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Two-way shape memory polymers (2W-SMPs) are a class of intelligent materials that

demonstrate reversible form memory, rendering them suitable for a wide range of

applications in response to external stimuli. During the phase transition in the shape memory

cycle of semi-crystalline polymers, the 2W-SMPs are represented as a two-phase material,

consisting of an amorphous matrix and the crystalline inclusions. This paper employs the

Equivalent Inclusion Method (EIM), based on the Modified-Mori-Tanaka (MMT) approach,

to determine the effective thermomechanical response of inclusions inside a heterogeneous

matrix. Unlike existing phase transition models, the proposed model accounts for both phase

interactions and the morphology (shape and size) of the inclusion phase throughout the

thermomechanical cycle. The model was implemented using the UMAT user subroutine in

ABAQUS to simulate the mechanical behavior of SMPs. Analysis of various inclusion

shapes revealed that ellipsoidal shapes most accurately represent the morphology of the

inclusion phase. In particular, a highly elongated ellipsoidal inclusion (a/c = 1/25) provided

the best agreement with simulation results. A fivefold increase in the (a/c) aspect ratio of the

crystalline inclusions resulted in approximately 10% increase in crystallization-induced

strain, thereby improving consistency with shape memory experiments when the actual

morphology was considered. The shape memory response of PCL under a stress of 250 kPa

demonstrated a ~12.5% strain increase during cooling from 65 to -40 ̊C, with about 7%

occurring near the crystallization point over a 40 C̊ interval. Incorporating phase interactions

significantly enhanced the model's agreement with experimental results on shape recovery.  
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1. Introduction 

A stimuli-responsive materials called shape memory 

polymers (SMPs) can be trained into a temporary shape 

and subsequently return to their pre-programmed shape 

in response to external stimuli like heat, light, or 

electricity [1-3]. Compared to shape memory alloys 

(SMAs) and ceramics, SMPs offer several advantages, 
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including lower density, adjustable mechanical 

properties, and the ability for large reversible 

deformations [4, 5]. These properties have attracted 

great interest in their applications in various fields, such 

as deployable aerospace structures, biomedical implants, 

and self-healing systems [6, 7]. Beyond the traditional 
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one-way shape memory polymers (1W-SMPs), which 

return to their original shape only once after activation, 

researchers have also developed two-way shape memory 

polymers (2W-SMPs) that can reversibly switch 

between two different shapes without the need for 

external reprogramming [8]. 

A variant known as quasi two-way shape memory 

effect (quasi 2W-SME) describes SMPs that show 

reversible deformation during the cooling and heating 

cycle under a constant external mechanical load. This 

characteristic makes quasi-two-way SMPs particularly 

valuable for practical applications, providing an efficient 

and adaptable way for reversible motion control [9, 10]. 

As a result, they are increasingly used in soft robotic 

systems, adjustable grasping devices, and responsive 

medical implants that require reliable and repetitive 

shape-changing ability [11]. 

During the last two decades, two main categories of 

thermomechanical constitutive models have been 

developed to describe shape memory behavior: 

rheological and phenomenological models [12-14]. 

Early modeling efforts used simple viscoelastic 

components, such as springs and dashpots, to represent 

the material’s behavior based on the viscous and elastic 

properties of SMPs [15, 16]. Later, a phenomenological 

approach based on phase transition was developed to 

capture the thermomechanical behavior of epoxy-based 

shape memory polymers [17]. This model assumed that 

the material consists of two distinct phases: a frozen 

phase and an active phase. The main mechanism is the 

storage of strain energy in the frozen phase, which 

governs both the recovery processes and shape fixation. 

While this framework effectively described material 

behavior under small deformation, it was subsequently 

modified by adding an additional structural phase (hard 

phase) to better represent the response of shape memory 

polyurethanes under larger strains. These improvements 

extended the model’s ability to predict complex shape 

memory behavior in different material systems and 

loading conditions [18]. 

Micromechanical theory provides an alternative 

perspective for modeling the shape memory behavior of 

SMPs by directly considering their microstructure [19]. 

It serves as a crucial link between the macroscopic 

behavior of multi-phase systems and the intrinsic 

properties of their individual material components [9]. 

Establishing this relationship enables accurate 

predictions of the performance of multiphase materials, 

making micromechanics a central topic of research for 

decades. Through appropriate micromechanical 

homogenization techniques, effective material 

properties can be derived from the characteristics of each 

phase, which is vital for optimizing the design of 

multiphase systems. From a micromechanical 

standpoint, inclusions are typically modeled as being 

embedded within an infinite, homogeneous, isotropic 

elastic matrix, changing in shape and size during 

transformations [20]. 

The two most basic homogenization models are the 

Voigt model [21] and the Reuss model [22]. Collectively 

known as the rule of mixtures (RoM), the Voigt model 

assumes a uniform strain field within the representative 

volume element (RVE), implying that both the matrix 

and inclusions undergo the same strain. In contrast, the 

Reuss model assumes a uniform stress field within the 

RVE, such that all phases experience the same stress 

level. However, both models neglect the effect of 

inclusion shape or orientation, and do not account for 

interactions between inclusions within the matrix. 

Consequently, these methods are unsuitable for systems 

with a high volume fraction of inclusion. Nonetheless, 

they provide theoretical upper and lower bounds for 

effective properties, which no other model can surpass. 

Beyond the Voigt and Reuss approaches, most mean-

field homogenization methods are based on Eshelby’s 

basic work, with the Mori-Tanaka model being one of 

the most widely adopted [23, 24]. 

Within micromechanics theory, to homogenize a 

heterogeneous material and eliminate the source of 

heterogeneity, the heterogeneous region is conceptually 

replaced with an equivalent inclusion in which an 

appropriately distributed eigenstrain is introduced [25]. 

By this replacement, the material’s elastic properties are 

effectively homogenized. In this way the macroscopic 

behavior of heterogeneous materials can be directly 

related to their microstructural composition through 
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micromechanical modeling [26]. This framework relies 

on the concept of an RVE, which captures the material’s 

microstructure by accounting for the geometry and 

mechanical properties of its constituent phases [27, 28]. 

Micromechanics methods are generally divided into two 

broad categories: homogenization methods and average 

field theories. The average field approach estimates the 

macroscopic mechanical response of heterogeneous 

materials by considering averaged stress and strain fields 

at the microscale. This approach, originally proposed by 

Eshelby, later gave rise to more advanced schemes such 

as the self-consistent method and the Mori-Tanaka 

methods [29, 30]. The shape memory behavior of 

thermally activated SMPs is influenced by complex 

interactions, including the polymer’s structure 

morphology, programming conditions, and recovery 

parameters [31]. A phase evolution methodology was 

originally formulated for SMAs to model their pseudo-

elastic thermomechanical response and stress-induced 

phase transformations [24]. This framework has since 

been adapted to SMPs to capture their thermomechanical 

behavior. In semi-crystalline SMPs, the material 

properties are determined by the degree of crystallinity 

as well as the the size and orientation of the crystalline 

and amorphous phases [32]. 

To the authors’ knowledge, only a limited number of 

studies have addressed the modeling of both the one-way 

and two-way shape memory effects in semi-crystalline 

polymers [33-35]. While these models successfully 

predict the temperature-stress-strain responses of 

crosslinked poly(ε-caprolactone) (PCL) during both 

shape memory cycles, they do not account for 

microstructural characteristics such as the shape and size 

of crystalline phases, which evolve and reorient during 

cooling and heating. To more accurately describe the 

deformation behavior of shape memory polyurethane 

(SMPU) materials, Kim et al. [36] proposed a three-

phase phenomenological model consisting of a hard 

segment phase and two soft segment phases (active and 

frozen). Subsequently, Gilormini and Diani [37] 

addressed an unresolved issue from the earlier work of 

Chen and Lagoudas’s [38] by integrating Liu et al.’s 

model with homogenization techniques, thereby 

overcoming the limitations of the uniform stress 

assumption. These advances in multiphase material 

theory have allowed researchers to estimate the effective 

elastic properties of SMPs by treating them as two-phase 

systems. More recently, micromechanical modeling has 

been applied to 1W-SMPs, where the effect of 

microstructural features has been investigated using the 

Modified Mori-Tanaka method (MMT) [19]. However, 

to date, no study has examined micromechanical 

modeling of quasi-two-way shape memory effects in 

semi-crystalline SMPs over a complete 

thermomechanical cycle. 

The primary objective of this study is to establish a 

micromechanical constitutive model for two-way shape 

memory polymers under applied stress conditions. In 

particular, the work examines the relationship between 

macroscopic variables, such as applied stress and shape 

memory response and microscopic features, including 

the size and morphology of microstructural constituents, 

by utilizing the equivalent inclusion method (EIM) in 

combination with the Modified-Mori-Tanaka (MMT) 

approach. The proposed framework further accounts for 

the interactions among different phases throughout the 

cooling/heating cycle. Model predictions were 

systematically validated against available experimental 

data, confirming the reliability of the approach. 

 

2. Constitutive Micromechanics Model 

Crosslinked semi-crystalline networks exhibited the 

ability to undergo a spontaneous and reversible transition 

between two different configurations when subjected to 

thermal cycling [10]. Achieving two-way shape memory 

effects (2W-SMEs) requires the coexistence of both 

crystalline and amorphous phases. The connection 

between the macro and micro-scale configuration of 

semi-crystalline SMP is illustrated in Fig. 1. At the meso-

scale, Fig. 1(b) presents a three dimensional 

representative volume element (3D-RVE), showing the 

simultaneous presence of crystalline and amorphous 

phases. At the micro-scale, semi-crystalline SMPs 

consist of an amorphous matrix and embedded crystalline 

phases, as illustrated in Fig. 1(c, d). When subjected to 

mechanical loading, crystalline domains tend to align 
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Fig. 1. (a) Schematics representation of a semi-crystalline polymer at the macro-scale, (b) 3D-RVE at the meso-scale, micro-scale 

configuration of (c) amorphous phase, (d) random state crystalline phase, (e) oriented crystalline phase, and (f, g) atomic force 
microscopy (AFM) images including the coexistence of crystalline and amorphous phases [40]. 

 

along the direction of the applied stress [39]. 

Furthermore, as depicted in Fig. 1 (f, g), experimental 

observations reveal that polymers often contain distinct 

domains corresponding to different phases [40, 41]. The 

mechanical response of semi-crystalline polymers, 

particularly that of the crystalline phase, is typically 

modeled as fully elastic. This behavior is strongly 

influenced by several factors, including temperature, 

crystalline volume fraction, degree of crosslinking, and 

microstructural characteristics such as entanglement, 

crystalline size, shape, and spatial distribution [32, 40]. 

Fig. 2 displays a schematic representation of a typical 

two-way thermomechanical cycle for a two-phase SMP. 

The 2W-SME can be described as follows: (1) the sample 

is first heated to acquire shape “A” at elevated 

temperatures, (2) subsequently deformed under external 

load to shape “B”, (3) upon cooling close to the 

crystallization temperature it transforms into shape “C”, 

(4) further cooling results in shape “D”, and (5) reheating 

above the melting temperature drives recovery back to 

shape “B”. During cooling step, the transformation from 

“B” to “D” occurs through crystallization-induced 

elongation under constant external stress, whereas the 

reverse transformation from “D” to “B” during heating is 

governed by melting-induced contraction. Fig. 3(a) 

illustrates the deformation of the RVE adopted in this 

model throughout the 2W shape memory cycle. For 

micromechanical modeling, the 3D-RVE is considered to 

comprise an amorphous matrix and crystalline inclusion 

phases. Correspondingly, Fig. 3(b) schematically depicts 

the evolution of crystallinity during the 2W-SME 

process, based on prior studies and differential scanning 

calorimetry (DSC) results for semi-crystalline polymers 

[32]. Due to the absence of detailed microstructural data, 

certain modeling assumptions were made in the modeling 

approach [41]. The macroscopic response was through 

homogenization, providing the effective stresses and 

strains acting on the equivalent homogeneous material 

sample [42]. The proposed constitutive framework thus 

incorporates phase transition mechanisms, namely 

crystallization and melting, under constant loading 

during heating and cooling cycles while accounting for 

the microstructural characteristics of semi-crystalline 

2W-SMPs. 
 

 
Fig. 2. Schematic representation of a typical two-way 

thermomechanical cycle in a two-phase SMP.
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Fig. 3. (a) Schematic representation of the RVE corresponding to shapes (A)-(D) in Fig. 2, and (b) crystallinity content in a 2W-

SMP during reversible cooling and heating. 
.

2.1. Description of micromechanics-based model 

In the present two-phase micromechanical framework, 

the crystalline phase is treated as the inclusion phase 

embedded within the amorphous matrix. Figs. 4(a) and 

(b) show the 2D and 3D RVEs of two-phase semi-

crystalline 2W-SMP, respectively. Microstructure 

observations, presented in Fig. 4, indicate that the 

crystalline regions (highlighted in yellow) can be 

approximated as ellipsoidal shapes [43]. Consequently, 

in the model, the inclusions are represented as ellipsoidal 

shapes embedded within the amorphous matrix [41, 43, 

44]. Furthermore, Fig. 5(c) presents a 2D schematic of an 

ellipsoid-inclusion within a homogeneous SMP matrix. 

In Fig. 5(c), ℂூ and ℂெ denote the fourth-order elastic 

stiffness tensors of the inclusion and the matrix, 

respectively. Considering the SMP as a two-phase 

material (see Fig. 5(c)) subjected to a uniform far-field 

stress (𝝈̄), applied at infinity, the stress-strain relation for 

a homogeneous comparison material with amorphous 

elasticity can be expressed as: 
 
𝝈̄ ൌ ℂெ: ሺ𝜺଴ሻ (1)

 

Here 𝜺଴ represents the corresponding uniform strain. 

Due to differences in mechanical properties (e.g., 

stiffness), geometry, and loading conditions, stress and 

strain are redistributed between the matrix and the 

inclusions. This redistribution induces interactions 

between the two phases, which are captured; through the 

introduction of the interaction strain (𝜺෤) [20]. The 

mismatch in deformation between the matrix and the 

inclusions generates additional internal stress and strain 

fields. These fields arise not only from externally applied 

load but also from the mechanical interactions between 

the constituent phases, commonly referred to as 

interaction strain [19]. Consequently, when the two-

phase system is subjected to a far-field stress, 𝝈̄, the 

presence of the inclusions modifies the mean stress in the 

matrix by inducing a mean interaction stress 𝝈෥, 

corresponding to a mean interaction strain, 𝜺෤. This 

relation can be expressed as: 
 
𝝈ெ ൌ 𝝈̄ ൅ 𝝈෥ ൌ ℂெ: ሺ𝜺଴ ൅ 𝜺෤ሻ (2)

 

Where the interaction stress and strain are related by: 
 
𝝈෥ ൌ ℂெ: 𝜺෤ (3)

 

 
Fig. 4. Atomic force microscopy (AFM) image illustrating the 

microstructure of polypropylene as a representative semi-
crystalline polymer [43].
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Fig. 5. (a) 3D, and (b) 2D RVE in the micromechanics model of a semi-crystalline 2W-SMP, and (c) schematic of an ellipsoid-

inclusion embedded in the homogenous SMP matrix under applied stress. 
 

By assuming a uniform inclusion stress (𝝈ூ) and 

strain within the inclusion, in addition to the matrix phase 

response, a perturbation strain (and corresponding stress) 

field must be introduced to account for the presence of 

inhomogeneities within the composite [45]: 
 
𝝈ூ ൌ 𝝈̄ ൅ 𝝈෥ ൅ 𝝈௣௧ ൌ ℂெ: ሺ𝜺଴ ൅ 𝜺෤ ൅ 𝜺௣௧ሻ (4)

 

Where 𝝈௣௧ and 𝜺௣௧ represent the uniform perturbation 

stress and strain fields within the inclusions, respectively. 

For a finite volume fraction of inclusions, both the 

interaction strain between neighboring inclusions (𝜺෤) and 

the perturbation strain (𝜺௣௧) caused by the inhomogeneity 

of the inclusions in the matrix must be considered [20, 

45]. Accordingly, the average strain in the amorphous 

(matrix) and crystalline (inclusion) phases can be 

expressed as: 
 
𝜺̄ெ ൌ 𝜺𝟎 ൅ 𝜺෤ െ 𝜺் (5)

  
𝜺̄ூ ൌ 𝜺𝟎 ൅ 𝜺෤ ൅ 𝜺௣௧ െ 𝜺் െ 𝜺௜௡ (6)

 

Here 𝜺̄ெ and 𝜺̄ூ represent the average elastic strain in 

the matrix and inclusion phases, respectively, while 𝜺் 

represents the thermal strain, and 𝜺௜௡ corresponds to the 

inelastic storage/release strain in the cooling/heating of 

the inclusion phase. The inelastic strain generating 

during phase transition under actuation stress (external 

load), as observed in PCL-based SMPs, can be evaluated 

using the following expression [34]: 
 

𝜺ሶ ௜௡ ൌ

⎩
⎪
⎨

⎪
⎧ሺ

𝛽𝜉ሶ௖
𝐸ெ𝑇

ሻ𝝈;                       𝑐𝑜𝑜𝑙𝑖𝑛𝑔:  𝑇ሶ ൏ 0

𝜉ሶ௖
𝜉௖
𝜺௜௡;                           ℎ𝑒𝑎𝑡𝑖𝑛𝑔:  𝑇ሶ ൐ 0

0;                                 𝑠𝑡𝑒𝑎𝑑𝑦:  𝑇ሶ ൌ 0

 (7)

 

Here 𝑇 and 𝑇ሶ  are temperature and temperature rate, 

respectively. The parameter 𝛽 represents the dependency 

of inelastic strain on the actuation stress, while 𝐸ெ𝑇 

represents the temperature-dependent modulus of the 

amorphous (matrix) network. Furthermore, 𝜉௖ denotes 

the volume fraction of the crystalline inclusion phase. 

Superscripts 𝑛 and 𝑛 ൅ 1 are used to indicate quantities 

evaluated at the previous time 𝑡௡ and the current time step 

𝑡௡ାଵ, respectively. Accordingly, inelastic strain in time-

discrete form can be expressed as: 
 

𝜺௡ାଵ
௜௡ ൌ

⎩
⎪
⎨

⎪
⎧𝜺௡௜௡ ൅ 𝛽ሺ𝜉௡ାଵ

௖ െ 𝜉௡௖ሻሺ
𝝈
𝐸ெ𝑇

ሻ;              𝑐𝑜𝑜𝑙𝑖𝑛𝑔

1

1 െ
𝜉௡ାଵ
௖ െ 𝜉௡௖

𝜉௡ାଵ
௖

𝜺௡௜௡;                             ℎ𝑒𝑎𝑡𝑖𝑛𝑔

0;                                                          𝑠𝑡𝑒𝑎𝑑𝑦

 (8)

 

It is worth mentioning that the total thermal strain 𝜺் 

can be expressed in terms of the thermal expansion 

coefficients of each phase using the rule of mixture [46]: 
 

𝜺் ൌ 𝜉ூ𝜺ூ
் ൅ ሺ1 െ 𝜉ூሻ𝜺ெ

் ൌ ቆන ሺ𝜉ூ𝛼ூ
் ൅ ሺ1 െ 𝜉ூሻ𝛼ெ

் ሻ
்

బ்

𝑑𝑇ቇ 𝑰 (9)

 

Here 𝜺ூ
் and 𝜺ெ

்  represent the thermal strains of the 

inclusion and matrix phases, respectively, while, 𝛼ூ
் and 

𝛼ெ
்  denote their corresponding thermal expansion 

coefficients. In Eq. (9), 𝑰 is the second-order identity 

tensor, 𝑇଴ and 𝑇 are the reference and current 

temperature, and 𝜉ூ represents the crystalline volume 

fraction , which can be determined from the crystalline 

weight content as follows [11]: 
 

𝜁௖ ൌ

⎩
⎪
⎨

⎪
⎧

𝜁௖௪

1 ൅ 𝑒𝑥𝑝ൣ𝛽௖ 𝑎𝑟𝑐𝑡𝑎𝑛൫𝑇௖
௘௙௙൯൫𝑇 െ 𝑇௖

௘௙௙൯൧
;          𝑐𝑜𝑜𝑙𝑖𝑛𝑔

𝜁௖௪

1 ൅ 𝑒𝑥𝑝ൣ𝛽௠ 𝑎𝑟𝑐𝑡𝑎𝑛൫𝑇௠
௘௙௙൯൫𝑇 െ 𝑇௠

௘௙௙൯൧
;       ℎ𝑒𝑎𝑡𝑖𝑛𝑔

 (10)
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Where 𝜁௖௪ is the maximum crystalline weight content, 

while 𝛽௖ and 𝛽௠ are positive material constants. 𝑇௖
௘௙௙ and 

𝑇௠
௘௙௙ denote the effective crystallization and melting 

temperatures, respectively. To capture the evolution of 

the crystalline phase during thermal cycling, a physically 

based evolution law was proposed [11, 34]: 
 

𝜉௖ ൌ
𝜌௔𝜁௖

𝜌௔𝜁௖ ൅ 𝜌௖ሺ1 െ 𝜁௖ሻ
 (11)

 

Where 𝜌௔ and 𝜌௖ denote the densities of the 

amorphous and crystalline phases, respectively. 

Experimental studies have demonstrated that 

crystallization is influenced by the applied stress tensor 

(𝑺ா௡௚), cooling (𝜈௖) and heating (𝜈௛) rates. 

Consequently, the effective transition temperatures for 

crystallization and melting can be expressed as [11]: 
 

𝑇௖
௘௙௙ ൌ 𝑇௖ ൅ 𝛾௖ଵฮ𝑺ா௡௚ฮ ൅ 𝛾௖ଶ

𝜈௖
𝜈௖ோ

 (12)

  

𝑇௠
௘௙௙ ൌ 𝑇௠ ൅ 𝛾௠ଵ ฮ𝑺ா௡௚ฮ ൅ 𝛾௠ଶ

𝜈௠
𝜈௠ோ

 (13)

 

In Eqs. (12) and (13), 𝛾௖ଵ, 𝛾௠ଵ  and 𝛾௖ଶ, 𝛾௠ଶ  describe the 

effects of the actuation stress and thermal rate, 

respectively. 𝜈௖ோ, 𝜈௠ோ  represent the reference cooling and 

heating rates, while ฮ𝑺ா௡௚ฮ is the norm of the applied 

stress tensor ሺ𝑺ா௡௚ሻ. Based on Hooke’s law, the 

constitutive equation of the inclusion and matrix phases 

could be expressed by combining Eqs. (5) and (6) with 

the corresponding elastic stiffness tensor of each phase: 
 

𝝈̄ெ ൌ ℂெ: ሺ𝜺଴ ൅ 𝜺෤ െ 𝜺்ሻ (14)
  

𝝈̄ூ ൌ ℂூ: ൫𝜺଴ ൅ 𝜺෤ ൅ 𝜺௣௧ െ 𝜺் െ 𝜺௜௡൯ (15)
 

Here 𝝈̄ெ and 𝝈̄ூ are the average stress tensors of the 

matrix and inclusion phase, respectively. Within the 

framework of the equivalent inclusion method (EIM), 

eigenstrain refers to a fictitious internal strain field 

introduced within an inclusion assumed to have the same 

elastic properties as the surrounding matrix. This 

approach serves to simulate the effect of a real 

inhomogeneous inclusion with different material 

properties. In doing so, the complex inhomogeneity 

problem is reduced to a mathematically tractable one 

involving a homogeneous medium with internal strain 

incompatibilities, thereby enabling the stress and strain 

fields to be analyzed through Eshelby’s solution. Eshelby 

demonstrated that an inhomogeneity can be equivalently 

considered as an inclusion with the same elastic 

properties as the matrix, subjected to a corresponding 

perturbation strain, commonly referred to as eigenstrain. 

In the context of SMPs, eigenstrain represents the 

transition strain associated with the phase transitions in 

semi-crystalline SMPs during the shape memory cycle. 

Within this framework, the EIM provides a means to 

evaluate the perturbation strain by incorporating the 

eigenstrain (𝜺∗). A fundamental requirement of the EIM 

is the consistency condition, which ensures equivalence 

between the real inhomogeneous inclusion and the 

fictitious homogeneous inclusion subjected to the 

prescribed eigenstrain. This condition enforces that the 

average stress within both inclusions remains identical 

under the same applied remote loading, thereby 

guaranteeing that the mechanical response of the 

simplified model accurately reflects that of the original 

two-phase composite structure [20]. 
 
ℂூ: ሺ𝜺𝟎 ൅ 𝜺෤ ൅ 𝜺௣௧ െ 𝜺் െ 𝜺௜௡ሻ

ൌ ℂெ: ሺ𝜺𝟎 ൅ 𝜺෤ ൅ 𝜺௣௧ െ 𝜺் െ 𝜺௜௡ െ 𝜺∗ሻ (16)

 

The disturbance strain field in the matrix surrounding 

an inclusion can be expressed as the action of the Eshelby 

tensor on the total eigenstrain. This total eigenstrain 

accounts for all inelastic strain sources intrinsic to the 

inclusion, including thermal mismatch and phase 

transition effects [19, 24]. Accordingly, the disturbance 

strain (𝜺௣௧) of the inclusion is related to the total 

eigenstrain through the Eshelby tensor (𝑺ூ) as [45]: 
 
𝜺௣௧ ൌ 𝑺ூ: ൫𝜺∗ ൅ 𝜺் ൅ 𝜺௜௡൯ (17)

 

The Eshelby tensor depends on the inclusion aspect 

ratio (i.e., the size and shape effect of the inclusion) as 

well as the Poisson’s ratio of the surrounding matrix [19]. 

By evaluating the average stress within both the matrix 

and the inclusion, the overall effective stress in the two-

phase material system can then be obtained as follows [20]: 
 
𝝈̄ ൌ 𝜉ூ𝝈̄ூ ൅ ሺ1 െ 𝜉ூሻ𝝈̄ெ (18)
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By substituting Eqs. (14) and (15) in (18), the volume 

average stress can be expressed as: 
 
ℂெ: 𝜺෤ ൅ 𝜉ூℂூ:𝑺ூ: ൫𝜺∗ ൅ 𝜺் ൅ 𝜺௜௡൯ ൌ 0 (19)

 

The average strain and average stress are related to 

the equivalent stiffness tensor as follows [19]: 
 
𝝈̄ ൌ ℂሜ : 𝜺̄ (20)

 

In the homogenization step, the inclusion is regarded 

as a part of the matrix while carrying the eigenstrain. By 

employing effective elastic stiffness tensors, this 

approach establishes a relationship between the volume 

averages of stress and strain within the SMP. The Mori–

Tanaka method introduces the strain concentration tensor 

by assuming that each inclusion experiences the matrix 

average strain rather than the  macroscopic average strain 

of the composite [23]. This assumption more reflects the 

physical environment surrounding inclusions, 

particularly in matrix-dominated composites, while 

preserving analytical tractability. Accordingly, Mori-

Tanaka proposed that, for a two-phase microstructure 

with multiple identical inclusions, the relationship 

between the average strains of the inclusion and the 

matrix can be expressed as [23]: 

 
𝜺̄ூ ൌ 𝑨ெ்: 𝜺̄ெ (21)

 

Where 𝑨ெ் or the Mori–Tanaka strain concentration 

tensor is a fourth-order tensor that provides a mean-field 

approximation linking the average inclusion strain to the 

surrounding matrix strain. The primary objective is to 

construct a concentration tensor that can relate the 

average stress or strain within the inclusion to the 

imposed boundary conditions. The fundamental 

formulation of the Mori–Tanaka method, as derived in 

our previous work [19], is given by: 
 

𝑨ெ் ൌ ൣ𝑰ሺସሻ ൅ 𝑺ூ: ሺℂெሻିଵ: ሺℂூ െ ℂெሻ൧
ିଵ

 (22)
 

Here, 𝑰ሺସሻ is the fourth-order identity tensor. Based on 

the Mori-Tanaka method and Eshelby solution for two-

phase systems, the effective stiffness tensor can be 

obtained from the volume fraction of inclusion and the 

elastic stiffness tensors of matrix and inclusion as [19]: 
 
ℂሜ ൌ ሾሺ1 െ 𝜉ூሻℂெ ൅ 𝜉ூℂூ𝑨ெ்ሿ: ሾ𝜉ூ𝑨ெ் ൅ ሺ1 െ 𝜉ூሻ𝑰ሺସሻሿିଵ (23)

 

The overall average stress tensor, accounting for 

applied, thermal, and inelastic strains, is then expressed 

as: 
 
𝝈̄ ൌ ℂሜ : ൫𝜺଴ െ 𝜺௜௡ െ 𝜺்൯ (24)

 

It is essential to note that the present constitutive 

model was implemented in the UMAT user subroutine of 

the ABAQUS software. Employing the MMT method, 

the proposed micromechanical model successfully 

predicts the effective macroscopic behavior of quasi-2W-

SMPs throughout the shape memory cycle. 

 

3. Results and Discussion 

To evaluate the validity of the proposed framework 

developed in the previous section, a series of simulations 

was conducted and compared with results available in the 

literature [34, 47]. These studies encompass a wide range 

of shape recovery processes and structural 

configurations, thereby providing the validity basis for 

assessing the robustness of the presented model. For this 

purpose, the model was implemented using the user-

defined subroutine UMAT in ABAQUS. It was applied 

to simulate a uniaxial shape memory cycle comprising 

three sequential steps: loading under fixed external load 

at a high temperature (𝑇௛), cooling under constant stress 

down to a low temperature (𝑇௟), and reheating under 

constant external force conditions to enable shape 

recovery. The material parameters adopted in these 

simulations are summarized in Table 1. 

To verify the proposed model, the numerical 

simulations were performed under uniaxial loading 

conditions. Fig. 6 illustrates the geometry of the SMP 

sample and the corresponding boundary conditions 

imposed throughout the 2W shape memory cycle. A 

force control approach was adopted, where a uniaxial 

tensile force was applied to the sample. Symmetry 

conditions were enforced by constraining the 

displacements in the normal directions of the back, 

bottom, and right faces of the modeled geometry. In the 
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first step, loading at high temperature, a traction force 

was applied to ensure fixed-stress boundary conditions, 

as shown in Fig. 7. During the second step, cooling, this 

traction force was maintained constant while the 

temperature was gradually reduced below the 

crystallization point, following a prescribed temperature 

amplitude. Finally, in the recovery step, the sample was 

reheated to a temperature above the melting threshold 

while keeping the external force constant. 

Based on the experimental data reported in [47] for 

the crystalline weight content, the inclusion volume 

fraction is expressed as a temperature-dependent 

function, as given by Eqs. (10) and (11). To describe the 

effects of external loading and thermal conditions on the 

crystallization process, the effective crystallization and 

melting temperatures are introduced Eqs. (12) and (13). 

These effective temperatures play a central role in the 

model, as they directly determine the evolution of 

temperature-dependent volume fraction function. 

Fig. 7 presents the displacement distribution contour 

for the 2W shape memory cycle of PCL subjected to an 

applied stress of 250 kPa. In Fig. 7(a), the material 

corresponds to shape “A” (as defined in Fig. 2), 

representing the fully amorphous state at the high 

temperature (𝑇௛) prior to any applied deformation. Upon 

applying a constant stress along the x-axis, the sample 

deforms into shape “B” at high temperature, as shown in 

Fig. 7(b). The material is then cooled below the 

crystallization temperature (𝑇௟ ൏ 𝑇஼) under constant 

stress. During this step, the increase in the crystalline 

phase enhances both thermal and shape memory strains, 

resulting in approximately 12% deformation. The 

temporary shape attained at the end of the cooling, 

corresponding to point “D” in Fig. 2, is shown in Fig. 

7(c). Finally, reheating to the high temperature (𝑇௛) under 

the same constant stress restores the temporary shape 

“B”, thereby completing the 2W shape memory cycle. 

Unlike the 1W-SME, this two-way effect allows 

reversible switching between temporary shapes purely 

through thermal cycling, without requiring 

reprogramming. 
 

 
Fig. 6. Geometry and applied boundary condition of the 

sample in the uniaxial tensile simulation.
 
 

Table 1. Material parameters for the PCL in the simulations [34, 48] 
Ea (MPa K) Ec (MPa) TC, TM ( ̊C) 𝜶𝒂,𝜶𝒄 (1/ ̊C) 𝝆𝒂,𝝆𝒄 (kg/m3) 

0.014 900 -15, 20 2, 1.5 ൈ 10ିସ 1081, 1195 
𝛾௖ଵ, 𝛾௠ଵ  ( ̊C/kPa) 𝛾௖ଶ, 𝛾௠ଶ  𝛽௖ ,𝛽௠ (1/ ̊C2) Υ௖௪ K (W/m ̊C) 

1.65ൈ 10ିସ, -2ൈ 10ିଷ 5.5, 8 0.21 23 0.5 
C୮ (J/kg ̊C) βୱ (1/MPa) γୱ βୱ (1/MPa) Tl , Th ( ̊C) 

1400 1.56ൈ 10ହ 0.05 1.56 ൈ 10ହ -40, 65 
 

 
Fig. 7. Displacement distribution contour during shape memory cycle (a) initial shape, (b) deformed shape, (c) temporary shape 

at the end of cooling, and (d) recovered shape.
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Such reversible behavior is crucial for various 

engineering applications, including smart filters, 

adaptive windows, artificial muscles, and self-adjusting 

clamps [9, 10]. 

As previously described, a shape memory cycle was 

simulated using ABAQUS to model the quasi-2W-SME 

under constant external thermomechanical loading. The 

simulations were conducted at a fixed stress of 250 kPa, 

with cooling and heating rates set to 2 and 10 ℃/min, 

respectively. The stress-strain-temperature response of 

PCL under constant stress (250 kPa) is presented in Fig. 

8. The strain-temperature curve shows an engineering 

strain increases approximately 12% as the temperature 

decreases from 65 to -40 ℃. The effect of inclusion size 

was considered through the aspect ratio a/c = 1/25 in the 

simulations. The heating–cooling cycle experiences a 

temperature range of about 105 ℃. Notably, during the 

cooling, the strain increases by about 7% within a 40 °C 

interval around the crystallization temperature. In 

contrast, during heating, the crystalline phase remains 

stable up to its melting point, beyond which the polymer 

network transforms to an amorphous state, allowing the 

material to recover its original shape before subsequent 

cooling. The key differences between the present model 

and the one-dimensional model by Scalet et al. [34] are 

related to the influences of shape, size, and interaction of 

phases. Additionally, improvement in the volume 

fraction, effective crystallization/melting temperatures, 

and optimized fitting parameters have enhanced the 

accuracy of predicting shape memory response. 

However, the discrepancy (up to 5% at low temperatures) 

between the predicted and experimental results can be 

attributed to the inherent complexities of the polymer 

microstructure. As shown in Fig. 8, the Root Mean 

Square Error (RMSE) for the predictions obtained from 

the Scalet et al. [34] model is 2.41, whereas the 

corresponding value for the proposed model is 

significantly lower at 0.35. The 85% reduction in RMSE 

indicates a significant improvement in the prediction 

accuracy, and its improved agreement with experimental 

observations. 

Fig. 9 compares the predictions of the current model 

with the experimental data [47] and the Scalet model [34] 

to assess the effect of ellipsoid inclusion size. To this end, 

different aspect ratios of the ellipsoidal shape (a/c = 1/5, 

1/15, and 1/25) were considered, and the stress-stress-

strain-temperature evolution under a fixed external load 

of 250 kPa during the two-way shape memory cycle is 

illustrated in Fig. 9. It has been well established that the 

mechanical and thermal properties of polymeric 

materials are strongly dependent on their morphological 

features [49]. Experimental data [44] corresponding to a 

shape ratio of length/thickness = 23, demonstrated a 

strong correlation with the model predictions when the 

inclusion aspect ratio was taken as a/c = 1/25. In this 

study, for the first time, microstructural characteristics 

have been considered in investigating the effective 

properties of 2W-SMP systems. Additionally, the 

behavior of both phases was assumed to be linear elastic, 

consistent with existing experimental observations and 

the existing modeling data. 

 

 
Fig. 8. Evolution of stress-strain-temperature response of 

PCL: comparison between the present model, experimental 
data [47], and the Scalet model [34] under a constant stress of 

250 kPa. 
 

 
Fig. 9. Influence of ellipsoidal inclusion size effect on shape 
memory behavior during the programming cycle at 250 kPa, 

compared with experimental data [47]. 
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The RMSE values for different (a/c) ratios during the 

cooling phase were 0.64, 0.44, and 0.36, while the 

corresponding error values during the heating phase 

were 1.19, 0.87, and 0.62. The reduction in RMSE 

values across the cooling and heating cycles, from a/c = 

1/5 to a/c = 1/25, indicates an improvement in the results 

of the proposed model. This improvement reflects a 

better alignment between the geometric dimensions of 

the inclusions and their actual morphology, while also 

highlighting the influence of inclusion phase size in 

modeling 2W-SMPs. The current model provides a 

foundation that can be extended in future work to 

address its limitations. In this study, linear elasticity is 

assumed for both polymer phases to focus on capturing 

microstructural effects and interphase interactions, while 

enabling efficient three-dimensional implementation. 

Although viscoelastic effects, particularly in the 

amorphous phase, are relevant, their inclusion would 

require significantly more complex numerical treatment. 

Therefore, to preserve clarity and simplicity in this 

foundational model for 2W-SMPs, such effects are 

reserved for future model developments. 

Fig. 10 presents the strain response of PCL under a 

constant stress level (250 kPa) for both spherical and 

ellipsoidal inclusion shapes, compared with the 

experimental data. As illustrated in Fig. 10, the results 

obtained from the present model, aligned with 

experimental findings on the microstructure of semi-

crystalline SMPs, demonstrate that ellipsoidal inclusions 

yield superior predictive accuracy. These findings 

underscore the critical role of the microstructural and 

morphological characteristics of the crystalline phase, 

particularly the size and shape of inclusions, in 

influencing the shape memory performance of 2W-

SMPs. According to Eq. (27), in the initial step when the 

temperature is constant and the material remains in the 

amorphous phase, the response follows Hooke’s law, 

and the effective stiffness tensor corresponds to that of 

the matrix. As cooling begins and the volume fraction of 

the inclusion phase increases near the crystallization 

temperature, the crystalline phase increasingly 

dominates the mechanical response, especially at lower 

temperatures. Furthermore, during the cooling/heating 

cycle, the coexistence of two phases with distinct 

stiffness properties induces disturbance strains, which 

are effectively captured the proposed model. As depicted 

in Fig. 10, the RMSE value for ellipsoidal versus 

spherical inclusions during the cooling step decreases by 

52%, from 1.59 to 0.76. Similarly, the corresponding 

error values during the heating phase are 2.04 for the 

spherical geometry and 0.64 for the ellipsoidal 

geometry. These findings underscore the enhanced 

accuracy of the proposed model when the geometrical 

representation more closely reflects the actual 

microstructure. To facilitate analysis, simplified 

inclusion geometries were employed. Nonetheless, the 

presented formulation allows for the extraction of the 

Eshelby tensor corresponding to real microstructure. In 

this study, idealized inclusion shapes such as ellipsoids 

were used to capture microstructural effects while 

maintaining model simplicity and clarity. Although real 

crystalline morphologies may exhibit more complex 

geometries, the incorporation of irregular shapes can be 

pursued in future work due to the additional 

computational and experimental demands. 

 

Fig. 10. Comparison of experimental data [47] and simulation 
results: effect of different inclusion shapes during the shape 

memory response under 250 kPa. 

 

4. Conclusions 

This study developed a micromechanical constitutive 

model to predict the thermomechanical behavior of 

quasi-2W shape memory polymers (SMPs) under 

programming conditions. A 3D micromechanical 

framework, based on the equivalent inclusion method 

and a modified Mori-Tanaka approach, was 
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implemented in ABAQUS via a UMAT subroutine. The 

key findings are summarized as follows: 

 The model incorporates the inclusion phase’s shape, 

size, and volume fraction, along with interaction 

strains between phases, thereby enabling a more 

accurate simulation of the shape memory cycle. 

 The interaction and disturbance strains were shown to 

influence the Mori-Tanaka tensor and the effective 

stiffness—effects typically neglected in prior models. 

 Ellipsoidal inclusions more accurately replicate real 

microstructures compared to spherical ones, with the 

best agreement for an aspect ratio of approximately 25 

(a/c = 1/25). 

 Model predictions demonstrated strong agreement 

with experimental results, validating the importance of 

microstructural and interaction effects in quasi-2W-

SME modeling. 

 The proposed model significantly enhances prediction 

accuracy, achieving up to an 85% reduction in RMSE 

compared to existing models, and demonstrating 

superior alignment with experimental data across 

various loading phases. 

 Incorporating ellipsoidal inclusions and refining the 

a/c ratio led to notable reductions in RMSE during 

both heating and cooling cycles, confirming the 

importance of accurate geometric representation in 

modeling the microstructure of two-way shape 

memory polymers. 
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