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Abstract 

In this paper, we extend some propositions of Banach algebras into module actions and establish the relationships 

between topological centers of module actions. We introduce some new concepts as wLw*
-property and 

wRw*
-property for Banach modules and obtain some conclusions in the topological center of module actions 

and Arens regularity of Banach algebras. 
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1. Introduction 

Let Abe a Banach algebra. It is well-known that the 

second dual 
**A  of Aendowed with both Arens 

multiplications is a Banach algebra (Arens, 1951). 

The constructions of the two Arens multiplications 

in 
**A  lead us to definition of topological centers 

for 
**A  with respect to both Arens multiplications.  

The topological centers of Banach algebras, 

module actions and applications of them have been 

introduced and discussed by many authors in 

(Baker et al., 1998; Dales, 2000; Duncan and 

Namioka, 1988; Eshaghi Gordji and Filali, 2007; 

Esslamzadeh, 2000; Lau and Losert, 1988). In the 

current work, we introduce some definitions of the 

topological centers of actions and investigate the 

relation between these notations. 

Let Abe a Banach algebra. We say that a net 

Ie  )(  in A  is a left approximate identity 

)(= LAI  [resp. right approximate identity 

)(= RAI ] if, for each ,a A aae  [resp.

aae  ]. For Aa and
*,'a A we denote by

aa'
and

'aa respectively, the functionals on
*A

defined by 
 

)(=,=, abaababaa ''' 
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and  
 

, = , = ( )' ' 'aa b a ba a ba     

 

for all Ab . The Banach algebra A is embedded 

in its second dual via the identification  'aa, with 

 aa' ,  for every Aa and .*Aa'   We denote 

the set 
 

*{ : ,  }' 'a a a A a A   

 
and 
 

*{ : ,  }' 'aa a A a A 
 

 

by AA*
and ,*AA respectively. Clearly these two 

sets are subsets of .*A  Suppose that Ahas a BAI. If 

the equality )=(  ,= **** AAAAAA holds, then 

we say that
*A factors on the left (right) and if 

equalities 
*** == AAAAA hold, then we say that

*A factors on both sides. 

Let ,X Y and Z normed spaces and 

 

ZYXm :  
 
be a bounded bilinear mapping. Arens in (Arens, 

1951) offered two natural extensions 
***m  and 

ttm ***
 of m  from 

**** YX   into 
**Z  as follows: 

1. ,: *** YXZm   given by 
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 ),(,=),,(* yxmzyxzm ''

 

where Xx , ,Yy  .*Zz'   

2. ** ** * *: ,m Y Z X   given by  

 ),(,=),,( *** xzmyxzym ''''''
 

where Xx ,
**Yy ''  , .*Zz'   

3. ,: ********* ZYXm   given by  

 ),(,=),,( ***** '''''''''' zymxzyxm   

where 
**Xx ''  ,

**Yy ''  ,
*Zz'  . 

The mapping 
***m  is the unique extension of m  

such that ),(*** '''''' yxmx  from
**X into

**Z is 

weak
*

-weak
*

-continuous for every
**Yy ''  , but 

the mapping ),(*** '''''' yxmy  is not in general 

weak
*

-weak
*

-continuous from
**Y into

**Z unless 

.''x X  Hence the first topological center of m  

may be defined as:  
 

** ***
1

* *

( ) ={ :  ( , )

  is weak weak continuous}.

'' '' '' ''Z m x X y m x y 

 
 

 

Now let ZXYmt : be the transpose of 

m  defined by ),(=),( yxmxymt
for every

Xx  and Yy . Then 
tm is a continuous 

bilinear map from XY to Z , and so it may be 

extended as above to 
 

*** ** ** **: .tm Y X Z   
 
The mapping 
 

********* : ZYXm tt   
 

in general is not equal to 
***m  (see Arens, 1951). 

However, m is called Arens regular when  
 

ttmm ****** = . 
 

The mapping ),(*** ''''tt'' yxmy   is weak
*

-

weak
*

-continuous for every 
**Yy ''  , but the 

mapping ),(*** ''''tt'' yxmx   from 
**X  into 

**Z  is not in general weak
*

-weak
*

-continuous 

for every 
**Yy ''  . So we define the second 

topological center of m  as 
 

}. continuous- *weak- * weakis 

)y,x(mx  :Yy{=)m(Z ''''t***t''**''
2 

 

 

It is clear that m  is Arens regular if and only if 
**

1 =)( XmZ  or 
**

2 =)( YmZ . Arens regularity 

of m  is equivalent to the following  
 

, ( , ) = , ( , ) ,limlim limlim
' '

i j i j
i j j i

z m x y z m x y     

 
whenever both limits exist for all bounded 

sequences ( ) ,i ix X Yy ii )( and
*Zz'  (for 

more details see (Arikan, 1982; Dales, 2000; Lau 

and Ülger, 1996). 

The regularity of a normed algebra A  is defined 

to be the regularity of its algebra multiplication 

when considered as a bilinear mapping. Let 
''a  and 

''b  be elements of 
**A . By Goldstein’s Theorem 

(Dales, 2000) there are nets  )(a  and  )(b  in 

A  such that 
 

aweaka ''
lim= *   and *= .lim

''b weak b   

 

So it is easy to see that for all 
*Aa'  ,  

 

, ( , ) = ,limlim
' '' '' 'a m a b a b a 

 
     

 
and  
 

, ( , ) = , ,limlim
' '' '' 'a m a b a ob a 

 
     

 

where '' ''a b  and '' ''a ob  are the first and second 

Arens products of 
**A , respectively (see again 

Dales,  2000; Eshaghi Gordji and Filali, 2007; Lau 

and Ülger, 1996). 

The mapping m  is left strongly Arens irregular if 

1( ) =Z m X and m is right strongly Arens irregular 

if 
2( ) =Z m Y . 

This paper is organized as follows: 

a) In section two, for a Banach A -bimodule B , we 

restate some topological centers of module actions 

of A  on B  ( )( **
** BZ

A
, etc) and show that   

1. )( **
** AZa

B

''   if and only if 
***** ),( Bab '''   

for all 
*Bb'  . 

2. * *
** (( ) )

B
F Z A A if and only if **** *( , )g F B   

for all 
*Bg .  

3. **
* *( )

( )
A A

G Z B  if and only if **** *( , )r g G A A   

for all 
*Bg .  

4. Let B  have a BAI Ae  )( such that 
*

.
w

''e e 
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Then if 
****

** =)( BBZ t

e
[resp.

****
** =)( BBZ

e
] 

and 
*B  factors on the left [resp. right], but not on 

the right [resp. left], then )()( **
**

**
** AZAZ t

BB
 . 

5. )(* BwapAB   if and only if  

 

)( **
**

** AZAA
B

 . 

 

6. Let 
*Bb'  . Then )(Bwapb'

  if and only if 

the adjoint of the mapping 
** :) ,( BAb'   is 

weak
*

-weak-continuous.  

b) In section three, for a Banach A -bimodule B , we 

define Left weak
*

-weak-property [ wLw*
-

property] and Right weak
*

-weak-property [ wRw*

-property] for Banach algebra A  and we show that 

1. If 
**

0
** = AaA  [resp. 0

**** = aAA ] for some 

Aa 0 and 0a has wRw*
-property [resp. wLw*

-

property], then 
****

** =)( AAZ
B

.  

2. If 
**

0
** = BaB  [resp. 0

**** = aBB ] for some 

Aa 0 and 0a has wRw*
-property [resp. wLw*

-

property] with respect to B , then 
****

** =)( BBZ
A

.  

3. If 
*B  factors on the left [resp. right] with respect 

to Aand Ahas wRw*
-property [resp. wLw* -

property], then ****
** =)( AAZ

B
.  

4. If 
*B  factors on the left [resp. right] with respect 

to Aand Ahas wRw*
-property [resp. wLw*

-

property] with respect B , then 
 

****
** =)( BBZ

A
. 

 

5. If Aa 0  has wRw*
 property with respect 

to ,B  then )( **
**

**
0 AZAa

B
  and 

)(*
0 BwapBa  .  

6. Assume that BwapAB *
. If 

*B has strong 

factors on the left [resp. right], then Ahas wLw*
-

property [resp. wRw*
-property ] with respect to .B  

7. Assume that BwapAB *
. If 

*B has strong 

factors on the left [resp. right], then A  has wLw*
-

property [resp. wRw*
-property ] with respect to .B  

2. The topological centers of module actions 

Let B  be a Banach A -bimodule, and let 

BBA  :  and BABr  :  be the left 

and right module actions of Aon B . Then
**B is a 

Banach
**A -bimodule with module actions 

 
*********  : BBA   

 
and  
 

. : ********* BABr   
 

Similarly,
**B is a Banach

**A -bimodule with 

module actions 
 

*********  : BBAtt   

 
and 
 

. : ********* BABtt
r   

 
We may therefore define the topological centers 

of the right and left module actions of Aon B as 

follows:  
 

,}continuousweak weakis

 : ),( 

map  the  :{=)(=)(

**

*******

****
**







BAaba

BbZBZ

''''
r

''

''
rA





 

,}continuousweak weakis

 : ),(

 map the :{=)(=)(

**

*******

****
**







BBbab

AaZAZ

''''''

''

B









 

,}continuousweak  weakis

 : ),(

 map the :{=)(=)(

**

*******

****
**







BAaba

BbZBZ

''''t''

''tt

A









 

.}continuousweak  weakis

 : ),( 

 map the :{=)(=)(

**

*******

****
**







BBbab

AaZAZ

''''t
r

''

''t
r

t

B





   

 

We note also that if B is a left (resp. right) Banach 

A -module and BBA  :  (resp. 

) : BABr   is left (resp. right) module action 

of Aon B , then 
*B  is a right (resp. left) Banach A

-module. 

We write ,),(= baab   ,),(= abba r  

,),(=),( 2121 baabaa  

,),(=),( 2121 abaaab rr 

,),(=),( 12
*

21
* aababa ''

  ,),(=),( ** abbbab '
r

'
r 

for all 1 2, , ,a a a A Bb and
*Bb'  when there is 
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no confusion. 

 

Theorem 2.1. We have the following assertions:   

(i) Assume that B is a Banach left A -module. Then, 

)( **
** AZa

B

''   if and only if 
***** ),( Bab '''   

for all 
*Bb'  ;  

(ii) Assume that B is a Banach right A -module. 

Then, )( **
** BZb

A

''   if and only if

***** ),( Abb '''
r   for all

*Bb'  .  

 

Proof: (i) Let .**Bb ''  Then, for every 

)( **
** AZa

B

''  , we have  

**** *** ***

***

***

**

( , ), = , ( , ) = ( , ),

= ( , ),

= ( , ),

= , ( , ) .

' '' '' ' '' '' '' '' '

t t '' '' '

t '' '' '

'' t '' '

b a b b a b a b b

a b b

b a b

b a b

  







     

 

 

 

 

The above equalities show that  
 

******* ),(=),( Bbaab '''t'''   . 

 

Conversely, let 
**Aa ''   and let 

***** ),( Bba '''   for all 
*.'b B  Let 

**)( Bb ''   such that 
''

w
'' bb

*

 . Then for every 

*Bb'  , we have  
*** ***

****

****

( , ), = , ( , )

= ( , ),

= , ( , )

'' '' ' ' '' ''

' '' ''

'' ' ''

a b b b a b

b a b

b b a

 





 





   

 

 

 

****

****

***

, ( , )

= ( , ),

= ( , ), .

'' ' ''

' '' ''

'' '' '

b b a

b a b

a b b







 

 

 

 

Consequently **
**( )''

B
a Z A . 

(ii) Proof is similar to (i).  

 

Theorem 2.2. Let B  be a Banach A -bimodule. 

Then we have the following assertions:   

(i) ))(( **
** AAZF

B
  if and only if 

***** ),( BFg   for all 
*Bg ;  

(ii) )( **
*)*(

BZG
AA

  if and only if 

AAGgr
***** ),(   for all 

*Bg .  

 

Proof: (i) Let * *
** (( ) )

B
F Z A A and 

**)( Bb ''  such that

*

.
w

'' ''b b Then for all 

*Bg , we have  

 
Thus, we conclude that  

 
********* =),(),( BweakBFg  . 

 

For the converse, let
***** ),( BFg  for 

** )( AAF and
*.g B  Assume that

**Bb '' 

and 
**)( Bb ''  such that

''
w

'' bb
*

 . Then  

*** ***

****

****

****

****

***

( , ), = , ( , )

= ( , ),

= , ( , )

, ( , )

= ( , ),

= ( , ), .

'' ''

''

''

''

''

''

F b g g F b

g F b

b g F

b g F

g F b

F b g

 





 











   

 

 

 

 

 

  

It follows that ))(( **
** AAZF

B
 . 

(ii) Proof is similar to (i).  

 

Definition 2.3. Let B be a Banach space and be a 

Banach A -module. Then   

1. B has strongly double limit property (SDLP) 

from right (left) at Aa if for each bounded net 

( )b  in B  and each bounded net )( b  in
*B ,  

),,limlim=,limlim(

,limlim=,limlim

















babbab

bbabba

 

whenever both iterated limits exist;  

2. B  has SDLP if for each bounded net )( b  in B  

and each bounded net )( b  in 
*B ,  

,,limlim=,limlim  





bbbb  

whenever both iterated limits exist.  

The definition of SDLP for Banach algebras has 

been introduced by Medghalchi and Yazdanpanah 

in (Medghalchi and Yazdanpanah, 2005). They 

showed that every reflexive Banach algebra has 

(SDLP). Obviously, If B  has SDLP, then it has 

SDLP from left and right in a , for all Aa . 

 

Theorem 2.4. We have the following statments: 

(i) If 
*A has SDLP, then 

****
** =)( BBZ

A
;  

.),,(=),,(

),,(=),(,=),,(
*******

**********




''''

''''''

bFggbF

gbFbFgbFg







 
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(ii) If 
*B  has SDLP, then 

****
** =)( AAZ

B
.  

 

Proof: (i) Let
**Bb  and take a bounded net 

**)( Ab  such that

*

.
w

b b   Consider 

**)( Aa   such that aa
w


*

  in 
**A . Now, for 

each 
*Bb  , we have  

 
**** ***

***

***

*

*

*

***

( , ), = , ( , )lim lim

= ( , ),lim

= ( , ),limlim

= , ( , )limlim

= , ( , )limlim

= , ( , )lim

= ( , ),lim

=

r r

r

r

r

r

r

r

b b a b b a

b a b

b a b

a b b

a b b

a b b

b a b

 
 




 
 

 
 

 
 







 













        

   

  

  

  

  

  

****( , ), .r b b a    

 

Thus the map  ****** :),( Abbr  is weak
*

-

weak
*

-continuous and so
***** ),( Abbr  . By 

Theorem 2.1, )( **
** BZb

A
 . 

(ii) The proof is similar to part (i).  

An element
''e of 

**A  is said to be a mixed unit if 
''e is a right unit for the first Arens multiplication 

and a left unit for the second Arens multiplication. 

That is, 
''e is a mixed unit if and only if for each

**Aa ''  , = = .'' '' '' '' ''a e e oa a By (Bonsall and 

Duncan, 1973), an element 
''e of 

**A is mixed unit 

if and only if it is a weak
*

-cluster point of some 

BAI Ie  )(  in A . 

Let B  be a Banach A -bimodule and
**Aa ''  . 

We define the locally topological center of the left 

and right module actions of
''a on B , respectively, 

as follows:  

 

)},,(=),(   :{=

)(=)(

********

**

''''''''tt''

tt
''a

t
''a

babaBb

ZBZ











 

)}.,(=),(   :{=

)(=)(

********

**

''''
r

''''tt
r

''

t
r''a''a

ababBb

ZBZ







 

 
Thus we have  
 

),(=)(=)( **
**

**

**

t
r

t

A

t
''a

A''a

ZBZBZ 


 

).(=)(=)( **
**

**

**
rA''a

A''a

ZBZBZ 


 

 

Let B be a Banach A -bimodule. We say that B is 

a left [resp. right] factors with respect to ,A  if 

BBA=  [resp. BAB= ]. 

 

Definition 2.5. Let B be a Banach left A -module 

and 
**Ae ''  be a mixed unit for

**A . We say that 
''e is a left mixed unit for 

**B if  
 

,=),(=),( ****** ''''''tt'''' bbebe    

 

for all
**Bb ''  . 

The definition of right mixed unit for
**B is 

similar. 
**B has a mixed unit if it has equal left and 

right mixed unit. 

It is clear that if
**Ae ''  is a left (resp. right) unit 

for 
**B and

**** =)( BBZ ''e
, then

''e is left (resp. 

right) mixed unit for 
**B . 

 

Theorem 2.6. Let B be a Banach A -bimodule with 

a BAI  )(e such that

*

.
w

''e e Then if 

**** =)( BBZ t
''e

 [resp. 
**** =)( BBZ ''e

] and 
*B  

factors on the left [resp. right], but not on the right 

[resp. left], then )()( **
**

**
** AZAZ t

BB
 .  

 

Proof: Suppose that 
*B factors on the left with 

respect to A , but not on the right. Let Ae  )( be 

a BAI for Asuch that
''

w

ee
*

 . Thus for all

*Bb'  there are Aa and
*Bx'  such that

'' bax = . Then for all 
**Bb ''  we have  

*** **

**

*

*

*

**

**

( , ), = , ( , )

= ( , ),lim

= , ( , )lim

= , ( , )lim

= , ( , )lim

= ( , ),lim

= ( , ), = , .

'' '' ' '' '' '

'' '

'' '

'' '

'' '

'' '

'' ' '' '

e b b e b b

b b e

b b e

b x a e

b x ae

b x ae

b x a b b
















 













   

 

 

 

 

 

   
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Thus
'''''' bbe =),(***

 consequently
**B has left 

unit
**A -module. This follows that .)( **

** AZe
B

''   

If we take ** **
** **( ) = ( ),t

B B
Z A Z A  then  

 

)( **
** AZe t

B

''  . 

 

Then the mapping ),(*** ''''tt
r

'' ebb   is weak

*
-weak

*
-continuous from 

**B  into **.B  Since 
*

,
w

''e e
*

*** ***( , ) ( , ).
w

t t '' t t '' ''
r rb e b e    

Let
*Bb'  and Bb  )(  such that 

*

.
w

''b b

Sinc ** **( ) = ,t
''e

Z B B we have the following 

equalities  
 

*** ***

***

***

( , ), = ( , ),lim

= ( , ),lim

= ( , ),limlim

= ( , ),limlim

t t '' '' ' t t '' '

r r

t '' '
r

t '
r

'
r

b e b b e b

e b b

e b b

b e b







 
 

 
 

 







   

 

 

 

 

= , ( , )limlim

= , ( , )limlim

= , = , .lim

'
r

'
r

' '' '

b b e

b b e

b b b b

 
 

 
 








 

 

   

 

 

So, 
*** ***( , ) = ( , ) = .t t '' '' '' '' ''

r rb e b e b   This 

shows that
**B has a right unit. Now, suppose that

**Bb ''   and Bb  )( such that 
''

w

bb
*

 . 

Then for all 
*Bb'   we have  

.),(,lim=

),(,limlim=

),,(limlim=

),(,limlim=

),,(limlim=

),,(limlim=

),(,lim=

),,(lim=

),(,=),,(=,

**

**

***

*

*

*

**

*****



















'
r

''

'
r

'
r

r
'

'
r

'
r

'
r

''

'''
r

'''
r

'''''''
r

'''

beb

beb

beb

ebb

ebb

ebb

bbe

bbe

bebbebbb











































 

 

Hence, weak-
''

r bbe =),(lim
**

 . So by 

Cohen factorization theorem, 
*B  factors on the 

right that is contradiction. 

 

Corollary 2.7. Let B  be a Banach A -bimodule 

and 
**Ae ''   be a mixed unit for 

**B . If 
*B  

factors on the left, but not on the right, then 

)()( **
**

**
** AZAZ t

BB
 . 

We recalled that a Banach space B is weakly 

complete, if for every ( ) ,b B   such that 

''
w

bb  in
**B implies that Bb ''  . 

 

Theorem 2.8. Suppose that B  is a weakly 

complete Banach space. Then we have the 

following assertions.   

(i) Let B  be a Banach left A -module and 
**B  has 

a left mixed unit 
**Ae ''  . If BAB **

, then B  

is reflexive;  

(ii) Let B be a Banach right A -module and
**B has a 

right mixed unit 
**.''e A If BABZ

A
)( **

** , 

then BBZ
A

=)( **
** .  

 

Proof: (i) Assume that 
**Bb ''  . Since

''e is also 

mixed unit for 
**A , there is a BAI Ae  )( for 

A  such that 
''

w

ee
*

 . 

Then
''''''

w
'' bbebe =),(),( ***

*

***
    in 

**B . It 

follows from BAB **
that Bbe '' ),(***

 . 
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Thus 
''''''

w
'' bbebe =),(),( ******

     in B . 

Since B  is a weakly complete, ,''b B  and so B is 

reflexive. 

(ii) Since ,)( **
** BZb

A

''  we have 

 

''''''
r

w
''

r bebeb =),(),( ***

*

***     in 
**B . 

 
Since 
 

** ***
** ( ) , ( , ) ,''

rA
Z B A B b e B 

 
 
consequently, we have 
 

''''''
r

w
''

r bebeb =),(),( ******   
 

 

in .B Therefore Bb ''  .  

A functional
'a in 

*A  is said to be wap (weakly 

almost periodic) on A if the mapping aaa '  

from A into
*A  is weakly compact. The preceding 

definition is equivalent to the following condition 

(see Dales et al., 2001; Mohamadzadeh and Vishki, 

2008).  

For any two net  )(a  and  )(b  in 

1}a :{ Aa , we have 

 

,,limlim=,limlim  





baabaa ''
 

 
whenever both iterated limits exist. The collection 

of all wap functionals on A is denoted by

.)(Awap  Also we have )(Awapa'  if and only 

if  '''''''''' aobaaba ,=, for every

** , Aba ''''  . 

 

Definition 2.9. Let B  be a Banach left A -module. 

Then, 
*Bb'   is said to be left weakly almost 

periodic functional if the set 

1} , :),({ *  aAaab'
  is relatively weakly 

compact. We denote by )(Bwap  the closed 

subspace of 
*B  consisting of all the left weakly 

almost periodic functionals in 
*B . 

The definition of the right weakly almost periodic 

functional ( )(Bwapr ) is the same. By (Ülger, 

1999), the definition of )(Bwap  is equivalent to 

the following equality.  
 

 '''''tt''''' bbabba ),,(=),,( ******
   

 

for all 
**Aa ''   and 

**Bb ''  . Thus, we can write  
 

}. ,    

),,(=),,( :{=)(
****

*******

BbAaallfor

bbabbaBbBwap
''''

'''''tt''''''



    

 

Theorem 2.10. Suppose B  is a Banach left A -

module. Consider the following statements:   

(i) )(* BwapAB  ; If BAB **
, then B  is 

reflexive;  

(ii) )( **
**

** AZAA
B

 ;  

(iii) ))(( **
**

** AAAZAA
B

 .  

Then, we have (i)   (ii)  (iii).  

 

Proof: (i)  (ii): Let 
**)( Bb ''  such that 

''
w

'' bb
*

 . Then for all Aa  and 
**,''a A we 

have  

 

.),,(=

),,(

),,(=

),(,=

),(,=

),(,=),,(

***

***

***

**

**

*****













'''''

'''''

'''''

'''''

'''''

''''''''''

bbaa

abba

abba

abba

abba

bbaabbaa

































 

 

Hence, )( **
** AZaa

B

''  . 

(ii)(i): Let Aa  and 
*Bb'  . Then  

.),,(=

),,(=

),,(=

),,(=),,(

***

***

***

******









abba

bbaa

bbaa

bbaaabba

'''''tt

'''''tt

'''''

''''''''''

















 

Therefore )(Bwapab'
 . 

(iii)  (ii): Since )())(( **
**

**
** AZAAAZ

BB
 , 

proof is held.  

 

Corollary 2.11. Let B  be a Banach A -bimodule. 

Then if A  is a left [resp. right] ideal in 
**A , then 

)(* BwapAB   [resp. )(* BwapAB r ]. 

 

Theorem 2.12. We have the following assertions: 

(i) Suppose that B is a Banach left moduleA  
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and 
*Bb'  . Then )(Bwapb'

  if and only if 

the adjoint of the mapping 
** :,.)( BAb'   is 

weak
*

-weak-continuous; 

(ii) Suppose that B is a Banach right moduleA  

and 
*Bb'  . Then )(Bwapb r

'   if and only if 

the adjoint of the mapping 
** :,.)( ABb'

r   is 

weak
*

-weak-continuous.  

 

Proof: (i) Assume that )(Bwapb'
  and 

***** :,.)( ABb'   is the adjoint of ) ,(* 'b . 

Then for every 
**Bb ''   and Aa , we have  

 

.)a,b(,b=a,b,.)b( '*''''*'*    

 

Suppose 
**)( Bb ''   such that 

''
w

'' bb
*

  and 

**Aa ''   and Aa  )(  such that .
*

''
w

aa  By 

an easy calculation, for all 
**By ''   and 

*By'  , 

we have  
 

).,(=,,.)( **** '''''' yyyy     

 

Since 
 

 
 '''''''''' bbabba ),,(),,( ******

   . 

 
Then we have 
 

.) ,(,=

),,(=

),,(lim=

),(,lim=) ,(,lim

**

***

***

****









'''''

'''''

'''''

''''''''''

bba

bba

bba

bbabba


























 

 
Hence, the adjoint of the mapping 

*'* BA:,.)b(   is weak
*

-weak-continuous. 

Conversely, assume that the adjoint of the 

mapping 
*'* BA:,.)b(   is weak

*
-weak-

continuous. Suppose 
**)( Bb ''   such that 

''
w

'' bb
*

  and 
*Bb'  . Then for every 

**Aa ''  , 

we have  
 

.),,(=

) ,(,=

) ,(,lim=

),(,lim=),,(lim

***

**

**

*****









'''''

'''''

'''''

''''''''''

bba

bba

bba

bbabba


























 

 

The above equalities show that )(Bwapb'
 . 

(ii) proof is similar to (i).  

 

Corollary 2.13. Let A  be a Banach algebra. 

Assume that 
*Aa'   and 'a

T  is the linear operator 

from A  into
*A defined by = .'

'a
T a a a Then, 

)(Awapa'   if and only if the adjoint of 'a
T  is 

weak
*

-weak-continuous. So A  is Arens regular if 

and only if the adjoint of the mapping aaaT '
'a

=  

is weak
*

-weak-continuous for every *.'a A We 

consider the following special sets:  

}continuousweakweakisa),b(b 

 ;BBmapthe:{=)(

**
l

**
**







AaAZ
B  

.}continuousweak weakis b),b(b

  ;AB themap:Bb{=)B(Z

**
r

**
**A






 

 

Obviously, )(** A
B
  is a left ideal of A  and 

)(** B
A
  is a left ideal of B  when B  is a Banach 

algebra. 

 

Theorem 2.14. We have the following statements: 

(i) Suppose that B  is a Banach left A -module. 

Then )(** Aa
B
  if and only if 

Bba ''
l ),(***  for all 

**Bb  ;  

(ii) Suppose that B  is a Banach right A -module. 

Then )(** Bb
A
  if and only if 

Bab ''
r ),(***  for all 

**Aa  .  

 

Proof: (i) Let Bbal  ),(***  for all 
**Bb  . 

Assume that )( b is a net in 
*B such that 

.
*

bb
w

  Thus  

 

,)(Bwapb'

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.),(,=

),,(=

),,(lim=

),,(lim=),(,lim

*

***

***

***









abb

bba

bba

abbabb

l

l

l

ll


















 

 

This shows that ),(),( ** abab l

w

l
   , and so 

)(** Aa
B
 . Now, suppose that )(** Aa

B
  

and .**Bb  Take *)( Bb   such that bb
w


*


. 

Since ),(),( ** abab l

w

l
   ,  

.),,(=

),(,=

),(,lim=),,(lim

***

*

****







bba

abb

abbbba

l

l

ll





 





 

Hence, the map  **** :),( Bbal  is weak
*

-

weak
*

-continuous, so Bbal  ),(*** . 

(ii) Let **
** ),( AaBb

A
 and bb

w


*

 in 
*B . 

Then ),(),( ** bbbb r

w

r
  

in
*A , and we have  

 

.),,(=

),(,=

),(,lim=

),,(lim=),,(lim

***

*

*

*****









bab

bba

bba

bbabab

r

r

r

rr


















 

 
It follows from the above equalities that the map 

 **** :),( Babr is weak
*

-weak
*

-

continuous, and so ***( , ) .r b a B     

Assume that Babr  ),(***  for all 
**Aa  . 

Take a net )( b  in 
*B  such that bb

w


*

 . Then  

 

.),(,=

),,(=

),,(lim=

),,(lim=),(,lim

*

***

***

***









bba

bab

bab

bbabba

r

r

r

rr


















 

 

Thus .),(),( ** abab l

w

l
  

  

Therefore )(** Bb
A
 . Consider the following 

set: 
 

}),(:{=)( *** BabBbBZ ''
ra   ,  

 
then we have the following lemma. 

 

Lemma 2.15. Let A  be a Banach algebra with a 

BAI  )(e  such that 

*

,
w

''e e and let B  be a 

Banach A -bimodule. If B  factors on the left, then 

BBe =)( .  

 

Proof: Take Bb  such that abb 1=  for some 

Bb 1  and Aa . We have 

 

.,=,=

),,(=

),,(lim=

),(,lim=

),,(lim=

),(,=),,(=),,(

1

1
*

1
*

1

*

******













bbabb

abb

aebb

eabb

ebb

bbebbebeb

r

r

r

r

rrr




















 

Hence,
***( , ) = .r b e b  This shows that  

)(BB e  . 

 

Corollary 2.16. Let B  be a Banach A -bimodule 

and 
**Ae ''   be a mixed unit for 

**B . If B  

factors on the left, then BBe =)( . 

 

Lemma 2.17. Under one of the following 

conditions, we have BBZ
A

=)(** .   

1. B  has (SDLP);  

2. BAB
A

=)(** .  

 

Proof: (i) Let )( b  is a bounded net in 
*B such 

that 
*

.
w

b b   It is enough to show that 

),(),( ** bbbb r

w

r
  

 in 
*A . 

Assume that 
**Aa   and takes a bounded net 

in Aa )(   such that aa
w


*

 . Thus  
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.),(,=

),,(lim=

,lim=

,limlim=

,limlim=

),,(limlim=),(,lim

*

*

**













bba

abb

abb

abb

abb

abbbba

r

r

rr

























 

 

Therefore BB
A

=)(** . 

(ii) Take Bb . By the assumption abb 1=  where 

)(**1 Bb
A
  and Aa . We have  

 

,),(=

),(=),(

1
***

1
******

Baab

aabab
''

r

''
r

''
r




 

 

for all 
**Aa  , and thus BB

A
=)(** .  

 

Example 2.18. Let G  be a locally compact group. 

Then the group algebra )(1 GL  with convolution 

product is isometrically embedded as an ideal with 

in the measure algebra )(GM , via fdf  , 

where   denotes a left Haar measure on G . Since 

)(1 GL  and )(GM  are w
*

-dense in the second 

adjoint 
**1 )(GL  and 

**)(GM respectively,

**1 )(GL is an ideal in 
**( ) .M G  Civin in (Civin, 

1962) proved that )(1 GL  is an ideal in 
**1 )(GL  if 

and only if G  is commutative. In the case that G  

is compact it has been shown by Watanabe in 

(Watanabe, 1976). Since )(1 GL  has a bounded 

approximate identity, )(1 GL  is an ideal in 

**)(GM  when G  is compact. Now, if 

 p1  and q  is conjugate of p , by Theorems 

2.10 and 2.14 we have the following statements: 

 

1. For any locally compact group ,G  

 

;)(=))(( **1**1
**)(

GLGL
GM

  

 

2. If G  is compact, then  
 

))((

)(*)()),(()(*)( 11

GLwap

GLGLGLwapGLGL
p

r

qpq



 
 

 
and 
 

);(=))((=))(( 11
**)(

1
**)(1 GLGLZGLZ

GMGL
 

 

3. If G  is commutative, then  
 

)(=))(( 11
**)(1 GLGL

GL
 ; 

 

4. If G  is finite, then 
 

))(())(()( GLwapGLwapGL p
r

pq   , 

 
and so  
 

)G(L=))G(L(Z p**p
**)G(1L

 

 
and 
 

).(=))(( 1**1

**)(
GLGLZ

G
p

L
 

 

Example 2.19. Let S  be an infinite, regular (i.e., 

for each ,s S  there exists Ss   with ssss =  

and s ss = s )   semigroup with finitely many 

idempotents. Then )(1 S  is not Arens regular 

(Esslamzadeh, 2000, Theorem 5.1). An example 

within Example 7.14 of (Dales, et al., 2006) 

exhibits an infinite, regular semigroup S with )(SE

finite for which )(1 S is not strongly Arens 

irregular. 

Let S be an inverse semigroup (i.e., S  is regular 

and the element s specified above is unique) with 

the set of idempotents E . Since E  is a commutative 

subsemigroup of S  (Howie, 1976, Theorem 

V.1.2), actually a semilattice, )(1 E  could be 

regarded as a commutative subalgebra of
1( ),S  

and thereby )(1 S  is a Banach algebra and a 

Banach )(1 E -module with the following actions  

 

).,(*==

,=*=

EeSsessees

essese








 

 

Let k . Recall that E  satisfies condition kD  

(Duncan and Namioka, 1988) if given 

Efff k 121 ,...,,  there exist Ee  and ji,  
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such that  
 

.=,=1,<1 jjii feffefkji   

 
Duncan and Namioka in (Duncan and Namioka, 

1988, Lemma 15) proved that for any inverse 

semigroup S , )(1 E  has a bounded approximate 

identity if and only if E  satisfies condition kD  for 

some k . It follows from the proof of (Dales, et al., 

2001, Lemma 13) that each BAI for )(1 E  is a 

BAI for )(1 S . Now, if E  satisfies condition kD  

for some k , by (Howie, 1976, Corollary 2.4),  
 

);(=))((=))(( **
**)(1

**
**)(1 SSZSZ

SE

 


 

3. wLw*
-property and wRw*

-property 

In this section, we introduce the new definition as 

Left weak
*

-weak property and Right weak
*

-weak 

property for Banach algebra A  and make some 

relations between these concepts and topological 

centers of module actions. As some conclude, for 

locally compact group G , if )(GMa  has 

wLw*
-property [resp. wRw*

-property], then we 

have 
 

**1**1 )(*)( GLaGL  [resp. **1**1 )()(* GLGLa  ], 

 
and also we have 
 

****
**)(1 )())(( GMGMZ

GL
  

 
and  
 

)(=))(( 1**1
**)(

GLGLZ
GM

. 

 
For a finite group ,G  we have  
 

**1**1
**)(

)(=))(( GLGLZ
GM  

 
and  
 

****
**)(1 )(=))(( GMGMZ

GL
. 

 

Definition 3.1. Let  be a Banach left 

.A module We say that Aa  has Left weak
*

-

weak-property ( wLw*= -property) with respect to 

B , if for all *( ) ,'b B    0
*w

'ab   implies 

0
w

'ab  . If every Aa  has wLw*
-property 

with respect to B , then we say that A  has wLw*
-

property with respect to B . The definition of the 

Right-weak
*

-weak property ( wRw*= -property) 

is the same. 

We say that Aa  has weak
*

-weak-property 

ww=( * -property) with respect to B if it has 

wLw*
-property and wRw*

-property with respect 

to B . If Aa  has wLw*
property with respect 

to itself, then we say that Aa has wLw*
-

property. 

For preceding definition, we have some examples 

and remarks as follows. 

a) If B is a Banach A -bimodule and reflexive, then 

Ahas ww*
-property with respect to B . Then we 

have the following statements for group algebras. 

(i) ,)(1 GL )(GM and )(GA have ww*
-property 

when G  is finite. 

(ii) LetG be locally compact group. )(1 GL  [resp. 

)(GM ] has ww*
-property [resp. wLw*

-

property] with respect to )(GLp
 whenever 1>p . 

b) Suppose that B  is a Banach left A -module and 

e  is left unit element of A  such that beb =  for 

all Bb . If e has wLw*
-property, then B  is 

reflexive. 

c) If S is a compact semigroup, then  
 

0}> :)({=)( fSCfSC 
 

 

has ww*
-property. 

 

Theorem 3.2. Suppose that B  is a Banach A -

bimodule. Then we have the following assertions:   

(i) If 
**

0
** = AaA  [resp. 0

**** = aAA ] for some 

Aa 0  and 0a  has wRw*
-property [resp. 

wLw*
-property], then 

****
** =)( AAZ

B
;  

(ii) If 
**

0
** = BaB  [resp. 

0
**** = aBB ] for some 

Aa 0  and 0a  has wRw*
-property [resp. 

wLw*
-property] with respect to B , then 

****
** =)( BBZ

A
.  

 

Proof: (i) Suppose that
**

0
** = AaA for some 

Aa 0 and 0a has wRw*
-property. Let 

B
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**)( Bb ''  such that

*

.
w

'' ''b b  Then for all 

Aa  and 
*Bb'  , we have  

 

,),,(=

),(,

),(,=),,(

**

*

***







abb

abb

abbabb

'''

'''

''''''











 

 

 

and so ),(),( **

*

** '''
w

''' bbbb     . Also we can 

write 
*

** **
0 0( , ) ( , ) .

w
'' ' '' 'b b a b b a   Since 0a  has 

wRw*
-property, 

0
**

0
** ),(),( abbabb '''

w
'''

    . 

Now let 
**Aa ''  . Then there is 

**Ax ''   such 

that 
'''' xaa 0=  and consequently  

 

.),,(=

),(,

),(,=

),(,=),,(

***

0
**

0
**

*****









'''''

'''''

'''''

''''''''''

bba

abbx

abbx

bbabba























 

 

The above statements show that )( **
** AZa

B

''  . 

Proof of the next part is the same as the preceding. 

(ii) Let **
0

** = BaB  for some Aa 0  and 0a  has 

wRw*
-property with respect to B . Assume that 

**)( Aa '' 
 such that ''

w
'' aa

*


. Then for all Bb , 

we have  
 

.),,(=

),(,

),(,=),,(

**

*

***







bba

bba

bbabba

'''
r

'
r

''

'
r

'''''
r





 

 

 

We conclude that ),(),( **

*

** '''
r

w
'''

r baba     then 

we have 
0

**

*

0
** ),(),( abaaba '''

r

w
'''

r    . Since 0a  

has wRw*
-property with respect to ,B  

** **
0 0( , ) ( , ) .

w
'' ' '' '

r ra b a a b a   Let **Bb ''  . Thus there 

exists 
**Bx ''   such that 

'''' xab 0= . Hence, we 

have  
 

.),,(=

),(,=

),(,

),(,=

),(,=

),(,=),,(

***

**

0
**

0
**

**
0

*****













'''''
r

'''
r

''

'''
r

''

'''
r

''

'''
r

''

'''
r

'''''''
r

bab

bab

abax

abax

baxa

babbab



















 

 

Therefore )( **
** BZb

A

''  . The next part is 

similar to the preceding proof.  

 

Example 3.3.  

1. Using Theorem 3.2, for locally compact group 

G , if )(GMa  has wLw*
-property [resp. 

wRw*
-property], then we have **1**1 )(*)( GLaGL   

[resp. 
**1**1 )()(* GLGLa  ].  

2. If G  is finite, then by Theorem 3.2, we have  
 

**1**1
**)(

)(=))(( GLGLZ
GM  

 and 
 

.)(=))(( ****
**)(1 GMGMZ

GL  
 

Theorem 3.4. Suppose that B  is a Banach A -

bimodule and A  has a BAI . Then we have the 

following assertions:   

(i) If 
*B  factors on the left [resp. right] with 

respect to Aand Ahas wRw*
-property [resp. 

wLw*
-property], then 

****
** =)( AAZ

B
;  

(ii) If 
*B  factors on the left [resp. right] with 

respect to Aand Ahas wRw*
-property [resp. 

wLw*
-property] with respect ,B  then  

 
****

** =)( BBZ
A

. 

 

Proof: (i) Assume that
*B  factors on the left and 

A  has wRw*
-property. Let 

**)( Bb ''   such 

that 
''

w
'' bb

*

 . Since 
** = BAB , for all 

*Bb'   

there are Ax  and 
*By'   such that xyb '' = . 

Then for all Aa , we have  
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.,),(=

),(,

),(,=

),,(=

),(,=,),(

**

*

*

**

***











axyb

abb

abb

abb

xaybaxyb

'''

'''

'''

'''

''''''



























 

 
Thus, we conclude that  
 

xybxyb '''
w

''' ),(),( **

*

**
    . 

 

Since A  has wRw* -property, 
 

xybxyb '''
w

''' ),(),( ****
    . 

 

Now, let **Aa ''  . Then  

.),,(=

),(,

),(,=

),(,=),,(

***

**

**

*****









'''''

'''''

'''''

''''''''''

bba

xyba

xyba

bbabba





















 

 

So, it follows that )( **
** AZa

B

''  . If 
*B  factors 

on the right with respect to A , and assume that A  

has wLw* -property, then proof is similar to the 

preceding proof. 

(ii) Let 
*B factors on the left with respect to A  and

A  have wRw*
-property with respect to B . 

Assume that **)( Aa '' 
such that

*

.
w

'' ''a a   

Since 
** = BAB , for all

*Bb'  there are 

Ax  and
*By'  such that = .' 'b y x  Then for 

all ,b B  we have  

 

.,),(=

),(,=

),(,=

),,(=,),(

**

*

*

****









bxya

bba

bba

bbabxya

'''
r

'
r

''

'
r

''

'''
r

'''
r













 

 

Consequently, xyaxya '''
r

w
'''

r ),(),( **

*

**    . 

Since A  has wRw* -property with respect to B , 

.),(),( **** xyaxya '''
r

w
'''

r     Thus, for all 

**Bb ''    
 

.),,(=

),(,

),(,=),,(

***

**

*****







'''''
r

'''
r

''

'''
r

'''''''
r

bab

xyab

xyabbab





 

 

 

Therefore )( **
** BZb

A

''  . 

The proof of the next assertions is the same as the 

preceding proof. 

 

Theorem 3.5. Suppose that B is a Banach A -

bimodule. Then we have the following assertions:  

(i) If Aa 0
 has wRw* -property with respect to 

,B  then 

 

)( **
**

**
0 AZAa

B
  and *

0 ( );a B wap B  

 

(ii) If Aa 0
 has wLw*

-property with respect to B , 

then )( **
**0

** AZaA
B

  and )(0
* BwapaB  ;  

(iii) If Aa 0
 has wRw* -property with respect to 

,B  then 

 

)( **
**

**
0 BZBa

A
  and )(0

* BwapaB r ; 

 

(iv) If Aa 0
 has wLw* -property with respect to 

,B  then )( **
**0

** BZaB
A

  and )(*
0 BwapBa r .  

Proof: (i) Let **)( Bb '' 
 such that 

''
w

'' bb
*

 . 

Then for all Aa  and 
*Bb'  , we have  

 

.,),(=

),(,

),(,=

),,(=,),(

0
**

0
*

0
*

0
**

0
**









aabb

aabb

aabb

aabbaabb

'''

'''

'''

''''''





















 

 

Thus 0
**

*

0
** ),(),( abbabb '''

w
'''

    . Since 0a  

has wRw*
-property with respect to ,B  

0
**

0
** ),(),( abbabb '''

w
'''

    . We conclude 

that )( **
**0 AZaa

B

''   so that )( **
**

**
0 AZAa

B
 .  

Now, the result follows from  
 

),(=),( 0
**

0
** abbabb ''''''

  . 

 
(ii) proof is similar to (i). 

(iii) Assume that
**)( Aa ''  such that 

*

.
w

'' ''a a
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Let Bb  and 
*Bb'  . Then we have  

 

.,),(=

),(,

),(,=

),,(=,),(

0
**

0
*

0
*

0
**

0
**









baba

baba

baba

babababa

'''
r

'
r

''

'
r

''

'''
r

'''
r













 

 

Hence 0
**

*

0
** ),(),( abaaba '''

r

w
'''

r    . Since 

0a  has wRw*
-property with respect to ,B  

0
**

0
** ),(),( abaaba '''

r

w
'''

r    . If 
**Bb ''  , 

then we have  
 

.),,(=

),(,=

),(,=

),(,=),,(

0
***

0
**

0
**

***
00

***









'''''
r

'''
r

''

'''
r

''

'''
r

'''''''
r

baba

abab

abab

babababa















 

 

Therefore )( **
**0 BZba

A

''  . Consequently we 

have )( **
**

**
0 BZBa

A
 . 

The proof of the next assertion is clear. 

(iv) Proof is similar to (iii).  

 

Theorem 3.6. Let B  be a Banach A -bimodule. 

Then we have the following assertions:   

(i) If B  has SDLP, then A  has wLw*
-property 

and wRw*
-property with respect to B ;  

(ii) If B  has SDLP from right (left) at Aa , then 

a  has wRw*
-property ( wLw*

-property) with 

respect to B .  

Proof: (i) Assume that Aa  such that 0
*w

'ab   

where 
*)( Bb'  . Let 

**Bb ''   and 

Bb  )(  such that 
''

w

bb
*

 . Then  

 

0.=,limlim=

,limlim=

,limlim=,lim



















bab

bab

abbabb

'

'

''''

 

We have 0
w

'ab  , so A  has wLw*
-property. It 

is also easy for A  to have wRw*
-property. 

(ii) Proof is easy and is the same as (i).  

 

Definition 3.7. Let B  be a Banach left A -module. 

We say that 
*B  strong factors on the left [resp. 

right] if for all 
*)( Bb'   there are Aa  )(  

and 
*Bb'  such that  abb '' = [resp. 

'' bab  = ] where  )(a  has limited the weak
*

-

topology in 
**A . 

If 
*B  strong factors on the left and right, then we 

say that 
*B  strong factors on both sides. 

It is clear that if 
*B  strong factors on the left 

[resp. right], then 
*B  factors on the left [resp. 

right]. 

 

Theorem 3.8. Let B be a Banach A -bimodule. 

Assume that BwapAB *
. If 

*B  strong factors 

on the left [resp. right], then A  has wLw*
-

property [resp. wRw*
-property] with respect to B

. 

 

Proof: Let 
*)( Bb'   such that .0

*w
'ab   

Since 
*B  strong factors on the left, there are 

Aa  )(  and 
*Bb'   such that  abb '' = . 

Let 
**Bb ''   and Bb  )(  such that ''

w

bb
*

 . 

Then we have  
 

0.=,limlim=

,limlim=

,limlim=

,limlim=

,limlim=

,limlim=,lim


































bab

baab

baab

baab

bab

abbabb

'

'

'

'

'

''''

  

 
Now, it follows from the above equalities that 

0
w

'ab  .  

We finish this section with the following open 

problems: 

 

Problems: 

1. Suppose that B  is a Banach A -bimodule. If B  
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is left or right factors with respect to A , does A  

have wLw*
-property or wRw*

-property, 

respectively?  

2. Suppose that B  is a Banach A -bimodule. Let 

A  have wLw*
-property with respect to B . Dose 
****

** =)( AAZ
B

? 
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