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Abstract

In this paper, we extend some propositions of Banach algebras into module actions and establish the relationships
between topological centers of module actions. We introduce some new concepts as LW*W-property and

RW*W-property for Banach modules and obtain some conclusions in the topological center of module actions
and Arens regularity of Banach algebras.
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1. Introduction

Let Abe a Banach algebra. It is well-known that the
second dual A~ of Aendowed with both Arens

multiplications is a Banach algebra (Arens, 1951).
The constructions of the two Arens multiplications

in A” lead us to definition of topological centers

for A” with respect to both Arens multiplications.

The topological centers of Banach algebras,
module actions and applications of them have been
introduced and discussed by many authors in
(Baker et al.,, 1998; Dales, 2000; Duncan and
Namioka, 1988; Eshaghi Gordji and Filali, 2007;
Esslamzadeh, 2000; Lau and Losert, 1988). In the
current work, we introduce some definitions of the
topological centers of actions and investigate the
relation between these notations.

Let Abe a Banach algebra. We say that a net

(e,),a in A is a left approximate identity
(=LAI) [resp. right approximate identity
(=RAI)] if, for each a€A, e, a— alresp.
ae, —a]. For a€ Aanda € A", we denote by

aaandaa respectively, the functionals on A
defined by

(aa,by=(a,ab)=a (ab)
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and
(aa ,b) =(a ,ba) =a (ba)

for allb € A. The Banach algebra Ais embedded
in its second dual via the identification (@, a ) with

(a,a) foreveryae Aand a € A". We denote
the set

{aa:acA,a cA’}
and

{aa :acA,a cA’}

by A"Aand AA’, respectively. Clearly these two

sets are subsets of A", Suppose that A has a BAL. If
the equality AA= A", (AA" = A")holds, then
we say that Afactors on the left (right) and if
equalities A"A= AA" = A hold, then we say that

A factors on both sides.
LetX ,Y andZ normed spaces and

m: XxY >Z

be a bounded bilinear mapping. Arens in (Arens,
1951) offered two natural extensions m™ and
m™™ of m from X~ xY" into Z as follows:
1.m:Z"xX Y7, given by
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(M'(z, %), y) =<z, m(x,y))
where Xe X, yeY, z eZ.
2.m7 Y TxZ2" 5 X", givenby
(M~™(y,2),0=Cy,m(z,x)

where Xe X Yy eY" 7 €Z".
3.m I XTxYT > Z7, givenby

(4, ).2) = (X m (Y ,7)
where X e X"y Y™,z €Z".

The mapping m™" is the unigue extension of M
such thatX —m~ (X ,y ) from X " into Z"™is
weak -weak  -continuous for every y" eY™, but
the mappingy —>M" (X, Y )is not in general
weak " -weak  -continuous fromY " into Z" unless
X € X . Hence the first topological center of m

may be defined as:
Zm={x eXx":y ->mT(x,y)
is weak” —weak” —continuous}.

Now let m':Y xX —Z be the transpose of
m defined by m'(y,X)=m(X,y)for every
XeX andyeY. Then m'is a continuous

bilinear map fromY x XtoZ, and so it may be
extended as above to

mt™y X T 5727

The mapping
m™ X XY 27
in general is not equal to m™" (see Arens, 1951).
However, mis called Arens regular when
m~=m™"

The mapping Y —m" (X ,Y) is weak -
weak "~ -continuous for every y" eY”™, but the
mapping X =M (X ,y) from X7 into
Z™ is not in general weak "~ -weak " -continuous

for every Y €Y . So we define the second
topological center of m as

Z,m={y eY : X ->m"7(X,y)
Is weak* - weak™* - continuous}.

It is clear that m is Arens regular if and only if
Z,(m)= X" or Z,(m)=Y". Arens regularity
of m is equivalent to the following

limlim( ,m(x;.,y;)) = limlimz ,m(x;,y ;)
] ]

whenever both limits exist for all bounded
sequences  (x;); =X, (Y,); <Y andz eZ” (for

more details see (Arikan, 1982; Dales, 2000; Lau
and Ulger, 1996).

The regularity of a normed algebra A is defined
to be the regularity of its algebra multiplication

when considered as a bilinear mapping. Let a and
b" be elements of A~ . By Goldstein’s Theorem
(Dales, 2000) there are nets (), and (0,), in

A such that
a =weak —lim,a, and b’ =weak "~ fim .
So it is easy to see that for all aeA,

nmng«a' M(@,.b)) =(@b’,a)

and

Iignlim(a' ;M (a,.bs))=@0b ,a),

where ab and aob are the first and second

Arens products of A", respectively (see again
Dales, 2000; Eshaghi Gordji and Filali, 2007; Lau
and Ulger, 1996).
The mapping M is left strongly Arens irregular if
Z,(m)=X andmis right strongly Arens irregular
if Z,(m)=Y .

This paper is organized as follows:

a) In section two, for a Banach A-bimodule B, we
restate some topological centers of module actions

of Aon B (Z . (B™), etc) and show that
L a eZ .(A") ifand only if 7" (b,a) B’

forallb €B".
2.F eZBM((A*A)*) if and only if z,"(g,F)eB”

forall geB”.
3.6 GZ(A*A)*(BH) if and only if 7z, (9,G) eA"A

forall geB”.

4. Let B have a BAI (g,), < Asuch that e e
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Then if Z'.(B")=B"[resp.Z.(B")=B"]
and B factors on the left [resp. right], but not on
the right [resp. left], then Z .. (A7) = Z (A7).
5.B"Acwap,(B) if and only if

AA" CZ (A7)

6.Let b € B". Then b ewap,(B) if and only if
the adjoint of the mapping 7, (D,): A—>B" is

weak  -weak-continuous.
b) In section three, for a Banach A-bimodule B, we

define Left weak -weak-property [ Lw'w-
property] and Right weak -weak-property [ RwW'w
-property] for Banach algebra A and we show that
11f AT = aoA** [resp. A” = A**ao] for some
a, € Aand a,has Rw w-property [resp. LW'W-
property], then ZBH (A")=A".

2.1f B" = aOBH [resp. B” = B**ao] for some
a, € Aand a,has Rw w-property [resp. LW'W-
property] with respect to B, then
Z.(B")=8B"

3. 1f B factors on the left [resp. right] with respect

to Aand Ahas RW W-property [resp. Lw'w-
property], then ZB** (A")=A".

4.1f B factors on the left [resp. right] with respect
to Aand Ahas RW W-property  [resp. Lw'w-
property] with respect B, then

Z.(B")=B",

51f g, € A has Rww— property with respect
to B, then aA"C Z . (A")  and
aoB* cwap,(B).

6. Assume that AB" —wap,B. If B has strong
factors on the left [resp. right], then Ahas Lw'w-
property [resp. RW*W-property] with respect to B.
7. Assume that AB" cwap,B. If B has strong
factors on the left [resp. right], then A has Lw'w-
property [resp. RW*W-property] with respect to B.

2. The topological centers of module actions

Let B be a Banach A-bimodule, and let
7, :AxB — B and 7z, :BxA—> B be the left

and right module actions of AonB. Then B is a
Banach A~ -bimodule with module actions

z, :A"xB" —»B"

and

7. B "xA" >B".

Similarly, B™is a Banach A™ -bimodule with
module actions

7 A" xBT —»B”
and
7 BT x AT —»B”.

We may therefore define the topological centers
of the right and left module actions of Aon B as

follows:
ZA**(B**) =Z(z,)={b €B”: themap
a >ro,a): A" >B"
is weak —weak’ —continuoug,
ZB**(A**) =Z(r,)={a e A" :themap
b -z @,b):B" >B"
is weak —weak” —continuoug,
Z,..(B") =Z(r;) ={b eB” :themap
a 2™ W,a): A" >B"
is weak —weak’ —continuoug,
ZtBH(A”) =Z(r')={a € A" :themap
b -z @ b):B* —>B"

is weak —weak —continuoug.

We note also that if B is a left (resp. right) Banach
A-module  and r,:AxB—>B (resp.
7, :Bx A— B) is left (resp. right) module action

of AonB, then B’ is a right (resp. left) Banach A
-module.

We writt  ab=r,(a,b),
7, (843,,b) = 7,(a,,a,b),
7,(0,88,) = 7, (03, a,),

7 (@b ,a,) =7 (6,8), 7 (bab) = [, ab),

ba =7 (b,a),

for alla,a,acA, be Bandb e B  when there is
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no confusion.

Theorem 2.1. We have the following assertions:
(i) Assume that B is a Banach left A-module. Then,

ae ZBH(A’*) ifandonly if 7z, (D,a )eB’

forall b €B”;
(i) Assume thatBis a Banach right A-module.
Then, b’ eZA**(B**) if and only if

7. (b,b)eA forallb €B".

Proof: (i) Let b €B7.Then, for every
a e ZB** (A7), we have
(7,7 ,a)b )=k 7" (@,b)=(z (@,b)b)

=(z, @ ,b)b)
=(z, (' ,a)b)
=, 7" @ ,b)).

The above equalities show that

z, (b,a)=x"(a,b)eB".

Conversely, let aeA” and let
z, (@,0)eB” for all b eB". Let

*

(b,), =B such that b, %" Then for every
b €B", we have
(@ .b)by=0 7@ b))

=(7, " (0 ,a).b,)
=7 (0.a))
—{ 7, (©,a))
=(m, (0,a)b)
= (ﬂzﬂ(a b),b).

Consequently a eZBH(A**) :

(ii) Proof is similar to (i).

Theorem 2.2. Let B be a Banach A-bimodule.
Then we have the following assertions:

WFeZ . (A'A)) if and only if
7, (9,F)eB forall geB’;

(iGe Z(A*A)*(B**) if and only if
7. (9,G) e A'A forall g B’

Proof: (i) LetF eZ . ((A"A)") and

(b,), =B such thath, b’ Then for all
g €B", we have
(m,(9,F).b,) =(9, 7, (F.b,)) =(z," (F.b,),9)

(7 (F,b7),9)=(z"(9,F),b").
Thus, we conclude that

7, (9,F)e(B”,weak’) =B".

For the converse, letz, (g,F)eB for
Fe(AA) andg eB”. Assume thath’ € B™

and (b,),, < B such thath), 2b" . Then
(" (F\b,).9) =<9, (F.b,)
=(7,(9.F).by)
=, 7, (9.F)
> 7 (9.F))
=(m," (g.F)b)
=(m, (F.b).9).
It follows that F e ZB** (A'A)).
(i) Proof is similar to (i).
Definition 2.3. Let Bbe a Banach space and be a
Banach A-module. Then

1. Bhas strongly double limit property (SDLP)
from right (left) at @ € Aif for each bounded net

(b,) in B and each bounded net (0;) in B,
lim lim (abj,b,) = lim lim (aby,b,)
(lim lim (bya,b,) = lim lim (bya,b,)),

whenever both iterated limits exist;
2.B has SDLP if for each bounded net (b,) in B

and each bounded net (D) in B,
lim IigI (b;.,b,) = Iign lim (b, b,,),

whenever both iterated limits exist.

The definition of SDLP for Banach algebras has
been introduced by Medghalchi and Yazdanpanah
in (Medghalchi and Yazdanpanah, 2005). They
showed that every reflexive Banach algebra has
(SDLP). Obviously, If B has SDLP, then it has

SDLP from left and right in @, forall a€ A.

Theorem 2.4. We have the following statments:
(i) If A has SDLP, then ZA**(B”*) =B™;
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(i) If B” has SDLP, then ZBM(A**) = A"

Proof: (i) Letb” € B”and take a bounded net

ke W*
(by) = A" such thath ;—b". Consider

(@) < A” such that a(’z’La” in A”. Now, for
each b’ € B”, we have
Iigw(ﬂ:w(b'lb”),ab=Ii0r(n<b',7f:ﬁ(b"la¢'§)>
= |i6rln<ﬂf*(b”,a;;),b’>
:|i31|i£n<7r?**(bﬂ.a;;),b’>
= |i21|i£1<ag,7rf(b’,bﬁ)>
= Ii;nli;n(aé’,,”:(b',bp»
= n15n<a",7r?(b’,bﬂ)>
= |i21<7r7’*(bﬂ,a”),b’>

=7 "D,

Thus the map 7.~ (b',b"): A" —C is weak " -
weak " -continuous and so,  (b',b")eA". By
Theorem 2.1, 0" €Z ..(B™).
(ii) The proof is similar to part (i).

Anelemente’ of A” is said to be a mixed unit if

e isa right unit for the first Arens multiplication
and a left unit for the second Arens multiplication.

That is, € is a mixed unit if and only if for each
a €A”, de =e'oa =a.By (Bonsall and
Duncan, 1973), an element e of A”is mixed unit
if and only if it is a weak " -cluster point of some
BAI(e,),. inA.

LetB be a Banach A-bimodule anda e A™.
We define the locally topological center of the left

and right module actions of a onB, respectively,
as follows:

Z.(B") =24 (x)

={b' eB”: 2™, b)=2"@ b))}
Z.(B")=2.(x)

={b' eB”: 72U ,a) =27, a)}

Thus we have

Nz EI=2 @) =2,

‘ﬂﬂza.. (B")=2Z,.(B")=Z(,).

a'eA

Let Bbe a Banach A-bimodule. We say that B is
a left [resp. right] factors with respect toA, if

BA=B [resp. AB=B].

Definition 2.5. LetBbe a Banach left A-module
and € € A™ be a mixed unit for A . We say that
e is a left mixed unit for B” if

7, (e,b)=x"(,b)=b,

forallb € B™.
The definition of right mixed unit for B™is

similar. B™ has a mixed unit if it has equal left and
right mixed unit.

Itis clear thatife € A is a left (resp. right) unit
for B and Z. (B™)=B", thene is left (resp.

right) mixed unit for B™ .

Theorem 2.6. Let Bbe a Banach A-bimodule with
a  BAIl(e,),such
Z. (B™)=B" [resp. Z. (B")=B"]and B

factors on the left [resp. right], but not on the right
[resp. left], then ZB** (A7) # Z;** (A7).

wo,
thate, —e . Then if

Proof: Suppose that B factors on the left with
respect to A, but not on the right. Let (€,),, < Abe

*

w "
a BAI for Asuch thate, —>e . Thus for all

b eBthere are aeAandX B’ such that
Xxa=Db .Thenforall b € B™ we have
(7, @ b)b )= 7, (0 b))
= Ii;n(ﬂz*(b" b)e,)

=lim(® 7,0 2,))
=lim( 7, (< a.,))
=lim(’, 7, (< ,2,))
= |i21<ﬂ7(b" X ),28,)

=(z, (0 x)ay=0 b).
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Thus,” (€,b) =b’ consequently B™ has left
unit A” -module. This follows that € e ZB** (A™).

Ifwe take Z . (A7) = Z (A™), then
¢ eZL.(A).
R . | Saiaial | ' ' .
Then the mapping b — 7z, (b ,e) is weak

* * . x| *k -
-weak -continuous from B~ into B~ . Since

W* " " W* " "
e,—e , 7 b ,e,)>r t0h,e)
' * W* "
Letb € B and (by), =B such that by —b".

SincZet.. (B™)=B™,we have the following

equalities
(m " b e )b ) =lim(z " (0 e, )b )
= lim(z " €,.0").b)
= Iior[nlign<7ﬁm(eaabﬁ)ab'>
= limlim(, (bse,)b)
= |i£n|i£n<b' 7. (04,8,))
= |i£n|i£n<b' 7 (0g.8,))
= Ii;n(b' by =®"b).
so, AT &)=z ,€)=b". This
shows that B™ has a right unit. Now, suppose that

b eB” and(b), =Bsuch that b, Sb

Then forall b € B” we have

(b',b)=(z"(b',e),b)=(b",7 (¢,b))

=lim (m; (e',b),by)

=lim (e, 7 (b,by))

= lim lim (7 (b,by).e,)

= lim fim (7, (b,by).e,)

= lim lim (b7, (0,e,))

= lim lim (7" (by.e,),0)

= lim lim (by, 7" (e,,b))

=lim(’, 7, (e,,b)).

Hence, weak—limaﬂ:*(ea,b'):b'. So by

Cohen factorization theorem, B* factors on the
right that is contradiction.

Corollary 2.7. Let B be a Banach A-bimodule

and € €A™ be a mixed unit for B”. If B
factors on the left, but not on the right, then

Z (A7) #ZL (A7),
We recalled that a Banach space Bis weakly
complete, if for every(b,), =B,such that

w " *k "
b, —b inB" impliesthat b €B.

Theorem 2.8. Suppose that B is a weakly
complete Banach space. Then we have the
following assertions.

(i) Let B be a Banach left A-module and B~ has

a left mixed unit € € A”. If AB” B, then B
is reflexive;

(ii) Let B be a Banach right A-module and B™ has a
right mixed unit € e A™.If ZA**(B**)AQ B,

then ZA**(B**) =B.

Proof: (i) Assume that b €B™. Sincee is also
mixed unit for A, there isa BAI (e,), < Afor

*

w "
A such that e, —>e .

Then 7™ (e,,b") >z (€ ,b") =b"in B It

follows  from AB” < Bthat 7z, (€,,b)eB.
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Ths 77 (e,,b) >z (€ ,b')=b" in B.

Since B is a weakly complete,b” €B, and so Bis
reflexive.
(i) Sinceb’ ZA**(B**),We have

770 e) (W €)= in B™.
Since
ZAM(BH)AQB,ﬁf*(b" e,)eB,

consequently, we have
Hokk " w ok " " "
b e) >z ,€)=b

in B.Therefore b" €B.
A functional @ in A" is said to be wap (weakly
almost periodic) on Aif the mapping a—aa

from Ainto A" is weakly compact. The preceding
definition is equivalent to the following condition
(see Dales et al., 2001; Mohamadzadeh and Vishki,
2008).

For any two net(a,), and (by), in
{ac A:||a|| <1}, we have

lim |i2n<a' ,a,0,) = lim lim(a,a,b,),

whenever both iterated limits exist. The collection
of all wap functionals onAis denoted by

wap(A). Also we havea € wap(A) if and only
if (ab,a)=(aob,a)for every
a,b eA”.

Definition 2.9. Let B be a Banach left A-module.

Then, b €B” is said to be left weakly almost
periodic functional if the set

{m;(b,a):aeAla|<1} is relatively weakly
compact. We denote by wap,(B) the closed

subspace of B consisting of all the left weakly

almost periodic functionals in B’
The definition of the right weakly almost periodic

functional (wap, (B)) is the same. By (Ulger,

1999), the definition of wayp, (B) is equivalent to
the following equality.

<72'7 (a" b ),b'> = <72'}Mt (a" b ), b)
foralla € A" and b € B™. Thus, we can write

wap,(B) ={b € B":(7, (a’,b’),b) = (7" (a,b’),b)
for all a e A",b" eB"}.

Theorem 2.10. Suppose B is a Banach left A-
module. Consider the following statements:

(i) B'Acwap,(B); If AB” =B, then B is
reflexive;

(i) AA™ gZBﬂ(A**);

(iiiy AA” < AZ .. ((A"A)).

Then, we have (i) <> (ii) < (iii).

Proof: ()= (ii): Let (b,), =B such that

*

w W " " ok
b, —>b . Then for all a€ A and a €A™, we
have

(7" (aa’\b,),b) =(aa’, 7, (b,,b))
=(a, 7, (b,,b)a)
=(a 7, (b,,ba))
=(z, (a,b,),ba)
—{(r, (a,b),ba)
=(r, (aa ,b’),b).
Hence, aa’ €Z . (A™).
(i)=(i): Let ac A and b €B". Then
(z,"(@,b"),bay=(ar, (@a’,b),b)
= (7, (ad,b’),b)
=(m, " (aa ,b’),b)
=(z/"(a’,b"),ba).
Therefore ba e wap, (B).
(ii)=> (ii): Since AZ .. (A"A)) gZB**(A**),
proof is held.
Corollary 2.11. Let B be a Banach A-bimodule.

Then if A is a left [resp. right] ideal in A~ then
B"Acwap,(B) [resp. AB" cwap, (B)].

Theorem 2.12. We have the following assertions:
(i) Suppose that Bis a Banach left A—module
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and b € B”. Then b ewap,(B) if and only if
the adjoint of the mapping 7,(0,.): A—>B" is

weak "~ -weak-continuous;
(ii) Suppose that Bis a Banach right A—module

and b €B". Then b ewap, (B) if and only if
the adjoint of the mapping 7z, (0,.):B—> A" is

* -
weak -weak-continuous.

Proof: (i) Assume that b ewap,(B) and

m,(0,.) :B” — A" is the adjoint of 7, (0,).

Then for every b eB™ and a€ A, we have
(r,(b,.)b",a)=(b",,(b,a)).

*

" ok " w "
Suppose (), = B" such that b, —b" and

*

w "
a A" and(a;),; < A such that a;,—a .By

an easy calculation, forall y €B~ and y €B",
we have

(m (Y, y)=m(y,y)
Since b e wap, (B),

(7" (@,b,),b)—(z"(a,b),b).
Then we have
lim(@’, 7 (b,)b,) = lim(@, 7" (b,,b))
=lim(z,” (@,b,),b)
=(r, (@,b),b)
S ACHLD?
Hence, the adjoint of the mapping
m,(b,.): A—>B" is weak " -weak-continuous.

Conversely, assume that the adjoint of the
mapping 7,(0,.):A—B" is weak  -weak-

continuous. Suppose  (0,), = B” such that

*

" w " i * " *k
b, —>b and b €B". Then forevery a € A",
we have

lim(z,” (a',b,),b)=lim(@ 7, (b,,b))
= Ii£n<a" 7, (0,)h,)
=(a,7,(b,)b)
=(z; (a,b),b).

The above equalities show that b € wap, (B).
(i) proof is similar to (i).

Corollary 2.13. Let A be a Banach algebra.
Assume that @ € A” and Ta. is the linear operator

from A into A defined byT.a=aa.Then,
a
a ewap(A) if and only if the adjoint of T is

weak "~ -weak-continuous. So A is Arens regular if
and only if the adjoint of the mapping Ta. a=aa

is weak -weak-continuous for every a eA”. We
consider the following special sets:

Z..(A)={acA: themapB™ — B”;

b’ 7, (b',a)is weak —weak— continuous}
Z (B)={beB:themapB” — A’;
b’ m (', b) is weak —weak— continuou$:

Obviously, Z ..(A) is a left ideal of A and
Z .(B) is aleft ideal of B when B is a Banach

algebra.

Theorem 2.14. We have the following statements:
(i) Suppose that B is a Banach left A-module.
Then anB,,k(A) if and only if
7 (a,b)eB forall b"eB™;

(ii) Suppose that B is a Banach right A-module.
Then beZA**(B) if and only if

7z, (b,a)eB forall @’ € A™.

Proof: (i) Let 7z; (a,b")€B forall b"eB™.
Assume that (D))is a net in B such that

*

w
b, —b'". Thus
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|iLn<b",7r.* (b,,a) = |i£n<7rf* (b",b,),a)
=lim (7~ (a,b"),b;)
= (7" (ab"),p)
= (", 7 (0, a)).

This shows that 7, (b, ) Lm*(b',a) , and so
acZ_..(A). Now, suppose that aeZ ..(A)
and b” € B™. Take (b,) B such that b, >b'.
since 77 (b, 8) >, (1, 4)

lim(z  (a,b"),b)) = lim(b", 7 (b],,a))
= (0", (0',a))
=(m  (a,b"),b).

Hence, the map 7z, (a,b”):B" —C is weak " -
weak " -continuous, so 7, (a,b") e B.

(i) Let be Z ..(B),a" e A"and b, b'in B,
Then 7, (1), b) Lﬁ:(b', b)in A", and we have
lim (7" (b,a"),b,,) = lim 7" (2", ;). b)
= lim(@", 7, (0, b))
=(a",7,(0',b))
=(x," (b,a"),b").

It follows from the above equalities that the map
z, (b,a"):B" —Cis
continuous, and so 7, (b,a”) €B.

Assume that 7z (D,@") € B forall a” e A”.

* *
weak -weak -

Take anet (b)) in B” such that b, 25’ Then
lim(@", z; (0,,,b)) = lim {7, (@",b;,),b)
=lim(z, (b,a"),b)

=(x, (b,a"),b")
= (a", 7' (b',b)).

w
Ths 7; (b}, 8) -7z (0', ).
Therefore b EZA”*(B)' Consider the following
set:
Z,(B)={beB:x (ba)eB}

then we have the following lemma.

Lemma 2.15. Let A be a Banach algebra with a

w "
BAI (e,), such that e,—e",and let B be a

Banach A-bimodule. If B factors on the left, then
Z..(B)=B.

Proof: Take D€ B such that b=Dh, -a for some
b €B and ac A. We have

(7, (b,e"),b') =(x, (e",b),b) = (¢", 7, (0',b))
= lim (7, ('b).,)
=lim (o', 7, (0, a.e,)
= lim (7. (0',1y), 2€,)

=(m(b'\by).a)
=(b',b,-a) = (b',b).

Hence, 7z, (0,e"") =b. This shows that
Bc Z..(B).

Corollary 2.16. Let B be a Banach A-bimodule
and € €A™ be a mixed unit for B™. If B
factors on the left, then Z.(B) = B.

Lemma 2.17. Under one of the following
conditions, we have ZAH(B) =B.

1. B has (SDLP);
2. Z .(B)A=B.

Proof: (i) Let (D) is a bounded net in B such

that b;W—>b’. It is enough to show that
w *
7, (b, b) >z, (0',b) in A"

Assume that @' € A™ and takes a bounded net

*

w
in (a,;) = A such that @, —a" . Thus
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im (@ 7z; (0}, b)) = lim lim (7 (b b). ;)
= limlim (0;.,b-a,)
= lim lim (b;.b-a,)
=lim (',b-,)
= lim (7, (0',b),a,)
=(a", 7, (0',b)).

Therefore ZAM(B) =B.

(i) Take b € B. By the assumption b = ba where
beZ .(B)andae A. We have

7, (ba)=z " (baa)
=7, (b,aa)eB,

forall 8’ € A™, and thus Z .(B)=B.

Example 2.18. Let G be a locally compact group.

Then the group algebra L*(G) with convolution
product is isometrically embedded as an ideal with
in the measure algebra M (G), via f — fdA,

where A denotes a left Haar measure on G . Since
L'(G) and M(G) are w " -dense in the second

adjoint  L'(G)” and  M(G)” respectively,
L'(G)™is an ideal in M (G)™. Civin in (Civin,
1962) proved that L*(G) is an ideal in L'(G)™ if

and only if G is commutative. In the case that G
is compact it has been shown by Watanabe in

(Watanabe, 1976). Since L'(G) has a bounded
approximate identity, L'(G) is an ideal in
M(G)” when G is compact. Now, if

1< p<oo and q is conjugate of P, by Theorems
2.10 and 2.14 we have the following statements:

1. For any locally compact group G,

Z, -~(LG))=L@G);

M(G)

2.1f G is compact, then

L9(G)*L(G)  wap, (L°(G)), L'(G)*L* ()
c wap, (L°(G))

and

2y~ (L@ =2,  ~(L(G) = L(G);

M(G
3. If G is commutative, then

2, ((G)=L©):

4.1f G is finite, then
L (G) c wap, (L*(G)) nwap, (L°(G)),
and so
Z (LG =L(G)
and

Z (LG = L)

Example 2.19. Let S be an infinite, regular (i.e.,
for each s €S, there exists S' €S withSS'S=S
and S§'SS'=S')semigroup with finitely many
idempotents. Then ¢*(S) is not Arens regular

(Esslamzadeh, 2000, Theorem 5.1). An example
within Example 7.14 of (Dales, et al., 2006)

exhibits an infinite, regular semigroup S with E(S)

finite for which /*(S)is not strongly Arens
irregular.

LetS be an inverse semigroup (i.e., S is regular
and the element$’ specified above is unique) with
the set of idempotents E . Since E is a commutative
subsemigroup of S (Howie, 1976, Theorem

V.1.2), actually a semilattice, ¢*(E) could be
regarded as a commutative subalgebra ofél(S),
and thereby ¢*(S) is a Banach algebra and a

Banach ¢*(E) -module with the following actions

5,8, =6,%5,= 4.

es!?

5,-8,=6,=08,%5, (seS,ecE).

Let K €N Recall that E satisfies condition D,
(Duncan and Namioka, 1988) if given
f, Ty, fi s €E there exist e€E and 1, j
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such that
1<i<j<k+1, fe=f,fe=f,

Duncan and Namioka in (Duncan and Namioka,
1988, Lemma 15) proved that for any inverse

semigroup S, ¢*(E) has a bounded approximate
identity if and only if E satisfies condition D, for
some K. It follows from the proof of (Dales, et al.,
2001, Lemma 13) that each BAI for /*(E) is a
BAI for /*(S). Now, if E satisfies condition D,
for some K, by (Howie, 1976, Corollary 2.4),

Z, () =2, o ((8)) = £7(S);
3. LW w-property and Rw W-property

In this section, we introduce the new definition as

Left weak ~ -weak property and Right weak "~ -weak

property for Banach algebra A and make some
relations between these concepts and topological
centers of module actions. As some conclude, for

locally compact group G, if aeM(G) has

LwW -property [resp. RW W-property], then we
have

L'(G)" *a= L(G)  [resp. a*LX(G)™ = L}(G)"],
and also we have

~(M(G))=M(@G)”

Ll(G)
and

~(LG))=L(G).

M (©G)

For a finite group G, we have

~(L(G))=L(©)"

M G)
and

Zy o (M@ =M(G)"
Definition 3.1. LetB be a Banach left
A —module. We say that @€ A has Left weak -
weak-property (= LW*W-property) with respect to

. W
B, if for all (b,),<B”, ab,—0 implies

' W *
ab, —>0. If every a€ A has Lw w-property
with respect to B, then we say that A has LW 'Ww-
property with respect to B. The definition of the

Right-weak*-weak property (= RW*W-property)
is the same.

We say that ae A has Weak*—weak—property
(=w'w-property) with respect to Bif it has
Lw'w -property and RW W-property with respect
to B.1f a€ A has LW*W—property with respect

to itself, then we say that @< Ahas Lw'w-

property.
For preceding definition, we have some examples
and remarks as follows.

a) If Bis a Banach A-bimodule and reflexive, then

Ahas W W -property with respect to B. Then we
have the following statements for group algebras.

(i) L'(G), M(G)and A(G) have W"W -property
when G is finite.

(ii) LetG be locally compact group. L'(G) [resp.
M(G)] has W w-property [resp. Lww-
property] with respect to L”(G) whenever p>1.

b) Suppose that B is a Banach left A-module and
e is left unit element of A such that eD=D for

all beB. Ifehas LW w-property, thenB s
reflexive.

¢) If S is a compact semigroup, then
C*(S)={f eC(S): f >0}
has W*W—property.

Theorem 3.2. Suppose that B is a Banach A-
bimodule. Then we have the following assertions:

() 1If A" = aOAH [resp. A~ = Aﬂao] for some
a, € A and a, has RW*W—property [resp.
Lww -property], then ZB** (A")=A";

(i) If B” =a,B”™ [resp. B” = B™a,] for some
8, €A and a, has RwWw-property [resp.

Lw'w-property] with respect to B, then
ZAH(BH) =B".

Proof: (i) Suppose that A~ = aOAMfor some
a, € Aand a,has RW W-property. Let
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(b,),, =B such thatb;w—>b". Then for all
acAand b €B”, we have

(7, (b,,b),a) =(b,, 7 (b,a))
— (b ,7,(b,a))
=(r, (b',b),a),
and so ﬂ?(b;,b')Lﬂ:*(b",b'). Also we can
write  z,"°(b,,,b )aow_’;;;;‘*(b",b' Ya,. Since @, has
7 (0,62~ (b)),
Now let & € A™. Then there is X € A~ such
that & = aox" and consequently

Rw w-property,

(7, (a',b,).b) = (a7, (b,.b))
= (X7 (b, b)a)
— (X7 (0',b)ap)
=(7,”"(a.b,).b).

The above statements show that @’ EZB**(A**).

Proof of the next part is the same as the preceding.
(i) Let B™ =a,B™ for some @, € A and @, has

RW*W-property with respect to B. Assume that
(a,), < A" such that a, f)a" . Then for all beB,
we have
(77 (8,,0).b) = (a,,7; (b,b))
—(@, 7 (b,b))
= (7, (a,b),b).

" ' W* ke " f
We conclude that z,"(a,,b)—>7, (a',b) then

we have z7(a..b)a, >z (a’,b)a,. Sinced,
has RWW-property with respect to B,
7, (@,.b)a, Ln:*(a" b)a,. Let b" e B”. Thus there
exists X €B™ such that b = aox" . Hence, we
have

(7" (0',a,),b) =" 7 (a,b))
= (a7 (3,,b))
= (X7, (8,,0)a)
— (X7 (a,b)ap)
=0,z (a,b))
=(z; (b,a)b).

Therefore b’ GZAH(B**). The next part is
similar to the preceding proof.

Example 3.3.
1. Using Theorem 3.2, for locally compact group

G, if ae M(G) has Lw'w -property [resp.
Rw w-property], then we have X(G)"*ax L}(G)"
[resp. a*LX(G)™ # L'(G)"1.
2.1f G is finite, then by Theorem 3.2, we have

Z ~(L(G))=L(@G)"

M(G)
and

Zso M@ =M(G)"

Theorem 3.4. Suppose that B is a Banach A-

bimodule and A has a BAI. Then we have the
following assertions:

() If B factors on the left [resp. right] with
respect  to Aand Ahas Rw'W-property  [resp.
Lww -property], then Z (A")=A";

(i) If B" factors on the left [resp. right] with
respect  to Aand Ahas Rw'W-property  [resp.
Lw W -property] with respect B, then

Z..(B")=B".
Proof: (i) Assume that B” factors on the left and

A has RWW-property. Let (b,), =B~ such

" W* n * * ' *
that b, —>b . Since B A=B", forall b €B
thereare X€ Aand Y €B” suchthat b =y x.
Then for all @ € A, we have
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(; (0, Y )x.a) = (b, 7z, (Y ,a)X)
= (7, (b,,b),a)
=(b,, 7, (0 ,a))
N AT
=(z, (b, y)xa).

Thus, we conclude that

7, (0, Yy )x—>m, (b, y)X.

Since A has Rw'w-property,

7, Y XA,y )x.
Now, let a" € A™. Then
(m" (@ ,b,),by=(a,7, (b,,b))
=@, 7, (b,,y)X)
—(@,z, (b,y)x
=(z, (a,b),b).

So, it follows that g eZBﬁ(A**). If B factors

on the right with respect to A, and assume that A
has Lw'w-property, then proof is similar to the
preceding proof.

(ii) Let B’ factors on the left with respect to A and
A have RW*W-property with respect to B.

" ok . W "
Assume that (a, ), < A" suchthata, —»a .

since B'A=B", for allb B there are
XeAandy €B suchthat b =Yy X. Then for
all b e B, we have

(m; (a,,y)xb)=(z (a,,b).b)
=(a,, 7 (b,b))
=(@,7,(b,b))
=(z (@,y)xb).

" ' W* ok " '
Consequently, 7z, (a,,Y )Xx—7z, (a,y)X.
Since A has Rw'w-property with respect to B,
" ' w ok " '
7, (@,,y)x—>r (a,y)x. Thus, for all
b eB™

(" (0,&,).0) =0, 7, (a,,y )x)
-0,z @, y)x
=(z, (b,a),b).
Therefore b’ EZA**(B**)'

The proof of the next assertions is the same as the
preceding proof.

Theorem 3.5. Suppose thatBis a Banach A-
bimodule. Then we have the following assertions:

(i) If a, € A has Rww-property with respect to
B, then

a,A” gZB**(AM) and a,B” cwap, (B);

(ii) If a, e A has LW W -property with respect to B,
then A”a, gZBM(A"*) and B'a, cwap,(B);
(i) If a, e A has Rw'w-property with respect to
B, then

8,B” cZ ..(B") and B*a, cwap, (B);

(iv) If @, € A has Lww-property with respect to
B, then B"a, =7 ..(B") and a,B" cwap,(B).

" W* "
Proof: (i) Let (b,), =B~ such that b, —>b .
Thenforall a€ A and b € B”, we have

(7] (b,,b)ag,ay =(x, (b,,b),a,a)
= (b, 7, (b ,a,a))
— (b, 7, (b,aa))
=(z; (b ,b)ay,a).

Thus 7z, (b,,b )a, —>7z, (b',b)a,. Since &,
has RWW-property with respect to B,
z, (b,,b)a, >z, (b ,b)a,. We conclude
that aoa" ezB**(A**) so that a,A EZB** (A7).
Now, the result follows from

70 0)ay =7 (0 b)),
(i) proof is similar to (i).

" *k " W* "
(iii) Assume that(a,,), < A such that a, —a .
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Let be B and b € B". Then we have

(7, (a,,0)ag,b) = (7 (a,,0),a:b)
= (8,7 (b, ah))
— (a7 (b, ah))
= (7, (a',b)a,b).

Hence 7z, (a,,,b)a, Lﬁ:k(a",bl)ao. Since
a, has RW*W—property with  respect to B,
7 (a.,b)a, >z (a ,b)a,. If b eB™,
then we have

(7 (ab',a,),b) =(ah’, 7" (a,,b))
= (0", 7" (a,,.b)ay)
=(b', 7 (a,,0)a)
=(r, (a,p,a’),b).
Therefore @b’ eZA**(BH). Consequently we
have a,B eZAM(B ).
The proof of the next assertion is clear.

(iv) Proof is similar to (iii).

Theorem 3.6. Let B be a Banach A-bimodule.
Then we have the following assertions:

(i) If B has SDLP, then A has LW W-property
and RW*W-property with respect to B;

(i) If B has SDLP from right (left) at @ € A, then
a has RW*W—property (Lw'w-property) with
respectto B.

*

. W
Proof: (i) Assume that @ € A such that ab, —0
where  (b;),=B". Let b eB” and
W* "
(b,), =B suchthat b, —b . Then
lim (b, aby) = lim lim (b, ,aby)
B B a
= lim lim (ab,, b, )
p «a
= lim lim(ab,,b,) = 0.
a p
' W *
We have abﬁ —0,s0 A has LW wW-property. It

is also easy for A to have RW*W-property.

(ii) Proof is easy and is the same as (i).

Definition 3.7. Let B be a Banach left A-module.
We say that B strong factors on the left [resp.
right] if for all (b,), = B thereare (a,), < A

and b e B"such thath, =ba,, [resp.
b, =ab ] where (a,), has limited the weak " -

topology in A™.

If B” strong factors on the left and right, then we
say that B strong factors on both sides.

It is clear that if B strong factors on the left

[resp. right], then B factors on the left [resp.
right].

Theorem 3.8. LetBbe a Banach A-bimodule.
Assume that AB” cwap,B. If B strong factors

on the left [resp. right], then A has Lw'w-
property [resp. RW*W-property] with respect to B

*

il * ' w
Proof: Let (b,), =B such that ab, —0.

Since B” strong factors on the left, there are
(@,), <A and b €B” such that b, =ba,,.

" Hk W* "
Let b €B™ and (b;), =B such that b, —>b'".
Then we have

lim (b, &b, ) = fim |i2n<bﬂ,ab;>

= lim |i2n<ab;,bﬁ>

= limlim (aba,,b,)

= lim lim (ab,a,by)

= lim im (ab,a,by)

= |i2n |i£n (ab'a,bﬂ> =0.
Now, it follows from the above equalities that
ab, 50.

We finish this section with the following open
problems:

Problems:
1. Suppose that B is a Banach A-bimodule. If B
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is left or right factors with respect to A, does A
have  LWW-property or  RWW-property,
respectively?

2. Suppose that B is a Banach A-bimodule. Let
A have LW'W-property with respect to B . Dose
Z (A")=A"?
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