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Abstract: Modeling the flow curves of materials at elevated temperatures is the first step in 

mathematical simulation of the hot deformation processes of them. In this work, a comparative 

study was provided to examine the capability of three different constitutive equations in modeling 

the hot deformation flow curves of AZ91 magnesium alloy. As such, the Arrhenius and 

exponential equations with strain dependent constants, and a recently developed simple model 

(developed based on a power function of Zener-Hollomon parameter and a third order polynomial 

function of ε power of a constant number) were examined. Root mean square error (RMSE) 

criterion was used to assess the modeling performance of the examined constitutive equations. 

Accordingly, it was found that the Arrhenius equation with strain dependent constants has the best 

performance for modeling the hot deformation flow curves of AZ91 magnesium alloy. The results 

can be further used in mathematical simulation of hot deformation manufacturing processes of 

tested alloy.            
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1. Introduction 

High strength to weight ratio and excellent castability are the main characteristics of Mg alloys that make 

them a good candidate for transportation industries applications [1-4]. However, low workability of these 

alloys at room temperature is a restricting factor in their manufacturing processes. Thus, almost,all 

manufacturing processes of Mg alloys are conducted at high temperatures [1–4]. Modeling the flow curves 

of materials at elevated temperatures is the first step in mathematical simulation of the manufacturing 

processes of them. Consequently, various constitutive equations have been proposed to model the flow 

stress of different materials [5-9]. As explained by Lin and Chen [10], the constitutive equations can be 

divided into three categories including: phenomenological models, physical-based models (models which 

consider the mechanism of deformation such as dislocation dynamics and thermal activation) and artificial 

neural network (ANN) models [10]. Among these, phenomenological constitutive models are widely used 

in mathematical simulation of metal forming processes. In these models the flow stress of a material is 

expressed as a function of the forming temperature, strain-rate and strain. In the other words, in these 

models a mathematical function with some constants is fitted to the experimental flow curves of tested 

material. Arrhenius equation [11-13], exponential equation [14] and some newly developed constitutive 

models are some examples of this category [15-19].  

The aim of the present work is to evaluate the modeling performance of a recently developed simple 

model for describing the hot flow curves of AZ91 magnesium alloy. This model has been recently 

developed based on a power function of Zener-Hollomon parameter and a third order polynomial function 

of strain power m (m is a constant)) and has been used to describe the flow stress of API X65 pipeline 
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steel at elevated temperatures [17]. Here, the results of this model for the description of the flow stress of 

AZ91 magnesium alloy is compared with the results of the other two constitutive equations including the 

Arrhenius equation with strain dependent constants and the exponential equation with strain dependent 

constants. Root mean square error (RMSE) criterion is used to evaluate the modeling performance of 

examined models. 

 

2. Hot compression tests 

To conduct the hot compression tests, cylindrical specimens with 10 mm diameter and 15 mm length were 

machined from the ingot of AZ91 alloy with the chemical composition of 9.2Al, 0.8 Zn, 0.22Mn, 0.077Si 

(all in wt%). The tests were performed on a 250 kN Zwick tensile/compression testing machine equipped 

with a radiant furnace with the temperature accuracy of ±5 °C. Before the tests, the specimens were held 

in the furnace at 420 °C for 24 h [20-21] to dissolve β (Mg17Al12) precipitates and to homogenize the 

structure. After soaking for 3 minutes, the hot compression tests were conducted at temperatures of 325, 

350, 375, 400 and 425 °C with different strain rates of 0.01, 0.1 and 1 s
−1

 for each of the deformation 

temperatures under true strain of about 0.5.  

 

3. Results and discussion 

In this section the results of the hot compression tests conducted at different deformation conditions are 

presented at the first. Then the results of the examined constitutive equations to describe the flow curves 

of AZ91 magnesium alloy at hot working conditions are presented and compared with each other.  

3.1. The experimental flow curves 

The experimental flow curves of AZ91 magnesium alloy obtained at different deformation conditions are 

shown in Fig. 1. As can be seen, the flow stress increases to a peak value and then gradually falls to a 

steady state stress which is an indication of the occurrence of dynamic recrystallization (DRX) and 

precipitate coarsening [22–24].  Moreover, as expected, the flow stress increases with an increase in strain 

rate and a decrease in deformation temperature.  

3.2. Arrhenius and exponential equations with strain dependent constants 

As explained elsewhere [15], equations in which the Zener–Hollomon parameter (Z) is considered as a 

function of stress can be used to describe the effects of temperature and strain rate on flow stress: 

     ̇    (
 

  
)                                                                                                                                        (1) 

where Q is the activation energy (kJ/mol), R is the universal gas constant, and T is the absolute 

deformation temperature. The hyperbolic sine (Arrhenius) law, the power law and the exponential law are 

alternatives of      and are defined according to Eqs. (2) to (4), respectively: 

                                                                                                                                                  (2) 

             
                                                                                                                                          (3) 

                                                                                                                                                    (4) 

where  ,  ,  ,   ,   ,    and β are material constants. The description of flow stress by the above equations 

are not complete and should be rewritten for a characteristic stress (i.e. for the peak stress) or a stress 

corresponding to a certain strain (for example the stress corresponding to the strain of 0.3) [17, 25-26]. 

However, for flow stress modeling, it is suggested that the constants of constitutive equations should be 

expressed as polynomial functions of strain to compensate the effect of strain [26]. For this, the 

constitutive equations should be established for stresses corresponding to strains in a predefined interval 
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and step size at the first and then regression analysis should be used to fit a polynomial function over the 

obtained constants [10, 17 and 25]. 

  
325 °C 350 °C 

  
375 °C 400 °C 

 
425 °C 

Fig. 1. Experimental flow curves of AZ91 magnesium alloy obtained at different deformation conditions [20]. 

Substituting      from Eqs. (2)-(4) to Eq. (1) and taking natural logarithm, the following expressions 

could be derived respectively:  
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Taking the partial differentiations from the above equations (Eqs. (5) to (7)) gives the following relations, 

respectively: 
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For deriving the Arrhenius equation with strain dependent constants, the following procedure should be 

demonstrated to find the values of material constants. This equation for individual stresses corresponding 

to the strains in a predefined interval and step size (in this work, for the stresses correspond to different 

strains in the range of 0.05 to 0.5 with the step size of 0.05):  

1) As proposed in Ref. [15], the optimum value of excess as an unknown variable of α in Eq. (8) should be 

determined from the following relationship: 

                                                                                                                                                            (11) 

where the values of    and β can be obtained using the lnε̇-lnσ and lnε̇-σ plots, respectively (as the result of 

writing the Eqs. (9) and (10) for temperature constant and ε ̇ constant conditions, respectively) [25]. The 

average slopes obtained from these plots are considered as the values of    and β, respectively. 

2) The value of n should be obtained from the lnε  -ln[sinh(ασ)] plot (as the result of writing  the Eq. (8) for 

temperature constant condition). The average slope obtained from this plot is considered as the value of  . 

3) The value of Q should be obtained from the ln[sinh(ασ)]-1/T plot (as the result of writing  the Eq. (8) 

for ε  constant condition). The average slope obtained from this plot should be multiplied by R*n factor to 

obtain the value of Q [Eq. (8)]. 

4) Rewriting the Eq. (5) for the tested deformation conditions (with different temperatures and strain rates) 

and substituting the obtained values of α, n and Q, an optimization procedure should be used to find the 

proper value of lnA.  

According to the obtained values of α, n, Q and lnA for stresses corresponding to different strains 

(obtained by repeating the stages 1 to 4), regression analysis can be used to express the obtained constants 

as polynomial functions of strain. Substituting these material constants as functions of strain, the following 

equation can be used to model the flow stress of tested material [17]:  

  
 

 
  {         [          ]

   
}                                                                                                      (12) 

This equation can be obtained from the Eq. (5) [17]. 

In this research, the stages of 1 to 4 was repeated to obtain the values α, n, Q and lnA at stresses 

corresponding to different strains in the range of 0.05 to 0.5 with the step size of 0.05. The results are 

presented in Fig. 2.  

As depicted in this figure, the regression analysis was used to express the obtained constants as 

polynomial functions of strain. The results are summarized as in the follow: 

                                                                                                                           (13) 

                                                                                                                                  (14) 

                                                                                                          (15) 

                                                                                                              (16) 

Substituting the materials constants as functions of strain, Eq. (12) was used to model the flow stress of 

AZ91 magnesium alloy. A comparison between the experimental and calculated flow stresses (using the 

Arrhenius equation) at deformation conditions with two temperatures of (a) 375 and (b) 400 °C with 

different strain rates are presented in Figs. 3a and 3b, respectively. 
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Fig. 2. Hot working constants of Arrhenius equation as functions of true strain. 
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(a) (b) 

Fig. 3. The comparison between the experimental and modeled flow curves (using the Arrhenius  

equation with strain dependent constants) at deformation conditions with two  

temperatures of (a) 375 and (b) 400 °C with different strain rates. 

According to Eq. (10), to derive the exponential equation with strain dependent constants, the 

following procedure should be demonstrated to find the values of material constants of   and    together 

with the values of activation energy (Q) for stresses corresponding to strains with a predefined interval and 

step size:  

1) The value of β should be obtained from the lnε  -σ plot (as the result of writing the Eq. (10) for 

temperature constant condition). The average slope obtained from this plot is considered as the value of β. 

2) The value of Q should be obtained from the σ -1/T plot (as the result of writing the Eq. (10) for ε   

constant temperature condition). The average slope obtained from this plot should be multiplied by β*R 

factor to obtain the value of Q (Eq. (10)). 

3) Rewriting the Eq. (7) for the examined deformation conditions (with different temperatures and strain 

rates) and substituting the obtained values of β and Q, an optimization procedure should be used to find 

the proper value of     .  

According to the obtained values of β, Q and      for stresses corresponding to different strains 

(conducting the above procedure), regression analysis can be used to express the obtained constants as 

polynomial functions of strain. Substituting these material constants as functions of strain, the following 

equation can used to model the flow stress of tested material [14]:  

       ̇  
 

  
                                                                                                                                      (17) 

This equation can be obtained from the Eq. (7). 

In this research, the stages of 1 to 3 was repeated to obtain the values β, Q and       at stresses 

corresponding to different strains in the range of 0.05 to 0.5 with the step size of 0.05. The results are 

presented in Fig. 4.  

As depicted in this figure, the regression analysis was used to express the obtained constants as 

polynomial functions of strain. The results are summarized as in the follow: 

                                                                                                                                  (18) 

                                                                                                            (19) 

                                                                                                                                  (20) 

Substituting the materials constants as functions of strain, Eq. 17 was used to model the flow stress of 

AZ91 magnesium alloy. A comparison between the experimental and calculated flow stresses (using the 

exponential equation) at deformation conditions with two temperatures of (a) 375 and (b) 400 °C with 

different strain rates are presented in Figs. 5a and 5b, respectively. 
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Fig. 4. Hot working constants of exponential equation as functions of true strain. 

  
(a) (b) 

Fig. 5. The comparison between the experimental and modeled flow curves (using the exponential  

equation with strain dependent constants) at deformation conditions with two  

temperatures of (a) 375 and (b) 400 °C with different strain rates. 

3.3. Recently developed constitutive equation 

As explained in Ref. [16], the flow stress of different materials at hot working conditions can be 

described by the constitutive equations with the general form of: 
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       ̇        ̇                                                                                                                            (21) 

where the first term is selected to compensate the effects of temperature and strain rate and the second 

term is selected to compensate the effect of strain. Accordingly, a new phenomenological constitutive 

equation has been developed by Rakhshkhorshid [17] that in it a power function of Zener-Hollomon 

parameter has been used to compensate the effects of temperature and strain rate on the flow stress. 

Moreover, a third order polynomial function of ε power m (a constant number) has been proposed to 

compensate the effect of strain. Hence, the following equation has been proposed as a constitutive 

equation to model the flow stress of different materials at hot working conditions [17]: 

                                                                                                                                   (22)  

In addition, it is suggested that the constants of Eq. (22) can be obtained through a Newtonian 

optimization procedure so as to minimize the sum squared error between the modeled and experimental 

flow curves. This model has been previously applied to describe the flow stress of API X65 pipeline steel 

[17]. In this study, minimizing the sum squared error between the modeled and experimental flow curves 

for the fifteen flow curves of AZ91 magnesium alloy (see Fig. 1). The following equation was derived to 

describe the flow stress of this alloy at hot working conditions: 

    ̇           
            

  
                                                                                     (23) 

A comparison between the experimental and modeled flow curves at deformation conditions with the 

temperatures of (a) 375 and (b) 400 °C with different strain rates are presented in Figs. 6(a) and 6(b), 

respectively. As can be seen in Figs. 6(a) and 6(b), the predicted peak strains for all the strain rates are 

almost the same. This is one of the restrictions of this model over the other considered constitutive 

equations. 

3.4. Modeling performance of the examined constitutive equations 

Root mean squared error (RMSE) criterion was used to evaluate the modeling performance of examined 

constitutive equations: 

     √
 

 
∑        

  
                                                                                                                               (24) 

where ti is the target output and yi is the model output. The RMSE values obtained for the fifteen flow 

curves of AZ91 magnesium alloy (Fig. 1) by the constitutive equations examined in this work is presented 

in Table 1. 

  
(a) (b) 

Fig. 6. The comparison between the experimental and modeled flow curves (using the recently  

developed simple constitutive equation) at deformation conditions with two  

temperatures of (a) 375 and (b) 400 °C with different strain rates. 
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Table 1. Root Mean Square Error (MPa) between the experimental and modeled flow curves of tested alloy. 

Constitutive equation Root Mean Square Error (MPa) 

Arrhenius equation with strain dependent constants 4.96 

Exponential equation with strain dependent constants 5.88 

The recently developed constitutive equation  10.51 

As presented in Table 1, the Arrhenius equation with strain dependent constants has the best performance 

for modeling the hot deformation flow curves of AZ91 magnesium alloy; while, the recently developed 

model has the worst. However, the simplicity of the recently developed simple model (developed based on 

a power function of Zener-Hollomon parameter and a third order polynomial function of strain power m) 

is its advantage over the other considered equations. There are seven constants in this equation that can be 

easily determined using an optimization procedure.  

4. Conclusion 

In this research, the flow stress of AZ91 magnesium alloy at hot deformation conditions was described 

through the use of three different constitutive models including the Arrhenius equation with strain 

dependent constants, the exponential equation with strain dependent constants and a recently developed 

simple model. The values of RMSE criterion for these three constitutive equations were obtained as 4.96, 

5.88 and 10.51 MPa, respectively. This shows that the Arrhenius equation with strain dependent constants 

has the best performance for modeling the hot deformation flow curves of AZ91 magnesium alloy. The 

results can be used in finite element simulation of the manufacturing processes of the tested alloy. 
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  اشیشکل گرم آل رییتغ لانیس هاییمنحن سازیمدلای مطالعه مقایسه

 جامع هایمدلتوسط  AZ91یمیسیمن

 

 2مالدار رضایعل، *1مسعود  رخش خورشید

 
 ، بیرجٌذگرٍُ هکاًیک، داًشکذُ هٌْذسی هکاًیک ٍ هَاد، داًشگاُ صٌعتی بیرجٌذ، هٌْذسی هکاًیکاستاديار  1

 کارشٌاس ارشذ هَاد، گرٍُ هَاد، داًشگاُ حکین سبسٍاری، سبسٍار2

 965/57179بیرجٌذ، صٌذٍق پستی: *
 

ّا است. در هَاد هختلف، اٍلیي هرحلِ در شبیِ سازی فرآيٌذّای تَلیذ آى گرم شکل تغییر سیلاى ّایهٌحٌی سازیهذل  :چکیده

با  AZ91هٌیسيوی آلیاش گرم شکل تغییر سیلاى هٌحٌی ّای ايي تحقیك، عولکرد سِ هعادلِ جاهع هختلف جْت هذل سازی

ّای ٍابستِ بِ تَسط هعادلِ آرًیَسی با ثابت آلیاش گرم ايي شکل تغییر سیلاى هٌظَر، هٌحٌی ّایيکذيگر هقايسِ شذُ است. بذيي

َّلَهَى ٍ -کرًش، هعادلِ ًوايی با ثابت ّای ٍابستِ بِ کرًش ٍ يک هذل سادُ جذيذ )کِ بر هبٌای يک تابع تَاًی از پاراهتر زًر

ذُ اًذ. از هعیار ريشِ هیاًگیي هربعات خطا جْت يک تابع درجِ سِ از کرًش بِ تَاى يک عذد ثابت تَسعِ يافتِ است( هذل ش

ّای ٍابستِ بِ کرًش بْتريي عولکرد ٍ هعیي گرديذ کِ هعادلِ آرًیَسی با ثابت هَرد هطالعِ استفادُ شذ ّایارزيابی عولکرد هذل

ِ سازی فرآيٌذّای دارد. از ًتايج تحقیك حاضر هی تَاى جْت شبی AZ91ّای کارگرم آلیاش هٌیسيویسازی هٌحٌیرا برای هذل

 تَلیذ آلیاش هَرد هطالعِ استفادُ کرد.
 

 .AZ91هٌیسيوی جاهع، آلیاش ّایگرم، هذل شکل سیلاى، تغییر ّایهٌحٌی کلمات کلیدی:
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