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Abstract: In the present study, the mechanical behavior of AA5052 aluminum alloy during cold-
working and subsequent isothermal annealing in a temperature range of 225-300  oC was 
investigated, using the uniaxial tensile test data. It is found that by increasing the annealing time and 
temperature, the material yield strength is decreased. The microstructural investigations of the 
annealed samples show that the grains are elongated and there is no evidence of recrystallization. 
Hence, recovery is the main restoration phenomenon during the annealing treatment. The work 
hardening behavior of the alloy during cold working is modeled using a dislocation density based 
modeling approach and the softening behavior of the deformed samples during subsequent annealing 
is modeled by applying a kinetics equation relating the yield strength to the annealing parameters. 
The kinetics equation is a nonlinear differential equation and it is solved numerically by employing 
Runge-Kutta-Fehlberg (RKF) integration scheme which is coupled with Gauss-Newton nonlinear 
optimization technique to obtain the material constants of the model. The numerical results are 
validated using the experimental flow data.           
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1. Introduction 
During the plastic deformation of aluminum alloys, two competing phenomena, i.e. work hardening and 
work softening occur concurrently. These phenomena are affected by the initial structure of the deforming 
material and deformation conditions such as deformation temperature, strain rate and amount of plastic 
strain [1, 2]. The presence of second phase particles, grain boundaries, solute atoms and dislocation forest 
act as barriers to the movement of mobile dislocations, which results in dislocation accumulation. The 
storage of dislocation is the main reason of work hardening, during cold working. Moreover dislocation 
accumulation increases the internal stored energy of the material and provides the driving force for the 
dynamic restoration process during deformation (i.e. dynamic recovery) which results in work softening. 
Kocks and Mecking [3] and then Estrin and Mecking [4], have proposed a model based on dislocation 
evolution to study these phenomena by relating the variation of average dislocation density to the imposed 
plastic strain.  

The strain energy stored during cold working may result in the occurrence of static restoration processes 
such as, static recovery and/or static recrystallization, during subsequent annealing treatment [1]. In the 
alloys with high stacking fault energy, such as aluminum and its alloys, recovery predominates instead of 
recrystallization during the annealing treatments and so, investigation of the static recovery phenomenon in 
these materials is important. During the static recovery, the internal stored energy and the material flow 
stress are decreased gradually by decreasing the density of point defects, and annihilation and rearrangement 
of dislocations [2]. In order to experimentally quantify the kinetics of static recovery, the changing of some 
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physical or mechanical properties of the material such as electrical resistivity, hardness or yield strength are 
considered [2, 5-9]. Here, the variation of yield strength during annealing treatment is used to estimate the 
amount of recovery progress, 𝑅(𝑡) [2]: 

𝑅(𝑡) =
ఙିఙ(௧)

ఙିఙೌ
                                                                                                                            (1) 

where, 𝜎ௗ, 𝜎 and 𝜎(𝑡) are yield stress of as-deformed material, fully annealed material and material after 
annealing duration 𝑡. Different semi-empirical and phenomenological models were proposed for prediction 
of recovery kinetics in the metals and alloys. Kuhlmann et al. [7], presented a logarithmic relationship 
between annealing time and recovery progress parameter. In this model, it is assumed that the stored energy 
is increased during deformation due to dislocation storage and then degraded during static recovery by 
thermally activated mechanisms. Friedel and Smoluchowski [6], supposed that flow stress is equal to the 
internal stress of the dislocation structure in the crystal lattice and a similar logarithmic model proposed for 
recovery kinetics. Nes [8], revised the recovery models by taking into account the effects of dislocation 
density, internal stress between dislocations, annealing temperature and material properties. Verdier et al. 
[9], proposed a model for prediction of yield strength during static recovery of aluminum alloys on the basis 
of a relaxation of the internal stresses by thermally activated dislocation motion. 

In the present study, the kinetics of recovery after cold rolling is investigated for AA5052 aluminum 
alloy. For this purpose, as-deformed samples are isothermally annealed at different temperatures and 
durations and then the yield strength of the annealed samples is measured. The flow behavior of material 
during cold-working are obtained by employing the Kocks-Mecking (K-M) [3, 4] constitutive equation, and 
the recovery progress during annealing are predicted by a mathematical kinetics model based on Verdier [9] 
recovery model.  
 

2. Experimental Procedure 
The chemical composition of AA5052 Al-Mg alloy used in this work is presented in Table 1. The as-
received material was supplied in the form of rolled-sheet having thickness of 4 mm, and annealed at 550 
℃ for one hour to remove the metallurgical history and make a homogeneous microstructure. In order to 
study the work hardening behavior of the alloy, uniaxial subsize tensile specimens (gage length 25 mm, 
gage width 6 mm, and thickness 2 mm) were prepared from the annealed material according to ASTM E8M 
standard [10] and the tensile test is carried out at room temperature. To investigate the static recovery 
kinetics, the annealed materials were cold rolled to 30% reduction, and then tensile specimens were prepared 
in the rolling direction. The specimens were isothermally annealed at temperatures of 225, 250, 275 and 300 
℃ for different durations from 3 minutes to 3 hours in molten salt bath. The specimens were then quenched 
in cold water, and the uniaxial tensile test at room temperature, with a strain rate of 6.4 × 10ିଷ 𝑠ିଵ was 
done to measure the offset yield strength (0.2% proof strength). For microstructural investigations, the 
samples were characterized by optical microscopy after surface preparation and electroetching using the 
Barker’s reagent (5ml HBF4 and 200ml H2O) [11]. 
 

3. Modeling Approaches 
      a) Cold work modeling 

During the plastic deformation of the aluminum alloys, dislocation density is changed as results of 
competing between the rate of dislocation storage and dislocation annihilation due to dynamic recovery [1, 
2, 12]. The effects of these phenomena on the dislocation density evolution can be described by the 
following equation proposed by K-M model [3, 4],  

ௗఘ

ௗఌ
= 𝑘ଵ𝜌

భ

మ − 𝑘ଶ𝜌                                                                                       (2) 
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where 𝜌 is the average total dislocation density, 𝜀  is plastic strain, 𝑘ଵ  and  𝑘ଶ are material constants. The 
first term in Eq. (2) implies the dislocation accumulation and the second term accounts for dynamic 
recovery. By integrating Eq. (2), the average total dislocation density can be obtained as a function of plastic 
strain. 

𝜌 = ቆ
భ

మ
− ቆ

భ

మ
− 𝜌

భ

మቇ exp ቀ
ିమఌ

ଶ
ቁቇ

ଶ

                                                                                                           (3) 

where, 𝜌 is the dislocation density of the fully annealed material. The dislocation contribution to the flow 
stress of the deforming material can be related to the dislocation density using the following equation:  

𝜎 = 𝛼𝑀𝐺𝑏𝜌
ଵ

ଶൗ                                                                                                     (4) 

where 𝛼 is a positive constant, 𝑀 is the average Taylor factor, G is the shear elastic modulus, b is the length 
of Burgers vector. The contribution of other strengthening mechanisms such as lattice resistance, solid 
solution hardening, second phase hardening and grain size effects on the flow stress are taken into account 
by adding 𝜎 to the Eq. (4). By substituting the dislocation density from Eq. (3), the flow stress is obtained 
as: 

𝜎 = 𝜎 + 𝛼𝑀𝐺𝑏 ቆ
భ

మ
− ቆ

భ

మ
− 𝜌

భ

మቇ 𝑒𝑥𝑝 (
ିమఌ

ଶ
)ቇ                                                             (5) 

Using Eq. (3) and (5), the average total dislocation density and the yield strength of the material after cold-
working may be obtained.  
 

       b) Modeling of static recovery 
Recovery is a thermally controlled process, where the dislocation motion and annihilation are mainly 
controlled by recovery temperature. The energy barrier for dislocation motion in crystal lattices depends on 
the dislocation resistance against slip. Hence, the energy barrier can be related to the yield stress during the 
annealing process. According to the model proposed by Verdier [9], the rate of yield stress variation (

ௗఙ

ௗ௧
) 

during recovery may be obtained by the following equation.   

ௗఙ

ௗ௧
=

ିଶ(ଵାఔ)ఙమఔವ

ீఈమெయ exp ቀ
ିொೝ

ಳ்
ቁ 𝑠𝑖𝑛ℎ ቀ

ஐೝఙ

ಳ்
ቁ                                                                    (6) 

where 𝑘, 𝜈, 𝜐, 𝑄 and Ω are Boltzmann constant, Poisson’s ratio, Debye frequency, activation energy 
and  activation volume of recovery, respectively. According to this equation, rate of reduction of yield stress 
depends on the annealing temperature and the material yield strength. By increasing the annealing 
temperature and yield strength of as-deformed material, the rate of sub-structural changes during annealing 
treatment is increased and cause more decrease in yield strength. Using Eq. (1), the recovery progress is 
related to the rate of yield stress variation by; 

ௗோ

ௗ௧
=

ିଵ

ఙିఙబ

ௗఙ

ௗ௧
                                                                                           (7) 

So, 

ௗோ

ௗ௧
=

ଶ(ଵାఔ)ఙమఔವ

ீఈమெయ(ఙିఙబ)
exp ቀ

ିொೝ

ಳ்
ቁ 𝑠𝑖𝑛ℎ ቀ

ஐೝఙ

ಳ்
ቁ                                                                   (8) 

To calculate the rate of recovery progress by Eq. (8), the material constants 𝑄  and  Ω should be determined. 
This differential equation is nonlinear and the material constants should be obtained using a numerical 
method. Here, the RKF method [13] is used to numerically integrate Eq. (8). Also, the Gauss–Newton 
method is applied to fit the model to the experimental data. Based on Eq. (8), the recovery progress is a 
function of 𝑄 and Ω parameters as well as annealing temperature and time.  
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𝑅 = 𝑅(𝑇, 𝑡, 𝑄, 𝛺) = 𝑅(𝑇, 𝑡, 𝜷),           𝜷 = [𝑄 , 𝛺]்                                                   (9) 

To find the desired values of 𝜷 in different annealing conditions, the sum squared error (SSE) which is the 
discrepancy between the predicted and measured values of recovery progress parameter, should be 
minimized. The SSE for different annealing conditions may be defined as follows:  

𝑆𝑆𝐸 = 𝒓்𝒓                                                                                                                           (10) 

𝒓(𝜷) = 𝑹(𝜷) − 𝕽           

where 𝕽 and R are the measured and predicted recovery progress values for the material annealed at 
different conditions, respectively. The optimized values of 𝑄  and  Ω may be obtained by minimizing the 
SSE relative to 𝜷. To solve this nonlinear optimization problem, the Gauss-Newton method [13] is used. In 
this algorithm, first an initial guess was made for 𝜷, and then the following iterative procedure is used to 
update 𝜷.  

𝜷ାଵ = 𝜷 + λ𝚫           

𝚫 = −(𝑱்𝑱)ିଵ𝑱்𝒓                                                                                         (11) 

where λ is a positive number, and 𝑱 is the Jacobean matrix.  

𝐽(𝜷) =
డ(𝜷)

డఉೕ
                                                                                        (12) 

Equation (11) is iteratively solved until the convergence criteria are satisfied. In order to use this 
optimization technique, the values of predicted recovery progress parameter, 𝑹(𝜷), and Jacobean matrix at 
each iteration for different conditions of annealing temperature and duration are needed. The recovery 
progress parameter is obtained by using the RKF method with the initial condition of 𝑅(𝑇 , 𝑡 = 0, 𝜷) = 0. 
The Jacobean can be obtained numerically by employing the central difference scheme as follows: 

𝐽ଵ(𝜷) =
డோ(்,௧,ொೝ,ஐೝ)

డொೝ
=

ோ(்,௧,ொೝାఋொೝ,ஐೝ)ିோ(்,௧,ொೝିఋொೝ,ஐೝ)

ଶఋொೝ
+ 𝑂(𝛿𝑄

ଶ)   

𝐽ଶ(𝜷) =
డோ(்,௧,ொೝ,ஐೝ)

డஐೝ
=

ோ(்,௧,ொೝ,ஐೝାఋஐೝ)ିோ(்,௧,ொೝ,ஐೝିఋஐೝ)

ଶఋஐೝ
+ 𝑂(𝛿Ω

ଶ)                                                 (13) 

where 𝛿𝑄 and 𝛿Ω are small positive values.  
 

4. Results and Discussion 

Figure 1 shows the stress-strain curve of fully annealed sample obtained from uniaxial tensile test at room 

temperature. Also, the data predicted by the K-M model are shown in this figure. The constants of work 

hardening (𝑘ଵ) and work softening (𝑘ଶ) terms in the K-M model are obtained by fitting on the experimental 

flow data of AA5052 alloy as 1.9 × 10଼ and 8.52, respectively. As could be seen from Fig. 1, a good 

agreement is found between the modeling results and the values obtained by the experimental test. So, the 

K-M model can be successfully applied to obtain the yield strength of as-deformed material, which is used 

to precisely estimate the initial condition of the cold-worked material before annealing. The experimental 

stress-strain curves of AA5052 alloy after 30% reduction by cold rolling, and isothermally annealed at 

different temperatures of 225, 250 and 275 ℃ for different annealing durations are shown in Fig. 2. 

According to these figures, a restoration phenomenon occurs during annealing and causes decreasing in 

flow stress and increasing in fracture strain of the samples. The microstructure of as-deformed and cold 

worked and annealed sample for one hour at 300 are depicted in Fig. 3. According to Fig. 3a, during cold 

working the grains are elongated in the rolling direction (RD). After annealing at 300 ℃ for an hour, the 

shape of the grains is still elongated as depicted in Fig. 3b. The non-recrystallized grain structure and 

changing of the material properties during annealing at the temperature below 300 ℃ indicate that the 
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recovery is the main restoration phenomenon. Hence, the recovery models can be used to predict the yield 

strength and recovery progress during static annealing treatment. Fig. 4 shows the variation of material yield 

strength obtained from uniaxial tensile test as a function of annealing temperatures and durations. From this 

figure, at a given annealing temperature yield strength is reduced by increasing the annealing duration. The 

kinetics of recovery accelerates by increasing the annealing temperature and it causes more decrease in yield 

strength. The materials constants were used in the kinetics models of Eq. (6) and Eq. (8) for prediction of 

flow stress and recovery progress are presented in Table 2. The material constants 𝑄  and  𝛺 are obtained 

using the regression of yield strength predicted by Eq. (6) on the experimental data with the combination of 

Gauss-Newton optimization technique and RKF numerical integration method. In Fig. 5 variations of the 

root mean squared error and the activation energy and activation volume are shown during the model 

regression. The initial values used for the activation energy and activation volume are 160 𝑘𝐽 𝑚𝑜𝑙 ⁄ and 15 

𝑏ଷ,  respectively. From Fig. 5, the converged data are obtained after about 14 iterations, which show the 

rapid convergence of the used nonlinear regression approach. The converged values for activation energy 

and activation volume for static recovery of AA5052 alloy are 194 𝑘𝐽 𝑚𝑜𝑙 ⁄   and 18.98 𝑏ଷ, respectively. The 

determined activation energy in this study is close to the values reported by Verdier et. al [9] (174-203 

𝑘𝐽 𝑚𝑜𝑙 ⁄ ) and Poole et. al [14] (214 𝑘𝐽 𝑚𝑜𝑙 ⁄ ) for Al-Mg alloys. However, these values are rather higher 

than the activation energy of self-diffusion of aluminum [15] (122 𝑘𝐽 𝑚𝑜𝑙 ⁄ ), and the activation energy for 

the diffusion of Mg in Al [16]. The values of the activation energy for Mg drag in dislocation climb or glide 

mechanisms are in the range of 115 to 136 𝑘𝐽 𝑚𝑜𝑙 ⁄  [16, 17]. In fact, Mg can decrease the stacking fault 

energy of aluminum and raise the apparent activation energy which has been discussed by Verdier et al [9]. 

Moreover, the activation energy of the dislocation mobility in Al-Mg alloys depends on the concentration 

of the drag element [18] and the plastic strain prior to the annealing [9]. 

 
Fig. 1. Comparison between the stress-strain curve predicted by the K-M model 

 and experimental result at room temperature.  
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(a) 

 
(b) 

   
(c) 
 

Fig. 2. Experimental true stress-strain curves of AA5052 alloy after 30% cold rolling, and then annealing 
 for different durations at various temperatures: a) 225 ℃, b) 250 ℃, and c) 275 ℃. 

 

                
           

(a) (b) 
Fig. 3. Microstructure of AA5052 alloy (a) after cold working and (b) after cold working  

and annealing at 300oC  for one hour. 
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Fig. 4. Yield strength (0.2% proof strength) of cold rolled material during subsequent  

annealing at different durations and temperatures. 
 
 

           
(b) (a) 

Fig. 5. Variation of a) root means squared error (RMSE) and b) the values of activation energy  
and activation volume during nonlinear regression analysis. 

Figure 6 shows the model prediction for recovery kinetics at different annealing durations and 

temperatures in comparison with the experimental results. A good agreement between experimental results 

and model predictions is seen, giving confidence in the recovery model. As can be found in this figure, the 

recovery kinetics intensifies with raising the annealing temperature. The smooth increase of the recovery 

progress as a function of annealing time appears in this figure, implies that the dislocation density is 

gradually reduced by time during annealing.   
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Fig. 6. Comparison between the evolution of recovery progress parameter predicted by  

the theoretical model and experimental results. 

The effect of prior cold work on the recovery progress (R) after annealing for one hour at different 
temperatures is evaluated by the kinetics model and depicted in the Fig. 7. As shown in this figure, the 
recovery progress is increased by raising the annealing temperature, and the amount of prior cold plastic 
deformation. Truly, the recovery is a thermally activated process and the micro-mechanisms of this 
phenomenon is dominantly controlled by temperature. Increasing the annealing temperature raises the rate 
of recovery and so result in more material softening.  

  

 
Fig. 7. Evolution of recovery progress parameter during annealing at different  

temperatures for one hour versus amount of prior plastic strain. 
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Also, by increasing the plastic strain, dislocation density and consequently the internal stored energy is 
increased, which it obviously increases the driving force of recovery. The effect of annealing times on the 
rate of recovery (𝑑𝑅 𝑑𝑡⁄ ) during annealing at 250 ℃ for different prior plastic deformation is shown in the 
Fig. 8. As could be seen, recovery occurred very rapidly at the initial stage of the annealing treatment, and 
then the rate of static recovery is considerably decreased as annealing treatment proceeds. Also by increasing 
the amount of prior plastic deformation, the rate of recovery is increased noticeably, which is due to the 
higher values of the internal stored energy. 

 

 
Fig. 8. Changing of the recovery rate versus prior plastic strain for different annealing times at 250 ℃. 

 

Table 1. Chemical composition of AA 5052 alloy (wt. %) 

Zn Cr Cu Mn Fe Si Mg Al 

0.037 0.168 0.037 0.121 0.345 0.248 2.38 Base 

 
Table 2. The material constants used in the model  

Parameter b (nm) M G (GPa)  𝜈 𝜈 

Value 0.286 2.8 21 0.33 1.53 × 10ଵଷ 

 
5. Conclusion 

Work hardening and softening behavior of AA5052 alloy during cold work and subsequent annealing 
treatment were studied via uniaxial tensile test data and numerical modeling. The obtained main results are 
as follows: 
(1) The K-M dislocation density based model is used to predict the flow stress of the fully annealed material 
under the cold working condition. The predicted work hardening and softening coefficients of the K-M 
model for AA5052 alloy are 1.9 × 10଼ and 8.52, respectively.   
(2) The yield strength of the cold worked samples is decreased during the subsequent annealing treatment. 
Microstructural investigation shows that there is no evidence of recrystallization, and recovery is the main 
restoration mechanism up to annealing temperature of 300℃. 
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(3) Verdier’s recovery kinetics model is successfully applied for modeling the static recovery of the alloy. 
The values of activation energy and activation volume obtained by a coupled nonlinear optimization 
technique and nonlinear differential equation solver are 18.98 𝑏ଷ and 194 kJ mol ⁄ , respectively.  
(4) From the modeling results, by increasing the amount of plastic deformation prior to annealing and 
annealing temperatures, the recovery progress parameter and also the rate of static recovery increased.  

 
5. References 

[1] H. J. McQueen, S. Spigarelli, M. E. Kassner, and E. Evangelista, Hot deformation and processing of aluminum 

alloys: CRC Press (2011) . 

[2] A. Rollett, F. Humphreys, G. S. Rohrer, and M. Hatherly, Recrystallization and related annealing phenomena: 

Elsevier (2004) . 

[3] H. Mecking and U. Kocks, Kinetics of flow and strain-hardening, Acta Metallurgica, 29 (1981) 1865-1875 . 

[4] Y. Estrin and H. Mecking, A unified phenomenological description of work hardening and creep based on one-

parameter models, Acta Metallurgica, 32 (1984) 57-70 . 

[5] G. Borelius, S. Berglund, and S. Sjoberg, Measurements on the Evolution of Heat During the Recovery of Cold-

Worked Metals, Arkiv for Fysik, 6 (1953) 143-149 . 

[6] J. Friedel and R. Smoluchowski, Les dislocations, Physics Today, 10 (1957) 36. 

[7] D. Kuhlmann, G. Masing, and J. Raffelsieper, On the theory of recovery, Zeitsch Metall, 40 (1949) 241-6 . 

[8] E. Nes, Recovery revisited, Acta metallurgica et materialia, 43 (1995) 2189-2207 . 

[9] M. Verdier, Y. Brechet, and P. Guyot, Recovery of AlMg alloys: flow stress and strain-hardening properties, Acta 

materialia, 47 (1998) 127-134. 

[10] A. Standard, E8m-09: Standard Test Methods for Tension Testing of Metallic Materials, Annual Book of ASTM 

Standards, ASTM, West Conshohocken, PA, (2009) 127 . 

[11] J. Liu and J. G. Morris, Recrystallization microstructures and textures in AA 5052 continuous cast and direct chill 

cast aluminum alloy, Materials Science and Engineering: A, 385 (2004) 342-351 . 

[12] U. Kocks, Laws for work-hardening and low-temperature creep, Journal of engineering materials and technology, 

98 (1976) 76-85 . 

[13] R. L. Burden and J. D. Faires, Numerical Analysis.(2001) Brooks/Cole, USA. 

[14] W. Poole, M. Militzer, and M. Wells, Modelling recovery and recrystallisation during annealing of AA 5754 

aluminium alloy, Materials science and technology, 19 (2003) 1361-1368 . 

[15] A. Seeger, D. Wolf, and H. Mehrer, Analysis of tracer and nuclear magnetic resonance measurements of self‐

diffusion in aluminium,  physica status solidi (b), 48 (1971) 481-496 . 

[16] M. Mantina, Y. Wang, L. Chen, Z. Liu, and C. Wolverton, First principles impurity diffusion coefficients, Acta 

Materialia, 57 (2009) 4102-4108 . 

[17] W. A. Soer, Interactions between dislocations and grain boundaries, (2006) . 

[18] L. F. Mondolfo, Structure and properties of aluminum alloys, Metallurgiya, Moscow, (1979). 

 
 

 

 

 

 

 

 

 

 



M. Seyed Salehi and N. Anjabin 
 

April 2017                                                                               IJMF, Iranian Journal of Materials Forming, Volume 4, Number 1  

38 

   AA5052مدلسازي و بررسي آزمايشگاهي بازيابي استاتيك و رفتار مكانيكي آلياژ  

 حين كار سرد و عمليات آنيل بعدي 

  
  *٢و نوذر انجبين ١مجيد سيد صالحي

 تهران، دانشگاه صنعتي خواجه نصيرالدين طوسي، دانشكده مهندسي و علم مواد. ١
 مهندسي مواد. شيراز، دانشگاه شيراز، دانشكده مهندسي، بخش ٢

با استفاده از نتايج آزمون كشش يك محوري حين كار   AA5052در تحقيق حاضر به بررسي رفتار مكانيكي آلياژ آلومينيم  چكيده:  
دهد كه با افزايش دما و  پرداخته شده است. نتايج نشان مي  Co  300-225سرد و عمليات آنيل همدماي بعدي در محدوده دمايي  

ت استحكام  آنيل  ميزمان  كاهش  ماده  بررسيسليم  نشان مييابد.  ريزساختاري  نمونههاي  آنيل،  از  پس  كه  داراي  دهد  ها همچنان 
شود. بنابراين در شرايط فوق بازيابي مكانيزم  اي از وقوع پديده تبلورمجدد مشاهده نمياند و نشانههاي با مورفولوژي كشيده شدهدانه

رفتار كارسختي آلياژ حين كار سرد با استفاده از يك مدل مبتني بر دانسيته نابجايي پيش  باشد.  غالب بازگشت حين عمليات آنيل مي
بيني شد. همچنين نحوه نرم شدن آلياژ تغيير شكل يافته، حين عمليات آنيل بعدي با استفاده از يك رابطه سينتيكي كه تنش تسليم  

معادله سينتيكي كه يك معادله ديفرانسيل غيرخطي است از روش  سازد، مدلسازي شد. براي حل  را به پارامترهاي آنيل مرتبط مي 
نيوتن براي يافتن ثوابت ماده در مدل استفاده    -فلبرگ به همراه روش بهينه يابي غيرخطي گوس  - كوتا-گيري عددي رانگانتگرال

  گذاري گرديد.  شد. نتايج عددي بدست آمده با استفاده از نتايج آزمايشگاهي مربوط به رفتار سيلان ماده صحه 
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