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This study presents a new perspective on semi-solid rheology by applying the maximum
dissipation rate criterion and stability analysis. Using this approach, we developed a criterion
that identifies the conditions under which different deformation mechanisms dominate. A
key finding is the critical role of rate-sensitivity in shaping both the mode and intensity of
deformation. Specifically, we identify a threshold rate-sensitivity value of m = 0.21. Below
this threshold, deformation is governed by granular processes such as grain rearrangement,
jamming, and dilatancy. Above it, conversely, solid grains undergo plastic deformation
instead. The analysis also establishes a strong correlation between dilatancy and rate-
sensitivity. In the granular regime, higher rate dependency, resulting from increased solid
fraction and stronger grain interconnections, promotes greater dilatancy and increased
tendency for shear localization. At the critical threshold, localization emerges as bonds
between grain agglomerates break, triggering Reynold’s dilatancy. Collectively, these
findings highlight that semi-solid materials exhibit granular-like behavior, wherein grain and
agglomerate rearrangement, coupled with dilatancy, drive the transition toward shear
banding following the failure of inter-particle bonds. These insights provide a clearer
framework for understanding and predicting the complex behavior of semi-solid materials
under load.

© Shiraz University, Shiraz, Iran, 2026

Nomenclature
fL Fraction of the liquid phase F Deformation gradient
f Total fraction of porosities and liquid phase D Rate of deformation
feor Shear coherency solid fraction Y Norm of the rate of deformation
0 Rate of dissipation n Normal of the rate of deformation
S Stress tensor & Equivalent strain rate
E Strain tensor Y Fraction of the solid skeleton
Po Density Yo Critical value of the fraction of the solid skeleton
H Helmholtz free energy B Dilatancy value
g Natural deformation gradient a Flow localization parameter
A Driving force [ Critical value of the flow localization parameter
. . . 3 .
A(fs) A function of the solid fraction, A(f;) = y5; in Nguyen model m Strain rate sensitivity parameter
L Velocity gradient n Efficiency of the power dissipation
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1. Introduction
The deformation of alloys in the semi-solid state exhibits
pseudoplastic behavior, leading to more controllable die
filling compared to conventional casting processes.
Furthermore, it enables the production of complex-
shaped components using significantly lower forces than
common solid-state forming processes, such as forging.
This particular rheological property stems from the
thixotropic nature of alloys with a granular
microstructure in the semi-solid state [1-6]. At rest, the
grains connect to form a continuous, load-bearing solid
skeleton of interconnected grains or agglomerates. The
general consensus has been that the shear thinning
property originates from the breakdown of the bonds
between these agglomerates under shear. Based on this
concept, numerous thixotropic models have been
successfully developed to capture the complex rheology
under both steady-state and transient conditions [7-12].
However, as revealed by Gourlay et al. [13] in their
pioneering work, the deformation of alloys in the semi-
solid state, above the shear coherency fraction, £, is
associated with granular features such as shear induced
dilation and jamming. The coherency fraction is the
critical solid fraction above which individual grains or
crystals coalesce to form a load-bearing, interconnected
solid skeleton. For a granular microstructure (typical for
semi-solid deformation), this value is approximately 0.4.
Using synchrotron X-ray tomography, Kareh et al. [14]
demonstrated that the compression forces applied to
alloys in the semi-solid state can open internal pores via
Reynold’s dilatancy. This is a phenomenon observed in
granular materials where the material tends to increase
in volume (dilate) when subjected to shear deformation,
whereby the solid density moves towards a critical value
analogous to that of soils. Subsequently, Su et al. [15]
studied the rheological transitions of semi-solid
deformation from low to high solid fractions by using the
synchrotron tomography combined with Lattice
Boltzmann Method - Discrete Element Method (LBM-
DEM) simulation. They revealed that the onset of shear
localization is associated with time-dependent processes
of local dilatancy and a drop in liquid pressure. In a
similar work, Su et al. [16] demonstrated via DEM

simulation that the deformation behavior of semi-solid
alloys can be analyzed within the framework of critical
state soil mechanics.

On the other hand, the occurrence of shear
localization is associated with a sudden drop in stress
after reaching a peak at very low strains. This behavior
is attributed to the breakdown of the solid skeleton
formed prior to the onset of deformation. As mentioned,
this softening phenomenon is a consequence of two
mechanisms: (a) decohesion, represented by a rate-type
equation in thixotropic models, or (b) the rearrangement
of grains and agglomerates, accompanied by dilatancy
and subsequent shear banding, as observed in saturated
granular materials. The authors have developed shear
localization criteria based on each of these two
assumptions, employing analytical approaches such as
linear perturbation analysis, bifurcation theory, and the
thermodynamic concept of maximum dissipation rate
[17-20]. However, the correlation between these two
proposed softening mechanisms remains unclear.
Moreover, at high solid fraction, semi-solid deformation
can lead to plastic deformation within the solid grains
themselves. Plastic deformation in semi-solid alloys is
significantly influenced by grain boundaries, which
serve sources of dislocations. This is particularly evident
under severe plastic deformation, where the "interfacial
fluid" concept enables continuous solid-state flow
capable of accommodating large strains [21]. Although
both granular behavior and plastic deformation of grains
have been extensively studied, no suitable analytical
criterion has yet been developed to determine the
conditions under which each mechanism dominates. In
the present study, by employing a rheological
constitutive model and applying the thermodynamic
concept of maximum dissipation rate, a new
interpretation of deformation mechanisms in the semi-
solid state is proposed, addressing the occurrence of
shear localization and the role of softening mechanisms.
Experimental studies, such as those by Gourlay et al.
[13], Kareh et al. [14], and Su et al. [15, 16], have
established that deformation behavior in the semi-solid
state is strongly governed by the arrangement,
morphology, and interaction of solid grains and
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agglomerates. These factors directly affect phenomena
like dilatancy, jamming, and shear localization. In this
study, a continuum-based modeling approach is
employed, in which microstructural effects are
incorporated implicitly through averaged material
parameters. Consequently, whereas the established
connections offer significant insight into macroscopic
rheological behavior and the initiation of localization,
they fail to directly represent localized, microstructurally
driven mechanisms inherent to heterogeneous grain
structures. The discussion presents a comprehensive
comparison between the model’s projected trends and
the results of in-situ experimental investigations. Future
advancements may integrate explicit microstructural
descriptors, potentially through discrete element or
micromechanical modeling frameworks, to address this
gap and improve predictive capability for systems in
which grain arrangement play a critical role.

2. Maximum Rate of Dissipation Criterion

Ziegler [22, 23] argued that, according to the
orthogonality condition in an extremum continuum
framework, flow stability requires the internal entropy
production rate to equal or exceed the applied entropy
rate. Otherwise, instability occurs. In other words, for a
stable flow, the actual velocity (or strain rate) within a
velocity field maximizes the dissipation rate. This
statement outlines the principle of the maximum rate of
dissipation. Notably, Ziegler derived the dissipation rate
principle as a necessary consequence of the assumed
orthogonality condition. In contrast, Rajagopal and
Srinivasa [24, 25] treated the maximum dissipation rate
as a thermodynamic concept, developing a finite
deformation framework to show that normality and
convexity are necessary and sufficient conditions for this
principle. They stated that the rate of dissipation can be
expressed as the difference between the mechanical
power and the rate of variation of Helmholtz potential:

0=SE—pH=>0 1)

Where 0, S, E, p,, and H denote the rate of
dissipation, stress tensor, strain tensor, density, and
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Helmholtz free energy, respectively. Helmholtz
potential is a part of internal energy that measures the
work at constant temperature. The change in the
Helmholtz energy during a process is equal to the
maximum amount of work that the system can perform
in a thermodynamic process in which temperature is held
constant. This function depends on the current state of a
system, indicated by strain tensor (E). It also depends on
another internal variable (g), the natural deformation
gradient, which represents the gradient of mapping from
the initial configuration to the current natural
configuration. Thus:

H=H(E, g) 2

In the framework of classical plasticity, the tensor g
identifies the plastic deformation, i.e. the plastic strain.
The evolution of the natural configuration (the rate of
change of g) expressed via the plastic velocity gradient,
which depends on the current configuration as well as
the deformation gradient from it:

Lp = Lp(Etg) (3)

While stored energy applies to both deformation
modes, the presence of dissipation is what specifically
characterizes and separates inelastic deformation from
elastic behavior. Therefore, the rate of dissipation is
independent of the current state of the system (E) and
only depends on the plastic deformation gradient (g) and
also the plastic velocity gradient (L), associated with the
microstructural variations. According to the dependency
of Hon E and g, Eq. (1) can be rewritten as below:

: OH - | OH
StE=poGpiE+5,9) =003, Lp) (4)

The above equation should be satisfied for all values
of £. This implies that:

oH
S =po 5 ®)

By introducing the driving force, 4, as A(E,g) =
—po g—ZgT and considering the relation of L, = gg~*, the

below relation for the rate of dissipation is finally
obtained:
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0(g,L,) = A(E,9):L, (6)

Let L, = L,(E, g) be the actual value of plastic part
of velocity gradient. The principle of maximum rate of
dissipation implies that if L, is any other velocity
gradient with greater rate of dissipation than actual one,
then:

A(E, 9):L1 < 0(g,L1) @)

In other words, if ¥"is introduced as the norm of the
rate of deformation (¥'=||D,|| > 0), where D, is the
symmetric part of L, increasing ¥" leads that the rate of
dissipation increases faster than the energy release rate.
This statement can be expressed mathematically as:

L) B(A:Dp)
— > P
Yy Yy

®)

In above equation, A is independent of D, and so 7.
Thus, Eq. (8) is reduced to:

% _ 4.%%
pri A: > ©)]
According to Eq. (6) and introducing the normal of
the rate of deformation, n =ﬁ=D—r”, Eqg. (9) can be
P
rewritten as:

a0
5 > A:n (10)

Consequently, the stability condition can be derived
by considering the relation between n and D,,:

C]
ar > 7 (ll)

A fundamental requirement in plasticity is that the
driving force must be work-conjugate to the plastic
strain. By taking the rate of deformation, D, as the plastic
strain measure, the Cauchy stress, o, can be considered
as its conjugate pair. Introducing the strain rate
equivalent as £ = v/(2/3) ||D|| and neglecting the elastic
part, the onset of localization can be briefly expressed as:

0 %}
PPt (12)
It is noteworthy that in the relation of the von Mises
equivalent strain rate, £ =+/(2/3)|ID|, ID|l =VD:D,

denotes its Euclidean norm. This definition follows
directly from J, plasticity theory and ensures that for
uniaxial compression, ¢ equals the axial strain rate. The
factor 2/3 arises from the relationship between the norm
of the deviatoric strain rate tensor and the axial strain rate
under incompressible, axisymmetric deformation. This
scalar measure of deformation intensity is work-
conjugate to the wvon Mises equivalent stress,
guaranteeing that the plastic work rate is correctly
represented as W? = G&.

3. Constitutive Equation for Semi-Solid Deformation
Under uniaxial compressive loading, the deformation of
semi-solid materials is assumed to occur very low
segregation as revealed by Suery and Flemings [26]. By
considering the fact that the instability of a semi-solid
material under these conditions occurs at very low
strains, the undrained condition is assumed for the
deformation at least up to the strain levels where
localization may occur. The strain rate is also an
important parameter. In this study, the undrained
assumption is considered valid for strain rates of
approximately 1072 s7! and higher. This lower bound is
based on the work of Suery and Flemings [26], who
showed that above this threshold, liquid segregation
becomes negligible and deformation remains
homogeneous. Experimental studies reporting granular-
type deformation under undrained conditions [14, 27]
were conducted within this regime, confirming its
practical relevance. Although the present analysis
focuses on undrained conditions, it is important to
acknowledge that liquid segregation can become
significant at lower strain rates or during prolonged
deformation. When segregation occurs, the liquid phase
is squeezed out of the deforming region, leading to a
local increase in solid fraction.

Before presenting the constitutive model, it is
important to clarify the strain rate notation used
throughout this work. Two related measures of
deformation rate are:

- £ The von Mises equivalent strain rate, defined in
section 2 as ¢ =V(2/3) ||D||. This quantity equals
the axial strain rate in uniaxial compression and is
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work-conjugate to the von Mises equivalent stress.

- y: The equivalent shear strain rate, commonly used
in the Nguyen constitutive model [27]. The two
measures are related by y = V3¢, which ensures that
the dissipation rate is invariant @ =1y = g,
where 7 is the shear stress and ¢ is the equivalent
tensile stress.

In the following derivations, y is used when working
directly with the Nguyen model, while ¢ appears in the
general dissipation criterion. The relationship between
them is applied consistently to maintain physical
consistency throughout the analysis.

In the present study, a model developed by Nguyen
et al. [28] has been considered. This model was proposed
for the deformation of semi-solid alloys at high solid
fraction using the mixture theory in which two phases of
solid and liquid are considered as contiguous. The
Nguyen model incorporates key features that are
essential for analyzing deformation mechanisms at high
solid fractions:

- Viscoplastic flow behavior with rate-sensitive
response, which is critical for understanding the role
of strain rate-sensitivity in the granular-to-plastic
transition.

- Solid fraction dependence through the function
A(fs), which captures the strengthening effect of the
solid skeleton.

- Thermodynamic consistency, allowing integration
with the maximum dissipation rate criterion.

- Experimental validation across multiple alloy
systems (Sn-Pb, Al-Cu) in the high solid fraction
regime [28, 29].

Under undrained deformation, the constitutive
equation based on the associated flow rule can be written
as:

! - S Tl_+1 !
y = [a"'Cexp(ZH(LY 2 [ (13)

Where y is the equivalent shear strain rate (s™), 7 is
the equivalent shear stress (MPa), o’ is a material
constant related to the reference strain rate
(dimensionless), n' is the stress exponent, related to the
strain rate sensitivity parameter mviam = 1/»', Cis a
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material constant, Q is the activation energy for
deformation (J/mol or kdJ/mol), R = 8.314 J/mol.K is the
universal gas constant, T is the absolute temperature
(K), nis an exponent in the solid fraction function (not
to be confused with n’), A(fs) is a function of the solid
fraction fs, defined below in Eq. (14):

AR =5 (14)

Where ¢ is taken to be 8.5, based on the experiments
performed by Martin et al. [28]. Eq. (13) can be rewritten
as:

¢(1+m)
2

=< Cep(DI"f 2 " (15)

It is important to note that the present analysis is
specifically concerned with semi-solid deformation
at high solid fractions, where the transition between
granular flow and grain plasticity occurs. This regime
corresponds precisely to the conditions for which the
Nguyen model was originally developed and validated.
As demonstrated by Gourlay et al. [13], Kareh et al. [14],
and Su et al. [15, 16], the granular deformation
mechanisms, including dilatancy, jamming, and shear
localization, are most prominent at solid fractions above
the shear coherency point (f;> 0.4) and become dominant
at f; > 0.6. Therefore, the Nguyen model is not being
applied outside its intended scope; rather, it is being used
precisely within the regime for which it was designed.
For applications outside this regime, particularly at
lower solid fractions or wunder partially drained
conditions, the model should be extended.

A key advantage of the Nguyen model for our
purpose is that it yields a closed-form expression for the
dissipation function (Eg. (16)), which is essential for
applying the maximum dissipation rate criterion (Eq.
(12)). This analytical tractability allows us to derive
explicit conditions for shear localization and the critical
rate-sensitivity threshold without resorting to numerical
simulations, thereby, providing clear physical insights
into the underlying mechanisms. As stated in previous
section, the dissipation function can be determined by
having the conjugate pair of the deformation gradient, or
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the strain rate equivalent, and the Cauchy stress.
Therefore, in the aforementioned one-dimensional
problem, the dissipation function can be obtained as the
product of conjugate pair of y and 7. By substituting Eq.
(15) into the dissipation function formulation, the
product of stress and equivalent strain rate directly
expresses the rate of dissipation as a function of strain
rate and rate-sensitivity parameter, as follows:

¢(1+m)

0=ty =—[exp(-DI"f; 2 y™* (16)

Since the constitutive relation from Nguyen et al.
[28] defines stress explicitly as a function of strain rate
and solid fraction, it enables a closed-form dissipation
function that can be used within the maximum
dissipation criterion (Eq. (12)) to derive the localization
condition.

4. Shear Localization Analysis

The onset of shear localization as a type of flow
instability can be expressed by Eqg. (12). Substituting Eq.
(15) into Eq. (16) and applying the localization condition
from Eq. (12), the onset of localization can be assessed
in terms of the known parameters of the constitutive
model, namely the rate-sensitivity m and solid fraction

fs:

2 _mif o ()] o
a7 & LlcTP\gr fs 14

(1+m)
c(1+m) [1 o\ £ a1 Afs
Sl @) T =
¢} 1.1 Q satm)
F=alew s T (17)

Results in:
. dfs

mf; +§(1 +m)y£=0 (18)

By considering f; = 1 - f;, Eq. (17) reduces to:

m(l—f,) ~ AL +myTE=0 (19)

Eq. (19) essentially gives a quantitative criterion to
assess whether the current state of the material (defined
by mand f;) has reached the localization threshold. The

localization appears as a dilatant shear band, in which the
fraction of porosities is locally increased. The model
variable f describes the total fraction of porosity and
liquid, with an initial value f;. Hence, Eq. (19) can be
rewritten as:

m(1—f) =L +my =0 (20)

Similar to porous materials, (e.g., [29]) in which the
dilatational strain rate controls the rate of void volume
change in the matrix (f = (1 — f)tr(¢)), the variation of
f can be expressed by a differential equation:

f=Q-NHypy (21)
Where g represents the dilatancy value, obtained as a
ratio of the hydrostatic strain (rate) to the deviatoric one.
Therefore, By indicates the normal strain rate. In
addition, v refers to the fraction of the solid skeleton,
consisting of agglomerates interconnected by cohesive
bonds. In other words, i represents the volume fraction
of solid grains that form a continuous, load-bearing
network. This concept distinguishes between:

- Isolated grains: Solid particles that are surrounded
by liquid and do not contribute to stress
transmission.

- Interconnected grains: Solid particles that are in
direct contact with neighbors, forming a percolating
network capable of supporting mechanical loads.

This parameter represents the dependency of local
dilatancy to the fraction of the solid skeleton, in such a
way that dilatancy disappears when @ — 0. The initial
value of i depends on the solid fraction and is expressed
as:
fcuh
Yinie =1 — Sf_s (22)
Where £,c°" is the shear coherency fraction (= 0.4 for
granular microstructures [13]). Equation (22) provides a
phenomenological mapping between the total solid
fraction fs and the fraction of the solid skeleton, ¥,
accounting for the fact that not all solid particles
participate in the connected network at lower fs. On the
other hand, according to synchrotron tomography
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observations by Kareh et al. [14], a continuous force-
carrying skeleton forms at a critical solid fraction fs ~
0.62, above which dilatant shear bands and localization
appear. Therefore, by taking £ in Eq. (22),
Yo becomes 0.35. This value therefore represents the
critical percolation level of the solid skeleton and is not
an adjustable parameter. Since f is a function of both
strain rate y and strain y, the total derivative df/dy’
accounts for both explicit and implicit dependencies.
Using the chain rule, the complete differential of df/dy’
(in Eg. (20)) can be represented by the following
equation:

The fraction of porosity, f is not implicitly
formulated in terms of y; so g—’;= 0. By applying the
partial time derivative to both numerator and

denominator of Z—’; ie. g—i and using Eq. (21):
T=a- By (24)

Accordingly, Eg. (20) can be reformulated as:
s Ay _
m—5(1+m)1/)ﬂyﬁ—0 (25)

To simplify further and characterize the relative rate
of porosity generation to strain, we introduce the

localization parameter, a, as a = %Z—;, Eqg. (25) becomes:

a=5Eyp (26)

2 m

The localization parameter is a dimensionless scalar
quantity used to characterize the material’s susceptibility
to a strain localization, typically in the form of shear
bands. In other words, it quantifies the intensity of strain
rate concentration during deformation. It measures how
rapidly the strain rate increases as deformation
progresses. When a is small, the strain rate remains
relatively constant, indicating homogeneous
deformation. Otherwise, at high values of «, the strain
rate accelerates rapidly with increasing strain, indicating
the onset of strain localization into a narrow band. This

parameter is analogous to the strain rate sensitivity index
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used in classical formability analysis, where the
tendency for necking in tensile deformation is related to
the rate at which strain concentrates. In both cases, a
higher value indicates greater susceptibility to
localization. It should be noted that while the derivative
dy/dy does not represent a direct physical quantity in the
classical sense, it is introduced here as part of the
localization parameter formulation, analogous to its role
in classical formability analysis and flow instability
criteria, where such terms quantify the sensitivity of
strain accumulation to changes in strain rate at the onset
of localization. In our previous article [17], we showed
that the shear localization occurs at « > 5, so the critical
value, i.e. the minimum value, for the shear localization
istaken to be 5 (a = 5), i.e.:

@ = S0P =5 (27)

2 m

This critical value is consistent with the critical value
of the fraction of the solid skeleton, y., (= 0.35). Finally,
by rearranging Eq. (27) for the dilatancy value and
inserting the critical values of a, and ..., the result is:

p=—"mte (28)

T c(+m)per

Taking ¢, a., and ¥, as 8.5, 5, and 0.35, the
dilatancy value is obtained as a function of the rate
sensitivity:

m

On the other hand, under undrained condition, the
associated flow rule implies that g = u [30], where u is
the internal friction. The deformation behavior of solid
grains and inter-particle bonds in cohesive granular
systems can be effectively described using the Hosford
yield criterion [31], which generalizes the von Mises
formulation by introducing an exponent n that controls
the shape of the yield surface in principal stress space.
The criterion is expressed as:

[((01 — 0)™ + (0 — 33)" + (0, — 33)™) /2] /n =¥ (30)

Where a4, ,, a5 are the principal stresses and Y is the
uniaxial yield stress. As established by Butcher and
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Abedini [32], the exponent n dictates the ratio of shear
stress to uniaxial yield stress, effectively linking the
yield surface shape to the material’s internal cohesive
friction coefficient, u. In the quadratic form (n = 2), the
Hosford criterion reduces to the classical von Mises
model with x = 0.58. However, for body-centered cubic
(BCC) and face-centered cubic (FCC) metals, higher
values of n have been recommended to better capture
their yielding characteristics, with corresponding
reductions in internal cohesive friction. Specifically,
values of n = 6 and n = 8 have been suggested for BCC
and FCC metals, yielding p=0.56 and u = 0.545,
respectively. Based on the fact that g has a maximum
value of 0.58, (from the von Mises criterion), it is
possible to consider an upper bound for the rate
sensitivity of semi-solid granular deformation (m =
0.21). Eq. (29) presents an interesting result because it
establishes a relation between the rate-sensitivity of
alloys before the softening state, commonly measured at
the peak stress, and the dilatancy at the softening stage.
This equation indicates that at high solid fraction, where
the rate-sensitivity has higher values (see, for example,
the experimental study of Freitas and Ferante [33]), more
dilatancy and consequently a stronger tendency for shear
localization are expected. This result is in consistent with
X-ray tomography experiments [14, 34, 35], which
demonstrate that localization and crack formation
intensify with increasing solid fraction. In another work,
Wu et al. [36] investigated the deformation behavior of
sintered porous 2024 aluminum alloy in the semi-solid
state. The study revealed that deformation at high solid
fractions exhibits rate sensitivities below 0.15, and as
predicted by the present criterion, the thixotropic
softening behavior is observed as the dominant feature
of granular deformation. Eq. (29) also reveals that
cohesion between the solid grains and agglomerates
intensifies the occurrence of shear localization. In this
case, the rearrangement of agglomerates and further
dilatancy requires overcoming internal friction between
particles and breaking the cohesive bonds. Our previous
analytical studies [19, 20], yielded similar conclusions.
Beyond this limit (m > 0.21), the stress state
increasingly approaches a pure deviatoric form,

characteristic of the plastic deformation of solid grains,
rather than granular rearrangement mechanisms. This
transition is consistent with the experimental findings of
Tzimas and Zavaliangos [27], who conducted
compression tests on A2014 and Al-4 wt.% Cu alloys in
both fully solid and semi-solid states at high solid
fractions. Their results indicated that the instantaneous
strain rate sensitivity parameter (m) remained
approximately 0.22 in the semi-solid state at high solid
fractions (fs > 0.8) and approached 0.25-0.3 in the fully
solid state at 500 °C. While their study did not explicitly
report a critical m value demarcating the transition
between granular and plastic deformation, their
observations of increased localization and damage at
high solid fractions, along with a shift to ductile behavior
at lower fs, indirectly support the idea of a deformation
mode transition governed by rate sensitivity. This
correlation reinforces the present study’s proposition
that a critical m value of approximately 0.21 could serve
as a practical indicator for the onset of plastic
deformation  dominance in  semi-solid alloys.
Furthermore, the qualitative trends in localization,
damage, and dilatancy behavior reported by Tzimas and
Zavaliangos [27] agree with the predicted evolution of
deformation mechanisms proposed in the present
analysis. Additional comparison with the experimental
results of Zhang et al. [37] strengthens the validity of the
proposed critical strain rate sensitivity parameter (m =
0.21) as a threshold for deformation mechanism
transitions in semi-solid alloys. Their thorough
investigation of A356.2 alloy under high solid fraction
compression found an unambiguous relationship
between compression velocity, deformation zone
characteristics, and the strain rate sensitivity parameter.
Consistent with the predominantly solid-like behavior
reported by Tzimas and Zavaliangos [27] and projected
by the present analysis for m > 0.21, their results
revealed an average m value of approximately 0.2757
under conditions favoring plastic deformation of solid
grains within severe deformation zones. Other
experimental studies [38-41] revealed that the plastic
deformation of alloys in the semi-solid state is associated
with dislocation pile-up and the occurrence of dynamic
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restoration mechanisms. Table 1 summarizes these
datasets, spanning multiple alloy systems, solid
fractions, and experimental conditions.

Based on the above analysis, it can be stated that the
types of deformation mechanisms, granular or plastic
mechanisms, and their intensities can be evaluated solely
from the rate-sensitivity, which may change during
deformation (the evaluation should therefor be
performed for a specific strain, e.g. the strain
corresponding to the peak stress). The overall trend of
the deformation mechanisms is summarized in Fig. 1.

The transition between these regimes is modulated
by microstructural parameters, particularly particle size.
Finer microstructures, such as AA2024 with an average
particle size of 49 um, increase m to values around 0.26
by reinforcing the solid skeleton, while coarser
structures (e.g., Al-4% Cu at 84 um) reduce m to 0.14-
0.17, promoting granular flow characteristics [33]. This
interplay of deformation mechanisms, quantified
through strain rate jump tests and microstructure-
sensitive constitutive modeling [28] supports m = 0.21
as a reliable indicator of shifts in dissipation pathways in
semi-solid alloys.

It is important to note that while Eq. (29) is derived
within the framework of the Nguyen et al. constitutive
model, its qualitative implications, such as the
correlation between dilatancy and rate-sensitivity and
the existence of a critical rate-sensitivity value, are
consistent with broader granular mechanics principles,
particularly those described in critical state soil
mechanics. Future studies should investigate whether

M. H. Sheikh Ansari & M. Aghaie Khafri

this relationship holds for other semi-solid constitutive
models based on similar assumptions.

Solving Eg. (29) for the
exponent myields the following expression for the

rate-sensitivity

critical value mc:

1

Me = —Za; - (31)

Bmaxs¥er

To assess the robustness of the predicted critical rate-
sensitivity threshold (m¢ ~ 0.21), a One-At-a-Time
(OAT) sensitivity analysis was performed on the four
key parameters that influence Eqg. (29); the solid fraction
exponent ¢, the critical localization parameter a,, the
critical solid skeleton fraction ¥, and the maximum
dilatancy fmax derived from the yield criterion. Each
parameter was varied independently over a range
consistent with experimental and theoretical studies in
the literature (Table 2). The resulting m¢ values remained
within 0.16-0.27, with a central tendency of 0.21-0.22.
This narrow variation confirms that the proposed
threshold is not an artifact of specific parameter choices
but a stable feature of the dissipation-based criterion.
The analysis further indicates that m. is most sensitive to
the localization intensity, a., and the solid fraction
hardening parameter, ¢, reflecting the dominant role of
strain localization intensity and solid skeleton hardening
in the granular-to-plastic transition. A steeper solid
fraction dependence makes the skeleton stronger,
delaying the switch to plasticity. The critical solid
skeleton fraction vy, also exerts a substantial influence
on m, with only a modest difference compared with the

Table 1. Experimental studies reporting rate-sensitivity values and corresponding deformation mechanism

Solid fraction O e
Alloy system () Reported m value deformation Reference
4 mechanism
Sintered porous . G_ranular_
2024 Al alloy High <0.15 (thlxotr_oplc Wau et al. [36]
softening)

Al-4% Cu (coarse Ferrante & De
grains, 84 um) 0.65-0.85 0.14-0.17 Granular flow Freitas [33]
Al-4% Cu (fine B . . Ferrante & De
grains, 49 um) 0.65-0.85 0.26 Mixed/ transitional Freitas [33]

Transitional (both Tzimas &

Al-4% Cu, A2014 >0.8 ~0.22 granular and plastic .

Zavaliangos [37]
features)
. Plastic deformation
A356.2 High 0.2757 (Average) dominant Zhang et al. [38]
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Fig. 1. Variation of the dilatancy value versus the
rate-sensitivity.

Table 2. Sensitivity of the critical rate-sensitivity mc to
key model parameters

Corresponding

Parameter Range tested

mc range
¢ 7-10 0.16-0.25
Acr 4-6 0.17-0.27
Yer 0.3-0.4 0.17-0.24
0.545-0.58
po e 019021
shape)

previous parameters. This indicates that the percolation
threshold, the solid fraction at which a continuous, load-
bearing network forms, is not merely a boundary
condition but an active contributor to the transition
mechanism. A higher 1., delays the onset of dilatancy
and shear banding, thereby shifting the critical rate-
sensitivity toward higher values. In contrast, the
maximum dilatancy fmax Shows comparatively weaker
sensitivity, suggesting that while it defines the ultimate
limit of the granular regime, the precise location of the
mc threshold is more strongly governed by the evolution
of localization and skeleton connectivity prior to
reaching that limit.

It is noteworthy to mention that this finding, namely,
the critical role of the rate-sensitivity in predicting the
deformation mechanisms in semi-solid state, is
analogous to the results obtained using the approach of
dynamic materials modeling (DMM), proposed for the
prediction of microstructural changes during hot

working. Based on DMM approach, viscoplastic
deformation dissipates power through heat conduction
and microstructural evolution. The efficiency of
deformation is defined as a function of rate-sensitivity.
This efficiency parameter serves as a key indicator for
identifying dominant deformation mechanisms [42-47].
Although the approach followed in this paper is different
from that of the maximum rate of dissipation criterion,
and deformation is more complex in the semi-solid
state, both approaches establish frameworks for
predicting deformation mechanisms based on rate-
sensitivity.

The dissipation-based criterion developed in this
study combines two essential components: (i) the
thermodynamic maximum dissipation principle, and (ii)
a specific constitutive model (Nguyen et al. [28])
describing the rheological behavior of semi-solid alloys.
To assess the generalizability of the approach, it is useful
to distinguish between these components and examine
which elements are model-dependent and which are
transferable to other constitutive descriptions. The
maximum dissipation principle is a fundamental
thermodynamic postulate that does not depend on a
specific constitutive model. It states that for a given
thermodynamic state, the actual dissipation rate
maximizes the dissipation potential among all
admissible Kkinetic processes. Therefore, the core
methodology, equating the marginal dissipation rate to
the average dissipation rate, can be applied to any
constitutive model that provides a closed-form or
computationally tractable expression for the dissipation
function. This thermodynamic foundation ensures that
the approach is not limited to the Nguyen model but has
broad applicability across material classes. To apply the
proposed criterion to a different constitutive model, the
following conditions (Table 3) must be satisfied.

5. Summary of Equation Origins and Novel
Contributions

To provide full transparency and clearly distinguish
between established results from the literature and the
original contributions of this work, Table A. 1 in
Appendix A summarizes the origin and novelty status of
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each key equation presented herein. The table is

organized with columns for equation number,

description, origin, novelty status, and notes.

6. Model Assumptions and Range of Validity

The analytical framework developed in this study is
based on several theoretical foundations and simplifying
assumptions.

To ensure proper application and

M. H. Sheikh Ansari & M. Aghaie Khafri

interpretation of the results, this section outlines the key
assumptions, the range of validity of the predictions, and
the conditions under which the model is expected to
hold.

6.1. Summary of theoretical frameworks
The model integrates three main theoretical frameworks,
as listed in Table 4.

Table 3. Requirements for applying the criterion to other models

Requirement Description Example of satisfaction

The model must allow formulation of Viscoplastic models with work-

Existence of a dissipation function

Differentiability

Convexity

Incorporation of relevant physics

Evolution equations for internal
variables

a dissipation potential as a function
of strain rate and internal variables

6 must be differentiable with respect
to strain rate to apply Eq. (12)

The dissipation function should be
convex in strain rate to ensure a
unique maximum and stable material
response

The model must capture the key
mechanisms relevant to the
phenomenon of interest

The model must provide equations
describing how internal variables
evolve with deformation

conjugate stress-strain rate pairs
satisfy this

Most smooth viscoplastic models
satisfy this; models with corners or
discontinuities may require
subdifferential calculus

Convexity is typical for stable
dissipative materials and follows
from the maximum dissipation
principle itself

For semi-solid deformation, the
model should include solid fraction
dependence and rate sensitivity

Enables coupling between
dissipation and microstructural
evolution

Table 4. Summary of theoretical frameworks employed in the model

Theoretical framework

Primary references

Role in this study

Maximum rate of dissipation
principle

Nguyen constitutive model for semi-
solid deformation

Granular mechanics/ critical state
soil mechanics concepts

Ziegler [22, 23]; Rajagopal &
Srinivasa [24, 25]

Nguyen et al. [27]; Martin et al. [28]

Gourlay et al. [13]; Kareh et al. [14];
Su et al. [15, 16]; Rudnicki & Rice
[30]

Provides the thermodynamic
foundation for stability analysis and
the onset of localization (Egs. (1-12))

Describes the viscoplastic flow
behavior of semi-solid alloys at high
solid fractions (Egs. (13-15))

Informs the interpretation of
dilatancy, shear banding, and the
granular-to-plastic transition
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6.2. Key assumptions

The following assumptions, listed in Table 5, underlie
the derivations and predictions presented in this work.

6.3. Range of validity
Based on the assumptions, the model’s predictions are
valid within the following ranges, as presented in Table 6.

Table 5. Summary of key assumptions and their justifications

Assumption

Description Justification/ Limitation

Undrained conditions

High solid fraction regime

Deviatoric stress state

Continuum representation

Associated flow rule

Isothermal conditions

Cohesive granular behavior

Yield surface shape (for internal
friction interpretation)

; i -2 -1
Deformation occurs without liquid Valid for strain rates > 10 *s~ [26].

phase segregation; the liquid pressure . Be_low this threshold, liquid
. . migration may occur, and the model
equals the hydrostatic stress in the
solid skeleton should be extended to account for

drainage effects

The analysis focuses on solid The Nguyen model [27] was
fractions above the shear coherency calibrated for fs> 0.6. The present
point (fs> 0.4), where a continuous  results are most reliable in this range.
solid skeleton exists, and granular Extrapolation to lower solid fractions

mechanisms dominate should be approached with caution

Under undrained, high strain rate

. . Consistent with Suery & Flemings
conditions, the total stress is .
. R [26] and the assumptions of the
predominantly deviatoric, with
- I Nguyen model [27]
negligible mean stress contribution

Enables analytical tractability but

Microstructural features (grains, does not capture local grain-scale
agglomerates, bonds) are represented heterogeneities. For systems with
implicitly through averaged material pronounced microstructural

properties (e.g., ¢, ¥, M) variability, discrete element methods

[15, 16] may be more appropriate

Standard in classical plasticity;
The plastic strain rate is normal to adopted in the Nguyen model [27]

the yield surface and consistent with the maximum
dissipation framework

Appropriate for high strain rate
Temperature is constant during processes where adiabatic heating is

deformation negligible; validated by Nguyen et al.
[27] for their experimental conditions

Solid grains and agglomerates

. . Supported by in-situ tomography
'n\fa:?;t] Lh;r?lé?:aiogﬁzgesﬁggfs’ studies [14-16] and consistent with
triggering dilatancy and localization critical state soil mechanics [30]

The von Mises limit (n =2, x = 0.58)

The Hosford yield criterion [31] with  provides an upper bound for internal

exponent n describes the transition friction; values for BCC (h = 6) and
from granular to plastic behavior FCC (n = 8) metals are consistent
with literature [32]
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Table 6. Range of validity for key model parameters and conditions

Parameter/ Condition

Valid range

Notes/ Limitations

fs> 0.5 (Qualitative trends valid
above 0.4; quantitative predictions
most reliable above 0.6)

Solid fraction (fs)

Strain rate (¢) >1072

Dilatancy (5)

Localization parameter («)

Temperature (T)

Microstructure

0 << 0.58 (Typical range for
granular materials)

a > 5 Marks onset of shear banding

Isothermal conditions

Granular, equiaxed grain
morphology

Below 0.5, the solid skeleton may
not be fully interconnected; granular
mechanisms may differ [13]

Below this threshold, liquid
segregation becomes significant,
violating the undrained assumption
[26]

Extreme values may require
additional microstructural
considerations

Derived from previous work;
sensitivity analysis confirms
robustness within £20% variation

Model does not account for
temperature gradients or phase
transformations

The model may not capture effects of
dendritic structures or highly
elongated grains

7. Conclusions

In the present study, a new interpretation for the
rheological features and deformation mechanisms of
semi-solid materials has been proposed. For this
purpose, an analytical criterion was developed by
considering a constitutive model and applying the
principle of the maximum rate of dissipation. The main
findings of the analysis can be summarized as follows:

Rate-sensitivity plays a critical role in determining
the active deformation mechanisms in the semi-solid
state. It is demonstrated that there is a critical rate-
sensitivity (m = 0.21), below that the deformation is
associated with the rearrangement of the solid grains and
agglomerates as well as the occurrence of the shear
localization. On the other hand, at the rate-sensitivities
above that critical value, the plastic deformation of
grains is expected.

A correlation between the dilatancy value and the
rate-sensitivity is established. The analysis reveals that
within the granular deformation mode, the tendency for
shear localization increases at higher solid fractions,
which correspond to higher rate-sensitivity values. At
critical state, where grains are interconnected via the

cohesive bonds, the shear localization initiates by the
local plastic deformation of grain bonds. This results in
breaking the bonds between agglomerates and
subsequent rearrangement of grains and Reynold’s
dilatancy.
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APPENDIX A: Classification of Equation Origins

This appendix provides a comprehensive classification
of all key equations presented in the main text,
distinguishing between established results from the
literature and original contributions of this work. The

M. H. Sheikh Ansari & M. Aghaie Khafri

classification aims to ensure transparency and proper

attribution, while clearly highlighting the novel

developments introduced in this study.

Table A. 1. Classification of equations: established vs. novel contributions

Equation Description Novelty status Notes
Eqg. (1) Rate of dissipation Established Fundamental th_ermodynamlc
relation
Eq. 2) Helmholtz free energy Established Standard form in flqlte
dependence deformation plasticity
Eqg. (3) Plastic velocity gradient Established Standard kinematic relation
Eqs. (4-6) Derivation of dissipation rate Established Follpws frpm the maximum
in terms of Ly dissipation framework
Egs. (7, 8) Maximum .d'SS'pat.'on Established Core thermodynamic principle
principle inequality
Egs. (9-11) Stability condition derivation Established fram_ework, Applied speC|flcaIIy_ to semi-solid
new application deformation
First application of maximum
Eq. (12) Onset of localization Novel d'SS'pa.t'on. prl_nC|pIe _to shear
localization in semi-solid
materials
Eq. (13) Constltu'glve model f_or semi- Established Original model from literature
solid deformation
Eqg. (14) Solid fraction function Established Empirical C(_)nstant fram
experiments
Eq. (15) Stress as function of strain Rearranged form Alggb(alc_manlpulathn for
rate dissipation calculation
First explicit dissipation function
L . for semi-solid deformation
Eg. (16) Dissipation function Novel combining Nguyen model with
maximum dissipation framework
Localization condition . L
Egs. (17, 18) applied to dissipation Novel Flrst_app!lcatlon .Of Eg. (12) to
funci semi-solid constitutive model
unction
New criterion linking rate-
Eqg. (19) Localization criterion Novel sensitivity, solid fraction, and
localization
Eq. (20) Reformul_ated Wlt_h total Novel Extension to mc!ude porosity
porosity fraction evolution
First application of Gurson-type
. . I evolution to semi-solid
Eq. (21) Porosity evolution New combination deformation with solid skeleton
fraction ¢
. . . New parameter linking solid
Eq. (22) Initial solid skeleton fraction Novel

fraction to skeleton connectivity
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Equation Description Novelty status Notes
Eg. (23) Total derivative 9f fwith Novel Required for localization analysis
respect to y
Reformulated localization Intermediate steps in the
Eas. (24, 25) condition Novel derivation
Eq. (26) Introduction of localization Novel New param_eter_ qugntlfyl'ng strain
parameter localization intensity
. o . New criterion; numerical value ac
Eqg. (27) Critical localization condition Novel = 5= 5 from previous work [17]
Eg. (28) Dilatancy as fypc_tlon of rate- Novel Central result of the paper
sensitivity
Eg. (29) Numerical form of Novel New guantltatl\_/e relationship
with numerical values
Eg. (30) Hosford yield criterion Established Used for interpreting internal

friction limits
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