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Abstract

This paper aims to study a generalized double sinh-Gordon equation, which appears in several physical
phenomena such as integrable quantum field theory, kink dynamics and fluid dynamics. Lie symmetry analysis
together with the simplest equation method is used to obtain exact solutions for this equation. Moreover, we derive
conservation laws for the equation by using two different approaches, namely, the direct method and the new

conservation theorem due to Ibragimov.
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1. Introduction

Physical phenomena in physics and other fields are
often described by nonlinear partial differential
equations (NLPDEs). Finding exact solutions of
NLPDEs is one of the most important task, since
they provide a better understanding of the physical
phenomena. During the past several decades
researchers have developed numerous methods to
find exact solutions of NLPDEs. Some of the
methods found in the literature are the Hirota
bilinear method (Hirota, 2004; Ma et al., 2012;
Zhang and Khalique, 2014), the dynamical system
method (Li, 2013: Zhang et al., 2013; Zhang and
Chen, 2009), the F -expansion method (Wang and
Li, 2005), the homogeneous balance method (Wang
et al., 1996), the (G'/G) -expansion method (Wang

et al., 2008), the Weierstrass elliptic function
expansion method (Chen and Yan, 2006), the
exponential function method (He and Wu, 2006),
the tanh function method (Wazwaz, 2004), the
extended tanh function method (Wazwaz, 2007),
the simplest equation method (Kudryashov, 2005;
Vitanov, 2010) and the Lie group analysis method
(Bluman and Kumei, 1989; Olver, 1993;
Ibragimov, 1994-1996).

In this paper we study the generalized double
sinh-Gordon equation
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Uy —KU,, +2asinh(nu) + Bsinh(2nu) =0, n=>1, (1)

where k, « and S are non-zero real constants,

which appear in several physical phenomena such
as integrable quantum field theory, kink dynamics
and fluid dynamics. It should be noted that when
n=k=1, =12 and =0, (1) reduces to the
sinh-Gordon equation (Wazwaz, 2005).
Furthermore, if k=a, a=b2 and =0, (1)
becomes the generalized sinh-Gordon equation
(Wazwaz, 2006). Various methods have been used
to study (1). In (Wazwaz, 2005) the tanh method
and variable separable ODE method were employed
to find the exact solutions of (1). The authors of
Tang and Huang (2007) studied the existence of
periodic wave, solitary wave, kink and anti-kink
wave and unbounded wave solutions of (1) by using
the method of bifurcation theory of dynamical
systems. The solitary and periodic wave solutions
of (1) were obtained in (Kheiri and Jabrari, 2010)
by employing (G/G)-expansion method. In
addition, it was shown that the solutions obtained in
(Kheiri and Jabrari, 2010) are more general than
those obtained in (Wazwaz, 2005). Recently, in
(Magalakwe and Khalique, 2013) new exact
solutions of (1) were found by employing
exponential function method.

The purpose of this paper is twofold. Firstly, we
use the Lie group analysis along with the simplest
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equation method to obtain exact solutions of the
generalized double sinh-Gordon equation (1).
Secondly, we derive conservation laws for the
equation by using two different techniques, namely,
the direct method and the new conservation
theorem due to Ibragimov.

The Lie symmetry method is based on symmetry
and invariance principles and is a systematic
method for solving differential equations
analytically. 1t was first developed by Sophus Lie
(1842-1899) and since then has become an essential
mathematical tool for anyone investigating
mathematical models of physical, engineering and
natural problems. The Lie group analysis methods
are presented in many books, see for example
(Bluman and Kumei, 1989; Olver, 1993;
Ibragimov, 1994-1996).

It is well known that conservation laws play a
vital role in the solution process of differential
equations (DEs). There is no doubt that the
existence of a large number of conservation laws of
a system of partial differential equations (PDES) is
an indication of its integrability (Bluman and
Kumei, 1989). Comparison of different approaches
to conservation laws for some partial differential
equations in fluid mechanics is given in (Naz et al.,
2008).

The organization of the paper is as follows. In
Section 2, we obtain symmetry reductions of the
generalized double sinh-Gordon equation (1) using
Lie group analysis based on the optimal systems of
one-dimensional subalgebras of (1). Exact solutions
are also obtained using the simplest equation
method. In Section 3 we first recall some
definitions and theorems on conservation laws. We
then construct conservation laws for (1) using two
approaches; the direct method and the new
conservation theorem due to lbragimov. Finally
concluding remarks are presented in Section 4.

2. Symmetry reductions and exact solutions of (1)
We assume that the vector field of the form
0 0 0
X =z(t,x,u)— + &(t, x,u) — + n(t, x,u) —
7t X, U) 2+ £ X, U)oU)

will generate the symmetry group of (1). Applying
the second prolongation X1 1o (1) we obtain an
overdetermined system of eight linear partial
differential equations, namely

gu :O’TU =0177uu =O’§t _ka :0:

7 —&x = 0,7 —K7y =21 =0, & K& + 2k =0,
=2+ 4ot sinh(nu) — 2an,sinh(nu)

+ 2anncosh(nu) + 4 fncosh? (nu)

+4 B, cosh(nu)sinh(nu) — 287, cosh(nu) sinh(nu)
+7h - k77xx =0.

Solving the above equations one obtains the
following three Lie point symmetries:

X =2 %22 x=ktZ4x2
OX ot OX

2.1.  One-dimensional  optimal  system  of
subalgebras

In this subsection we first obtain the optimal system
of one-dimensional subalgebras of (1). Thereafter
the optimal system will be used to obtain the
optimal system of group-invariant solutions of (1).
For this purpose we invoke the method given in
(Olver, 1993). Recall that the commutator of X;

and X, denoted by [X;, X;], is given by
[Xi,Xj]: X,XJ _iji
and the adjoint transformations are given by
Ad(eXp(EX,))XJ = X] —€[Xi s XJ]
1
+§‘92[Xiv[xiaxj]]_"'-

The commutator table of the Lie point
symmetries of (1) and the adjoint representations of
the symmetry group of (1) on its Lie algebra are
presented in Table 1 and Table 2, respectively.

Table 1. Commutator table of the Lie
algebra of system (1)

[ X, X1 X4 X, X3

X, 0 0 X,

X, 0 0 kX,

X, -X, -—kx, O
Table 2. Adjoint table of the Lie algebra of system (1)
Ad X4 X, X3
Xy Xy X2 X3—&X,
X, X, X, X3 —keXy

(% k241X, KX+

Xy X, (E ke? +1)X, X3

Thus, from Tables 1 and 2 and following the
method given in (Olver, 1993) one can conclude
that an optimal system of one-dimensional
subalgebras of (1) is given by {cX;+ X5, X5, X3},
where C is a non-zero constant.
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2.2. Symmetry reductions of (1)

Here the optimal system of one-dimensional
subalgebras constructed above will be used to
obtain symmetry reductions. Thereafter, we will
obtain the exact solutions of (1).

Case 1. cX;+ X,
The symmetry generator cX; + X, gives rise to the
group-invariant solution

u=W(z), )

where z=x-—ct is an invariant of the symmetry
cX;+X, and W is an arbitrary function of z.
The insertion of (2) into (1) yields the ODE

(€® —K)W"(z) + 2asinh(nW(z) )+ Bsinh(2nW(z) )= 0. (3)

Using the transformation
1
W(@)=_In(H() 4)

on (3) we obtain the nonlinear second-order
ordinary differential equation

2(c? —k)H(2)H"(2) - 2(c? —k)H'(2)? + 2enH(2)® 5)
—2enH(z2) + fH(2)* - ph = 0.

The integration of the above equation and
reverting back to original variables, yields

1 1
+ -[[k —& (2en exp(nu) + 2an exp(3nu) + 5 /M

1
+ % nexp(4nu)) + ¢, exp(2nu)] 2nexp(nu)du

=X—Ct+Cy,
where ¢; and ¢, are constants of integration.
Case 2. X,

The symmetry operator X, results in the group-
invariant solution of the form

u=W(z), (6)

where z=X is an invariant of X, and W is an
arbitrary function satisfying the ODE
—KW"(2) +2asinh(nW(z) )+ Bsinh(2nW(z))=0. (7)

Again using the transformation (4), equation (7)
becomes

—2kH(z)H"(2) + 2kH'(2)? + 2enH(z2)® — 2enH(z) ®)
+pH(2)* - =0,

whose solution is

+ I [% (2anexp(nu) + 2an exp(3nu) + % pn

1
+ % Pnexp(4nu)) + ¢, exp(2nu)] Znexp(nu)du

= X+Cy,

where ¢; and c, are constants of integration and
we obtain a steady state solution of (1).

Case 3. X3

The symmetry X, gives rise to the group-
invariant solution

u=wW(2), 9)

where z=x?—k¢t is an invariant of X5 and W
satisfies the ODE

4k2N"(2) — 2kW'(2) + 2asinh(nW(2))
+ fBsinh(2nW(z))=0.

2.3. Exact solutions of (1) using simplest equation
method

In this subsection we invoke the simplest equation
method (Kudryashov, 2005; Vitanov, 2010) to
solve the highly nonlinear ODE (5). This will then
give us the exact solution for the generalized double
sinh-Gordon equation (1). The simplest equations
that we will use are the Bernoulli and Riccati
equations. For details, see for example (Adem and
Khalique, 2013).

2.3.1. Solutions of (1) using the Bernoulli equation
as the simplest equation

The balancing procedure (Vitanov, 2010) vyields
M =1 so the solutions of (5) take the form

H(2) = A +AG, (10)

where G satisfies the Bernoulli equation (Adem and
Khalique, 2013). Inserting (10) into (5) and using
the Bernoulli equation (Adem and Khalique, 2013)
and thereafter, equating the coefficients of powers
of G' to zero, we obtain an algebraic system of
five equations in terms of Ay, A, namely
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SA — A+ 200 —2onA, =0,
APnASA —2a AyAK —20nA +6anAZA
+2a%AyAc? =0,
onAyA2 —ah Abk+ A2 A2 + AyAabcd =0,
A +2A2h%c? —2A%h%k =0,
A0 AN +AA AD?C? — AN ALK + 200 A}
+2A%abc® — 2k Aab=0.

Solving the above system of algebraic equations,
with the aid of Maple, one possible solution is

b(AZ -1 241 2b%(c? -k

A= (20/30 ),a:ﬁ(gﬁ% ),ﬂ:_ gmf )

Thus, reverting back to the original variables, a
solution of (1) is (Adem and Khalique, 2013)

u(t, ) = % In(A,

cosh[a(z + C)]+sinh[a(z + C)]
1—bcosh[a(z + C)]-bsinh[a(z + C)]

(11)

+Aaf Hl

where z=x—ct and C is an arbitrary constant of
integration.

2.3.2. Solutions of (1) using the Riccati equation as
the simplest equation

In this case the balancing procedure yields M =1.
So the solutions of (5) take the form

H(2) = A+ AG, (12)

where G satisfies the Riccati equation (Adem and
Khalique, 2013). Substituting (12) into (5) and
making use of the Riccati equation (Adem and
Khalique, 2013), we obtain an algebraic system of
equations in terms of Ay, A by equating the

coefficients powers of G' to zero. The resulting
algebraic equations are

—2AAbkv +2enAS — fn +2A%kv? — 2 A2c?y?
—20onAy + A +2A Abcy =0,

—2A%a%k +2a2 A2 + A =0,

—daly Akv +4MASA +2AZbky + dasy AC?Y
—2A?bc%y — 2A ALK +6anAZ A — 2onA
+2A,Ab%c? =0,

—abk+ MAA +ab +anA =0,

2a° AyAC? +aibc? —aA bk —2a2 A Ak + onA}
+2AA =0.

Solving the above equations, we get

_ Ab+ b +4a2 —aNav

% 2a
L —B(Kara-KY)

- 2ah, '
5= —2a(cz—k)’

nA’
and consequently, the solutions of (1) are (Adem
and Khalique, 2013)
1 b 6 1
== 2 Y = 13
u(t, x) nIn(A0+A1{ >3 2atanh[20(2+c)]}) (13)

and

u(t,x) = %In(AD +A1{—2—t;—2%tanh(% o)

3]
sech —
+ 2 (14)

Ccosb—(gzj—?sinh(izj}),

where z=x-—ct and C is an arbitrary constant of
integration.

3. Conservation laws of (1)

In this section conservation laws will be derived for
(1). However, first we briefly present some
notations, definitions and theorems that will be
utilized later. For details the reader is referred to
(Ibragimov, 2007).

3.1. Preliminaries
We consider a k th-order system of PDEs

Ea(X,U,U(l),...,U(k)) =0, a=l,...,m, (15)

of n independent variables x =(x},x?,...,x") and
m dependent variables u=(u,u?...,u™). Let
Ugay, Ugay - - Ugey denote the collections of all first,
second,..., kth-order partial derivatives. This
means  that, U =D;(u”),uj = D;b;(u%),...,
respectively, where the total derivative operator
with respect to X is given by

Dy =8/ox' +ufd/ou” +ufolaus +..., i=1,...n. (16)

Now consider the system of adjoint equations to
the system of k th-order differential equations (15),
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which is defined by (Ibragimov, 2007)
EZ(X,U,V,...,U(k),V(k)):0, a:].,...,m, (17)

where

* S(VPE,)
Ea(xau,v,...,U(k),V(k)) :aj—aﬁ, (18)
a:]-a---ym1VZV(X)

and v=(v%..,v") are new dependent

variables.

The system (15) is said to be self-adjoint if the
substitution of v=u into the system of adjoint
equations (17) yields the same system (15).

If the system (15) admits the symmetry operator
X = &olox + %8l ou” (19)

then the system of adjoint equations (17) admits the
operator

Y = &8/ ox' + %0l u® + ol ve,

. (20)
e =7 +veD; ()],

where the operator (20) is an extension of (19) to
the variable v* and A7 are obtainable from

X(E,)=LE,. (21)

Theorem 3.1. (Ibragimov, 2007) Every Lie point,
Lie-Backlund and nonlocal symmetry (19) admitted
by the system (15) gives rise to a conservation law
for the system consisting of the equation (15) and

the adjoint equation (17), where the components T!
of the conserved vector T =(T%...T") are
determined by

&L
auy

Ti :giL+Wa +ZDil ...Dis (\Na)&_/éhﬁ‘liz”'is, (22)

s>1
i=1...n,
with Lagrangian given by
L=V E,(XU,...,Ug))- (23)

The differentiation of L in (22) up to second-
order derivative, yields

i i ar OL oL ayy OL
T' =L +W[— —Dj(=—)1+D;W*)(—
oy oujj ousj

). (24)

3.2. Construction of conservation laws of (1)

In this section conservation laws will be
constructed for (1) by two different methods,
namely the direct method and the new conservation
theorem.

We recall that the equation (1) admits the
following three Lie point symmetry generators:

X4 =§, X, =£, X3 =xg+kt£.
ot X ot ox

3.2.1. Application of the direct method

It is well-known that there exists a fundamental
relationship between the point symmetries admitted
by a given equation and the conservation laws of
that equation. Following (Khalique and Mahomed,
2009), we see that the conservation law

DT +D, T2 =0, (25)

which must be evaluated on the partial differential
equation, can be considered together with the
following requirements:

XTh+T'D, (&) -T°D,(7) =0, (26)

X(TH)+T?0 (1) -T'Di () =0 (27)

in which X[ is the nth prolongation of a point
symmetry of the original equation. The order of the
extension is equal to the order of the highest
derivative in T' and T?2. Consequently, for the
given X, (25)-(27) can be solved to obtain the

conserved vectors or tuple T = (T%,T?).
The condition (25) on the equation (1) gives

1 1 1
T 4 T (kuy, —2asinh(nu) - Bsinh2nu) T
ou Ol

ort or? oT? oT? or?
+——+ Uy —— + Uy + Uy —=
Ouy

-— 0.
ou,  oX ou oy,

Since T and T2 are independent of the second
derivatives of u, it implies that the coefficients of
Uy, Uy and Uy, must be zero. Hence,

art or? _
_t =
ou, Oy
ot ar? _
K——~-+ =
ou,  Ouy

1 1 1
T 4, T _ (2asinh (nu) + Bsinh ) T
ot ou aut (30)

0, (28)

0, (29)

+—+u,—=0.
oX au
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We now construct the conservation laws for (1)
using the three admitted Lie point symmetries.

We start with the translation symmetry
X, =dlt, which is already in its extended form.
The symmetry conditions (26)-(27) yield
ort __ ar?

0, —=0, 31
a a (1)

respectively. Therefore from (28)-(30) and (31) the
components of the conserved vector of (1)
associated with the symmetry X; are given by

2
caU 2¢, 2acosh(nu
T! :%+c4u§ + C5Uy +T4[%

N ﬂcosh(Znu)] 00 +cq,
2n
T2 =—2¢,Uylly —Csly +Cy,

where ¢,4,C5,Cq and ¢, are arbitrary constants and
J(X) is an arbitrary function of x.

Continuing in the same manner using X, and
X3 we obtain the components of the conserved
vector for equation (1) as

2
T1= cﬂft G2 + Gyl +2%[2acosh(nu)

n
N ﬂcosh(2nu)] ‘e
2n

T2 = -2,y — Gl + P(t),

and

T =cqu, +CeX,
T2 = —Gl, +Cekt,

respectively, where c,,C5,Cq and Cg are constants
and p(t) is an arbitrary function of t. However,
we note that the symmetry X; gives a trivial
conserved vector.

3.2.2. Application of the new conservation theorem

In this subsection we use the new conservation
theorem given in (Ibragimov, 2007) and construct
conservation laws for (1). For applications of this
theorem, see for example (Tracina et al., 2014;
Gandarias and Khalique, 2014; da Silva and Freire,
2014). The adjoint equation of (1), by invoking
(18), is

E*(t,X,Uvan'luxx’VXX): (32)

%[v(uu —Ku,, +2asinh (nu) + Bsinh (2nu)] =0,

where v =V(t,X) is a new dependent variable. Thus
from (32) we have

Vi — kv, +2nfacosh(nu) + Scosh(2nu)]=0. (33)

It is clear from the adjoint equation (33) that
equation (1) is not self-adjoint. By recalling (23),
we obtain the Lagrangian for the system of
equations (1) and (33) as

L =v[u; —ku,, +2asinh (nu) + gsinh (2nu)]. (34)

(i) We first consider the Lie point symmetry
generator X; =dlct . It can easily be seen from (20)

that the operator Y; is the same as X, and that the
Lie characteristic functionW = —u;. Thus, by using

(24), the components T',i=1,2, of the conserved
vector T =(T%,T?) are given by

T = v(—ku, + 2asinh (nu) + Ssinh (2nu)) + UV,
T2 = —kyv, +kvy,.

Remark: The conserved vector T contains the
arbitrary solution v of the adjoint equation (33)
and hence gives an infinite number of conservation
laws. This remark also applies to the two cases
given below.

(i) For the symmetry X, =d/ox, we have

W =-u,. Thus, by using (24), the symmetry
generator X, gives rise to the following
components of the conserved vector:

T =v,u, — VU,

T2 =v(uy + 2asinh (nu) + Bsinh (2nu)) —kvu, .
(iii) The symmetry X5 = xd/ct+Ktd/ox has the Lie
characteristic ~ functionW =—xu —ktu,.  Thus,
invoking (24), we obtain the conserved vector T,

given by

T* = xv(—K Uy, + 2azsinh (nu) + Asinh (2nu)) + XV, U,
+ktyu, —kvu, —ktvy,,

T2 = ktv(uy + 2esinh (nu) + Bsinh (2nu)) — kxv, u,
—k2tv, Uy, +kvy +kxvy,.

4. Concluding remarks

We have studied the generalized double sinh-
Gordon equation (1) using the Lie symmetry
analysis. Symmetry reductions based on the optimal
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systems of one-dimensional subalgebras of (1) and
exact solutions with the help of simplest equation
method were obtained. These exact solutions
obtained here are different from the ones obtained
in (Wazwaz, 2005; Wazwaz, 2006; Wazwaz, 2005;
Tang and Huang, 2007; Kheiri and Jabrari, 2010;
Magalakwe and Khalique, 2013). Also, the
correctness of the solutions obtained here has been
verified by substituting them back into (1). Finally,
conservation laws for (1) were derived by
employing two different methods; the direct method
and the new conservation theorem. The usefulness
of conservation laws was discussed in the
introduction.
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