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Abstract— Although for many years scientists and engineers have been faced with the problem of
optimizing discrete functions, no general analytical method has been proposed for
multidimensional discrete optimization. All the methods that have already been reported in the
literature are algorithmic. In one dimensional discrete optimization, no general analytical method
has yet been proposed to find all the local minima and maxima of multimodal one dimensional
discrete functions either. In this paper, for the first time, a general analytical method has been
proposed for solving multidimensional and multimodal discrete optimization problems. Here, first
we will introduce the method and present its mathematical proof, and then confirm its validity
through some examples and computer simulations.
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1. INTRODUCTION

Nowadays, optimization is one of the most interesting branches of science that is useful in many applied
problems in engineering, mathematics, computer science, physics, and so on. One of the most important
branches of optimization is discrete optimization (or integer optimization) which deals with the methods
of optimizing functions with integer variables. No general method has yet been proposed to analytically
evaluate the minima and maxima of multidimensional discrete functions. All the known methods have
been developed based on algorithmic approaches such as integer programming (IP) and searching, which
are very complex and need a high order of computations [1-12]. In [13] an analytical method has been
proposed for maximizing unimodal one dimensional discrete functions, however the author emphasized
that the extension of his method to a multidimensional case would not be valid. In this paper we will
introduce an analytical approach that is preferable to the known existing ones. Using this method, the local
minima and maxima of the discrete functions would be evaluated by a single analytical formula, even if
the function has infinite maxima and minima. This leads to an enormous reduction of the computational
load, particularly in multidimensional cases, without using any suboptimal approach. The other advantage
of using this analytical approach is in solving classic discrete optimization problems very easily without
using any induction approach. If the discrete function has infinite minima and maxima distributed in an
unconstrained domain, this approach is able to catch them analytically, where it is not possible to do so by
using the IP and searching approaches because an unconstrained domain contains an infinite number of
points.

In this paper, first we will introduce the methodology and present its mathematical proof, and then
confirm its validity through some examples and computer simulations.
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2. ANALYTICAL APPROACH
a) One dimensional discrete optimization

Definition of local minimum and maximum for discrete functions:

We say " is a local minimum for the discrete function f[n] if n°, n" —1 and »" +1 are in the domain of
f[n] and we have:

fIn' 1< fIn" =11 and f[n']< fIn" +1].

We say n° is a local maximum for the discrete function f[n] if n°, n" —1 and »n" +1 are in the domain of
f[n] and we have:

fIn' 1= fIn" =11 and fn"]1> fIn" +1].

Theorem 1:

Suppose that f[n] is a discrete function defined on D — Z and f.(x) is a continuous real function
defined on D, R sothat D c D, , and at each integer point such as n" we have f,(n")= f[n'].

Let x,,x,,...,x, be all the solutions of the equation f,(x)— f,(x—1)=0. The set A consisting of the integer
parts of all x,’s (i=1,2, ...,m ) plus all (x,—1)’s when x, is integer contains all the local minima and
maxima of f[n].

Proof:
Assume that »" is a local minimum of f[n]. We have:

fln"]<fln —1]=f.(n")<f.(n" -1

. . (1.1)
—f@n)-f(n -1)<0

fln"]<fln" +1]=f.(n") <f.(n" +1)

—f@n +)-f(n)=0

SinceA f.(x) is a continuous function, f.(x—1) is also a continuous function and therefore
g(x)=f.(x)- f.(x-1) is a continuous function. According to (1.1) and (1.2) we have g(n)<0 and
g(n +1)>0 . Since g(x) is a continuous function it has at least one root in the interval [1n",n" +1]. Thus,
the equation f.(x)— f.(x—1)=0 has at least one solution in the interval [n",n" +1]. If the solution(s) is
(are) in the interval [n",n" +1) then the integer part of the solution(s) would be »", and if the solution is
equal to n" +1 then n" +1 and (n" +1)—1=n" would be in the set A. Thus, in each case the set A contains
the local minimum »".
Assume that »" is a local maximum of f[n]. We have:

fln']>f[n —1]=f.(n)>f.(n" -1
=fm)-f(n -1)>0
fln" 1> f[n" +1]=f.(n")>f.(n" +1)
=f(n +1)-f.(n")<0

2.1)
(2.2)

AccoArding to (2.1) and (2.2) we have g(n')>0 and g(n +1)<0, thus the continuous function
g(x)=f.(x)— f.(x—1) has at least one root in the interval [n',n +1]. Therefore, the equation
f.(x)= f.(x=1)=0 has at least one solution in the interval [n",n" +1]. If the solution(s) is (are) in the
interval [n",n" +1) then the integer part of the solution(s) would be »"and if the solution is equal to n" +1,
then n" +1and (n" +1)—1=rn" would be in the set A. Therefore in each case the set A contains the local
maximum »" .

Hence, we conclude that the set A contains all local maxima and minima of f[n].
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Note: In theorem 1, in the case that some of the solutions of f,(x)—f.(x—1)=0, as x,, are integer we
have:

S, (x)—f.(x, =1 =0

= fIx 1= f1x -1]=0

= fIx1=fIx,-1]
Thus, if x, is a maximum (minimum) of f[x], then x, —1 is equivalently another maximum (minimum) of
f[n] with the same value.
Note: Suppose f[n] has global minimum or maximum. If the set A in theorem 1 consists of only one
number as n, , then » is the global minimum or global maximum of f[n]. If the set A consists of only
two successive numbers as n; —1 andn; , for which f[n ]= f[n, —1], thenn —1and n are the global
minima or global maxima of f[n].

Note: When the discrete function f[n] is given by a mathematical formula we can use the same formula
for f,(x) by substituting discrete variable n with real variable x whenever the resulting f (x) is a
continuous function. In this case we name f,(x) as f(x). For example, if f[n]=n> we can choose

()= fx)=x".

We use the notation:

d;‘f(f[n])=ﬁ(X)—ﬁ(x—1)

But when 1, (x) has the same formula as f[n], we drop the index f, in the above notation and use the
notation:

dif (f[n]) =f()—f(x=1)

1. Properties of the operator dif: When f,(x)= f(x) has the same formula as f[n], we can state the
following properties for the operator dif-

1-dif (C)=0 when C is a constant

Proof:
fIn]=C , f(x)=C
=dif (C)=C-C=0

2-dif (an)=a when a is a constant

Proof:

fln]=an , f(x)=ax

=dif (an)=ax—a(x—1)=a

3- Linearity:

dif (a, f\[n]+ a, f,[n]) = a,dif (f,[n]) + a,dif (f,[n])

where q, and a, areconstants

Proof:
SfInl=a f\[n]+a,f,[n]
Sx)=a,fi(x)+a,f,(x)
= dif (f[n])=a f,(x) +a,/,(x)=(a f,(x=D) +a,1,(x=1))
=a,(f,(x) = fi(x=1)+a,(f,(x) = fr(x=1))
= aydif (f\[n])+a,dif (f,[n])
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Example 1:

Find the maximum(s) of the function f[n]= [kJ , where the domain of f is {n|neZ,0<n<k}.
n

Since n!=T(n+1) we have:

k
uﬂﬂ=(j= 'm _ C(k+1)
n) nl(k—n)! Tm+DI'(k+1-n)

T(k+1)
T(x+DC(k+1-x)
continuous function for x> 0 and we havel'(x+1)#0 and ['(k+1-x)=0 for 0<x<k. At integer points

The function f,(x)= is a continuous real function for 0<x<k because TI'(x) is a

suchas x=n" we have f.(n")= f[n']. Using theorem 1 to find the maximum(s) of f[n] we have:

£, f(x=1)=0
T(k+1) T(k+1) ~
T(x+DC(k+1-x) TT(k+1-x+1)
T(k + DTk +1-x+1)~T(x+ DTk +1-x)}
T(x+ DOk +1- X))k +1-x+1) B
S>TOIE+1-x+)=T(x+DI'(k+1-x)

0

Using the property I'(x+1) = xI'(x) we can rewrite the above relation in the form:
IFrx)k+1-x)I'(k+1-x)=x'(x)['(k+1-x)
SinceT'(x+1)= 0 and T'(k+1-x)#0 for 0<x<k we can divide both sides by these terms and obtain:
(k+1-x)=x

k+1
X =

According to theorem 1 the maximum(s) of the discrete function f[n] can be found by:

k+1
I if
[2]

k+1 and k+1_1 i k+1
2 2

1. .
1snot integer

*

is integer

Where [.] denotes the integer part function and »~ denotes the maximum(s) of f[n].

% is integer if and only if & is an odd number, thus:

. [%] =[§ + %] for k even
ﬂ and u for k odd
2 2

In the case of & being even, % is integer, hence:
— for k even

and T fork odd

which is the expected solution.
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Example 2: .
Find the maximum(s) of the Bernoulli distribution function f[n] =[S ) p"(1- p)*™, where k is a positive
integer constant and the domain of f is {n|neZ, 0<n<k} and p 1sareal constantand 0< p<1.
Since n!=T(n+1) we have:
A
SIn]= —mt” "(1-p)t"
T(k +1)

— neo_ k—n
“TarrGei_n P 4P

Tk +1)
Ir'x+DHr'(k+1-x)
continuous real function for 0<x <k . At integer points such as x=n' we have f.(n")= f[n']. Using

Similar to example 1, we can realize that the function f, (x)= p(1-p) ™ is a

theorem 1 to find maximum(s) of f[n] we have:

[0 =f,(x=1)=0

[(k+1) P ke
FaarGaln? 7P
[(k+1) (= ) =

CTOT(k+1-x+1)
=>Tk+)p (1- p) AT ()T (k+1-x+1)
T(x+D)C(k+1-x)p ' (1-p)t =0
Since T(k +1)p*(1- p)* *#0 we have:
F)C(k+1-x+1)=T(x+)I'(k+1-x)p~'(1- p)
Using the property I'(x+1) = xI'(x) we can rewrite the above relation in the following form:
T {(k+1-x)C(k+1-x)}
=(xT()Ck+1-x)p~'(1-
SinceI'(x) 20 and T'(k+1-x)#0 for 0<x<k we can divide both sides by these terms and obtain:
(k+1-x)=xp” (1= p)
Sx{p'(1-p)+l=k+1
=x(p)=k+1=x=plk+1)
According to theorem 1 the maximum(s) of the discrete function f[n] can be obtained as:
. |[p(k+1)] if p(k+1) is not integer
" plk+1) and p(k+1)—-1 if p(k+1) is integer
Where [.] denotes the integer part function and »~ denotes the maximum(s) of f[n].

Example 3:
Find local maxima and minima of the function f[n]=sin(n/3).

The function f,(x)=sin(x/3) is a continuous real function and at integer points such as x=nr' we have
f,(n")= f[n']. Using theorem 1 to find local maxima and minima of f[n] we have:

dif (f[n]) = f,(x)= f,(x=1)=0
= sin(x/3) =sin((x—1)/3)
=>x=1/2+3k-1/2)x ,keZ
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According to theorem 1, the local maxima and minima of the discrete function f[n] can be obtained from:
n =[1/2+3(k-1/2)x] JkeZ

Where [.] denotes the integer part function and »~ shows the local maxima and minima of f[n]. Note that
the term 1/2+3(k—1/2)x is always non-integer because r is irrational and the result of adding or
multiplying an irrational number by a nonzero rational number is irrational, and hence, non-integer.

I
1

0.

o

sin(n/3)
o

Fig. 1. Plot of sin(n/3) versus n. The filled points represent maxima and
minima of sin(n/3) for k=1,2,...,5
2. Necessary and Sufficient condition for local minima and maxima: In few cases, the set A obtained
from theorem 1 may contain some additional points rather than maxima and minima of f[n]. Each of the
two following conditions are sufficient conditions for f.(x) so that the set A contains only the minima and
maxima of f[n].Thus, if each of the two following conditions are satisfied, theorem 1 gives a necessary
and sufficient condition for local minima and maxima of f[n].

1- For every interval (m,m+1) for which m is an integer number and f[m]=# f[m+1] we have
fIml< f.(x) < flm+1] or flm+1]< f.(x)< f[m] (particular case: f,(x) can be strictly monotonic in each
of the above intervals).

2- f.(x) is unimodal.

Proof:

The solutions of the equation f,.(x)= f (x—1) are found by the intersection of different parts of 7 (x) in
the consecutive intervals such as intervals (m,m+ 1) and (m- 1,m).

If the condition 1 is satisfied then the equation f,(x)= f,(x—1) has a solution only in the intervals
(m,m+ 1), for which m is a local minimum or maximum and hence, the set A contains only the local
minima and maxima of f[n].

In the case that f (x) is unimodal, suppose that the equation f.(x)= f.(x—1) has more than one
solution as x,,x,,.... Without loss of generality, we assume that x, < x,. Since f,(x) is continuous, it has at
least a maximum or minimum in the interval (x,- 1,x,) because f,(x,)=f.(x,—1). Similarly, f,(x) has a
maximum or minimum in the interval (x,- 1,x,) . If the intervals (x,- Lx,) and (x,- 1,x,) do not overlap,
then f (x) will have two local maximum or minimum, which is a contradiction as f,(x) is assumed to be
unimodal. If (x,- 1,x,) and (x,- 1,x,) overlap, we may have three cases:

a) f,(x)=f,0-D<f.(x)=/(x-1)
b) f1(x) = £,y =D)> f,(x) = [,(x, 1)
) f,(x)= (=D =f(x)=f(x—1)
Since x,- 1< x,- 1< x,< x, (due to overlap of intervals) and f,(x) is continuous, then in each of the

above cases f,(x) would be multimodal in the interval [x,- 1,x,] as shown in figure 2 which is again a
contradiction.
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L * * *
xl-l xz-l X Xy ! 7‘1'1 Ng-l X % ! xl-l xz-l Xy X5
Case (a) Casze (h) Caze (c)

Fig. 2. Typical diagram of £, (x) in the cases a, b, and ¢

3. Linear Interpolation: In some cases f[n] does not have an equivalent function in the real domain with
the same formula. For example, f[n]= i(—l)" /k . In these cases we can find f,(x) by interpolating f[n]
on real points. In linear interpolation We connect successive points of f[n] by a line. This method is very
simple and has some useful properties.

fn] £ ()
./’\.;1\\/\

Fig. 3. Typical linear interpolation

B

In the interval [n,n+1], f.(x) can be found by the following formula:

S, () = (fIn+1]= f[n])(x=n)+ f[n]

To apply theorem 1 we have:

S )=, (x =D =(fIn+1]=2f[n]+ fIn=1D(x=n) + f[n]= fln=1] ,n<x<n+l

Il fIn=1] | . .
S0 fa-D=0e " Fmin-asms oy im0
Sfln]= fln—-1]=0 otherwise
Since n<x<n+1 we have:
A1) | ) .
£ £ =0 = T apigs gy A =0 3)
fIn]- f[n-1]=0 otherwise

Lemma: »" is a local minimum or maximum of the discrete function f[n] if and only if:

)=l ) e
0< f[n+1]—2f[n]+f[n*—1]gl if fln +1]1-2f[n" 1+ f[n —1]1#0 “

fIn'1-fIn -11=0 otherwise

Proof: Using (3) in theorem 1 it ends up at (4). Since in linear interpolation f.(x) is monotonic for all
intervals (m,m+1) for which m is an integer number, theorem 1 gives a necessary and sufficient

condition. In the cases that the solution of f.(x)—f.(x—1)=0 is integer, we have f[n']-f[n —1]=0 ,
which satisfies both parts of (4).

n_(_1\k
Example 4: Find local minima and maxima of f[n]= Z% .
k=1
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Using the lemma we have:

_1 n
S fin-1= S
(G4
0<— Slnl=/In—1] <] =>0<-—— N <
fln+1]=-2f[n]+ f[n-1] =™ G
n+l1 n
=0< ntl <landnz0=n>0
2n+1

,theeven n’s

Thus, for every n>0, f[n] has a local minimum or maximum. Since f[n]- f[n—1]=

(=D"
n
are local maxima and the odd » ’s are local minima.

Example 5: Find local minima and maxima of f[n]=(a), =a(a+1)..(a+n-1).

Using the lemma we have:

PR ) i U R
fIn+11=2/Tnl+ fIn=1]

< a(a+1)..(a+n-3)a+n-2) <1
T oaa+D).(a+n=-3)a+n-2{(a+n)a+n-1)-2(@a+n-)+1}

Thus, each local minima or maxima of f[n] as »n~ should satisfy one of the following relations:

a(a+1)..(a+n =3)a+n -2)> =0
or
(a+n" -2)
(a+n" =)a+n -2)+1 "

The solutions will simply be found by solving the above equality and inequality.
b) Multidimensional Discrete Optimization

Definition of local minimum and maximum for discrete multidimensional functions:
We say the vectorn' =(n,n;,...,n;) is a local minimum of k-dimensional discrete function f[n,,n,,...,n,]
with the domain D, if for all 1<i<k we have:

Q* =(n1*,n;,...,n;:)eD .

*+ * * * *
n, =(n,n,,.., n+1,.,nm)eD,,
—
i'th element
* *
l,..n)eD,,

— * * *
n, =(n,n,y,.., n —

i'th element

fln;" 12 f[n'] and
fln 12 fIn']

i.e. n in all dimensions of f[n,,n,.,...,n,] should be a local minimum.
We say the vector n =(n;,n,,...n;) is a local maximum of k-dimensional discrete function f[n,,n,....,n,]
with the domain D, if for all 1<i<k we have:

Iranian Journal of Science & Technology, Volume 32, Number B3 June 2008



Analytical discrete optimization 257

* * * *
n =(n, ny, ..., n)€E Df R

¥y * * * *
n. =, n, .., n+1,.,n)eD,,
—
i'th element
*_ * * * *
n, =, n, .., n—-1,.,n)e Df s

i'th element

fIn;" 1< f[n'] and
fIn 1< fIn')

i.e. n in all dimensions of f[n,,n,,..,n,] should be a local maximum.

Thus, to find the local minima and maxima of a discrete multidimensional function we can apply theorem
1 to each of its dimensions, if it is feasible. A simple visualization of the above discussion is illustrated in
Fig. 4 where theorem 1 has been applied to each of its dimensions. In theorem 2 we elaborate on this
subject.

fin ,ny)

Fig. 4. n* is minimum of f(n,,n,) and in the dimensions n; and n, , n, andn,
are minima of fj(n;) and f,(n,) respectively

Theorem 2:
Suppose that f[n,,n,,....,n,] is a k-dimensional discrete function defined on D < Z* and f.(x,,x,,...x,) is
a continuous k-dimensional real function defined on D, < R* sothat D c D_, and at each integer point

suchas n'=(n',,n',,..,n",) we have f, (Q,) = f[gr] . Consider the following k equations:
S (X Xy X ) = [ (X s X, =1y, ) =0 51<1<Kk %)

Ifin the i th equation we can explicitly express x, in terms of other x,’s, (j#i) forall 1<i<k,ie.if we

can write the above equations in the following form (in which g,(.) is a function of all x,’s except x, ):
X =g,(xy,..0,X;)
X, =g,(x,....%,)

(6)

X, =g (X5 %))

Then using the functions g;(.) in (6) and changing variables x,,x,,...,x, to integer variables n,n,,...,n, ,

we create the following system of k equations:
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m =g (ny,....n,)]
n, =[g,(n,....n,)] (7

n, =g, (ny,...,n )]

Where [g,(.)] denotes the integer part of g;(.).
Let N|,N,,...,N, be all the solutions of the above system of k equations. Where:

ﬂj :(nl,nz,...,nk)J:(nlj,nzj,...,nkj) J=12 .., m

(note that 7, ’s are integer since in the equation 7, = g, (n,,...,n,)] , n,should be integer).

If the set 4, consists of all N ’s plus all the vectors ﬁ; =, ny=1 ,.,m, ), (1<j<m, 1<i<k)
—_—
i'th element

for which g;(N ) is an integer number (where g,(N ;)= g,(n,;,n,;,...7;,...,n;) and [ #1i), then the

set 4, contains all local maxima and minima of f[n,,n,,...,n,].

Proof:

Let the vector (n,,n,,..,n;) be a local minimum of the function f[n,,n,....,n,]. According to the definition

of local minimum for discrete multidimensional functions for all 1<i <k we have:

SUnysnyeesny + 1,12 fny,0y.,...om ] and

f[(nl*,n;,...,n:—l,...,nZ)]Zf[nl*,n;,...,n,t].
This means that 7, is a local minimum for the discrete one-dimensional function:
fIn1= fn ssntyrn;] (1<i<k)
In which only n, is variable. According to theorem 1 the equation:
Lo e XY = [ X, —1,um ) =0 ,1<i<k (8)

has at least one solution for x, in the interval [n,,n +1]. If we can write the Egs. (5) in the form of Egs.
(6), then we can also write the Egs. (8) in the form:

* *
x, =g,(ny,....n,)

% *
x, =g,(n,...n,)

* *
x, =g,(n,...,n_,)

Thus, x, = g,(n,,....n;) would betheunique solutionof the equation f.(n/,...x,,....n; )= f.(n} ,....x;, = 1,...n,) =0 .
Thus, according to theorem 1, x, = g,(n; ,...,n,) is in the interval [n;,n +1]. If all the g,(n, ,...,n, ) ’s for

i=1,2,..., k are in the interval [n/,n] +1), the integer parts of g,(n,,...,n, ) s would be equal to n, . In
this case, the solutions of the system of k Egs. (7) contain (n;,n,,...,n;). If some of the g,(n, ,...,n;) s are
equal to n +1 (which is integer), solutions of the system of k Egs. (7) contain (n,,...,n, +1,...,n,)
for i=1,2,..., k andboth (n,...n, +1,..,n;) and (n, ,...,n; ,...,n;) would be in the set 4, .

In each case the set 4, contains (nl* ,...,nf ,...,nZ) . Thus the set 4, always contains all local minima of

fIn,,n,,..,n,]. Similarly, using theorem 1 we can show that the set 4, always contains all local maxima
of f[n,,n,,....,n,].
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Note: When the discrete function f[n,,n,,...,n,] is given by a mathematical formula we can use the same
formula for f, (x,,x,,..,x,)by substituting the discrete variables n,,n,,..,n, with the real variables
X,,%5,.,X, Whenever the resulting f (x,,x,,...,x,) 1is a continuous function. For example, if

fIn,ny1=(n, +n,)* we can choose f.(x,,x,)=(x, +x,)°. We use the notation:
dif (fTn,1ysees ) = fL(Xp s ees Xppes X)) = £ (X0 X, = 1,00, X))
if,

When f,(x,,x,,...,x,) has the same formula as f[n,,n,,...,n,], we drop the index f, in the above notation
and use the notation:

dff(f[nl,nz,...,nk]) = (X ey Xy X)) = (X eer X, = 1 X))

Example 6:

In an industry there are some workers in & different units. The wage of each worker in the ith unitis $ ¢,
per day and the per day income of the ith unit is given by 4,(1-27"), where »n, is the number of workers
and 4, shows the maximum accessible income for the ith unit. We would like to obtain the optimal
number of workers in each unit in order to maximize the total profit of the industry. We assume that
A4, 2C, for i=1,2,....k . This means that the maximum income of each unit must be at least equal to the
wage of one worker in that unit; a necessary condition to keep the unit profitable, otherwise the unit will
not be operative even with one worker.

The total profit of the industry can be computed by:
fIn,ny,.sn,]= iAi(l—Zf”' )—Zk:Cl.ni
We have: h -
S(x,%,,00x,) = Zkl:Aj(l—2x")—Zk;Cl.xi

Applying theorem 2 we have:
dif‘(f[nlanza-“ank]):o i=1,2,...,k

Using properties 1 to 3 of operator dif we have:
dif (fIn, 1y, ) =—A275 + 427" ~C. =0

= A2 (-1+2)=C, = 27" :j

C A
= x, =—log, (j) =log, (é)

i

According to theorem 2 the optimal value for », can be obtained as:

A ) 4. . )
[logz(é)] if logz(a) is noninteger
n = logz(%) and ©)
logz(é)—l if logz(é) is integer

i=L2,.,k

Where [.] denotes the integer part function. Since 4, > C, we have:
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AN

) A
! lelogzg’zo

1

Q|

A
= [log, F,l.] >0
Thus, the optimal number of workers is always nonnegative and (9) is always valid. Note that in the case
of havinglog, % =0 and log, %—1 =-1, only log, % =0 would be a valid optimal solution for #, .
The computer simulation confirms the validity of this result. Figure 5 shows the profit of the industry
versus n; and n, in the case that k=2, A;=1000, A,=1200, C;=10 and C,=25.

According to this simulation the optimal values for n; and n, are 6 and 5, respectively. This result agrees
with the result obtained in (9).

2000 -
1900 - -

1600 et
1700 -}

1600 ---

1500 - --

1400 - oo oev

1300 4 oev

1200 - ----- _._:k,,._._..:_

1100 — e

1DDH-—

Fig. 5. Profit of the industry versus n; and n, with k=2, A;=1000, A,=1200, C,=10 and C,=25. It is
obvious that the optimal values for n; and n, are 6 and 5, respectively.

Example 7:
Find II())cal maxima of the joint probability mass function of the discrete normal random variables,
n,n,,..,n, ,given by:

Pln,n,,...,n, ] = ae” N+ SN0
where N =[n,,n,,...,n,]" is the vector of integer random variables, 4 =[g, i,,..., 44, ] is the mean vector
of N, a is a scalar positive constant and S is a kX k constant matrix (inverse of covariance matrix of N ).

We can minimize (N — )" S (N — z) instead of maximizing ae *™" *“**  Then we have:
(N=u)'S(N - p)=

[;Sn(ni_/ui) ;SiZ(ni_lLli) ;Sik(n[_/'l[)](N_lu)

:Z(nj —,U,-)Zsij(ni — )

:izSﬁ(”i _lui)(nj _ﬂj)

i=1

Let x,,x,,...,x, be real variables and X =[x,,x,,...,x,] .

s A gy

(X = 1) S (X =)= 338, (5, - ), - 1)

j=1i=1
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dff((N — )" S(N - )=

1 1
(X =)' S(X =)= (X~ )" S (X~ p)
1
where X =[x,,...,x, —1,...,xk]T.

Only the terms that contain x, remain and the other terms vanish:
dif (N =)' S(N = ) =

8, (5 )5, = 1)~ 3,5 1= ), — )+

il el
k k
ZSil(xi — )X, _lul)_ZSil('xi — ) = 1= )
oy i
S, (x, — ) -8, (x, —1—,u,)2
Z /u )+ZStl(x /ui)+2S11(x1_lul)_Sll
=1
Jj#l utl

Combining the two summations in one yields:

dff((N—#)TS(N—/J))=Z(S,j +8,)0x; = 4;) + 28, (%, = 1) = S,

dif (N =) S (N =) =0 (10)

ﬂﬂr--Z:,( 1125 ’1)( ;)

J#l

According to theorem 2 and considering only one of the solutions for the case of getting successive equal
minima, the minima of (N — )" S (N — u) satisfy the following system of k equations:

[#1+——j2,( 2511 )( #;)] an

J#l

=1k

Where (11) is obtained by changing real variables in (10) to discrete ones and taking integer part. 7,

denotes optimum value for »,. If n, is integer, then n, —1 may also be a solution for 7, .

Ifs =LZI we have:
o

n =[,u,+%] d=1,...k (12)

Where in (11) and (12), [.] denotes the integer part function.
For k=2 and x=[7.6 1231, if S=0.11, according to (12), the maximum of ae " *** occurs at
0.1 -0.05

n =8,n,=12.1f S =
-0.05 0.1

} , substituting the parameters in (11) we have:
. 1.
n, =[1.95 +En2]
R 1.
n, =[9+ Enl ]
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Only n. =7 ,n, =12 satisfy the above equations, thus it is the maximum of ae "™ S SN Although in

these two examples the mean vectors are the same, the maxima are different. Computer simulations

—(N-u)" S (N—-u)

confirm these results. Figure 6 shows ae versus 7, and n, for the above cases.

0o
0015 ---""
amt f--mm7

05 .-

o015
0.0

000

(b)

Fig. 6. a) gevwrsvm versus p, and p, fork=2, ,—[76 1237,and §=0.17,b) ge ¥+ s> versus ",

and ,, fork=2, ,-[76 1237,and S:{O.OIO5 —06015}

3. CONCLUSION

A novel analytical approach has been presented for the first time to solve multidimensional and
multimodal discrete optimization problems. This approach has complete preference over the existing
methods. In this approach the local minima and maxima of discrete functions can be evaluated by
analytical formulas that enormously reduce the complexity of computations. All the existing methods have
been developed based on algorithmic approaches such as integer programming (IP) and exhaustive search
method that are very complex, need a high order of computations, and usually lead to suboptimal
algorithms.
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