xe X . If te[0,1],
then g, ={Xe X:u(X)=>t} is cadled a level
subset of 1. We define FS(X) the set of fuzzy
satsof X .If e FS(X) and Ac X, then by
1(A), we mean

“(A) = A u(@).

acA

3. Fuzzy normal sub-hyper spaces

Definition 3.1. Let K beafieldand v € FS(K) .

Suppose the following conditions hold:
1. v(a+b)=v(@) av(b), Va,be K,

2.v(-a)=>v(a), VaeK,

3. v(ab)>v(a)av(b), Va,be K,

4. v(@at)=v(a), vae K\{0}.

Then, call v a fuzzy field in K and denote it by
Vi -

Definition 3.2. [15] Let V be a hypervectorspace
over afield K and v afuzzy field of K. A fuzzy
set 1 of V issaid to be afuzzy hypervector space
of V' over the fuzzy field v, , if foral X,yeV
and al aeK, the following conditions are
satisfied:

Lop(X+y)z u(x) A pu(y),

2. u(=x) 2 p(x),

3 Ayl 2 V(@) A ().

4. v(1) > u(0).
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If we consider v = y, the characteristic function
of K, then u is caled afuzzy sub-hyperspace of

V.

Clearly, if u isafuzzy sub-hyperspace of V , then
1(0) > u(x) foral XxeV . Also, u isafuzzy
sub-hyperspace of V if and only if £ is a sub-
hyperspaceof V foral t €[0,1].

Lemma3.3. If u isafuzzy sub-hyperspaceof V ,
then the set V, ={xeV |u(x)=x(0)} is a
sub-hyperspace of V .

Proof: Let X,y eV, . Then u(x) = u(y) = u(0).
Since 1 isafuzzy sub-hyperspace, it follows that
H#(X=Y) = 1(X) A u(y) = p(0) A p(0) = 2(0).

On the other hand, x(X—Y) < 1(0) . Hence we
have 41(Xx—X) = 1(0) andso X—y eV, . Also,
for any xeV, ad aeF, we get
Ayeax 20¥) > 11(X) = £2(0) . On the other hand,
/\yeaoxlu(y) <u(0). Hence, we obtain

Ayearx u(y)=u(0), which shows that
aoxcV,. Consequently, the set V, is a sub-
hyperspace of V .

Definition 3.4. A fuzzy sub-hyperspace i of V is
said to be normal if there exists X €V such that
1#(X) =1. Note that if a fuzzy sub-hyperspace of
V is norma, then x(0)=1. Hence u is a
normal fuzzy sub-hyperspace if and only if

u(0) =1.

Theorem 3.5. Let i be afuzzy sub-hyperspace of
V and let 1 be afuzzy set in V defined by
1(X) = u(X)+1— 1(0) foral xeV.Then u
is anormal fuzzy sub-hyperspace of V' containing
U

Proof: Let X,yeV and ae K. Then

A(X=Y) = u(X=y)+1= u(0) 2 (u(x) A u(Y)) +1- /i(O) =
= (u(¥)+1=u1(0)) A (uy) +1= £(0)) = gz A ().

Also, we have
A D)= A #(2)+1-u(0)2 u(x)+1-u(0) = F(X)*

ZeaeX ZeaeX

Clearly, ££(0)=1 and g < u. This completes
the proof.

Corollary 3.6. If u isafuzzy sub-hyperspace of
V saisfying z(X) =0 for some XxeV, then
#(x)=0.

Lemma 3.7. Let y,, be the characteristic function
of asubset W <V . Then W is a sub-hyperspace
of V if and only if y,, isafuzzy sub-hyperspace
of V.

Proof: It follows from the discussion after
Definition 3.2.

Theorem 3.8. For any sub-hyperspace W of V ,
the characteristic function y,, is a norma fuzzy

sub-hyperspace of V' and VzW =W.

Proof: Straightforward.

Theorem 3.9. A fuzzy sub-hyperspace u of V is
normal if and only if 2z = s .

Proof: If z = u, then it is obvious that u is a

normal fuzzy sub-hyperspace of V . Assume that
4 isanormal fuzzy sub-hyperspace of V' and let

xeV. Then u(X) = u(X)+1-u(0) = u(X),
and hence 11 = u .

Theorem 3.10. If u is afuzzy sub-hyperspace of
V ,then ()= ji.
Proof: Straightforward.

Theorem 3.11. Let u be a fuzzy sub-hyperspace
of V . If there exists a fuzzy sub-hyperspace v of
V satisfying v < M, then g is anorma fuzzy
sub-hyperspace of V .

Proof: Suppose there exists a fuzzy sub-hyperspace
v of V suchthat v < 4. Then 1=/ (0) < 1(0)

, and therefore 12(0) =1.

Corollary 3.12. Let 1 be afuzzy sub-hyperspace

of V . If there exists a fuzzy sub-hyperspace v of
V satisfying v < 1, then 1= pu.
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Proof: It is immediately obtained from Theorem
3.11 and definition of 11 .

Theorem 3.13. Let u be a fuzzy sub-hyperspace
of V and f :[0, (0)] —[0,1] be anincreasing
map. Define a fuzzy set 4':V —[0,1] by
L'(X) = f(u(x)) foradl xeV. Then ' isa
fuzzy sub-hyperspace of V. In particular, if
f(t)>t foral t [0, x(0)],then uc 4.

Proof: Let X,y €V . Then

#(x=y) = T (u(x=y)) 2 f(u(x) A p(y)) =
= F () A (u(y) = /() A ' ().

Also, if aeK and XeV, then
Azeax (D) = T o #(2) 2 T (1(X)) = 1/(X) -
Hence u' is a fuzzy sub-hyperspace of V.
Assumethat f(t)>t foral t [0, #(0)]. Then
1'(X) = f(u(X)) > pu(x) for al xeV, which
means 1 C i’

Theorem 3.14. Let 1 be a non-constant normal

fuzzy sub-hyperspace of V' , which is maximal in
the partial ordered set of norma fuzzy sub-
hyperspaces of V' under fuzzy sets inclusion. Then
M is atwo-valued fuzzy sub-hyperspace and takes

thevalues 0 and 1.

Proof: We know that (0) =1. Let XxeV such
that u(X)#1. It is enough to show that
1(X) = 0. Assume that there exists X' €V such
that O< u(X)<1l. Define a fuzzy set

v:V —[0,1] by v(X) = %(y(x) + (X)) for

dl XeV. Then clearly v is well-defined. Let
X, Y€V . Then

V(x-y) = %(;!(X— y)+ u(x)) 2 %((u(X) A u(Y)) + (X)) =
1 1

= GO0+ OO A G () + 100 =) AV(Y).

Also, if ae K and XeV , then

A V(D)= %(Amu(zw(x')) > %(u(x) (X)) =v(%)

Zeaox

Hence v isafuzzy sub-hyperspace of V . Now we
have

V(X)=v(X)+1-v(0) =

= 209+ X)) +1- ((0) + X)) = () +1),

So v (0) = %(y(0)+1) =1.Thus v isanormal
fuzzy sub-hyperspace  of V. Also
v(0)=1>v(x)= %(ﬂ(X’) +1) > p(X). we

know that V is non-constant. So by
V(X)) > u(X) it follows that z is not maximal,
which is a contradiction. Therefore x4 takes only
values 0 and 1.

Theorem 3.15. Let 4 be a fuzzy sub-hyperspace
of V and let 1 beafuzzy setin V defined by
14(X) = 1(X)1(0) for al xeV . Then u isa
normal fuzzy sub-hyperspaceof V' containing z .

Proof: Forany X,y €V , wehave
u(X=y) = u(X=y)u(0) = (Lu(0))(u(x) A 1(y)) =

= (u(X) (0)) A (u(y) 1(0)) = () A ().
Also,if ae K and XeV , weget

A #2) = (A 1#(Dp0)= (u(X)(0) = u(x)

ZeaeX ZeacX

Hence ; is afuzzy sub-hyperspace of V . Clearly
u0)=land pcp.

Corollary 3.16. If u isafuzzy sub-hyperspace of
V satisfying ;(X) =0 for some XeV, then
4(xX)=0.

Proof: It is obvious.

Theorem 3.17. Let u be a non-constant fuzzy

sub-hyperspace of V' such that ; is maximal in
the partial ordered set of norma fuzzy sub-

hyperspace of V' under fuzzy set inclusion. Then
1. u isnormal.

2. u takesonly thevalues 0 and 1.
3. v, M.
4.V, isamaximal sub-hyperspace of V .
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Proof: Since 4 is non-constant, i is non-
constant maximal. Also, g is normal, which
implies ,Zi takes only the values 0 and 1 by
Theorem 3.14. If u(X) =1, then u(X) = 1(0)
and if u(x)=0, then u(x)=u(0)-1. By
Corollary 3.6, we have x(X) =0 which implies
1#(0)=1. Therefore u is norma, and aso
11 = 1 by Theorem 3.9, which proves (1) and (2).
(3) Clearly ZV,, c u and ;(V# takes only the

values 0 and 1. Let XeV and u(X) =0, then
“uS yy, - It u(x)=1, then xeV, and so
7]

x (X)=Ll.Inanycase uC p, -
u u
(4) Since u is non-constant, Vﬂ is a proper sub-

hyperspace of V . Let W be a sub-hyperspace of
V  such that V,cW. Then we obtain

M=), < Yw- Since y and y, are normal
i

and u = i1 ismaximal in the partial ordered set of
normal fuzzy sub-hyperspaces under fuzzy sets
inclusion, we have 1 = g, or z(X) =1 for all

xeV, so W=V. If u=y,, then
Vv, :VZW =W by Theorem 3.8. Therefore V,, is

amaximal sub-hyperspaceof V .
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