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Abstract: In the present article, a numerical procedure is developed for dynamic analysis of single 

and double autofrettage of thick–walled Functionally Graded (FG) cylinders under transient loading. 

The governing differential equations are discretized and presented in explicit Lagrangian formalism. 

The explicit transient solution to discrete equations is obtained on the meshed region, and results for 

stress and strain distribution for relevant problems under inner and/or outer boundary conditions are 

established. 

The autofrettage behavior is subsequently analyzed through the application of time dependent 

pressure to boundary regions of the axisymmetric domain. Dynamic results, in particular in transient 

loading, are different in comparison with static ones due to the presence of plastic deformation and 

wave propagation. The residual stress resulting from internal pressure changes the structural load 

bearing capacity of the cylinder, in so far as the tensile stress of the outer layers might reduce, while 

the compressive stress of the inner layers might increase. For functionally graded materials whose 

material properties change continuously, dynamic analysis yields results which are entirely different 

as compared with their static counterparts due to the change in the wavelength and acoustic 

impedance. In the static analysis, the dimensionless forms of equations can be developed from the 

onset, while in the dynamic analysis the physical dimensions and material properties gain 

importance due to the inherent properties of the stress waves. Residual stresses in the inner and outer 

parts of the cylinder are also studied for various volume fractions of FG material under single or 

double autofrettage.           
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1. Introduction 

There have been numerous investigations related to the analysis of residual stresses and deformation in 

thick-walled cylinders subjected to autofrettage. Franklin and Morrison [1] investigated the behavior of 

homogeneous thick cylinders subjected to one or two cycles of internal pressure. They calculated the stresses 

throughout the material of these cylinders at any stage in the process. Chen [2] has reported a method for 

stress and deformation analysis based on a new theoretical model. This new model is a close representation 

of the actual loading/unloading behavior in a high strength steel. The strain-hardening effect is taken into 

account with different parameters used for loading and unloading processes.  

The formulas for calculating stresses, strains, and displacements are given, and new results for residual 

stresses in autofrettaged high pressure vessels are presented by Stacey and Webster [3]. They compared 

analytical and numerical estimates with experimental measurements using Sachs boring and neutron 

diffraction methods. The significance of the choice of yield criterion, the Bauschinger effect and work-

hardening on the predicted residual hoop stress distribution was also examined. Rees [4] showed that the 

bending of a thick-walled cylinder to a given radius involves an elastic–plastic deformation that results in a 

residual, axial stress distribution. Parker [5] investigated autofrettaged mono-block cylinders by reviewing 
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and comparing different unloading models. Livieri and Lazzarin [6] analytically investigated the residual 

stress distributions for autofrettaged cylindrical vessels considering the Bauschinger effect. Jahed and 

Ghanbari [7] measured the actual tensile–compressive stress-strain behaviour of steel alloy during the 

autofrettage process. The significance of employing actual unloading behavior is demonstrated by 

comparing the results with ideal models such as isotropic hardening and bilinear models. There is at least a 

30% overestimation of the compressive residual stress at the bore if ideal models are used. 

Zhang et al. [8] using Voroni Cell Finite Element Method by employing Abaqus software studied the 

effective elastic properties of FG materials. The high-order theory for FG materials was presented by Pindar 

and Abudi [9]. In 2015, Bayat and Tosy presented the elasto plastic model for the analytical solution of 

functionally graded hollow cylinders under torsion. In this method, the TTO (Tamura–Tomota–Ozawa) 

model was used for elastoplastic modeling of functionally graded materials [10]. Majzoobi et al. presented 

a finite element simulation and an experimental study of autofrettage for strain hardened thick-walled 

cylinders [11]. In 2015, Kumar and Molik modeled the autofrettage of cylindrical pressure vessels with 

elliptical cross sections using Ansys FE software [12]. 

 Previous investigations were mainly focused on inducing beneficial residual stresses at the near bore 

area, neglecting the outer part. However, further investigation of the results indicates that harmful tensile 

residual stress at the outside layer of the cylinder reduces its carrying load capacity. Moreover, researches 

mostly focus on static loading while in reality load is applied dynamically and the material behaviour may 

be drastically different during the transient period due to the elasto-plastic wave propagation and also 

acoustic impedance. A transient analysis of autofrettage process is consequently necessary to investigate the 

crucial differences as compared with static results. Such an investigation in thick-walled functionally graded 

cylinders and an evaluation of the outcome, in particular, the state of residual stresses at the inner as well as 

the outer part of the cylinder are the subjects of the present paper.  

1.1. Explicit Lagrangian method in dynamic autofrettage modeling 

An explicit Lagrangian finite difference method is used in the analysis. The governing differential equations 

are discretized using finite difference method. Toward this end, the equations are integrated, given the 

geometry and boundary conditions, then by using divergence theorem surface integrals are converted to 

boundary integrals, and finally the discrete governing equations are presented in explicit Lagrangian 

formalism. By extracting the explicit transient solution of discrete equations on the meshed region, results 

for stress and strain distribution are obtained. Finally, the C/C++ numerical programming is prepared using 

the explicit Lagrangian formalism.  

1.2. Equations of motion 

In the absence of body force and given the axial symmetry about z- axis, the equations of motion are written 

in cylindrical coordinates as [13]: 

{
 
 

 
 
𝜕𝜎𝑟𝑟

𝜕𝑟
+
𝜕𝜎𝑧𝑟

𝜕𝑧
+
𝜎𝑟𝑟−𝜎𝜃𝜃

𝑟
= 𝜌

𝜕2𝑈𝑟

𝜕𝑡2
   

𝜕𝜎𝑟𝜃

𝜕𝑟
+
𝜕𝜎𝑧𝜃

𝜕𝑧
+
2𝜎𝑟𝜃

𝑟
= 𝜌

𝜕2𝑉𝜃

𝜕𝑡2
         

𝜕𝜎𝑟𝑧

𝜕𝑟
+
𝜕𝜎𝑧𝑧

𝜕𝑧
+
𝜎𝑟𝑧

𝑟
= 𝜌

𝜕2𝑊𝑧

𝜕𝑡2
            

                                                                     (1) 

where Ur, Vθ and Wz are r-θ-z components of displacement vector, σ stress tensor, t time and ρ is density. 

Using the following relations for the components of velocity and acceleration in radial and tangential 

directions,  
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{
 
 

 
 
𝜕𝑈𝑟

𝜕𝑡
= 𝑟̇    

𝜕𝑉𝜃

𝜕𝑡
= 𝑟𝜃   ̇

𝜕𝑊𝑧

𝜕𝑡
= 𝑧̇     

 و

{
 
 

 
 
𝜕2𝑈𝑟

𝜕𝑡2
= 𝑟̈ − 𝑟𝜃̇2  

𝜕2𝑉𝜃

𝜕𝑡2
= 𝑟𝜃̈ + 2𝑟̇𝜃̇

𝜕2𝑊𝑧

𝜕𝑡2
= 𝑧̈              

                                                                       (2) 

Equation (1) is simplified to  

{
 
 

 
 

𝑑𝑟̇

𝑑𝑡
=

1

𝜌
(
𝜕𝜎𝑟𝑟

𝜕𝑟
+
𝜕𝜎𝑧𝑟

𝜕𝑧
+
𝜎𝑟𝑟−𝜎𝜃𝜃

𝑟
) + 𝑟𝜃̇2

1

𝑟

𝑑

𝑑𝑡
(𝑟2𝜃̇) =

1

𝜌
(
𝜕𝜎𝑟𝜃

𝜕𝑟
+
𝜕𝜎𝑧𝜃

𝜕𝑧
+
2𝜎𝑟𝜃

𝑟
)      

𝑑𝑧̇

𝑑𝑡
=

1

𝜌
(
𝜕𝜎𝑟𝑧

𝜕𝑟
+
𝜕𝜎𝑧𝑧

𝜕𝑧
+
𝜎𝑟𝑧

𝑟
)                        

                                                                (3) 

In Eqs. (3), the variable ρ represents the density of the region in the local coordinates. For functionally 

graded materials, the mechanical properties of the material change along the r direction. 

1.3. Conservation of mass 

Conservation of mass is written in the form 𝑉𝑟 =
𝑉

𝑉0
=

𝑀 𝜌⁄

𝑀 𝜌0⁄
=

𝜌0

𝜌
 where ρ is the actual density, ρ0 reference 

material density, 𝑉𝑟 relative volume, 𝑀 mass, 𝑉 volume and 𝑉0 initial volume. 

1.4. Strain rate components 

The components of the strain rate in the cylindrical coordinate r-θ-z (Lagrangian) are recorded in Eq. (4).  

{
 
 
 
 
 

 
 
 
 
 𝜀𝑟̇𝑟 =

𝜕𝑈̇𝑟

𝜕𝑟
=

𝜕𝑟̇

𝜕𝑟
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𝑟
+
1

𝑟
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=

𝑟̇

𝑟
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𝜕𝑊𝑧̇
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=
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1

𝑟
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𝜕𝜃
+
𝜕𝑉̇𝜃

𝜕𝑟
−
𝑉𝜃̇

𝑟
= 𝑟

𝜕𝜃̇

𝜕𝑟
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𝜕𝑉̇𝜃

𝜕𝑧
+
1

𝑟

𝜕𝑊𝑧̇

𝜕𝜃
=

𝜕(𝑟𝜃̇)

𝜕𝑧
      

𝛾̇𝑧𝑟 =
𝜕𝑈̇𝑟

𝜕𝑧
+
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𝜕𝑟
=

𝜕𝑟̇

𝜕𝑧
+
𝜕𝑧̇

𝜕𝑟
     

               

                                                                 (4) 

1.5. Deviatoric stress rate components 

The deviatoric stress rate components are recorded in Eq. (5).  

 

{
 
 
 
 

 
 
 
 

     

𝑠̇𝑟𝑟 = 2𝜇 (𝜀𝑟̇𝑟 −
1

3

𝑉̇

𝑉
)       

𝑠̇𝜃𝜃 = 2𝜇 (𝜀𝜃̇𝜃 −
1

3

𝑉̇

𝑉
)      

𝑠̇𝑧𝑧 = 2𝜇 (𝜀𝑧̇𝑧 −
1

3

𝑉̇

𝑉
)       

𝜎̇𝑟𝜃 = 𝜇𝛾̇𝑟𝜃
𝜎̇𝜃𝑧 = 𝜇𝛾̇𝜃𝑧
𝜎̇𝑧𝑟 = 𝜇𝛾̇𝑧𝑟

                          

                                                                             (5) 

1.6. Rate of hydrostatic pressure 

The time rate of hydrostatic pressure is  

𝑝̇ = −𝑘(
𝑉̇

𝑉
)                                                                                                  (6) 

where k is the bulk modulus of elasticity. 
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1.7. Total stress components 

The normal components of the total stress are  

{

𝜎𝑟𝑟 = −(𝑝 + 𝑞) + 𝑠𝑟𝑟 

𝜎𝜃𝜃 = −(𝑝 + 𝑞) + 𝑠𝜃𝜃
𝜎𝑧𝑧 = −(𝑝 + 𝑞) + 𝑠𝑧𝑧 

                                                                                   (7) 

where p and q are hydrostatic pressure and artificial viscosity [14].  

1.8. von-Mises yield condition 

If Y is the plastic flow stress and J2 the second invariant of deviatoric stress tensor, then 

√2𝐽2 −√
2

3
𝑌 ≤ 0                                                                                           (8) 

1.9. Elasto-plastic model for functionally graded materials 

The mechanical properties of functionally graded materials for elasto-plastic deformation are assumed to 

change according to  

𝑃 = 𝑃𝑚 + (𝑃𝑐 − 𝑃𝑚)𝑉𝑓 ,                                                                                         (9) 

where 𝑉𝑓 = 𝑓0((𝑟 − 𝑟𝑖) (𝑟𝑜 − 𝑟𝑖⁄ ))𝑛 is the volume fraction for cylindrical geometry along the cylinder 

thickness in which ro and ri are the outer and inner radii of the cylinder respectively, n is the reinforcement 

distribution exponent and f0 a distribution coefficient. 

The plastic flow model can also be expressed as [15]  

𝜎𝑒 = 𝜎𝑦(𝑟) + ℎ𝑝(𝑟)(𝜀𝑒
𝑝
)𝑛𝑦 , ℎ𝑝 =

𝐸𝐻

𝐸−𝐻
 ,                                                                              (10) 

where 𝜎𝑒 is the equivalent stress, 𝜎𝑦 yield stress, ℎ𝑝 plasticity modulus or the gradient of stress-plastic strain 

curve, 𝜀𝑒
𝑝

 equivalent plastic strain, 𝑛𝑦 hardening exponent, E module of elasticity, and H the tangent 

modulus. The stress strain curves for the constituents are shown in Fig. 1. 

 

Fig. 1. Stress-strain curve for FG materials [15]. 

The mechanical parameters for FG materials in the elasto-plastic state are expressed in Eqs. (11) - (13). 

Subscripts c and m denote ceramic and metal, qr is the stress to strain ratio defined by 𝑞𝑟 =

(𝜎𝑐 − 𝜎𝑚) |𝜀𝑐 − 𝜀𝑚|⁄ , where E is the modulus of elasticity, y the initial yield stress and H the tangent 

modulus [15].  

𝐸 = [(1 − 𝑉𝑓)𝐸𝑚
𝑞𝑟+𝐸𝑐

𝑞𝑟+𝐸𝑚
+ 𝑉𝑓𝐸𝑐] [(1 − 𝑉𝑓)

𝑞𝑟+𝐸𝑐

𝑞𝑟+𝐸𝑚
+ 𝑉𝑓]

−1
                                                   (11) 

𝜎𝑦 = 𝜎𝑦𝑚 [(1 − 𝑉𝑓)
𝑞𝑟+𝐸𝑚

𝑞𝑟+𝐸𝑐

𝐸𝑐

𝐸𝑚
𝑉𝑓]                                                                          (12) 
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𝐻 = [(1 − 𝑉𝑓)𝐻𝑚
𝑞𝑟+𝐸𝑐

𝑞𝑟+𝐻𝑚
+ 𝑉𝑓𝐸𝑐] [(1 − 𝑉𝑓)

𝑞𝑟+𝐸𝑐

𝑞𝑟+𝐻𝑚
+ 𝑉𝑓]

−1
                                                   (13) 

2. Computational Sequences in Lagrangian Method 

2.1. Finite difference and contour integral  

A Lagrangian calculation scheme embeds a computational mesh in the material domain and solves the 

position of the mesh at discrete points in time. The method that is currently used for solving transient 

hydrodynamic problems is explicit. The solution is improved  by altering the time from 𝑡𝑛 to 𝑡𝑛+1 without 

any iterations, and the time step is denoted by ∆𝑡𝑛+1/2 . This is based on the second order accurate central 

difference approximation, which is readily derived from Taylor series expansion. A superscript n indicates 

that the function is evaluated at 𝑡𝑛. The time step size is a function of both the element geometry and sound 

speed within the material [16]. 

The two-dimensional mesh used to extract the governing equations is shown in Fig. 2. Two intersecting 

sets of lines called j and k lines define a set of quadrilaterals. The quadrilateral regions bounded by the four 

nodes are called zones (for example 1 ). They are labelled by the average logical coordinates of the nodes, 

(j+1/2, k+1/2). The displacements, velocities and accelerations are evaluated at the nodes, while the 

remaining variables are evaluated at the centroids of the zones. 

 

Fig. 2. Two-dimensional mesh used to extract the governing equations. 

Based on what has been said, for dynamic equations the finite difference relations will be in accordance 

with Eq. (14). The integration path from nodes I to IV is shown on the dotted line in Fig. 2. It should be 

noted that in this case, the values of F (arbitrary function) are in the center of the region; this mode is used 

to calculate the velocity in the nodes based on the stress in the center of the zone. A is the area enclosed by 

the integration paths I, II, III, IV and is taken as the average of the area contributions of the four zones 

surrounding point 1. n is the unit vector perpendicular to the boundary domain, er and ek are unit vectors in 

r and z directions. 

{

𝜕F

𝜕𝑟
|
1
= lim

𝐴→0
∫

F(𝐧.𝐞𝐫)𝑑𝑙

𝐴

 

(𝐶)
= −

∫ F(𝐧.𝐞𝐫)𝑑𝑙
 
(𝐶)

𝐴

𝜕F

𝜕𝑧
|
1
= lim

𝐴→0
∫

F(𝐧.𝐞𝐤)𝑑𝑙

𝐴

 

(𝐶)
=

∫ F(𝐧.𝐞𝐤)𝑑𝑙
 
(𝐶)

𝐴
  

                                                                         (14) 

In Eq. (14), i and j are unit vectors along the axes z and r, (C) is the integral path from I to IV according 

to the dotted line shown in Fig. 2. For node 1, then the difference equations are 

∫ F(𝐧. 𝐞𝐫)dl
 

(C)
= +[F 1 (𝑟𝐼𝐼 − 𝑟𝐼𝐼𝐼) + F 2 (𝑟𝐼𝐼𝐼 − 𝑟𝐼𝑉) + F 3 (𝑟𝐼𝑉 − 𝑟𝐼) + F 4 (𝑟𝐼 − 𝑟𝐼𝐼)]              (15) 

∫ F(𝐧. 𝐞𝐤)𝑑𝑙
 

(𝐶)
= +[F 1 (𝑧𝐼𝐼 − 𝑧𝐼𝐼𝐼) + F 2 (𝑧𝐼𝐼𝐼 − 𝑧𝐼𝑉) + F 3 (𝑧𝐼𝑉 − 𝑧𝐼) + F 4 (𝑧𝐼 − 𝑧𝐼𝐼)]                       (16) 
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The path of integration in this case for zone 1  is shown from nodes 1 through 4 on the directional path. 

It should be noted that in this case the F values are in the nodes and this mode is used to calculate the strain 

rate in the center of the zone, based on the speed in nodes 1 to 4, which encloses the zone. The integral 

results for F are given by Fpq =
1

2
(Fp + Fq) in accordance with Eq. (17) and Eq. (18). 

𝜕F

𝜕𝑟
|
1
=

∫ F(𝐧.𝐞𝐫)𝑑𝑙
 
(𝐶)

𝐴
= −

1

𝐴
[F31(𝑧3 − 𝑧1) + F34(𝑧3 − 𝑧4) + F41(𝑧4 − 𝑧1) + F12(𝑧1 − 𝑧2)]

 

= −
1

2𝐴
[(F2 − F4)(𝑧3 − 𝑧1) − (𝑧2 − 𝑧4)(F3 − F1)]

                                   (17) 

𝜕F

𝜕𝑧
|
1
=

∫ F(𝐧.𝐞𝐤)𝑑𝑙
 
(𝐶)

𝐴
= +

1

2𝐴
[(F2 − F4)(𝑟3 − 𝑟1) − (𝑟2 − 𝑟4)(F3 − F1)]                                     (18) 

2.2. Volume zone 

The problem is formulated in r and z coordinates with the cylindrical symmetry about z-axis, including 

rotation. The volume of each zone is 

{
 
 
 

 
 
 
𝑉1 = 𝑌̅𝑎𝐴𝑎 + 𝑌̅𝑏𝐴𝑏 , 𝐴 1 = 𝐴𝑎 + 𝐴𝑏                    

𝑌̅𝑎 =
1

3
(𝑟2 + 𝑟3 + 𝑟4)                                                  

𝑌̅𝑏 =
1

3
(𝑟1 + 𝑟2 + 𝑟4)                                                  

𝐴𝑎 =
1

2
[𝑧2(𝑟3 − 𝑟4) + 𝑧3(𝑟4 − 𝑟2) + 𝑧1(𝑟2 − 𝑟3)]

𝐴𝑏 =
1

2
[𝑧2(𝑟4 − 𝑟1) + 𝑧4(𝑟1 − 𝑟2) + 𝑧1(𝑟2 − 𝑟4)]

                                                          (19) 

zi and ri are the general coordinates of node i, Vi ‘s are the volume of the rotated region around z-axis, A is 

the zone area, and a and b represent the triangle formed within the region, as shown in Fig. 2. 

2.3. Conservation of mass 

To calculate the mass of zone 1, we have 

𝑀 1 = (
𝜌0

𝑉𝑟
0 𝑉

0)
1

                                                                                         (20) 

ρ0 is the initial density, Vr
0 is the initial relative volume and V0 is the real initial volume obtained from the 

calculation of the zone volume at time t = 0. 

2.4. Equations of motion 

The discrete form of equations of motion in r direction is presented in Eq. (21), and likewise for other 

directions. 

𝑟̇
𝑗,𝑘

𝑛+
1

2 = 𝑟̇
𝑗,𝑘

𝑛−
1

2 +
∆𝑡𝑛

2𝜑𝑗,𝑘
𝑛 [(𝜎𝑟𝑟) 1

𝑛 (𝑧𝐼𝐼
𝑛 − 𝑧𝐼𝐼𝐼

𝑛 ) + (𝜎𝑟𝑟) 2
𝑛 (𝑧𝐼𝐼𝐼

𝑛 − 𝑧𝐼𝑉
𝑛 ) + (𝜎𝑟𝑟) 3

𝑛 (𝑧𝐼𝑉
𝑛 − 𝑧𝐼

𝑛) +

              (𝜎𝑟𝑟) 4
𝑛 (𝑧𝐼

𝑛 − 𝑧𝐼𝐼
𝑛) − (𝜎𝑧𝑟) 1

𝑛 (𝑟𝐼𝐼
𝑛 − 𝑟𝐼𝐼𝐼

𝑛 ) − (𝜎𝑧𝑟) 2
𝑛 (𝑟𝐼𝐼𝐼

𝑛 − 𝑟𝐼𝑉
𝑛 ) − (𝜎𝑧𝑟) 3

𝑛 (𝑟𝐼𝑉
𝑛 − 𝑟𝐼

𝑛) −

              (𝜎𝑧𝑟) 4
𝑛 (𝑟𝐼

𝑛 − 𝑟𝐼𝐼
𝑛)] + ∆𝑡𝑛[(𝛽)𝑗,𝑘

𝑛 + (𝜔𝑗,𝑘
𝑛 )

2
𝑟𝑗,𝑘
𝑛 ]              (21) 

where 

𝜑𝑗,𝑘
𝑛 =

1

4
[(
𝜌0𝐴

𝑛

𝑉𝑟
𝑛 )

1
+ (

𝜌0𝐴
𝑛

𝑉𝑟
𝑛 )

2
+ (

𝜌0𝐴
𝑛

𝑉𝑟
𝑛 )

3
+ (

𝜌0𝐴
𝑛

𝑉𝑟
𝑛 )

4
]                                                          (22) 

𝛽𝑗,𝑘
𝑛 =

1

4
{[(𝜎𝑟𝑟

𝑛 − 𝜎𝜃𝜃
𝑛 ) (

𝐴𝑛

𝑀
)]

1
+ [(𝜎𝑟𝑟

𝑛 − 𝜎𝜃𝜃
𝑛 ) (

𝐴𝑛

𝑀
)]

2
+ [(𝜎𝑟𝑟

𝑛 − 𝜎𝜃𝜃
𝑛 ) (

𝐴𝑛

𝑀
)]

3
+              [(𝜎𝑟𝑟

𝑛 −

𝜎𝜃𝜃
𝑛 ) (

𝐴𝑛

𝑀
)]

4
}                                                                                                                                              (23) 



R. Mousavi et al. 

 

October 2018                                                                           IJMF, Iranian Journal of Materials Forming, Volume 5, Number 2                                                                            

60 

𝑟𝑗,𝑘
𝑛+1 = 𝑟𝑗,𝑘

𝑛 + 𝑟̇
𝑗,𝑘

𝑛+
1

2∆𝑡𝑛+
1

2                                                                                 (24) 

2.5. Strain rate components 

The discrete form for the components of the strain rate tensor is presented in Eqs. (25) and (26). The same 

procedure is followed for other components. 

(𝜀𝑟̇𝑟) 1
𝑛+

1

2 = (
𝜕𝑟̇

𝜕𝑟
)
1

𝑛+
1

2 =
−1

2𝐴
1

𝑛+
1
2

[(𝑟̇2 − 𝑟̇4)(𝑧3 − 𝑧1) − (𝑧2 − 𝑧4)(𝑟̇3 − 𝑟̇1)] 1
𝑛+

1

2                                    (25) 

(∆𝜀𝑟𝑟) 1
𝑛+

1

2 = (𝜀𝑟̇𝑟) 1
𝑛+

1

2∆𝑡𝑛+
1

2                                                                                 (26) 

2.6. Stress components 

The stress deviator is 

(𝑠𝑟𝑟) 1
𝑛+1 = (𝑠𝑟𝑟) 1

𝑛 + 2𝜇 1 [∆𝜀𝑟𝑟
𝑛+

1

2 −
1

2
(
∆𝑉𝑟

𝑉𝑟
)
𝑛+

1

2
]
1

+ (𝛿𝑟𝑟) 1
𝑛                                                   (27) 

If a mass element is rotated in r-z plane by angle r during time interval, the stresses must be 

recalculated so that they conform with r and z coordinate system in their new positions. The following 

transformation equations are used [17]. 

sin(𝜔𝑟) =
∆𝑡

𝑛+
1
2

2𝐴
1

𝑛+
1
2

{[(𝑟̇2 − 𝑟̇4)(𝑟3 − 𝑟1) − (𝑟2 − 𝑟4)(𝑟̇3 − 𝑟̇1)] − [(𝑧̇2 − 𝑧̇4)(𝑧3 − 𝑧1) − (𝑧2 − 𝑧)(𝑧̇3 −

𝑧̇1)]} 1
𝑛+

1

2         (28) 

δ𝑟𝑟
𝑛 = −(

s𝑧𝑧
𝑛 −s𝑟𝑟

𝑛

2
) (cos(2𝜔𝑟) − 1) + 𝜎𝑧𝑟

𝑛 sin(2𝜔𝑟)                                                                (29) 

and the total stress is 

(𝜎𝑟𝑟
𝑛+1) 1 = (𝑠𝑟𝑟) 1

𝑛+1 + (𝑝𝑛+1 + 𝑞𝑛+
1

2)
1

 ,                                                                 (30) 

where p and q are hydrostatic pressure and artificial viscosity, respectively. Other components are given in 

the same manner. 

2.7. Von-Mises yield condition and equivalent plastic strain 

The von Mises yield criteria to check the flow and correct stresses are  

2𝐽𝑛+1 = (𝑠𝑧𝑧
𝑛+1)2 + (𝑠𝑟𝑟

𝑛+1)2 + (𝑠𝜃𝜃
𝑛+1)

2
+ 2[(𝜎𝑧𝑟

𝑛+1)2 + (𝜎𝑟𝜃
𝑛+1)

2
+ (𝜎𝜃𝑧

𝑛+1)
2
]                                   (31) 

𝑚𝑛+1 = √
2

3

(𝑌0)𝑛 

√2𝐽𝑛+1
  ,                                                                                            (32) 

 where Y0 is the flow stress, calculated from a constitutive equation that describes the material behavior. If 

mn+1 < 1, multiply each deviatoric stress by mn+1. If mn+1  1, use the stresses as they are for the next step. 

The change in the plastic strain is defined by [18] 

(∆𝜀𝑝)𝑛+1 = (
1

𝑚𝑛+1 − 1) (
𝑌0

3𝜇
)
𝑛

 ,                                                                               (33) 

where ∆𝜀𝑝 ≥ 0 and 𝜇 is the shear modulus. 
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2.8. Artificial viscosity [14, 19] 

The artificial viscosity, q used here, is composed of a quadratic term 𝑐0
2𝜌𝐿2 (

𝑑𝑆

𝑑𝑡
)
2

 and a linear term 

𝑐𝐿𝜌𝐿𝑎 |
𝑑𝑆

𝑑𝑡
| in the zone that the rate of strain is negative and 

𝑑𝑆

𝑑𝑡
  is the rate of strain in the direction of 

acceleration [14]. 

𝑑𝑆

𝑑𝑡
=

𝜕𝑧̇

𝜕𝑧
cos2(𝛼) +

𝜕𝑟̇

𝜕𝑟
sin2(𝛼) + (

𝜕𝑧̇

𝜕𝑟
+

𝜕𝑟̇

𝜕𝑧
) cos(𝛼) sin(𝛼)                                                                (34) 

cos(𝛼) =
𝐴𝑧

√𝐴𝑧
2+𝐴𝑟

2
  ,   sin(𝛼) =

𝐴𝑟

√𝐴𝑧
2+𝐴𝑟

2
                                                                  (35) 

Az = 𝑧̇
𝑛+

1

2 − 𝑧̇𝑛−
1

2  ,   A𝑟 = 𝑟̇
𝑛+

1

2 − 𝑟̇𝑛−
1

2                                                                  (36) 

{
𝑞 = 𝑐0

2𝜌𝐿2 (
𝑑𝑆

𝑑𝑡
)
2
+ 𝑐𝐿𝜌𝐿𝑎 |

𝑑𝑆

𝑑𝑡
|           

𝑑𝑆

𝑑𝑡
< 0 

𝑞 = 0                                                         
𝑑𝑆

𝑑𝑡
 ≥ 0 

                                                                 (37) 

For problems in solid mechanics, nonphysical numerical oscillations can occur in the grid under certain 

boundary conditions. A tensor viscosity based on the rate of the strain of volume elements formed by the 

zone comers is used to damp this type of oscillation. The existence and nature of the hourglass modes can 

be deduced from very primitive considerations. We have used the "triangle Q" of Wilkins [14, 19] or Navier-

Stockes artificial viscosity for the stabilizing grid. 

2.9. Time step calculation 

The time step size for the central difference integration method is determined by stability considerations. In 

hydrodynamic problems, the typical stable step sizes are so small that accuracy is not a consideration. For 

two dimensions, the following stability condition is used [14] 

∆𝑡𝑛+
3

2 = 0.67
𝐿𝑛+1

√𝑎2+𝑏2
|
𝑀𝑖𝑛𝑖𝑚𝑢𝑚  𝑜𝑓 𝐴𝑙𝑙 𝑍𝑜𝑛𝑒𝑠

                                                                   (38) 

𝑎 is the sound speed and 𝑏 = 8[𝑐0
2 + 𝑐𝐿]𝐿

𝑛+1 |
𝑑𝑆

𝑑𝑡
|, where 𝑐0

2 and 𝑐𝐿 are the quadratic and the linear q 

constants, respectively. 

2.10. Boundary conditions and loadings 

Pseudo zones with zero mass are assumed to surround the grid that defines the physical domain. Thus the 

points associated with the surface of the physical domain may be located without changing the logic. 

Normally, a free surface boundary condition is provided. Here the pseudo zone pressures are always 

considered equal to zero. Phantom zones are created by a mirror reflection cross the boundary and setting 

the normal component of the accelerations at the surface point to zero. Transient pressure boundary 

conditions may be applied by entering the desired space-time values into the pseudo zones.  

3. Numerical results 

In order to verify the accuracy of the numerical code, the test problems, for which the theoretical, numerical 

and experimental results are known, are examined. Following that, the results of single and double 

autofrettage in the FG cylinder are presented. 

3.1. Residual stress distribution and verification of the presented method 

A bilinear hardening model approximating the real material behavior (NiCrMoV125) [16] has been used. 

The material constants and cylinder dimensions are as follows:  

(𝑟𝑖 = 14.60 cm, 𝑟𝑜 = 30.50 cm) 

𝜌 = 7800.00 kg m3⁄  , 𝐸 = 268.0 GPa , 𝜈 = 0.29, 
𝑌 = 700.0 MPa, 𝐻 = 75 GPa, 𝑛𝑦 = 1.0 
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The non-dimensional residual hoop stress distribution through the thickness of the cylinder has been 

evaluated for the autofrettage pressure of 736 MPa (Fig. 3), and then it is compared with that in Refs. [7, 

20], as shown in Fig. 4.  

 

Fig. 3. Transient load curve for autofrettage. 

 
Fig. 4. Residual stress resulting from the experimental, numerical and the current method [7, 20]. 

As it can be seen from Fig. 4, the predicted residual hoop stress distribution through the thickness based 

on the bilinear hardening model shows good agreement with other results. 

3.2. Difference between dynamic and static modeling in autofrettage 

In order to analyze the dynamic modeling and compare the results with the static solution in the process of 

autofrettage, we consider the geometric and mechanical properties of the cylinder as follows (used in 

Waterjet Cut Tools Nozzle). 

(𝑟𝑖 = 0.150 cm, 𝑟𝑜 = 0.475 cm) 

𝜌 = 7800.00 kg m3⁄  , 𝐸 = 200.0 GPa , 𝜈 = 0.3, 

𝑌 = 280.0 MPa, 𝐻 = 0.22698 GPa, 𝑛𝑦 = 0.43 

The transient internal pressure is applied from 100 to 140 MPa at the inner radius of the cylinder and the 

stress results are compared for static and dynamic modeling. After applying the internal pressure, a plastic 

strain zone is created as shown in Fig. 5. 
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Fig. 5. The plastic range for transient loading mode. 

In Fig. 6 the distribution of hoop stress is shown along the radius for transient modeling and internal 

pressure of 140 MPa 

 

Fig. 6. Hoop stress distribution for transient load P = 140 MPa. 

The results for static analysis of this problem were carried out using the Abaqus finite element software 

[21]. The distribution of the stress for the static analysis is shown in Fig. 7. 

 

 

Fig. 7. Distribution of the stress in the static analysis for p=140MPa (Abaqus FE software). 
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As can be seen, the stress distribution is completely different and the deformation in this pressure range 

is within the elastic range but a result of the dynamic analysis indicates the formation of the plastic zone 

near the bore area. 

3.3. Numerical analysis of single and double autofrettage in FG cylinder 

To study the effect of dynamic autofrettage in FG cylinder, a functionally graded material with the 

combination of NiCrAlY metal and PSZ ceramic is chosen. The mechanical properties are: 

𝜌𝑚 = 7800.00 kg m3⁄  , 𝐸𝑚 = 56.0 GPa , 𝜐𝑚 = 0.25, 
𝑌𝑚 = 106.0 MPa,𝐻𝑚 = 12 GPa, 𝑛𝑦𝑚 = 1.0 

𝜌𝑐 = 2370.00 kg m3⁄  , 𝐸𝑐 = 80, 𝜐𝑐 = 0.25, 
Case 1- Single autofrettage: 𝒓𝒊 = 𝟏𝟎 𝐜𝐦, 𝒓𝒐 = 𝟐𝟎 𝐜𝐦 

In this case, for FG cylinder, a combination of the inner metal layer and the outer ceramic layer is used. The 

internal pressure changes from 60 MPa to 90 MPa. The 40 MPa working pressure is applied and this pressure 

is normally in the elastic range. Figure 8 shows the time dependent internal pressure loading. 

 

Fig. 8. Autofrettage and working pressure. 

In Fig. 9 and Fig. 10, the distribution of the plastic strain along the thickness of the cylinder is shown 

after the completion of the autofrettage process. 

 

Fig. 9. Plastic strain distribution for FG materials subject to the same pressure. 

 

Fig. 10. Plastic strain distribution for FG materials under different pressures. 
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Figures 9 and 10 indicate that increasing the coefficient n will increase the magnitude and range of the 

plastic strain along the thickness. The largest amount of the plastic strain occurs for metal (n=∞).  

The particle velocity for the inner radius and for various compositions of the FG material are shown in 

Figs. 11 and 12. As n increases, the amplitude and frequency of the wave decrease while its damping rate 

increases. 

 

Fig. 11. Particle velocity at the inner radius. 

 

 

Fig. 12. Magnification of Fig. 11. 

In Figs. 13 and 14, the distribution of hoop stress for different autofrettage pressures is shown.  

 

 

Fig. 13. Distribution of hoop stress at 5 ms for different coefficients. 
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Fig. 14. Distribution of residual hoop stress at 10 ms. 

After the completion of the autofrettage process, working pressure is applied and the resultant hoop 

stress is shown in Fig. 15. 

 
Fig. 15. Distribution of the resultant hoop stress under working pressure after autofrettage. 

Case 2- Single autofrettage: 𝒓𝒊 = 𝟏 𝐜𝐦, 𝒓𝒐 = 𝟐 𝐜𝐦 

In order to investigate the effect of geometry, the internal and external radii are considered one-tenth of the 

previous case. Residual stresses are compared in Fig. 16. 

 
Fig. 16. Effect of geometry on the residual hoop stress distribution. 

As Fig. 16 shows, reducing the size of the cylinder results in a completely different distribution of the 

residual hoop stress. If the coefficient of the distribution f0 changes for a FG material, the range of the plastic 

strain will also change, as shown in Fig. 17. 

 
Fig. 17. Range of the plastic strain radius based on the distribution coefficient (ri = 1 cm). 
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In Figs. 18 and 19, the residual hoop stress is shown for different conditions along the thickness. 

 
Fig. 18. Distribution of the residual hoop stress for different distribution coefficients. 

 
Fig. 19. Distribution of the residual hoop stress for different autofrettage pressures. 

Case 3- Double autofrettage: 𝒓𝒊 = 𝟏𝟎 𝐜𝐦, 𝒓𝒐 = 𝟐𝟎 𝐜𝐦 

In the double autofrettage, an external surface autofrettage process is performed prior to the conventional 

inner surface process. In order to investigate the double autofrettage and compare the results with those of 

the single autofrettage in FG cylinder, we assume the FG material properties and dimension presented in 

case 1 (NiCrAlY metal and PSZ ceramic). The external pressure and internal pressure changes from 35 MPa 

to 70 MPa and Fig. 20 shows the time dependent external (po) and internal (pi) pressure loadings. 

 

Fig. 20. Double autofrettage pressure loading curve scheme. 

The distributions of the plastic strain along the thickness of the cylinder after the completion of the 

double autofrettage process for various FG parameters are shown in Figs. 20 and 22. 

 
Fig. 21. Plastic strain distribution of the double autofrettage at the same pressure and different n. 
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Fig. 22. Plastic strain distribution of the double autofrettage at the same pressure with different f0 and n=1.0. 

In Figs. 23-26, the distribution of the hoop stress for different double autofrettage pressures and FG 

parameters are shown.  

 

Fig. 23. Distribution of the residual hoop stress in single and double autofrettage at 10 ms and 20 ms for n=0.2. 

 

Fig. 24. Distribution of the residual hoop stress in the double autofrettage at 20 ms and the same pressure. 

 

 

Fig. 25. Distribution of residual hoop stresses in the double autofrettage  

for (f0 = 1.0, n=1.0) and different pressures. 
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Fig. 26. Residual hoop stresses distribution in the double autofrettage process  

(f0 = 0.8, n=1.0) with different pressures. 

As Figs. 25 and 26 indicate, a combination of external and internal pressures results in compressive 

residual hoop stress in the internal radius and tensile residual hoop stress in the external radius. These 

pressures can be controlled to obtain the desired results. 

4. Conclusions 

Numerical results presented in the previous section are indicative of the importance of the dynamical 

analysis in investigating the process of autofrettage. To examine the role of the stress waves generated due 

to dynamical loading, the actual size of the cylinder becomes a crucial factor. This is in contrast to the static 

analysis in which the dimensionless forms of the equations can be formed from the onset.  

As for the FG material, the reinforcement distribution exponent n plays an important role in the 

structural response (the plastic zone, magnitude of the stress). Decreasing n results in the reduction of the 

tensile stresses in the outer area. At the same time, the maximum compressive stress in the inner radius does 

not change significantly, while the distribution of the hoop stress changes in the thickness. 

Previous works often focused on increasing the magnitude of the compressive residual stress at the 

inner layer or near the bore area of the thick-walled FG cylinders, while ignoring the harmful high tensile 

residual stress at the outer part, which can reduce the fatigue life. Given the importance of such a 

consideration, for a specific loading, a combination of FG materials can be chosen that results in a higher 

compressive residual hoop stress in the inner radius and lower tensile residual hoop stress in the outer radius 

of the cylinder. In general, all dynamic parameters, including loading time, material properties and actual 

geometry, will play important roles in the responses. To summarize: 

1- Dynamic analysis shows different results as compared with the static analysis when plastic 

deformation is involved. As the damping coefficient increases, results approach their static 

counterparts  

2- In dynamic analysis of autofrettage, the actual size is crucial in evaluating the residual stresses and 

plastic strain, although it is anticipated that when the actual size reduces, these effects become less 

important. 

3- In the double autofrettage, by changing external and internal pressures, it is possible to control the 

variation of tensile and compressive residual hoop stresses better, while in the single autofrettage 

only the internal stress is controlled and the external stress is determined using the appropriate 

boundary conditions and it is not individually controllable. As a result, the double autofrettage 

gives the designer more flexibility to enforce the appropriate residual stress in the cylinder in such 

a way that the tensile residual hoop stress of the outer part is reduced and the suitable internal 

compressive residual hoop stress is produced to meet the working condition. 
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 از اتوفريتاژ تكي و دوگانه در سيلندر جدار ضخيم محاسبه تنش پسماند ناشي 

 از مواد مدرج تابعي تحت بارگذاري ديناميكي

 

 

  2، محمد حسن كديور 2، مجتبي محزون1سيد حسين رضي موسوي
 .دانشگاه شيراز، شيراز، ايراندانشكده مهندسي مكانيك، 1
 .دانشگاه شيراز، شيراز، ايراندانشكده مهندسي مكانيك، 2

 

در اين مقاله روشي عددي براي تحليل ديناميكي پروسه اتوفريتاژ تكي و دوگانه در سيلندر جدار ضخيم ساخته شده از مواد  :چكيده

مدرج تابعي تحت بارگذاري گذرا استخراج شده است. معادلات ديناميكي استخراج شده به صورت فرمول بندي صريح لاگرانژي ارائه 

گيرد و نتايج توزيع  تنش و كرنش براي مسائل مورد بندي شده انجام ميلاگرانژي روي نواحي شبكهشده است. حل گذراي صريح 

گردد. نتايج ديناميكي به خصوص در شرايط بارگذاري گذرا تفاوتهايي را در قياس با نظر تحت بارگذاري داخلي و خارجي حاصل مي

باشد. در اتوفريتاژ دو گانه علاوه بر افزايش ش در تحليل ديناميكي ميدهد كه به دليل برهم كنش امواج تنحل استاتيكي نشان مي

گردد. براي مواد مدرج تابعي كه خواص مواد تنش پسماند فشاري در شعاع دروني باعث كاهش تنش كششي در شعاع خارجي نيز مي

ر امپدانس اكوستيكي و برهم كنش امواج كند، نتايج ديناميكي به دليل تغييبه صورت پيوسته در راستاي ضخامت سيلندر تغيير مي

بعدسازي در تحليل ديناميكي در راستاي شعاع برخلاف تحليلهاي استاتيكي تابع باشد. بيتنش متفاوت از تحليل استاتيكي مي

وفريتاژ تكي سازد. تنش پسماند ناشي از اتپارامترهاي ديناميكي بوده و براساس تغيير اندازه هندسي پاسخهاي متفاوتي را آشكار مي

و دوگانه با اعمال فشار خارجي و سپس اعمال فشار داخلي در سيلندر ساخته شده از مواد مدرج تابعي براي بارگذاريها و متغيرهاي 

متفاوت مواد مدرج تابعي به صورت گذرا مورد تحليل قرار گرفته است. تنش پسماند ناشي از اتوفريتاژ دوگانه تحت بارگذاري مناسب 

 گردد.ايش ظرفيت باربري سازه ميباعث افز

 

 .تنش پسماند ،بارگذاري زمانمند ،مدلسازي ديناميكي ،اتوفريتاژ دوگانه ،مواد مدرج تابعيسيلندر ساخته شده از  :كليدي واژه هاي

 

 


