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Abstract: Modeling the flow curves of materials at elevated temperatures is the first step in
mathematical simulation of the hot deformation processes of them. In this work, a comparative
study was provided to examine the capability of three different constitutive equations in modeling
the hot deformation flow curves of AZ91 magnesium alloy. As such, the Arrhenius and
exponential equations with strain dependent constants, and a recently developed simple model
(developed based on a power function of Zener-Hollomon parameter and a third order polynomial
function of & power of a constant number) were examined. Root mean square error (RMSE)
criterion was used to assess the modeling performance of the examined constitutive equations.
Accordingly, it was found that the Arrhenius equation with strain dependent constants has the best
performance for modeling the hot deformation flow curves of AZ91 magnesium alloy. The results
can be further used in mathematical simulation of hot deformation manufacturing processes of
tested alloy.
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1. Introduction

High strength to weight ratio and excellent castability are the main characteristics of Mg alloys that make
them a good candidate for transportation industries applications [1-4]. However, low workability of these
alloys at room temperature is a restricting factor in their manufacturing processes. Thus, almost,all
manufacturing processes of Mg alloys are conducted at high temperatures [1-4]. Modeling the flow curves
of materials at elevated temperatures is the first step in mathematical simulation of the manufacturing
processes of them. Consequently, various constitutive equations have been proposed to model the flow
stress of different materials [5-9]. As explained by Lin and Chen [10], the constitutive equations can be
divided into three categories including: phenomenological models, physical-based models (models which
consider the mechanism of deformation such as dislocation dynamics and thermal activation) and artificial
neural network (ANN) models [10]. Among these, phenomenological constitutive models are widely used
in mathematical simulation of metal forming processes. In these models the flow stress of a material is
expressed as a function of the forming temperature, strain-rate and strain. In the other words, in these
models a mathematical function with some constants is fitted to the experimental flow curves of tested
material. Arrhenius equation [11-13], exponential equation [14] and some newly developed constitutive
models are some examples of this category [15-19].

The aim of the present work is to evaluate the modeling performance of a recently developed simple
model for describing the hot flow curves of AZ91 magnesium alloy. This model has been recently
developed based on a power function of Zener-Hollomon parameter and a third order polynomial function
of strain power m (m is a constant)) and has been used to describe the flow stress of APl X65 pipeline
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steel at elevated temperatures [17]. Here, the results of this model for the description of the flow stress of
AZ91 magnesium alloy is compared with the results of the other two constitutive equations including the
Arrhenius equation with strain dependent constants and the exponential equation with strain dependent
constants. Root mean square error (RMSE) criterion is used to evaluate the modeling performance of
examined models.

2. Hot compression tests

To conduct the hot compression tests, cylindrical specimens with 10 mm diameter and 15 mm length were
machined from the ingot of AZ91 alloy with the chemical composition of 9.2Al, 0.8 Zn, 0.22Mn, 0.077Si
(all in wt%). The tests were performed on a 250 kN Zwick tensile/compression testing machine equipped
with a radiant furnace with the temperature accuracy of +5 °C. Before the tests, the specimens were held
in the furnace at 420 °C for 24 h [20-21] to dissolve B (Mg;7Aly;) precipitates and to homogenize the
structure. After soaking for 3 minutes, the hot compression tests were conducted at temperatures of 325,
350, 375, 400 and 425 °C with different strain rates of 0.01, 0.1 and 1 s ' for each of the deformation
temperatures under true strain of about 0.5.

3. Results and discussion
In this section the results of the hot compression tests conducted at different deformation conditions are
presented at the first. Then the results of the examined constitutive equations to describe the flow curves
of AZ91 magnesium alloy at hot working conditions are presented and compared with each other.

3.1. The experimental flow curves

The experimental flow curves of AZ91 magnesium alloy obtained at different deformation conditions are
shown in Fig. 1. As can be seen, the flow stress increases to a peak value and then gradually falls to a
steady state stress which is an indication of the occurrence of dynamic recrystallization (DRX) and
precipitate coarsening [22-24]. Moreover, as expected, the flow stress increases with an increase in strain
rate and a decrease in deformation temperature.

3.2. Arrhenius and exponential equations with strain dependent constants
As explained elsewhere [15], equations in which the Zener—Hollomon parameter (Z) is considered as a
function of stress can be used to describe the effects of temperature and strain rate on flow stress:

Z = £ exp (RQ—T) = f (o) (1)

where Q is the activation energy (kJ/mol), R is the universal gas constant, and T is the absolute
deformation temperature. The hyperbolic sine (Arrhenius) law, the power law and the exponential law are
alternatives of f (o) and are defined according to Egs. (2) to (4), respectively:

Z = f(o) = A[sinh(ac)]" )
Z= f(o) =A™ @)
Z = f(o) = A'exp(Bo) 4

where 4, a,n, A', n’, A" and 8 are material constants. The description of flow stress by the above equations
are not complete and should be rewritten for a characteristic stress (i.e. for the peak stress) or a stress
corresponding to a certain strain (for example the stress corresponding to the strain of 0.3) [17, 25-26].
However, for flow stress modeling, it is suggested that the constants of constitutive equations should be
expressed as polynomial functions of strain to compensate the effect of strain [26]. For this, the
constitutive equations should be established for stresses corresponding to strains in a predefined interval
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and step size at the first and then regression analysis should be used to fit a polynomial function over the
obtained constants [10, 17 and 25].
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Fig. 1. Experimental flow curves of AZ91 magnesium alloy obtained at different deformation conditions [20].

Substituting f (o) from Egs. (2)-(4) to Eq. (1) and taking natural logarithm, the following expressions
could be derived respectively:

Ing + % (%) = Ind4 + n In[sinh(ao)] (5)
Iné + %(%) = Ind’ + n'lno (6)
Iné + % (%) =mnA + fo (7

Taking the partial differentiations from the above equations (Egs. (5) to (7)) gives the following relations,
respectively:

a(ine) +29 (3) = n dIn[sinh(ao)] (8)
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omé +29(3) =n'dino 9)

omé +20(3) = pac (10)
For deriving the Arrhenius equation with strain dependent constants, the following procedure should be

demonstrated to find the values of material constants. This equation for individual stresses corresponding

to the strains in a predefined interval and step size (in this work, for the stresses correspond to different

strains in the range of 0.05 to 0.5 with the step size of 0.05):

1) As proposed in Ref. [15], the optimum value of excess as an unknown variable of o in Eq. (8) should be

determined from the following relationship:

a=p/n (11)

where the values of n" and f can be obtained using the Iné-Inc and Iné-o plots, respectively (as the result of
writing the Egs. (9) and (10) for temperature constant and € constant conditions, respectively) [25]. The
average slopes obtained from these plots are considered as the values of n" and £, respectively.

2) The value of n should be obtained from the Iné-In[sinh(ac)] plot (as the result of writing the Eq. (8) for
temperature constant condition). The average slope obtained from this plot is considered as the value of n.
3) The value of Q should be obtained from the In[sinh(ac)]-1/T plot (as the result of writing the Eqg. (8)
for ¢ constant condition). The average slope obtained from this plot should be multiplied by R*n factor to
obtain the value of Q [Eq. (8)].

4) Rewriting the Eq. (5) for the tested deformation conditions (with different temperatures and strain rates)
and substituting the obtained values of a, n and Q, an optimization procedure should be used to find the
proper value of InA.

According to the obtained values of a, n, Q and InA for stresses corresponding to different strains
(obtained by repeating the stages 1 to 4), regression analysis can be used to express the obtained constants
as polynomial functions of strain. Substituting these material constants as functions of strain, the following
equation can be used to model the flow stress of tested material [17]:

o =2mf{@z/aMm + (274" + 1] § (12)

This equation can be obtained from the Eqg. (5) [17].

In this research, the stages of 1 to 4 was repeated to obtain the values a, n, Q and InA at stresses
corresponding to different strains in the range of 0.05 to 0.5 with the step size of 0.05. The results are
presented in Fig. 2.

As depicted in this figure, the regression analysis was used to express the obtained constants as
polynomial functions of strain. The results are summarized as in the follow:

a = 0.518&* — 0.746&3 + 0.375¢2 — 0.062¢ + 0.015 (13)
n = —293.0¢ + 310.5¢% — 100.1e + 14.49 (14)
Q = 11479887¢* — 14,137,096 + 6358104e? — 1339535¢ + 286328 (15)
InA = 2281.237e* — 2760.780e3 + 1206.529¢? — 243.762¢ + 48.668 (16)

Substituting the materials constants as functions of strain, Eq. (12) was used to model the flow stress of
AZ91 magnesium alloy. A comparison between the experimental and calculated flow stresses (using the
Arrhenius equation) at deformation conditions with two temperatures of (a) 375 and (b) 400 °C with
different strain rates are presented in Figs. 3a and 3b, respectively.
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Fig. 2. Hot working constants of Arrhenius equation as functions of true strain.
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Fig. 3. The comparison between the experimental and modeled flow curves (using the Arrhenius
equation with strain dependent constants) at deformation conditions with two
temperatures of (a) 375 and (b) 400 °C with different strain rates.

According to Eqg. (10), to derive the exponential equation with strain dependent constants, the
following procedure should be demonstrated to find the values of material constants of g and A" together

with the values of activation energy (Q) for stresses corresponding to strains with a predefined interval and
step size:

1) The value of g should be obtained from the Iné-o plot (as the result of writing the Eq. (10) for
temperature constant condition). The average slope obtained from this plot is considered as the value of £.
2) The value of Q should be obtained from the ¢ -1/T plot (as the result of writing the Eq. (10) for &
constant temperature condition). The average slope obtained from this plot should be multiplied by *R
factor to obtain the value of Q (Eg. (10)).

3) Rewriting the Eq. (7) for the examined deformation conditions (with different temperatures and strain
rates) and substituting the obtained values of  and Q, an optimization procedure should be used to find
the proper value of in4".

According to the obtained values of 8, Q and inA" for stresses corresponding to different strains
(conducting the above procedure), regression analysis can be used to express the obtained constants as
polynomial functions of strain. Substituting these material constants as functions of strain, the following
equation can used to model the flow stress of tested material [14]:

o= (Iné +L — mA")/p (17)

This equation can be obtained from the Eq. (7).

In this research, the stages of 1 to 3 was repeated to obtain the values 8, Q and [nA" at stresses
corresponding to different strains in the range of 0.05 to 0.5 with the step size of 0.05. The results are
presented in Fig. 4.

As depicted in this figure, the regression analysis was used to express the obtained constants as
polynomial functions of strain. The results are summarized as in the follow:

B = —5913¢% + 6.204¢% — 1.886¢ + 0.251 (18)
Q = —937464.653¢3 + 1181186.145¢2 — 564241.074¢ + 258298.730 (19)
InA" = 181.5¢% — 161.9¢% + 21.02¢ + 26.16 (20)

Substituting the materials constants as functions of strain, Eq. 17 was used to model the flow stress of
AZ91 magnesium alloy. A comparison between the experimental and calculated flow stresses (using the
exponential equation) at deformation conditions with two temperatures of (a) 375 and (b) 400 °C with
different strain rates are presented in Figs. 5a and 5b, respectively.
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Fig. 5. The comparison between the experimental and modeled flow curves (using the exponential
equation with strain dependent constants) at deformation conditions with two
temperatures of (a) 375 and (b) 400 °C with different strain rates.
3.3. Recently developed constitutive equation
As explained in Ref. [16], the flow stress of different materials at hot working conditions can be
described by the constitutive equations with the general form of:
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0=f(&&T) = f(&T) X f(e) (21)

where the first term is selected to compensate the effects of temperature and strain rate and the second
term is selected to compensate the effect of strain. Accordingly, a new phenomenological constitutive
equation has been developed by Rakhshkhorshid [17] that in it a power function of Zener-Hollomon
parameter has been used to compensate the effects of temperature and strain rate on the flow stress.
Moreover, a third order polynomial function of ¢ power m (a constant number) has been proposed to
compensate the effect of strain. Hence, the following equation has been proposed as a constitutive
equation to model the flow stress of different materials at hot working conditions [17]:

o=Z1x(a+ be™ + ce®™ + de3™) (22)

In addition, it is suggested that the constants of Eq. (22) can be obtained through a Newtonian
optimization procedure so as to minimize the sum squared error between the modeled and experimental
flow curves. This model has been previously applied to describe the flow stress of APl X65 pipeline steel
[17]. In this study, minimizing the sum squared error between the modeled and experimental flow curves
for the fifteen flow curves of AZ91 magnesium alloy (see Fig. 1). The following equation was derived to
describe the flow stress of this alloy at hot working conditions:

0.122X144998

exp(*otR) X (—3.333 + 41.3356%% — 74551608 + 41.322¢12) (23)

o = & 0122

A comparison between the experimental and modeled flow curves at deformation conditions with the
temperatures of (a) 375 and (b) 400 °C with different strain rates are presented in Figs. 6(a) and 6(b),
respectively. As can be seen in Figs. 6(a) and 6(b), the predicted peak strains for all the strain rates are

almost the same. This is one of the restrictions of this model over the other considered constitutive
equations.

3.4. Modeling performance of the examined constitutive equations

Root mean squared error (RMSE) criterion was used to evaluate the modeling performance of examined
constitutive equations:

RMSE = /%Zil(ti — )2 (24)

where t; is the target output and y; is the model output. The RMSE values obtained for the fifteen flow
curves of AZ91 magnesium alloy (Fig. 1) by the constitutive equations examined in this work is presented
in Table 1.
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Fig. 6. The comparison between the experimental and modeled flow curves (using the recently
developed simple constitutive equation) at deformation conditions with two
temperatures of (a) 375 and (b) 400 °C with different strain rates.
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Table 1. Root Mean Square Error (MPa) between the experimental and modeled flow curves of tested alloy.

Constitutive equation Root Mean Square Error (MPa)
Arrhenius equation with strain dependent constants 4.96
Exponential equation with strain dependent constants 5.88
The recently developed constitutive equation 10.51

As presented in Table 1, the Arrhenius equation with strain dependent constants has the best performance
for modeling the hot deformation flow curves of AZ91 magnesium alloy; while, the recently developed
model has the worst. However, the simplicity of the recently developed simple model (developed based on
a power function of Zener-Hollomon parameter and a third order polynomial function of strain power m)
is its advantage over the other considered equations. There are seven constants in this equation that can be
easily determined using an optimization procedure.

4. Conclusion

In this research, the flow stress of AZ91 magnesium alloy at hot deformation conditions was described
through the use of three different constitutive models including the Arrhenius equation with strain
dependent constants, the exponential equation with strain dependent constants and a recently developed
simple model. The values of RMSE criterion for these three constitutive equations were obtained as 4.96,
5.88 and 10.51 MPa, respectively. This shows that the Arrhenius equation with strain dependent constants
has the best performance for modeling the hot deformation flow curves of AZ91 magnesium alloy. The
results can be used in finite element simulation of the manufacturing processes of the tested alloy.

5. References

[1] X. Xia, Q. Chen, J. Li, D. Shu, C. Hu, S. Huang and Z. Zhao, Characterization of hot deformation behavior of
as-extruded Mg-Gd-Y-Zn-Zr alloy, J. Alloys Compd., 610 (2014) 203-211.

[2] K.U. Kainer, Magnesium-Alloys and Technology, Wiley-VCH, Germany (2003).

[3] 1.J. Polmear, Light Alloys—rom Traditional Alloys to Nanocrystals, Butterworth-Heinemann, United Kingdom
(2006).

[4] S.E. lon, F.J. Humphreys and S.H. White, Dynamic recrystallisation and the development of microstructure
during the high temperature deformation of magnesium, Acta Metall., 30 (1982) 1909-1919.

[5] G.R. Johnson and W.H. Cook, A constitutive model and data for metals subjected to large strains, high strain
rates and high temperatures. In: Proceedings of the 7th International Symposium on Ballistics, (1983) 541-543.

[6] A.S. Khan and S. Huang, Experimental and theoretical study of mechanical behavior of 1100 aluminum in the
strain rate range 10 °-10% ", Int. J. Plast., 8 (1992) 397-424.

[7]1 A. Abbasi-Bani, A. Zarei-Hanzaki, M.H. Pishbin and N. Haghdadi, A comparative study on the capability of
Johnson-Cook and Arrhenius-type constitutive equations to describe the flow behavior of Mg-6Al-1Zn alloy,
Mech. Mater., 71 (2014) 52-61.

[8] A. Molinari and G. Ravichandran, Constitutive modeling of high-strain-rate deformation in metals based on the
evolution of an effective microstructural length, Mech. Mater., 37 (2005) 737-52.

[9] E. Voce, The relationship between stress and strain for homogeneous deformation, J. Inst. Metals., 74 (1948)
537-562.

[10]Y.C. Lin and X.M. Chen, A critical review of experimental results and constitutive descriptions for metals and
alloys in hot working, Mater. Des., 32 (2011) 1733-1759.

[11]H. Shi, AJ. McLaren, C.M. Sellars, R. Shahani and R. Bolingbroke, Constitutive equations for high temperature
flow stress of aluminium alloys, J. Mater. Sci. Technol., 13 (1997) 210-216.

[12]F.C. Ren, J. Chen and F. Chen, Constitutive modeling of hot deformation behavior of X20Cr13 martensitic
stainless steel with strain effect, Transactions of Nonferrous Metals Society of China, 24 (5) (2014) 1407-1413.

IIJMF, Iranian Journal of Materials Forming, Volume 3, Number 1 April 2016


http://www.sciencedirect.com/science/article/pii/S0167663604001097

36 M. Rakhshkhorshid and A.R. Maldar

[13]W.X. Wu, L. Jin, J. Donga and W.J. Ding, Prediction of flow stress of Mg—Nd-Zn-Zr alloy during hot
compression, Transactions of Nonferrous Metals Society of China, 22(5) (2012) 1169-1175.

[14]M.Y. Zhan, Z. Chen, H. Zhang and W. Xia, Flow stress behavior of porous FVS0812 aluminum alloy during
hot-compression, Mech. Res. Commun., 33 (2006) 508-514.

[15]H. Mirzadeh, J.M., Cabrera, J.M. Prado and A. Najafizadeh, Modeling and prediction of hot deformation flow
curves, Metall. Mater. Trans., A 43 (2012) 108-123.

[16]H. Mirzadeh and A. Najafizadeh, Flow stress prediction at hot working conditions, Mater. Sci. Eng., A 527
(2010) 1160-1164.

[17]1M. Rakhshkhorshid, Modeling the hot deformation flow curves of APl X65 pipeline steel, Int. J. Adv. Manuf.
Technol., 77 (2015) 203-210.

[18] A.K. Shukla, S.V.S. Narayana Murty, S.C. Sharma and K. Mondal, Constitutive modeling of hot deformation
behavior of vacuum hot pressed Cu—8Cr—4Nb alloy, Materials and Design, 75 (2015) 57-64.

[19]Z. Akbari, H. Mirzadeh and J.M. Cabrera, A simple constitutive model for predicting flow stress of medium
carbon microalloyed steel during hot deformation, Materials and Design 77 (2015) 126-131.

[20]G.R. Ebrahimi, A.R. Maldar, R. Ebrahimi and A. Davoodi, Effect of thermomechanical parameters on
dynamically recrystallized grain size of AZ91 magnesium alloy, J. Alloys Compd., 509 (2011) 2703-

2708.
[21] G.R. Ebrahimi, A.R. Maldar, R. Ebrahimi and A. Davoodi, Kovove Mater., 48 (2010) 277.

[22]L. Liu and H. Ding, J. Alloys Compd. 484 (2009) 949 —956.

[23] M. Rakhshkhorshid and S.H. Hashemi, Experimental study of hot deformation behavior in APl X65 steel,
Mater. Sci. Eng., A 573, (2013) 37-44.

[24]1 M. Shaban and B. Eghbali, Determination of critical conditions for dynamic recrystallization of a microalloyed
steel, Mater. Sci. Eng., A 527 (2010) 4320-4325.

[25] E.I. Poliak and J.J. Jonas, A one-parameter approach to determining the critical conditions for the initiation of
dynamic recrystallization, Acta Mater., 44 (1996) 127-136.

[26]Y.C. Lin, M.S. Chen and J. Zhang, Constitutive modeling for elevated temperature flow behavior of 42CrMo
steel, Comp. Mater. Sci., 424 (2008) 470-477.

[27]S. Mandal, V. Rakesh, P.V. Sivaprasad, S. Venugopal and K.V. Kasiviswanathan, Constitutive equations to
predict high temperature flow stress in a Ti-modified austenitic stainless steel, Mater. Sci. Eng., A 500 (2009)
114-121.

April 2016 IIMF, Iranian Journal of Materials Forming, Volume 3, Number 1



A comparative study on constitutive modeling of ... 37

ST )5 Ul ot M s Sio (gl oo (gl Lo andllne

2)‘5\]‘.0 LOJ.J.C 6':5515\-:.0;))9” U"’) QQM

K s A @M oKisls aé‘j.o 9 gs.ulia ‘5...:;.\...9(0 IRUEAKY ‘g.s...»li‘o 05; as.i..u&o ‘5...“.\...@‘.4 )LnbL..w‘ 1
)‘5)......4 ‘6)‘5).'?"‘” p..SD oKisls ‘0‘9.0 09)5 ‘0‘5.,0 M)‘ u.ul...m)lsz

1 el ol i sloans T 55l a5 el o (ol i Sl o8 IS ks Do sl st sl e Loy
bAZgl‘so..{ﬁ;A 5UT 2,5 U s D sl o Sl Jow Sy @B el dolae a0 Sles (b ()l
@ aaoly Gl b cwgas,] dolae lawgs SLIT cpl 0,8 JS psd (e sl ciomie jgkain s .l o0l dslie K00S0
5 ovesdst 55 el 51 Sl b Sy slie 5 49) dpaz esl Jan K 5 5,5 & aiy sl o b lad Wolas (2,8
gz b Ol ye (nSlo adn) jlase 1ail ool Jow (Gl @Bl anwgs <ol soe S plgs a0 13,5 5l aw az 0 a1 SO
S Slas e S,S A dily slacol b 6“51““)1 Aolas a5 350 ,5 (yame g Al ool asllas 5,50 slo Jow o, Slose oLl
il B sile ad Caz oy o0 p2 G @l lole AZOL aeyjiie ST 2SS o i siledse i )

5,5 oolatwl axlllas 5,90 5LIT algs

AZQl‘_&ﬁ;A 5T caal> slo oo op,5 IS s (oM (sl i 1 5ol Cilads’

IIJMF, Iranian Journal of Materials Forming, Volume 3, Number 1 April 2016



