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Abstract 

The aim of the present paper is to study the Cu-water nanofluid flow and heat transfer characteristics of a 

stretching permeable cylinder. Thermal radiation effect is considered in energy equation. The governing partial 

differential equations with the corresponding boundary conditions are reduced to a set of ordinary differential 

equations with the appropriate boundary conditions using similarity transformation, which is then solved 

numerically by the fourth order Runge–Kutta integration scheme featuring a shooting technique. Numerical results 

for the flow and heat transfer characteristics are obtained for various values of the nanoparticle volume fraction, 

suction parameter, Reynolds number and radiation parameter. The results show that skin friction coefficient 

increases with increase of Reynolds number and suction parameter but it decreases with increase of nanoparticle 

volume fraction. Nusselt number is an increasing function of nanoparticle volume fraction, Reynolds number and 

suction parameter but it is a decreasing function of radiation parameter. 
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1. Introduction 

The study of convective heat transfer in fluid-

saturated porous media has many important 

applications in technology of geothermal energy 

recovery such as oil recovery, food processing, 

fiber and granular insulation, porous burner and 

heater, combustion of low-calorific fuels to diesel 

engines and design of packed bed reactors. In 

general, suction tends to increase the skin friction 

and heat transfer coefficients, whereas injection 

acts in the opposite manner. The effects of 

suction/injection on the flow and heat transfer over 

a slender cylinder are of practical interest and have 

attracted many researchers to make further 

investigations. (Ishak et al., 2008) studied uniform 

suction/blowing effect on flow and heat transfer 

due to a stretching cylinder that is useful as a 

simple model in understanding more complicated 

applications to practical problems, such as cooling 

of nuclear reactors.  

Steady flow in a viscous and incompressible fluid 

outside of a stretching hollow cylinder in an 

ambient fluid at rest has been done by (Wang, 

1988). The problem is governed by a third-order 

nonlinear ordinary differential equation that leads to 
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exact similarity solutions of the Navier–Stokes 

equations. Flow over cylinder is considered to be 

two-dimensional if the body radius is large 

compared to the boundary layer thickness. On the 

other hand, for a thin or slender cylinder, the radius 

of the cylinder may be of the same order as that of 

the boundary layer thickness. 

The thermal radiation has a significant role in the 

overall surface heat transfer when the convection 

heat transfer coefficient is small. (Hayat et al., 

2010a) studied the effects of radiation and magnetic 

field on the mixed convection stagnation-point flow 

over a vertical stretching sheet in a porous medium. 

They found that the values of skin friction 

coefficient and the local Nusselt number are 

tabulated in both cases of assisting and opposing 

flows. Effect of thermal radiation and Joule heating 

on MHD flow of a Maxwell fluid in the presence of 

thermophoresis is investigated by (Hayat et al., 

2010b). Thermal analysis of the mixed convection-

radiation of an inclined flat plate embedded in a 

porous medium was conducted by (Moradi et al., 

2013). 

Recently, due to the rising demands of modern 

technology, including chemical production, power 

station, and microelectronics, there is a need to 

develop new types of fluids that will be more 

effective in terms of heat exchange performance. 

Nanofluids are produced by dispersing the 

nanometer-scale solid particles into base liquids 
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with low thermal conductivity such as water, 

ethylene glycol (EG), oils, etc. The term 

“nanofluid” was first coined by (Choi, 1995) to 

describe this new class of fluids. The materials with 

sizes of nanometers possess unique physical and 

chemical properties. The presence of the 

nanoparticles in the fluids noticeably increases the 

effective thermal conductivity of the fluid and 

consequently enhances the heat transfer 

characteristics. Therefore, numerous methods have 

been taken to improve the thermal conductivity of 

these fluids by suspending nano/micro-sized 

particle materials in liquids.  

MHD effect on natural convection heat transfer in 

an inclined L-shape enclosure filled with nanofluid 

was studied by (Sheikholeslami et al., 2014a). They 

found that enhancement in heat transfer has reverse 

relationship with Hartmann number and Rayleigh 

number. (Rashidi et al., 2013) considered the 

analysis of the second law of thermodynamics 

applied to an electrically conducting incompressible 

nanofluid fluid flowing over a porous rotating disk. 

They concluded that using magnetic rotating disk 

drives has important applications in heat transfer 

enhancement in renewable energy systems. 

(Sheikholeslami et al., 2013a) used heatline 

analysis to simulate two phase simulation of 

nanofluid flow and heat transfer. Their results 

indicated that the average Nusselt number decreases 

as buoyancy ratio number increases until it reaches 

a minimum value and then starts increasing. 

(Sheikholeslami et al., 2014b) analyzed the 

magnetohydrodynamic nanofluid flow and heat 

transfer between two horizontal plates in a rotating 

system. Their results indicated that, for both suction 

and injection Nusselt number has a direct 

relationship with nanoparticle volume fraction. 

Nanofluid flow and heat transfer has been 

investigated by several authors (Sheikholeslami et 

al., 2013(b,c,d), Sheikholeslami et al., 2012, Hayat 

et al., 2012 (a,b), Sheikholeslami et al., 2014(c,d), 

Shehzad et al., 2012, Sheikholeslami and Gorji-

Bandpy, 2014, Shehzad et al., 2013a, 

Sheikholeslami and Ganji, 2014 (a,b,c). Effect of 

magnetic field on nanofluid flow and heat transfer 

has been considered by different authors 

(Sheikholeslami et al., 2014(e, f, g, h, i), Shehzad et 

al., 2013b, Sheikholeslami and Ganji, 2014 (d,e), 

Hayat et al., 2007, Sheikholeslami et al., 2013e, 

Hayat et al., 2014, Shehzad et al., 2014 (a,b), 

Sheikholeslami et al., 2015(a, b)). 

The objective of the present paper is to study the 

nanofluid flow and heat transfer due to a stretching 

cylinder with uniform suction. Thermal radiation is 

taken in to account. The reduced ordinary 

differential equations are solved numerically using 

the fourth order Runge–Kutta integration scheme 

featuring a shooting technique. The effects of the 

parameters governing the problem are studied and 

discussed. 

2. Problem formulation 

Consider the steady laminar flow of an 

incompressible nanofluid caused by a stretching 

tube with radius a  in the axial direction in a fluid 

at rest as shown in Fig. 1, where the z-axis is 

measured along the axis of the tube and the r-axis is 

measured in the radial direction. It is assumed that 

the surface of the tube is at constant temperature 

wT and the ambient fluid temperature is 

T where wT T . The viscous dissipation is 

neglected as it is assumed to be small. It is assumed 

that the base fluid and the nanoparticles are in 

thermal equilibrium and no slip occurs between 

them. The thermo physical properties of the 

nanofluid are given in Table1. 
 

 
 

Fig. 1. Figure of geometery 
 

Table1. Thermo physical properties of  

water and nanoparticles  
 

 
3( kg / m )  pC ( j / kgk )  k(W / m.k )  

water 997.1 4179 0.613 

Cu  8933 385 401 

 
Under these assumptions, the governing equations 

are 
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where the radiation heat flux rq is considered 

according to Rosseland approximation such that 
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constant and the mean absorption coefficient, 

respectively. Following (Raptis, 1998), the fluid-

phase temperature differences within the flow are 

assumed to be sufficiently small so that 4T may be 

expressed as a linear function of temperature. This 

is done by expanding 4T in a Taylor series about the 

temperature T and neglecting higher order terms 

to yield 4 3 44 3T T T T   . 

The boundary conditions are: 
 

w w wr a : u U , w w , T T

r : w 0 , T T

   

  
                       (5) 

 
where w wU ca ,w 2cz   and c is a positive 

constant. Notice that   is a constant in which 0   

and 0  correspond to mass suction and mass 

injection, respectively. The effective density n f , 

the effective dynamic viscosity n f , the heat 

capacitance  p n f
C and the thermal conductivity 

n fk  of the nanofluid are given as (Khanafer et al., 

2003): 
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Here,   is the nanoparticle volume fraction. 

Following (Wang, 1988) we take the similarity 

transformation: 
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where prime denotes differentiation with respect to 

 . Substituting Eq. (10) into Eqs. (2) and (4), we 

get the following ordinary differential equations: 
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where 2

fRe ca / 2  is the Reynolds number, 

/f f f    the kinematic viscosity,    f p f ff
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is the Prandtl number,  3

e R fRd 4 T / k    is Radiation 

parameter and 1 2 3A ,A ,A  are parameters having the 

following forms: 
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The boundary conditions (5) become 
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The pressure  P  can now be determined from 

Eq. (3) in the form 
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Physical quantities of interest are the skin friction 

coefficient  fC  and the Nusselt number  Nu , 

which are defined as 
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Using variables (10), we have: 
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3. Numerical method 

Before employing the Runge-Kutta integration 

scheme, first we reduce the governing differential 

equations into a set of first order ODEs. Let 

1 2 3 4 5 6, , , , ,x x f x f x f x x          . We obtain 

the following system: 
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and the corresponding initial conditions are 
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The above nonlinear coupled ODEs along with 

initial conditions are solved using fourth Order 

Runge-Kutta integration technique. Suitable values 

of the unknown initial conditions 1u  and 2u  are 

approximated through Newton’s method until the 

boundary conditions at
 

   0, 0f       are 

satisfied. The computations have been performed 

by using MAPLE. The maximum value of  , to 

each group of parameters is determined when the 

values of unknown boundary conditions at 1x  do 

not change to a successful loop with error less 

than 610 . 

4. Results and discussion 

Effect of thermal radiation on Cu-water nanofluid 

hydrothermal behavior over a cylinder is studied. 

The governing equations and their boundary 

conditions are transformed to ordinary differential 

equations which are solved numerically using the 

fourth order Runge–Kutta integration scheme 

featuring a shooting technique. Table 1 shows 

thermo physical properties of water and Cu 

nanoparticle. In order to test the accuracy of the 

present results, we have compared the results for 

1'( ) with those of (Ishak et al., 2008 and Wang, 

1988), when 0   (classical viscous fluid). We 

notice that the comparison shows an excellent 

agreement, as presented in Table 2. Fig. 2 shows 

the effects of nanoparticle volume fraction, 

Reynolds number and suction parameter on velocity 

profile. The momentum boundary layer thickness 

decreases with increase of nanoparticle volume 

fraction. Effects of Reynolds number and suction 

parameter on momentum boundary layer thickness 

are similar to that of nanoparticle volume fraction. 
 

 
(a)

 
Re 0.5 ,Rd 0.5 , 0.04  

 

 
(b)

 
Rd 0.5 , 0.04 , 0.5     

 
(c)

 
Re 0.5 ,Rd 0.5 , 0.04    

 
Fig. 2. Effects of nanoparticle volume fraction, Reynolds 

number and suction parameter on velocity profile when 

Pr 7  
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Table 2. Compared the results for 1'( ) with those of Ishak et 

al. (2008) and Wang (1988), when 0   (classical viscous 

fluid), for several values of , PrM  when Re 10  

 

Pr  M  Ishak et 

al. (2008) 
Wang 

(1988) 
Present 

study
 

0.7 0 1.5687 1.568 1.564442 

0.7 0.05 1.5665 
 

1.562785 

0.7 0.5 1.5478 
 

1.548292 

0.7 2 1.4924 
 

1.504783 

0.7 5 1.4012  1.43423 

7 0 6.1592 6.16 6.157509 

7 0.05 6.1573  6.155608 

7 0.5 6.1402  6.138764 

7 2 6.0864  6.085643 

7 5 5.9855  5.989984 

 
Effects of nanoparticle volume fraction, Reynolds 

number and suction parameter on skin friction 

coefficient are shown in Fig. 3. Skin friction 

coefficient has direct relationship with Reynolds 

number and suction parameter while it has the rever 

relationship with nanoparticle volume fraction. Fig. 4 

shows the effects of Reynolds number and suction 

parameter on pressure distribution. Pressure 

distribution decreases with increase of Reynolds 

number and suction parameter. 
 

 
(a)

 Re 0.5 ,Rd 0.5   

 
(b)

 
Rd 0.5 , 0.04 

 
 

Fig. 3. Effects of nanoparticle volume fraction, Reynolds 

number and suction parameter on skin friction coefficient 

when Pr 7  

 

 
(a)

 
Re 0.5 ,Rd 0.5 , 0.04  

 

 
(b)

 
Rd 0.5 , 0.04 , 0.5     

 
Fig. 4. Effects of Reynolds number and suction parameter 

on pressure distribution when Pr 7  

 

Fig. 5 shows the effects of nanoparticle volume 

fraction, Reynolds number, suction parameter and 

radiation parameter on temperature profile. Thermal 

boundary layer thickness decreases with increase of 

Reynolds number, suction parameter while it 

increases with increase of nanoparticle volume 

fraction and radiation parameter. Fig. 6 shows the 

effects of nanoparticle volume fraction, Reynolds 

number, suction parameter and radiation parameter 

on Nusselt number. Nusselt number has direct 

relationship with nanoparticle volume fraction, 

Reynolds number, suction parameter and it has a 

rever relationship with radiation parameter. 
 

 
(a)

 
Re 0.5 ,Rd 0.5 , 0.5    
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(b)

 
Rd 0.5 , 0.04 , 0.5   

 

 
(c)

 
Re 0.5 ,Rd 0.5 , 0.04    

 
(d)

 
Re 0.5 , 0.04 , 0.5     

 
Fig. 5. Effects of nanoparticle volume fraction, Reynolds 

number, suction parameter and radiation parameter on 

temperature profile when Pr 7  
 

 

(a)
 Re 0.5 ,Rd 0.5   

 
(b)

 
Rd 0.5 , 0.04   

 
(c)

 
Re 0.5 , 0.04   

 
Fig. 6. Effects of nanoparticle volume fraction, Reynolds 

number, suction parameter and radiation parameter on 

Nusselt number when Pr 7  

5. Conclusions 

The steady two-dimensional nanofluid flow due to 

a stretching permeable tube has been investigated. 

Thermal radiation effect is considered in this study. 

The equations are solved numerically using the 

fourth-order Runge–Kutta method. Effects of 

nanoparticle volume fraction, suction parameter, 

Reynolds number and radiation parameter on the 

flow and heat transfer characteristics have been 

examined. Axial velocity decreases with increase of 

Temperature profile increases with increase of 

nanoparticle volume fraction and radiation 

parameter while it decreases with increase of 

suction parameter and Reynolds number. 
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