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Abstract— Based on the wavelet transform and fuzzy set theory, we present a fuzzy wavelet
network (FWN) for approximating feedback linearization control input. Each fuzzy rule
corresponds to a sub-wavelet neural network (sub-WNN) consisting of wavelets with a specified
dilation value. The degree of contribution of each sub-WNN can be controlled flexibly. The
constructed rules used to approximate the control signal in which the mathematical model of the
system under control is unknown can be adjusted by learning the translation parameters of the
selected wavelets and determining the shape of Gaussian membership functions of a fuzzy system.
The proposed FWN shows good approximation accuracy and fast convergence. Finally a nonlinear
inverted pendulum system is applied to verify the effectiveness and ability of the proposed
network.
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1. INTRODUCTION

In recent years wavelet networks have found many applications in system identification, signal processing
and function approximation [1-3].

A wavelet network is a nonlinear regression structure that represents input-output mappings by dilated
and translated versions of a single function (mother wavelet) which is localized both in the space and
frequency domains. Wavelet networks can approximate complex functions to an arbitrary precision [1, 4,
5]. An appropriate initialization of wavelet neural networks allows fast convergence to be obtained.
Orthogonal Least Square (OLS) algorithm can fulfill this aim [6]. The optimal dilations of wavelets
increase training speed and ensure fast convergence.

Fuzzy wavelet networks (FWNs) based on multi-resolution analysis (MRA) theory and the Takagi-
Sugeno-Kang (TSK) model [7, 8] not only reserve the multi-resolution capability of WNN, but also have
the advantages of high approximation accuracy and good generalization performance [9]. According to
these advantages, FWN can be applied to the problems of function approximation, system identification
and control [9-11].

There is no general method to control nonlinear systems. Feedback linearization technique is a
suitable and efficient method for controlling a special group of nonlinear systems [12, 13]. In the case that
the mathematical model of the controlled system is unknown, the approximation of feedback linearization
control input is an important issue.

In this research, we present a FWN for approximating the control input. The proposed network shows
high approximation accuracy and fast convergence. This paper is organized as follows. Sections 2 and 3

discuss wavelet neural network and fuzzy wavelet network, respectively. Then a FWN is proposed for
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approximating the control signal in Section 4. A simulation example is provided to verify the performance
and capability of the network in Section 5. Finally a brief conclusion is drawn in Section 6.

2. WAVELET NEURAL NETWORK

Wavelet neural networks use a three-layer structure and wavelet activation functions. The structure of a
wavelet neural network with one output y, g inputs {x,x,,...,x,} and k nodes is given in Fig. 1 [1, 5].
The output signal of this network is calculated as

k
y=) o, ;) (1)
i=1

O Ve i

Fig. 1. Architecture of WNN

where X = [xl,xz,...,xq]T is the vector of inputs, @, i = 1,2,...,k are weight coefficients between hidden
and output layers, and y . are dilated and translated versions of a mother wavelet function

v R >R

%w@;@) @)

1

l//a’_,g,_ (2) =q,
Naturally the mother wavelet i is required to have zero mean.

[y @dE =] w(x,x...x,)dx dx,...dx, =0 3)

and also |l//(7c)| and |l/7( @ )| rapidly decay to zero as ||)?|| — coand ||67)|| —> 0.
In Eq. (2), the dilation parameter a; € R, controls the support of the wavelet and the translation
parameter [;, € R? determines its centeral position.

In Eq. (1), if pairs ( al.,gi ) are taken from a grid A given by

A={(a" iBa"):ne Z ez’ (4)

where the scalar parameters & and £ define the step sizes of dilation and translation discretizations,
(typically e =2 , B =1) respectively, according to the above definitions any function f e L’(R?)
(finite-energy and continuous or discontinuous) can be approximated to an arbitrary precision by the
wavelet neural network [1, 5].

The wavelets that Zhang and Benveniste [5] and Pati and Krishnaprasad [14] used in their networks

are wavelet frames. Orthogonal bases are used in other wavelet networks structures [15].
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In [16], a number of methods are available to construct multidimensional wavelets in both single-
scaling and multi-scaling forms, based on one-dimensional wavelet frames. In the single-scale
multidimensional wavelet frames, a single dilation parameter is used in all the dimensions of each
wavelet, and multidimensional wavelet frames can be built by using a single mother wavelet. To fulfill
this purpose the radial functions are used.

The single-scaling radial wavelet frames (with simpler structure than multiscaling wavelet frames) in
[6] are defined as

1
F={y/,.m(f)=a (- Bin) nez,nzezq} (5)

where w :R? >R is a radial wavelet function (Like Mexican Hat wavelet) and ¢ is the input
dimension.

In the multi-scaling multidimensional wavelet frames, an independent dilation parameter is used in
each dimension, and the multidimensional wavelet frames can be built by a tensor product of one
dimension (1-D) wavelet functions. Using a 1-D wavelet frame y  :R — R, a multi-scaling wavelet
frame  :R? —> R is built by setting

l//(f)=l//s(xl)...l//s(xq) , for fcz(xl,...,xq) (6)

According to the theory of MRA, the dilation parameter of a wavelet can be interpreted as the resolution
parameter. In fact, based on the multiresolution property, it is possible to present a library of wavelets. The
wavelets with coarse resolution can describe the global (low frequency) behavior and those with fine
resolution can describe the local (higher frequency) behavior of the approximated function. Accordingly,
compared to other functional approximators, WNNs have the advantages of fast convergence, easy
training and high accuracy [9].

3. FWN STRUCTURE

In the Takagi-Sugeno-Kang (TSK) model, a set of fuzzy rules can be described by
R':IF x,is 4 , and x, is 4, and ...and x,is A, THEN j/l.zz}cixj (7)
j=1

where A; is membership function, X = (xl,xz,...,xq)Tis input vector and y, is output variable and a
linear combination of inputs which is essentially a global function.

In the FWN structure, ¥, is the output of the local model for rule R which is equal to the linear
combination of a finite set of wavelets with the same dilation parameter.

A FWN is decribed by a set of fuzzy rules which have the following form [9]

T,
R:IF x, is A, and x, is 4, and ...and x, is A, THEN 5= oy (%) (8)
=1 i it

M eZ,t'eR 0,  €Rand X R’

isti

Assuming the number of fuzzy rules is ¢ ;/ <i<c; T, is the total number of wavelets for the ith rule and
j/i is the output of the local model for rule R'. fik =/ tf,té‘,...,t;‘ ] , where tjf e R is the translation value
for corresponding wavelet £. Aj. is Gaussian-type membership function defined as
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j
() = expl=(((x; = pi) P)) * ] ©
pj.l ,p;z eR, O<pj.335

In (9), p; ; and pj.z represent the center and the width of the Gaussian membership function and pj. 3
determines the shape of the membership function.
Wavelets l,uf\f)!t (X) are expressed by the tensor product of 1-D wavelet functions:

® =y A M =k
Wy 1(X)=2 2y (2% x—17)
a u, (10)
-1]2 él//(")(2M"xj—tf)
j=1

According to Eq.(10), in each rule or sub-WNN, the wavelets are single-scaling and the same dilation
index is in all the dimensions.
Output of the whole network is calculated as

C

Y= a(X)y, an
i=1

where (5= @ =T[4
2 (%) ’:‘

4, determines the degree of contribution of each sub-WNN in the output of the network and p, is the
output of the local model for rule R'.

Notice that, in THEN-parts of fuzzy rules, FWN employs ¢ sub-WNNs at different resolution levels to
capture different behaviors (global or local) of the approximated function rather than using constants or
linear equations as in the traditional fuzzy models. Unlike the traditional FNNs with only one localized
approximation of function, the FWN uses both globalized and localized approximation of function. For
this reason, the FWN inspired by both fuzzy model and WNN has the advantages of improved local
accuracy, nicer generalization capability and faster convergence [9].

4. APPROXIMATING FEEDBACK LINEARIZATION CONTROL INPUT BY FWN

In this section, motivated by the reason stated in the previous section, we present a fuzzy wavelet network
that can approximate the feedback linearization control input with high accuracy for a large group of
nonlinear systems.

Consider the following gth order dynamical nonlinear system:

X9 = f(X)+g(X)u 12)
y=x (13)

where f'and g are unknown functions, u and y are the control input and the system output respectively, and
X = (X, X500, X, Y = (x,%,...,x“™)" is the state vector of the system which is assumed to be available
for measurement.

Define the tracking error e as

e=y,—y=y, —x (14)
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where y, is the desired output. According to Egs. (12) and (13) the feedback linearization control input is

x 1 N T

u=——| f@)+ )+ (1)
g(x)

where ¢ = (cl,cz,...,cq)T is a positive constant vector and € = (el,ez,...,eq)T =(e,é,...,e " ") is the

error vector.

Substituting Eq. (15) into Eq. (12), the error equation can be obtained as

(q) (q-1) _
e +c e+ tce=0 (16)

The elements in vector ¢ can be chosen appropriately such that all the roots of error equation are in
the open left-half complex plane. Thus the controlled system is stabilized if the control input, Eq. (15), can
be implemented. In practice, both f'and g are unknown functions and so it is hard to implement Eq. (15).
To solve the problem, a fuzzy wavelet network is proposed to approximate the feedback linearization
control input.

A typical fuzzy wavelet network for the approximation of (15) can be described by a set of fuzzy
rules:

R'(ith rule):

Ti
IF x, is A}, and x, is Ayand ...and x,is A, THEN i, = ZCOMUE‘ '//z(t;,.),zjk (x) (17)

k=1
where x;(1< j<gq)is the jth state variable of X in the controlled system (12), and u, is the control
signal (output) of the local model for ith rule. The structure of fuzzy wavelet network for approximating

control input (15) is given in Fig. 2 and the structure of each WNN is given in Fig. 1.
According to Egs.(9) and (10), the output of the network in Fig. 2 is calculated as

i = Z LD, (18)
4,(X)

2 14(%)

1, determines the degree of contribution of the control signal (output) of the wavelet based model with

where /1.(X) =

resolution level M;.
After calculating the feedback linearization control input of FWN, the training of the network starts.
Consider the training data set of the nominal model system:

{()?,d,uld)} 1</<L X'eR!, ul eR (19)

where L is the total number of the training patterns. Our goal is to train the network in Fig. 2 based on
data set in (19) so that the error between the output of FWN and u ¢ is minimized.

Most work done in the wavelet networks uses simple wavelets. For fuzzy wavelet network in [9, 10],
Mexican Hat wavelet and B-spling wavelets are used respectively. We have selected the Mexican Hat

. X . . o
function w(x) = (1—x*)exp(——) as the wavelet function and accordingly, based on data set, dilation

values M; is chosen to be in the range from -3 to 4.
After determining the dilation parameters, wavelet candidates are selected based on the input space
training data. Wavelet candidates with various translation parameters, which are selected according to
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input training data (desired state variables), are often redundant for constructing FWN [9]. Thus the OLS
(Orthogonal Least Square) algorithm can be used for purifying wavelet candidates [6].

U

rvyy

YyYvy

,[ll (x)ﬁl

1 (X) i, (x)id,
N

H.(x) i, (x)u

Fig. 2. Structure of.fuzzy wavelet network for approximating control signal

The set of wavelet candidates W = {l/‘l,WZ,...,l//Lw } are a set of regressor vectors which construct the
output of the network. In this step, the number of wavelet functions, S, from set W that best span the
training data of the control signal are selected. Since these regressors are usually correlated, the degree of
contribution of each regressor to the output energy is not clear. The OLS algorithm transforms the set of
regressor vectors into a set of orthogonal basis vectors and it is possible to calculate the degree of
contribution of each basis vector to the output energy [17].

From the initial set of wavelet candidates, the OLS algoritth‘qt selects the wavelet that best fits the
training data, and then repeatedly selects one of the remaining wavelets that best fits the data when
combined with all previously selected wavelets. For computational efficiency, later selected wavelets are
orthonormalized to earlier selected ones.

Using S selected wavelets, the approximated control signal is expressed as

S
0,=> o, v, (%) (20)
i=1

where {/,,[,,...,Is} is a subset of {/,2,...,L,, }. According to a set oxgining data as defined in (19), we can
write
u=%Yo+e, (1)

where
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‘//ll(fl)""//ls(fl)

> o co T
eu - (eul’euZ’ ’euL)

€, is the error vector of the approximation problem defined by theLtraining data (19).
Our goal is to minimize the sum of square errors éuT e, = ZeujZ . The computation of @ can be

performed by the least squares method. Let us define the followirg notations:
Z)i: [l//lL ()_C.l)""ﬁl//lL ()_C.L)]T fO}" l'=1,2,...,Lw

Then YW is expressed as
\P:[ﬁll,ﬁlza---,ﬁzs] (22)

Since generally the vectors f)l,f)z,...fiLw are not mutually orthogonal, the classical or modified Gram-
Schmidt algorithm can be applied to decompose ¥ as

¥Y=04 (23)

where O = [(Zl ,q,z ,...,cj,s] isa L xS matrix with orthogonal columns and 4 is an S xS upper triangular
matrix with 1’s on the diagonal, that is

1oy, ay - o
01 a, - ay
ac|d 0 s
0--- 0 I ag g
10 0--- 01 |
Then (21) can be rewritten as
u=0Qv+e, (24)

And the vector V = A@ can be determined by the least squares solution

. 1 o
i =(070)' 0" (25)
Since the columns of Q are orthogonal, (25) becomes

V=[v vy ]

q, u
(s i=12,..,8
q, 49,
and the variance of u is calculated as
S
i'i=>v"§G'q +é ¢, (26)
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It can be seen from (26) that the term v,}2 cf,,T g, is the part of the variance of u explained by regressor
g, - A regressor is significant if this amount is large. Therefore, error reduction ratio (err) can be defined
in the following form:

2T >

v
err, = i Zh Th 5;5 %, 27

The OLS method uses err to select the important wavelets which have significant contribution to the
output of the network. Then T}, i = I, 2...c the number of selected wavelets at dilation M, 27: =S the
total number of selected wavelets and initial weights @, are determined. Details of the network
initialization can be found in [9].

The EKF (Extended Kalman Filter) Method is used for training parameters pj.,, , tf and then LS
(Least-Squares) algorithm for updating @y 7 where j = 1,2,....q, r=123,k=12,..8S. In[18], EKF
and BP training algorithms are compared and it is shown that the EKF method has the advantages of better
convergence and faster training speed.

The learning procedure will be repeated according to a performance index J; at ith iteration which is

defined as

, U=—)u, (28)

where uld is the desired control input and #, is the estimated output from the FWN in Fig. 2.

5. SIMULATION RESULTS

To demonstrate the capability of the proposed FWN we apply it to approximate the control signal for a
second-order inverted pendulum system. In this simulation example, the objective is to approximate an
appropriate control signal u to control the motion of the cart, such that the pole can track a desired output.
Assume that x, = @ is the angle of the pole with respect to the vertical axis, and x, = 0 is the angular
velocity of the pole.The inverted pendulum system is shown in Fig. 3.

X, =X,
X,=f+gu

The state equations can be expressed by

: mLx; sin x, cos x, cos X,
S8ma M M
where [ = m;k g= m+ >
4 mcos”x, 4 mcos”x,
L -1y £ - mees
3 m+M 3 m+M

g.(acceleration due to gravity) = 9.81 m/s’
L (half length of the pole) = 0.5 m

M (mass of the cart) = 1.0 kg

m (mass of the pole) = 0.1 kg
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Fig. 3. Inverted pendulum system

For this system our FWN has two inputs (x;, x;) and one output «. In the simulation, we use 300 pairs
)?d,ud} as training data sets of the nominal model system. By using the OLS algorithm [6], five fuzzy
rules or sub-WNN are represented to approximate the control input for tracking the desired
output y (t)=0.5sint (case 1). The number of the selected wavelets and dilation parameter value
presented by the OLS method in each sub-WNN are given in Table 1. The total number of the selected
wavelets is 17, and 74 unknown parameters are used for training.

In case 2, for tracking the desired output y.(t)=0.2(sint+sin2t), the feedback linearization
control signal is approximated by 8 rules and the total number of the selected wavelets is 28. The number
of the selected wavelets and dilation parameter value presented by the OLS method in each sub-WNN are
given in Table 2. The performance of FWN is shown in Table 3.

Table 1. The number of the selected wavelets and dilation value in each sub-WNN for Case 1

Mj(dilation parameter value) -4 S 21-1]10| 1 2
T; (number of wavelets in each sub- 3 2 2 212 4 1
WNN)

Table 2. The number of the selected wavelets and dilation value in each sub-WNN for Case 2

M;(dilation parameter value) -4 S30-2(-110] 1 2 3
T; (mumber of wavelets in each sub- 5 5 2 4 |3 3 3 3
WNN)

Table 3. The performance of proposed FWN

Number of unknown
Number of Performance
yilt) parameters used for . Number of
rules L index (J;) . .
training 1terations
Case 1 0.5sint 7 74 0.028 351
Case2 | 0.2(sint+sin2t) 8 104 0.070 198

In case 1, Figs. 4 and 5 show the desired input data and approximated control signal constructed by
FWN, respectively. In Fig. 4, the dot curve shows the desired output and solid curves show the input
training data. In Fig. 5, the thin and thick curves are desired control signal and approximated control signal
constructed by FWN, respectively. The same results are presented for case 2 in Figs. 6 and 7. In both
cases, our FWN has fast convergence and appropriate accuracy.
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y=X
memre yr=0.5sin(t)

Angle of the pole X1
o

Angular velocity X2

time(sec)

Fig. 4. Input training data X', X, = {E,O.l

8 —— Approximated Control Signal
Desired Control Signal

1 1 L 1
0 50 100 150 200 250 300

Fig. 5. Approximated control signal
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o
o

y=X
————— yr=0.2(sin(t)+sin(2t))

1

X
o
~
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o
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Angle of the pole
o

1
N
X
2
‘S
e}
[}
>
&
>
o)
C
<
-1 I |
0 5 10 15
time(sec)
T
. .. —d - T
Fig. 6. Input training data X, , X, = {E,O. 1}
6
4 L
2 L
0 L
20
41
-6 —e— Approximated Control Signal .
Desired Control Signal
_8 L L L L |
0 50 100 150 200 250 300

Fig. 7. Approximated control signal
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6. CONCLUSIONS

In this paper, we presented a fuzzy wavelet network for approximating feedback linearization control
input in which the mathematical model of the controlled system is unknown. The proposed FWN with the
combination of WNN and fuzzy logic has advantages of the approximation accuracy and good
generalization performance. Fuzzy rules correspond to sub-WNNs with different resolution levels such
that the degree of contribution of various sub-WNNs can be controlled flexibly. The obtained results of
simulation examples demonstrated the efficiency of the presented approach.
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