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Abstract 

The purpose of this paper is the study of sub-hyperspaces of a hypervector space investigating some of their 
properties. In this regard, the notion of a normal fuzzy sub-hyperspace of hypervector space is introduced. Using 
it, we construct new fuzzy sub-hyperspaces. We also show that, under certain conditions, a fuzzy sub-hyperspace 
of a hypervector space is two-valued and takes the values 0 and 1. 
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1. Introduction 

Hyperstructure theory was born in 1934 when 
Marty [1] defined hypergroups, began to analyze 
their properties and applied them to groups, and 
rational algebraic functions. Now they are widely 
studied from a theoretical point of view and for 
their applications to many subjects of pure and 
applied properties [2]. In 1988, Maria Scafati 
Tallini [3] introduced the notion of hypervector 
space and studied their basic properties. In 1965, 
Zadeh [4] introduced the notion of a fuzzy subset of 
a non-empty set X  as a function from X  to 
[0,1]. Fuzzy set theory has been shown to be a 

useful tool to describe situations in which the data 
are imprecise or vague. Fuzzy sets handle such 
situations by attributing a degree to which a certain 
object belongs to a set. In 1971, Rosenfeld [5] 
applied this to the theory of grupoids and groups 
defining the concept of fuzzy group. Since then 
many papers have been published in the field of 
fuzzy algebra. One recent book [6] contains a 
wealth of applications. The concepts of fuzzy field 
and a fuzzy linear space over a field were 
introduced and discussed by Nanda [7]. In 1997, 
Katsaras and Liu [8] formulated and studied the 
notion of fuzzy vector subspaces over the field of 
real or complex numbers. Several characterizations on 
fuzzy vector spaces have been provided in [9-14]. 
Recently fuzzy set theory has been well developed in 
the context of hyperalgebraic structure theory [15-26] 
etc. In [15] Ameri introduced and studied the notion of 
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fuzzy hypervector space over valued fields. In [16-
19] Ameri et. al. studied more properties of fuzzy 
hypervector spaces as a generalization of fuzzy 
vector spaces. The purpose of this paper is the study 
of sub-hyperspaces of a hypervector space 
investigating some of their properties. Especially, 
some ways of constructing new fuzzy sub-
hyperspaces from the old are considered. In this 
regard, we introduce the notion of a normal fuzzy 
sub-hyperspace of hypervector space. Using it, we 
construct new fuzzy sub-hyperspaces. We also 
show that, under certain conditions (such as: a non-
constant normal fuzzy sub-hyperspace is maximal 
in the partial ordered set of anormal fuzzy sub-
hyperspaces of a hypevector space), a fuzzy sub-
hyperspace of a hypervector space is two-valued 
and takes the values 0 and 1. 

2. Preliminaries 

In this section, we present some definitions and 
simple properties of hypervector spaces and fuzzy 
subsets that we will use later. 
 

Definition 2.1. A map )(: * HHH   is 

called hyperoperation or join operation on the set 
H , where H  is a non-empty set and 

}{\)(=)(* HH   denotes the set of all 

non-empty subsets of H . 
 
Definition 2.2. A hyperstructure is called a pair 

),( H  where   is a hyperoperation on the set H .  
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If Hx  and BA,  are non-empty subsets of H , 

then 
 

}{=,=
,

xAxAbaBA
BbAa

 


, and BxBx  }{= . 

 
Definition 2.3. [27] Let K  be a field and ),( V  

an Abelian group. A hypervector space over K  is a 
quadruple ),,,( KV  , where ""  is a mapping: 
 

)(: * VPVK   
 
such that for all Kba ,  and Vyx ,  the 

following conditions hold: 
1. ,)( yaxayxa    

2. ,)( xbxaxba    

3. ,)(=)( xabxba   

4. ),(=)(=)( xaxaxa    

5. xx 1 . 
 
Remark 1. (i) In the right-hand side of the right 
distributive law (H1), the sum is meant in the sense 
of Frobenius, that is we consider the set of all sums 
of an element of xa   with an element of ya  . 

Similarly, it is in the left distributive law (H2). 
(ii) We say that ),,,( KV   is left distributive if  

xbxaxbaVxKba   )(,,,   

and strongly left distributive if  
xbxaxbaVxKba   =)(,,, .  

In a similar way, we define the right distributive 
and strongly right distributive hypervector spaces, 
respectively. The hypervector space ),,,( KV   is 

called strongly distributive if it is both strongly left 
and strongly right distributive. 
(iii) The left-hand side of the associative law (H3) 
means the set-theoretical union of all the sets ya  , 

where y  runs over the set xb  , that is, 
 

yaxba
xby

 


=)( . 

 
(iv) Let 00= V , where 0  is the zero of 

),( V . In [27], it is shown that if V  is either 

strongly right or strongly left distributive, then   
is a subgroup of ),( V . 

Several examples and other characterizations of 
hypervector spaces can be found in [18], [22], [28-
37]. 

Througout the paper, unless otherwise specified, we 
assume that V  is a hypervector space over the field 
K . 
 
Definition 2.4. A non-empty subset W  of V  is 

called a sub-hyperspace if W  is itself a 

hypervector space with the hyperoperation on V , 
that is, 

W , 

,, WyxWyx   

WxaWxKa  , . 

 
In this case, we write VW  . 
Let X  be an ordinary set. By a fuzzy set   in X , 

we mean a function [0,1]: X  with the grade 

of membership )(x  for Xx . If [0,1]t , 

then })(:{= txXxt    is called a level 

subset of  . We define )(XFS  the set of fuzzy 

sets of X . If )(XFS  and XA , then by 

)(A , we mean  

)(=)( aA
Aa

 


.  

3. Fuzzy normal sub-hyperspaces 

Definition 3.1. Let K  be a field and )(KFS . 

Suppose the following conditions hold:  
1. )()()( baba   , Kba  , ,  

2. )()( aa   , Ka ,  

3. )()()( baab   , Kba  , ,  

4. )()( 1 aa   , {0}\Ka .  

Then, call   a fuzzy field in K  and denote it by 

K .  

 
Definition 3.2. [15] Let V  be a hypervectorspace 
over a field K  and   a fuzzy field of K . A fuzzy 

set   of V  is said to be a fuzzy hypervector space 

of V  over the fuzzy field K , if for all Vyx ,  

and all Ka , the following conditions are 
satisfied: 
1. )()()( yxyx   ,  

2. )()( xx   ,  

3. )()()( xay
xay

    ,  

4. (0)(1)   .  
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If we consider K =  the characteristic function 

of K , then   is called a fuzzy sub-hyperspace of 

V . 

Clearly, if   is a fuzzy sub-hyperspace of V , then 

)((0) x   for all Vx . Also,   is a fuzzy 

sub-hyperspace of V  if and only if t  is a sub-

hyperspace of V  for all [0,1]t . 

 
Lemma 3.3. If   is a fuzzy sub-hyperspace of V , 

then the set (0)}=)(|{=  xVxV   is a 

sub-hyperspace of V . 
 

Proof: Let Vyx , . Then (0)=)(=)(  yx . 

Since   is a fuzzy sub-hyperspace, it follows that  

(0)=(0)(0)=)()()(   yxyx .  

 
On the other hand, (0))(   yx . Hence we 

have (0)=)(  xx   and so Vyx  . Also, 

for any Vx  and Fa , we get 

(0)=)()(  xy
xay

   . On the other hand, 

(0))(   
y

xay  . Hence, we obtain 

(0)=)(  y
xay   , which shows that 

Vxa  . Consequently, the set V  is a sub-

hyperspace of V . 
 
Definition 3.4. A fuzzy sub-hyperspace   of V  is 

said to be normal if there exists Vx  such that 

1=)(x . Note that if a fuzzy sub-hyperspace of 

V  is normal, then 1=(0) . Hence   is a 

normal fuzzy sub-hyperspace if and only if 
1=(0) .  

 
Theorem 3.5. Let   be a fuzzy sub-hyperspace of 

V  and let ~  be a fuzzy set in V  defined by 

(0)1)(=)(~  xx  for all Vx . Then ~  

is a normal fuzzy sub-hyperspace of V  containing 
 .  

Proof: Let Vyx ,  and Ka . Then  
=(0)1))()(((0)1)(=)(~   yxyxyx

).(~~=(0))1)(((0))1)((= yyx  
 
Also, we have  

)(~=(0)1)((0)1)(=)(~ xxzz
xazxaz

 
 

.  

Clearly, 1=(0)~  and  ~ . This completes 

the proof. 
 
Corollary 3.6. If   is a fuzzy sub-hyperspace of 

V  satisfying 0=)(~ x  for some Vx , then 

0=)(x . 

 

Lemma 3.7. Let W  be the characteristic function 

of a subset VW  . Then W  is a sub-hyperspace 

of V  if and only if W  is a fuzzy sub-hyperspace 

of V . 
 
Proof: It follows from the discussion after 
Definition 3.2. 
 
Theorem 3.8. For any sub-hyperspace W  of V , 

the characteristic function W  is a normal fuzzy 

sub-hyperspace of V  and WV
W

= .  

 
Proof: Straightforward. 
 
Theorem 3.9. A fuzzy sub-hyperspace   of V  is 

normal if and only if  =~ .  

 
Proof: If  =~ , then it is obvious that   is a 

normal fuzzy sub-hyperspace of V . Assume that 

  is a normal fuzzy sub-hyperspace of V  and let 

Vx . Then )(=(0)1)(=)(~ xxx   , 

and hence  =~ . 

 
Theorem 3.10. If   is a fuzzy sub-hyperspace of 

V , then  ~=)~(
~

.  

 
Proof: Straightforward. 
 
Theorem 3.11. Let   be a fuzzy sub-hyperspace 

of V . If there exists a fuzzy sub-hyperspace   of 

V  satisfying  ~ , then   is a normal fuzzy 

sub-hyperspace of V . 
 
Proof: Suppose there exists a fuzzy sub-hyperspace 
  of V  such that  ~ . Then (0)(0)~=1  
, and therefore 1=(0) . 

 
Corollary 3.12. Let   be a fuzzy sub-hyperspace 

of V . If there exists a fuzzy sub-hyperspace   of 

V  satisfying  ~ , then  =~ . 
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Proof: It is immediately obtained from Theorem 
3.11 and definition of ~ . 

 
Theorem 3.13. Let   be a fuzzy sub-hyperspace 

of V  and [0,1](0)][0,: f  be an increasing 

map. Define a fuzzy set [0,1]:  V  by 

))((=)( xfx   for all Vx . Then   is a 

fuzzy sub-hyperspace of V . In particular, if 

ttf )(  for all (0)][0,t , then   .  

 
Proof: Let Vyx , . Then  

=))()(())((=)( yxfyxfyx    

).()(=))(())((= yxyfxf    

Also, if Ka  and Vx , then 
)(=))(())((=)( xxfzfz

xazxaz
    

. 

Hence   is a fuzzy sub-hyperspace of V . 

Assume that ttf )(  for all (0)][0,t . Then 

)())((=)( xxfx    for all Vx , which 

means   . 

 
Theorem 3.14. Let   be a non-constant normal 

fuzzy sub-hyperspace of V , which is maximal in 
the partial ordered set of normal fuzzy sub-
hyperspaces of V  under fuzzy sets inclusion. Then 
  is a two-valued fuzzy sub-hyperspace and takes 

the values 0 and 1.  
 
Proof: We know that 1=(0) . Let Vx  such 

that 1)( x . It is enough to show that 

0=)(x . Assume that there exists Vx   such 

that 1<)(<0 x . Define a fuzzy set 

[0,1]: V  by ))()((
2

1
=)( xxx    for 

all Vx . Then clearly   is well-defined. Let 

Vyx , . Then 
 

=))()))()(((
2

1
))()((

2

1
=)( xyxxyxyx    

).()(=)))()((
2

1
()))()((

2

1
(= yxxyxx    

 
Also, if Ka  and Vx , then 
 

)(=))()((
2

1
))()((

2

1
=)( xxxxzz

xaz
xaz

  





. 

 
Hence   is a fuzzy sub-hyperspace of V . Now we 
have 

=(0)1)(=)(~  xx  

1).)((
2

1
=))((0)(

2

1
1))()((

2

1
=  xxxx   

 

So 1=1)(0)(
2

1
=(0)~  . Thus ~  is a normal 

fuzzy sub-hyperspace of V . Also 

)(>1))((
2

1
=)(~>1=(0)~ xxx   . We 

know that ~  is non-constant. So by 

)(>)(~ xx    it follows that   is not maximal, 

which is a contradiction. Therefore   takes only 

values 0 and 1. 
 
Theorem 3.15. Let   be a fuzzy sub-hyperspace 

of V  and let   be a fuzzy set in V  defined by 

(0))(=)(  xx  for all Vx . Then   is a 

normal fuzzy sub-hyperspace of V  containing  .  

 
Proof: For any Vyx , , we have  

=))()((0))((1(0))(=)( yxyxyx    

).()(=(0)))(((0)))((= yxyx    

Also, if Ka  and Vx , we get  

)(=(0)))(((0)))((=)( xxzz
xazxaz

 
 

.  

 

Hence   is a fuzzy sub-hyperspace of V . Clearly 

1=(0)  and   . 

 
Corollary 3.16. If   is a fuzzy sub-hyperspace of 

V  satisfying 0=)(x  for some Vx , then 

0=)(x .  

 
Proof: It is obvious. 
 
Theorem 3.17. Let   be a non-constant fuzzy 

sub-hyperspace of V  such that   is maximal in 

the partial ordered set of normal fuzzy sub-
hyperspace of V  under fuzzy set inclusion. Then 
1.   is normal.  

2.   takes only the values 0 and 1.  

3. 


=V .  

4. V  is a maximal sub-hyperspace of V .  
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Proof: Since   is non-constant, ~  is non-

constant maximal. Also, ~  is normal, which 

implies ~  takes only the values 0 and 1 by 

Theorem 3.14. If 1=)(~ x , then (0)=)(  x  

and if 0=)(~ x , then 1(0)=)(  x . By 

Corollary 3.6, we have 0=)(x  which implies 

1=(0) . Therefore   is normal, and also 

 =~  by Theorem 3.9, which proves (1) and (2). 

(3) Clearly 

V  and 


V  takes only the 

values 0 and 1. Let Vx  and 0=)(x , then 


 V . If 1=)(x , then Vx  and so 

1=)(xV
 . In any case 


 V . 

(4) Since   is non-constant, V  is a proper sub-

hyperspace of V . Let W  be a sub-hyperspace of 

V  such that WV  . Then we obtain 

WV 

= . Since   and W  are normal 

and  ~=  is maximal in the partial ordered set of 

normal fuzzy sub-hyperspaces under fuzzy sets 

inclusion, we have W =  or 1=)(xW  for all 

Vx , so VW = . If W = , then 

WVV
W

==   by Theorem 3.8. Therefore V  is 

a maximal sub-hyperspace of V . 

References 

[1] Marty, F. (1934). Sur une generalization de la notion 
de group, in Proceedings of the 8th Congress Math. 
Scandinaves (1934). Stockholm, Sweden. 

[2] Corsini, P. (1993). Prolegomena of hypergroup 
theory. Italy: Aviani editor, Udine, 2nd edition, 1993. 

[3] Scafati Tallini, M. (1988). A -hypermodules and 
hypervector spaces. (Italian) Riv. Mat. Pura Appl., 3, 
39-48.  

[4] Zadeh, L. A. (1965). Fuzzy sets. Information and 
Control, 8(3), 338-353.  

[5] Rosenfeld, A. (1971). Fuzzy groups. J. Math. Anal. 
Appl., 35(3), 512-517.  

[6] Corsini, P. & Leoreanu, V. (2003). Applications of 
hyperstructure theory. Advances in Mathematics, The 
Netherlands: Kluwer Academic Publishers, Dordrecht 
2003. 

[7] Nanda, S. (1991). Fuzzy linear spaces over valued 
fields. Fuzzy Sets and Systems, 42(3), 351-354.  

[8] Katsaras, A. K. & Liu, D. B. (1977). Fuzzy vector 
spaces and fuzzy topological vector spaces. J. Math. 
Anal. Appl., 58(1), 135-146.  

[9] Kumar, R. (1992). Fuzzy vector spaces and fuzzy 
cosets. Fuzzy Sets and Systems, 45, 109-116.  

[10] Kumar, R. (1993). On the dimension of a fuzzy 
subspace. Fuzzy Sets and Systems, 54, 229-234.  

[11] Lubczonok, P. (1990). Fuzzy vector spaces. Fuzzy 
Sets and Systems, 38, 329-343.  

[12] Lubczonok, P. & Murali, V. (2002). On flags and 
fuzzy subspaces of vector spaces. Fuzzy Sets and 
Systems, 125, 201-207.  

[13] Nanda, S. (1986). Fuzzy fields and fuzzy linear 
spaces. Fuzzy Sets and Systems, 19, 89-94.  

[14] Hedayati, H. (1984). On properties of fuzzy 
subspaces of vector spaces. Ratio Mathematica, 19, 1-
10. 

[15] Ameri, R.(2005). Fuzzy Hypervector Spaces over 
Valued Fields. Iranian Journal of Fuzzy Systems, 2, 
37-47. 

[16] Ameri, R. & Dehghan, O. R. (2010). Fuzzy basis of 
fuzzy hypervector spaces. Iranian Journal of Fuzzy 
Systems 7(3), 97-113.  

[17] Ameri, R. & Dehghan, O. R. (2011). Fuzzy 
hypervector spaces based on fuzzy singletons. 
Computers and Mathematics with Applications, 
61(10), 2933-2943. 

[18] Ameri, R. & Dehghan, O. R. (2008). Fuzzy 
Hypervector Spaces. Advances in Fuzzy Systems, Vol. 
2008, Article ID 295649, 9 pages. 

[19] Ameri, R. (2002). Fuzzy (Co-)norm hypervector 
spaces, in Proceedings of the 8th International 
Congress in Algebraic Hyperstructures and 
Applications (71-79). Greece: Samotraki, September 
2002. 

[20] Ameri, R. & Zahedi, M. M. (1997). Hypergroup and 
join spaces induced by a fuzzy subset. Pure 
Mathematics and Applications, 8, 155-168.  

[21] Ameri, R. & Zahedi, M. M. (1996). Fuzzy 
subhypermodules over fuzzy hyperrings, in 
Proceedings of the 6th International Congress in 
Algebraic Hyperstructures and Applications (1-14). 
Prague, Czech Republic: Democritus University, 
September 1996. 

[22] Ameri, R. & Dehghan, O. R. (2008). On Dimension 
of Hypervector Spaces. European Journal of Pure and 
Applied Mathematics, 1(2), 32-50.  

[23] Davvaz, B. (2001). Fuzzy Hv -submodules. Fuzzy 
Sets and Systems, 117(3), 477-484.  

[24] Davvaz, B. (1999). Fuzzy Hv -groups. Fuzzy Sets 
and Systems, 101(1), 191-195.  

[25] Corsini, P. & Leoreanu, V. (2002). Fuzzy sets and 
join spaces associated with rough sets. Rendiconti del 
Circolo Matematico di Palermo 51(3), 527-536.  

[26] Corsini, P. & Tofan, I. (1997). On fuzzy 
hypergroups. Pure Mathematics and Applications, 
8(1), 29-37. 

[27] Scafati Tallini, M. (1990). Hypervector Spaces, 
Proceedings of the Fourth International Congress on 
Algebraic Hyperstructures and Applications, Xanthi, 
Greece (167-174).  

[28] Scafati Tallini, M. (1991). Matroidal Hypervector 
Spaces. Journal of Geometry, 42, 132-140.  

[29] Scafati Tallini, M. (1994). Weak Hypervector 
Spaces and Norms in such Spaces, Proceedings of the 
Fifth International Congress on Algebraic 
Hyperstructures and Applications, Jasi, Rumania: 
Hadronic Press, Florida, USA: Palm Harbor (199-206). 



 
 

IJST (2013) 37A2: 103-108                                                                                                                                          108 
 
[30] Scafati Tallini, M. (2003). Characterization of 

remarkable hypervector spaces, Proceedings of the 8th 
International Congress on Algebraic Hyperstructures 
and Applications, Samothraki, Greece, September 1-9, 
2002. Xanthi: Spanidis Press. (231-237).  

[31] Scafati Tallini, M. (1991). Spazi ipervettoriali 
fortemente distributivi a sinistra. Rend, Mat. Univ. 
Roma, (VII) 11, 1-16. 

[32] Scafati Tallini, M. (1993). La categoria degli spazi 
ipervettoriali. Quaderno Sem Mat. Univ: Roma, no 
(110), 1-17. 

[33] Scafati Tallini, M. (1993). Spazi ipervettoriali deboli 
e norme in tali spazi. Quaderno Sem Mat. Univ: Roma, 
1-17. 

[34] Scafati Tallini, M. (1994). La categoria degli spazi 
ipervettoriali. Rivista di Mat. Pura e Applicata, Univ. 
Udine, 15, 97-109. 

[35] Scafati Tallini, M. (1996). Strutture algebriche 
multivoche e strutture geometriche. Quaderno Sem. 
Mat. Univ. Roma, 1-23. 

[36] Scafati Tallini, M. (1996). Sottospazi, spazi 
quozienti, omomorfismi tra spazi ipervettoriali. Rivista 
di Mat. Pura e Applicata Univ. Udine, 18, 71-84. 

[37] Vougiuklis, T. (1994). Hv-Vector Spaces, 
Proceedings of the Fifth International Congress on 
Algebraic Hyperstructures and Applications, Jasi, 
Rumania: Hadronic Press, Florida, USA: Palm Harbor 
(181-190). 

 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 


