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Abstract 

The aim of this paper is to show how some measures of noncompactness in the Banach space of continuous 

functions defined on two variables can be applied to the  solvability of  a general system of functional integral 

equations .  The results obtained generalize and extend  several equations .  An illustrative example is also presented . 
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1. Introduction 

Measures of noncompactness are very useful tools 

in the functional analysis .  They are also used   in  the 

studies   of general functional   equations ,  ordinary 

and partial differential equations ,  fractional   partial 

differential equations ,  integral equations ,  optimal 

control theory (Kominek et al., 1974; Kordylewski et 
al., 1960; Kuczma et al., 1960; Matkowsski et al., 1974; 

O'Regan et al., 1998; O'Regan, 1996; Szep 1971) ,  for 

example .  Recently ,  several authors  have   investigated 

the existence and behavior of solutions of Volterra 

type   integral equations using the technic of measure 

of noncompactness (Agarwal et al., 2000; Agarwal 

et al., 2009; Banas et al., 2009; Darwish 2007; 

Darwish 2008; Darwish 2009; Estrada et al., 

1999).  Aghajani et al., in (2011), obtained some 

results on the existence and behavior of solutions of 

a class of onlinear Voltrra singular integral 

equations of the form 
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and Darwish and Ntouyas in (2011) obtained 

similar results on quadratic integral 

equations .  Also ,  Banas and Dhage in (2008) ,  Banas 

and Rzepka in (2003) ,  Hu and Yan  in (2006) ,  Liu 

and Kang in (2007) and Liu and Guo in (2005) 

studied the existence and behavior of solutions 

of   integral equation of solutions of one variable 

integral equation of Volterra type on the unbounded 

interval.  Aghajani and Jalilian in (2010) extended 
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results of Banas and Dhage  in (2008) by 

considering the following general form of integral 

equation ).)))((,,()),((,(=)(
)(
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Moreover ,  the problem of existence of solutions 

for a system of integral equation has been studied 

by many authors ,  see (Agarwal et al., 2000; 

Aghajani et al., 2011; Aghajani et al., To appear; 

Mursaleen et al., 2012; Mursaleen et al., 2012; 

Olszowy 2009) and references therein. The object 

of this paper is to discuss the existence of 

continuous solutions to the system of nonlinear 

integral equations 
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where iii gf ζ,,  and iβ  ,  ni 1,...,=  ,  are 

continuous function which satisfy some certain 

conditions ,  specified later .  To do this ,  first we state 

and prove   some existing theorems for a general 

system of equations involving condensing 

operators ,  which extend some   results of Aghajani et 

al., in (2013) and generalize the main result of 

Rzepecki in (1982) .  Then using the obtained 

results ,  we investigate the problem of existence of 

solutions for system (1) .  

2. Preliminaries 

The concept of measure of   noncompactness was 

initiated by the fundamental paper of Kuratowski in 
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(1930) .  In a metric space X  ,  the Kuratowski 

measure of noncompactness of a subset XS ⊂  is 

defined as 
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Here )(Tdiam  denotes the diameter of a set 

XT ⊂  ,  namely   }.,|),({:=)( TyxyxdsupTdiam ∈  

  Now ,  we recall some basic facts concerning 

measures of noncompactness from Banas et al., in 

(1980) .  Denote by R  the  set of real numbers and 

put )[0,= +∞+R  .  Let  
 

).,( ��E  be a Banach space 

with zero element 0 .  The symbol  X  ,  ConvX  will 

denote the closure and closed convex   hull of a 

subset X  of E  ,  respectively .  Moreover ,  let  
 EM  

indicate the family of all nonempty and 

bounded   subsets of E and EN  indicate the family 

of all   nonempty and relatively compact sets .  We 

use the following   definition of the measure of 

noncompactness given Banas et al. in (1980) .   

 

Definition 1.   A mapping +→ REM:µ  is said 

to   be a measure of noncompactness in E if it 

satisfies the following  conditions :     
o1 . The family = { : ( ) = 0}Eker X Xµ µ∈M  

is   nonempty and  ker μ = ��	. 
o2 . )()( YXYX µµ ≤⇒⊂  .   

o3 . )(=)( XX µµ  .   

o4 . )(=)( XConvX µµ  .   

5 . ( (1 ) ) ( ) (1 ) ( )X Y X Yµ λ λ λµ λ µ+ − ≤ + −o  

for [0,1]∈λ  .   

o6 . If }{ nX  is a sequence of closed sets from  EM  

such that nn XX ⊂+1  for K1,2,=n  and   if 

0=)(lim nn Xµ∞→ , then  ∅≠∩∞
∞ nn XX 1==  . 

We need the following theorem that proved 

Aghajani et al., in (2013) ,  which guarantees the   

existence of a fixed point for condensing operators 

(i.e .  mappings under which the image of any set is 

in a certain sense more   compact than the set itself) 

on bounded ,  closed and convex subsets of a Banach   

space E .   

 

Theorem 1. (Aghajani et al., 2013)   Let Ω  be a 

nonempty ,  bounded ,  closed and convex subset of a 

Banach   space E and let Ω→Ω:F  be a   

continuous mapping such that  
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for any nonempty   subset X of Ω  where µ  is an 
arbitrary measure of noncompactness and  

 

++ →RR  :ϕ    is a nondecreasing functions such 

that 0=)(lim  tn
n ϕ∞→  for   each 0≥t  .  Then F 

has at least one fixed point in the set  Ω  .   

The following theorems and examples are basic 

to all the results of this work .   

 

Theorem 2. (Banas et al., 1980)  Suppose 

nµµµ ,,, 21 K  are measures of noncompactness in 

Banach spaces   
nEEE ,,, 21 K  respectively .  Moreover   

assume that the function ++ →RR
n

F :  is convex and 

0=),,( 1 nxxF K  if and only if 0=ix   for 

=1, 2, ,i nK  .  Then   

))(,),(),((=)( 2211 nn XXXFX µµµµ K  

  defines a measure of   noncompactness in 

nEEE ××× K21   where iX  denotes the natural 

projection of X into iE  for  ni ,1,2,= K  .   

 As a result of Theorem 2 we present the 

following example . 

 

Example 1.    Let iµ ),1,2,=( ni K  be measures 

of noncompactness in Banach spaces  
nEEE ,,, 21 K  

respectively ,  considering 
inin xkxxF max=),,( 111 ≤≤K  

and )(=),,( 112 nn xxkxxF ++KK  ,  +∈Rk   for 

any n

nxx +∈R),,( 1 K  ,  then all the conditions of 

Theorem 2.2 are satisfied .  Therefore ,  

)(max:= 11 ini Xk µµ ≤≤  and  ))()((:= 12 nXXk µµµ ++K    

define   measures of noncompactness in the space 

nEEE ××× K21  where iX  ,  ni ,1,2,= K

  denote the natural projections of X into iE .  

      3. Main results 

 In this section ,  we state and prove an existence 

theorem of solutions for a system of equations 

involving condensing operators   in Banach spaces 

which will be used in section 4 to study the system 

of nonlinear integral equations (1) .   

 

Theorem 3. Let iC  be a nonempty ,  bounded ,  convex 

and closed subset of a Banach space iE

),1,2,=( ni K  ,  and let 
ini CCCCF →××× K21:  

),1,2,=( ni K  be a   continuous operator such that   
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  for any subset  
 iX  of  iC   

 

 (Xj)) maxXXXFi(
i

n µϕ≤×××µ ())( 211 K               (4) 

 where iµ  is an arbitrary measure of 

noncompactness on iE  ( ni ,1,2,= K ) and  

++ →RR  :ϕ   is a nondecreasing function such 

that 0=)(lim  tn
n ϕ∞→  for   each 0≥t  .  Then 

there exist nn CCCxxx ×××∈ KK 21

**

2
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1 ),,,(  

such that for all ni ≤≤1    
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Proof: Define 
nn CCCCCCF ×××→××× KK 2121:    

as follows 
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Also ,  consider the measure of noncompactness 

µ  on nEEE ××× K21  defined by   

),(=)( i
i

XmaxX µµ  for any bounded subset 

nEEEX ×××⊂ K21
 ,  where iX ),1,2,=( ni K  

denote the natural projections of X  into iE  (see 

Example 2.1) .  It is obvious that F  is 

continuous .  Now we show that F  satisfies (3) .  To 

prove   this ,  let X   be any nonempty and bounded 

subset of nCCC ××× K21  .  Then by )(2o
 and 

(4), we obtain   
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Therefore ,  all the conditions of Theorem 1   are 

satisfied ,  hence by that theorem F  has a fixed 

point ,  i.e. ,  there exist 
nn CCCxxx ×××∈ KK 21
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which gives (5) and the proof is complete .       

In (Aghajani et al., 2013 ,  Lemma 2.1) Aghajani et 

al .  proved that for every nondecreasing and upper 

semicontinuous function ++ → RR:ϕ  ,  the   

following two conditions are equivalent :     

(I) 0=)(lim  tn
n ϕ∞→  for  any 0>t  .   

(II) tt <)(ϕ  for any 0>t  .   

So the results of Theorem 3 remain true if (I)   is 

replaced by (II) .  The following result is a 

generalization of similar results by Aghajaniet al., 

and Rzepecki in (1982).  

 

Corollary 1.   Let iC  be a nonempty ,  bounded ,  convex 

and closed subset of a Banach space iE  

),1,2,=( ni K  ,  and let 
ini CCCCF →××× K21:

),1,2,=( ni K  be a   continuous operator such that  

1 2( ( )) ( )maxi n j
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  Then there exist 
nn CCCxxx ×××∈ KK 21

**

2

*

1 ),,,(  

such that for all ni ≤≤1   
 
.=),,,( ***

2

*

1 ini xxxxF K  

   

Proof : Take ktt =)(ϕ  in Theorem 3 .  

As a consequence of Theorem 3 we obtain   the 

following corollary ,  which plays an important role 

in the next section .   

 

Corollary 2.   Let iC  be a nonempty ,  bounded ,  convex 

and closed subset of a Banach space iE

),1,2,=( ni K    and let 
inii ECCCGF →××× K21:,  

and ini CCCCT →××× K21:    be operators 

such that 
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  for any iii Cyx ∈, ),1,2,=( ni K  ,  where 

++ →Φ RR  :,ϕ  are nondecreasing   and right 

continuous functions such that 0=)(lim  tn
n ϕ∞→  

for   each 0≥t  and 0=(0)Φ  .  Assume that iG  

are compact ,  continuous operators for 

ni ,1,2,= K  .  Then there exists 

nn CCCxxx ×××∈ KK 21
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1 ),,,(  such that for 

all ni ≤≤1     .=),,,( ***
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Proof:  Let jX  be an   arbitrary subset of jC

),1,2,=( nj K  and fixed ni ≤≤1  .  By the 

definition of Kuratowski measure of 

noncompactness ,  for every 0>ε   there exist 

mSS ,,1 K  such that  
k

m
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  Let us fix arbitrary mk ≤≤1  .  Then for every 

kSqp ∈,  we have 
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  and since ε  was arbitrarily and Φ  and ϕ  are 
nondecreasing   and right continuous functions ,  the 

following estimate holds 
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  Now we show that iT  satisfies (4) for 

),1,2,=( ni K  .  To do this fix   arbitrary 

jjj Xyx ∈, ),1,2,=( nj K  .  Then 
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Therefore from the definition of Kuratowski 

measure of   noncompactness we get     
 

1 2( ( )) ( ( )).maxi n j
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F X X X Xα φ α× × × ≤K         (8) 

 
Using (8) in (7) we deduce  

)).(max())(( 21 j
j

ni XXXXT αϕα ≤××× K

  Also ,  from condition (6) ,  iT  is a continuous 

operator ,  now an application of Theorem 3 

completes the   proof. 

4. Application 

 In this section ,  as an application of Theorem 3 we 

prove the existence of solutions for a   large class of 

systems of functional integral equations of Volterra 

type in two variables .   

 Let )( ++ ×RRBC  be the Banach space of all 

bounded and   continuous functions on ++ ×RR  

equipped with the standard norm 

  { }.0,:),(sup= ≥ststxx  

  For any nonempty bounded subset X  of 

)( ++ ×RRBC  ,  Xx∈  ,  0>L  and 0>ε  let   
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where ),(max=),( stst ��  .  Similar to Banas et 

al., (1980) (cf .  also Banas et al., (2003)) ,  it can be 

shown that the function µ  is a measure of 
oncompactness in the space  )( ++ ×RRBC  (in the 

sense of Definition 1) .   
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Theorem 4.   Assume that the following conditions 

are satisfied :     

(i) ++ → RRii :,ζβ  (i=1,2) are continuous 

functions .   

(ii) RRRRf n

i →×× +
++

1: ),1,2,=( ni K  is 

continuous .  Moreover there exist nondecreasing 

and right continuous functions  
 ++ →Φ RRi :,ϕ  

such that tt <)(ϕ  for all 0≥t  ,  0=(0)iΦ
),1,2,=( ni K  and 
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 uniformly with respect to 

)(,,,,, 11 ++ ×∈ RRBCyyxx nn KK  for all 

ni ≤≤1  .   

(v) There exists a positive solution 0r  to the 

inequality .)}({max)( rDMr i
i

≤Φ++ϕ  

  Then the system of functional integral equations 

(1)   has at least one solution in the space 
nRRBC )( ++ ×  .   

The proof relies on the following useful 

observation .  

 

Lemma 1.   Assume that ig  satisfy the hypothesis (iv) 

for ni ,1,2,= K  ,  then  )()(: ++++ ×→× RRBCRRBCG n
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defined by   
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are compact and continuous operators for 

ni ,1,2,= K  .   

 

Proof: Let us fix arbitrarily ni ≤≤1  .  First notice 

that the continuity of ),)()(( 1= stxG n

jji  for any   

fixed 
nn

jj RRBCx )()( 1= ++ ×∈  is 

obvious .  Moreover ,  by (12) ,  iG  is well defined on  

nRRBC )( ++ ×  .  Now we show that iG  is a 

continuous operator on 
nRRBC )( ++ × .  To verify 

this ,  take =1(( ) ) ( )n n

j jx BC R R+ +∈ ×  and  

0>ε  arbitrarily .  Moreover take 

=1(( ) ) ( )n n

j jy BC R R+ +∈ ×  with ε<�� jj yx −  .  Then 

we have 
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where  
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  Since ix  was arbitrary element of iX  , ni ,1,= K  

in (13) ,  we obtain   
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  and by the uniform continuity of ig  ,  iβ  and iζ  on 

the compact sets  
n

TT rrTT ],[][0,][0,],[0][0, −×××× ζβ  ,  

][0,T  and ][0,T  respectively ,  we have 
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T
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T
 as  0→ε  .  Therefore  

we obtain   
 

0=))(( 10 ni

T
XXG ××Kω  

   
and ,  finally   
 

.0=))(( 10 ni XXG ××Kω                          (14) 

   

On the other hand ,  for all iii Xyx ∈, ),1,=( ni K  

and +∈Rst,  we get   

)),,(),(

),((

εζωβεβωζ

εωβζ

i

TT

rTi

TT

rT

i

T

rTTT

UU

gm

++

≤



 

 

 
413                                IJST (2015) 39A3 (Special issue): 407-415 
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  Thus   
 

     (15)
 

   

Taking ∞→st,  in the inequality (15) ,  then using 

(iv) we arrive at   
 

        (16) 

   
Further ,  combining (14) and (16) we get   
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or ,  equivalently 

 
0.=))(( 1 ni XXG ××Kµ  

 

Therefore ,  iG  is compact and the proof is complete .  

 

Theorem 5.   Under the assumptions (i)-(v) , Eq .  (1) has 

at least one solution in 
nRRBC )( ++ ×  .   

 

Proof: We define the operators 

)()(:, ++++ ×→× RRBCRRBCTF n

ii  by   

),(=),)(,,( 1 stxstxxF ini K  
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  Using conditions (i)-(iv) ,  for arbitrary fixed 
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  Thus ,   
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  and )(),,( 1 ++ ×∈ RRBCxxT nK  for any  

n

n RRBCxx )(),,( 1 ++ ×∈K  .  Due to Inequality 

(18) and using (v) ,  the function iT  maps 

000
rrr BBB ××× K  into 

0
rB  .  Also ,  applying (10) 

and definitions of iG  ,  iF  and iT  ,  it is easy to verify   

that   
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  Thus ,  iT  satisfies (6) ,  ni 1,...,=  ,  now an 

application of Corollary 3.3 completes the proof. 

The following examples illustrate the applicability of 

our results .     

 

Example 6. Consider the following system of 

functional integral equations   
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










      (19) 

 
Eq .  (19) is a special case of Eq .  (1) 

where 
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iβ  ,  

iζ  ,  
1f  and ,2f

  hypothesis   (i) and (iv) of Theorem 5 are obviously 
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  uniformly with respect to ,RBCyyxx )(,,, 2121 +∈
  which show that assumption (iv) is 

satisfied .  Furthermore ,  we have 
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M f t s t s R i
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So ,  taking Dr +≥ 20  
  then we see 

that  assumptions (iii) and (v) of Theorem 5 are 

satisfied .  Hence by that theorem the system of 

integral equations   (19) has at least one solution in 

the space 
2)( ++ ×RRBC  . 
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