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Abstract

A projective parameter of a geodesic as solution of certain ODE is defined to be a parameter which is invariant
under projective change of metric. Using projective parameter and Poincaré metric, an intrinsic projectively
invariant pseudo-distance can be constructed. In the present work, solutions of the above ODE are characterized
with respect to the sign of parallel Ricci tensor on a Finsler space. Moreover, the Ricci tensor is used to define a
Finsler structure and it is shown that, the pseudo-distance is trivial on complete Finsler spaces of positive semi-
definite Ricci tensor and it is a distance on a Finsler space of parallel negative definite Ricci tensor.
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1. Introduction

If any geodesic of two Finsler spaces (M, F)and
(M, F) coincide as a set of points, then Fand dg are
said to be projectively related. It is well-known that
two Finsler spaces are projectively related, if and
only if there is a 1-homogeneous scalar field
P(x,y) called the projective factor
satisfying GI(x,y) = Gi(x,y) + P(x,y)y!, where G!
and G'are the corresponding spray vector fields. In
general the parameter "t" of a geodesic y == x'(t)
on (M,F)does not remain invariant under
projective change of metrics. A parameter which
remains invariant under projective change of
metrics is called projective parameter. The
projective parameter is defined first for geodesics
of general affine connection, (Thomas, 1925;
Eisenhart, 1927; Berwald, 1937). In (Bidabad &
Sepasi, 2015), this parameter is carefully spelled
out for geodesics of Finsler spaces by the present
authors as solutions of the following differential
equation.

dx\ dx dxK
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where, {p,s} is known in the literature as
Schwarzian derivative and "s" is the arc-length
parameter of y. The Schwarzian derivative is

defined to be an operator which is invariant under
all linear fractional transformations t — % where,
ad — bc # 0. That is

E2d = (g0, @)

By means of the equation (2), the projective
parameter is unique up to all linear fractional
transformations. In (Bidabad & Sepasi, 2015), the
projective parameter and the Poincaré metric are
used to define a projectively invariant pseudo-
distance denoted by dyand it is shown that in a
complete Einstein-Finsler space with negative
constant Ricci scalar, the projectively invariant
pseudo-distance is a constant multiple of the
Finslerian distance. Recall that two Finsler
structures F and F are said to be homothetic if there
is a constant A such that F = AF ; as a corollary, the
following results are obtained;

Theorem A. Let (M, F) and (M, F) be two complete
Einstein Finsler spaces with

Ric;; = —c®g;;, and Ric; = —c?g;;, respectively, if
F and F are projectively related then they are
homothetic.

Theorem B. Let (M, F)and (M, F) be two complete
Finsler spaces of constant negative flag curvature, if
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F and F are projectively related then they are
homothetic.

The last result is also obtained by Shen (2001)
using another technique of proof.

In the present work, solutions of the differential
equation (1) are characterized with respect to the
parallel Ricci tensor in any of the Berwald, Chern
or Cartan connections as follows.

Theorem 1. Let (M,F) be a Finsler space of
parallel Ricci tensor. Then the Ricci tensor is
constant along geodesics, and solutions of (1) are
classified as follows.

i) If {p,s} =c? withc>0,then

__acos(cs)+ Bsin(cs)

" ycos(cs)+8sin(cs)” ®)
i) If {p, s} = —c2with ¢ > 0, then

__ ae®S+pe s

T yets+ge=cs’ ()
i) I {p,s} = 0, then

_ a+Bs . (5)

- Y+8s

Next a new approach to the study of pseudo-
distances is established and the following results
are obtained.

Theorem 2. Let (M,F) be a connected complete
Finsler space of positive semi-definite Ricci tensor.
Then the intrinsic projectively invariant pseudo-
distance is trivial, that is, dyy = 0.

Theorem 3. Let (M, F) be a connected (complete)
Finsler space of negative-definite parallel Ricci
tensor with respect to the Berwald or Chern
connection. Then the intrinsic projectively invariant
pseudo-distancedy is a (complete) distance.

These results are generalizations of Riemannian
works (Kobayashi, 1978) and (Kobayashi & Sasaki,
1978) and establish a new approach to the study of
projective geometry in Finsler spaces.

2. Preliminaries

A (globally defined) Finsler structure on a
differential manifold M is a function on the tangent
bundle F:TM — [0,%) with the following
properties, i) Regularity: F is C* on the entire slit
tangent bundle TM,, ii) Positive
homogeneity: F(x,Ay)=AF(x,y) for all A>
0, iii) Strong convexity: The Hessian matrix (g;) :
= ([1/2F?],i;) is  positive-definite  onTM, =
TM\O0. The pair (M, F) is known as a Finsler space.

Every Finsler structure F induces a spray
B O | 9
G =y' 55— G'(xy) 5500 TM, where

. 1.
G'(x,y):= Eg” {[Fz]xkylyk - [Fz]xl}'

Gis a globally defined vector field on TM. The
projection of a flow line of G on M is called a
geodesic. The differential equation of a geodesic_ in

. . . d?x!
the local coordinates is given by d—s’;+

G! (x(s),%) =0, where the parameter(t) =
ftto F(y,%)dris arc length parameter. Everywhere

in this work, the differential manifold M is
supposed to be connected.
For a non-null, y € TyM, the Riemann curvature

Ry: M — T,M is defined by Ry(u) = Rikuk%*
L) 2810y o
Where k(y) T oaxk 2 ayk ox) y + ayk [’)y]'
10G! oG i i i ic :== Rl
2357 agF" The Ricci scalar is defined by Ric := R},

see for instance (Akbar-Zadeh, 1988) or (Bao,
Chern, & Shen, 2000). In the present work, we use
the definition of Ricci tensor introduced by Akbar-
Zadeh as, Ricy, := 1/2(F?Ric),i x. Moreover, by
homogeneity we have Ricylil¥ = Ric.

Let us consider the sprayG' := ylyly*, where

i .1 _is98sj 98k , Odgks
ij — Eg (axk - aXS_ + aX] )’

i ._ 196! iy 7.8 _qif0 _
72 ayl’ T F and' Ii= sxi 1 (Oxi
Nk, a;;k) (Bao, Chern and Shen 2000).

3. Projective parameter on Ricci parallel Finsler
spaces

Let the Ricci tensor of (M,F) be parallel with
respect to any of the Cartan, Berwald or Chern
connections. We recall the Abel's identity in
ordinary differential equations.

Consider the second-order linear ordinary
differential equation:

y+PE)y +Qx)y = 0. (6)

Consider the two linearly independent solutions,
y;1(x) and y, (x). Then, the Wronskian of y, and y,,

w(y1,¥2): = V1¥2 — V1V, satisfies
w + Pw = 0, therefore,

w = wye™ /P®dx, (5)

Proposition 1. If y, and y,are linearly independent
solutions of the ordinary differential equation

¥+ Q)y(s) =0, )
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o .
where Q(s) = -1 Ricy (x(9, ) 5 - Lo (e
then the general solution of (1) is given by dsds ds  ds ds ds F
Ajj
u(t) % (9) + RIC]r?
2 . f
dx! dxJ dx¥
where, a8 — By # 0. i 24 d d Ric; [ = 0
Therefore
Proof: According to (2), it suffices to show that .
y1/y2 is a solution of (1). The term P(x) in (7) is dRic == g2y gy dxidd
zero, hence the Wronskian w(y,,y,) is constant. 45 2Ricy g ~ 0+ 2Rig == 0
We may assume that
w(yy,y2) = 1. Then, i = 1/y3,5 = =2 2 and and we have
2 . .
(E) 7_23'23'2; 2 (y2) -2 ZZ 2 ( ) thus Ricij%i—’j = constant. 12)
2 2 Y2
i — (@)? _ 5 (-Q6))y2 (S) ( ) Following the method just used, we can prove
()2 y2(s) 2 u ' that if the Ricci tensor is parallel with respect to the
i iiy? 2 Berwald or Chern connection, then along the
u (H) =2Q0) +§(ﬁ) ’ geodesic y parameterized by arc-length, we have
i3/’ ic, 29X _
G_E(E) —2Q(s). Ric;j———- = constant.

This completes proof of the proposition.

Proof of Thoerem 1. Assume that the Ricci tensor
is parallel with respect to the Cartan connection.
Let us denote the horizontal and vertical Cartan
covariant derivatives by Vs

5xK
and V¢, respectively. Hence
ayK
A 8Ric . .
V% Ric;; = ?k” — Ric;, Tk — Rici: [k =0, (10)
8xK
ARic;; Aj} Af
€ Ric. = 2% _ pic. 2K _ Rie Aik —
Vailecij = 5K Ric;, - Ricj, .= 0, (11)
y
- 5 ) s
where, T} = ‘S( Esi s{‘;‘ —k) and  Aj

gMApjk = ghF gh]are the coefficients of Cartan

tensor. Consider the geodesic, y := x!(s), where"s
is the arc-length

dxl dx) dxk
parameter. Contracting (10) by dldi ; (Ric;, T})
gives
dX dx] dxX (aRiCi]‘ _ Nl aRICIJ)
ds ds ds \ oxK L P
dx dxl dxk dx dxl dxK

r
ds ds ds (Rlcirrjk) ds ds ds (RIC]r lk) =0.

By means of (11) and, yinjk = 0, we have

Considering the above assertion and Lemma 1,
the equation (1) reduces to a second order ODE
with constant coefficients. Therefore, sign of Ricci
tensor explicitly determines a projective parameter
"p" as an elementary function of "s" given by (3),

(4)and (5). This completes the proof of Theorem.

4. Positive semi-definite Ricci tensor

Let 1= (—1,1) be an open interval with the
4du?

(1-u?®)?’

distance between two points a and b in [ is given by

Poincaré metric ds? = ——. The Poincaré

(1-a)(1+b)

p(ab) = [In{T= 7", (13)

(Okada, 1983). A geodesic f: 1> M on the
Finsler space (M, F) is said to be a projective map,
if the natural parameter u on I is a projective
parameter. We now come to the main step for
defining the pseudo-distance dy on (M, F). We
proceed in analogy with the treatment of Kobayashi
in Riemannian geometry, (Kobayashi, 1978).
Although he has confirmed that the construction of
intrinsic pseudo-distance is valid for any manifold
with an affine connection, or more generally a
projective connection (Kobayashi, 1977), we
restrict our consideration to the pseudo-distances
induced by the Finsler structure F on a connected
manifold M. Given any two points x and yin (M, F),
we consider a chain aof geodesic segments joining
these points. That is
) a chain of points x = xg, X1, ...,Xx =Y
on M;
) pairs of points a;, by, ...,ay, b in[;
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. projective maps fi, ..., fy, f;: 1 > M, such
that

fi(ai) = Xj—1, fl(bl) =X, Where, i = 1, ,k
By virtue of the Poincaré distance p(.,.)on I we
define the length L(a) of the chain aby L(a) :=
Y.ip(a;, by), and we put

dy(x,¥): = infL(a), (14)

where the infimum is taken over all chains oof
geodesic segments from x to y.

Proposition 2. Let (M, F) be a Finsler space. Then
for any points x,y, and z in M, dy, satisfies
Ldu(xy) = du(y,X).

ii. dy(x,z) < dy(x,y) + du(y, 2).

iii. If x = y then dy(x,y) = 0, but the inverse is
not always true.

Traditionally, dy(x,y) is called the pseudo-
distance of any two points x and y on M. From the
property (2) of Schwarzian derivative, and the fact
that the projective parameter is invariant under
fractional transformation, the pseudo-distance dy; is
projectively invariant.

Proof of Theorem 2. In order to prove Theorem 2
we need the following Lemmas.

Lemma 3. Let (M, F) be a complete Finsler space.
Consider two points x,and x, on M. If there exists a
geodesic x(u) with projective parameter u,
—1 <u< +1,such

thatx, = x(uy) and x; = x(u;) for some u, and
u, in R then

dM(XO! Xl) =0.

Proof: Linear equation of the segment passing
through the points (uy, —1/2)and (uy,1/2) is

. A 1 + ~ = .
given by o = —%— — 1{1*80) e G is a linear
uj;—up 2 ui—up

transformation of u and is also a projective
parameter. We have —% << % whenever
ug < u<uy.

Next, we consider the chain o of projective maps,
a, and b, where

1 1

2n’ " 20

1 1 1

Note that f, (—;) = X(n (—En)> = x(—g) =

(1+55)(1435)
In+—3C—2).

(1-55)(1-z5)

Considering n sufficiently large, we have
dm (X, X,) = infL(a) = 0. This completes the
proof of Lemma 3.

f, = x(nd), a, = —

1 1

x(ugy) and p (—— —) =

2n’ 2n

Lemma 4. Let (M, F) be a complete Finsler space
and x(s) a geodesic with arc-length

parameter —co < s < oo. Assume that there exists
a (finite or infinite) sequence of open intervals I; =
(aj,b;),i = 0,+1,42,...such that;

|) djt1 < bi! limi_)_w a; = —O0, limi_)+oo bi =
+o0and U;I; = (—oo, +0);

ii) in each intervall; = (a;,b;), a projective
parameter "u" moves from —oo to +co whenever t
moves from a; to b;. Then, for any pair of points x,
and x; on this geodesic, we have

dum(xg,%1) = 0.

Proof: By means of Lemmal, the distance between
any two points in the same interval I; is zero. Two
consecutive open intervals I; and I;,; have either a
point as a boundary point or an interval in common.
In each case, given € > 0, there exist the points
Siand S;,; in I; and I;,, respectively such that
dyp (x(s1), X(si41)) < €. This completes the proof of
Lemma 4.

The following Lemmas permit us to construct the
open intervals I; in Lemma 3. The proofs are given
in (Kobayashi & Sasaki, 1978).

Lemma 5. In the ODE (8), if Q(s) = 0 for all
s € R then every solution y(s) has

at least one zero unless Q(s) = 0 and y(s) is
constant c # 0.

In the sequel the Sturm's separation theorem
which claims; given a homogeneous second order
linear differential equation and two continuous
linear independent is needed.

Solutions v(x) and u(x) with x, and x,
successive roots of v(x), so u(x) has exactly one
root in the open interval (x, X;).

Lemma 6. Let y,(s)and y,(s) be two linearly
independent solutions of (8). If a and b are two
consecutive zeros of y, then u = y;(s)/y,(s) or
u = —y;(s)/y,(s) is a projective parameter on the
interval (a,b) which moves from —oo to 4 as s
moves from a to b.

The differential equation (8) is said to be
oscillatory at s = too if the zeros

w<a,<a<ayg<a; <a,<--,

of the solution y(s) have the property
limy_,_, ap = o0 and limy,_,, 4 by, = +00. Then

the sequence of intervals I; = (a;, b;) satisfies the
condition of Lemma 3. This fact proves
Theorem 2 in this case.

Next, we consider the case that (8) s
nonoscillatory ats = +oco. That is, y,(s) does not
vanish for sufficiently large s. According to the
Sturm's theorem, this condition is independent of
choice of a particular solution y,(s).



237

IJST (2015) 39A2: 233-238

Lemma 7. If the differential equation (8) is non-
oscillatory at s = +oo, then there is a solution y,(s)
which is uniquely determined up to a constant
factor satisfying

limg . 4 00 ij(s) =0, (15)

for any solution y;(s) linearly independent of
y2(s).

The solution y,(s) in Lemmaé6 is called a
principal solution. Here, we consider a weaker
version of comparison Theorem of Sturm as
follows.

Lemma 8. Consider two differential equations

D ¥+ Qs)y(s) =0,

(i) y(s) + Qx(s)y(s) =0,

with Q;(s) > Q,(s). Let y,(s) and y,(s) be
solutions of (i) and (ii) respectively such that

yi@ _ yz(@)

—_— <= 1
y1(@ ~ yz2(a) (16)
If y,(s) and y,(s) have no zero in the interval
a<s < 4omo,thenfors > a

yi(s) _ y2(s)
T < 22 17
y1(s) = y2(s) (17)

If y,(a) = 0, then the term ’y’z—ii is considered to
2

be oo.

One can refer to (Du and Kwnog, 1990) and
(Kobayashi and Sasaki, 1978) for more details
about this subject.

Lemma 9. Assume that the differential equation
(8) is nonoscillatory ats = +oco and that Q(s) =
0. Let y(s) be a principal solution as in Lemma 6.
If a is the largest zero of y,(s) and if y,(s) is a
solution linearly independent of y,(s), then y;(s)
vanishes at some s > a.

We are now in a position to complete the proof of
the theorem 2 where the differential equation (8) is

nonoscillatory ats = 400, 0rs = —oo.
If (8) is non-oscillatory ats = +oco but oscillatory
at s = —oo, we take a principal solution y,(s) and

another solution y;(s) linearly independent of
yo(s). Let ..<a_, <a_;<apg<a; <a, <-- be
the zeros of y,(s). Then the sequence of intervals,

I, = (ayby), for i =-+,-2,-1,0,1,2,...,k with
ag+1 = +0, equipped with a projective parameter
u = % oru =-— i—l satisfy the requirements of

2 2
Lemma 3. We note that Lemma 8 implies that u is
a projective parameter in the last intervall, =
(ay, +). If (8) is nonoscillatory at s = —co but
oscillatory at s = 400, we replace Lemma 6 and
Lemma 8 by the analogous Lemmas for s = —oo.

Assume that (8) is nonoscillatory at . Lety,(s)
be a principal solution for s = 4o and not for
s = —oo. Let y;(s) be a principal solution for
s = —oo. theny;(s) and y,(s) are linearly
independent. We obtain a sequence of intervals I,
i =0,1,..,k with a projective parameter u =
Y1 Y1

Y2 Y2 H -
u=-—=u=>==o0ru=— == satisfying the
y2 Y1 Y1 fy g

Y2

requirements of Lemma

3. In this case, there are some overlaps among these
intervals.

If y,(s) is a principal solution for both s = 40
and s = —oo then we consider y,(s) as a solution
linearly independent of y,(s). We obtain a
sequence of intervals I;, i = 0,1,...,k, with a
projective parameter u = or u = — z—; satisfying
the requirements of Lemma 3. In this case, there are
no overlaps of intervals. This completes the proof
of Theorem?2.

5. Parallel negative-definite Ricci tensor

We recall the following theorem which will be used
in the sequel.

Theorem A. Let (M, F) be a connected (complete)
Finsler space for which the Ricci tensor satisfies,
Ric; < —czgi]-, as matrices, for a positive constant
c. Then dy is a (complete) distance. (Bidabad &
Sepasi, 2015).

Proof of Theorem 3. Let us consider the Finsler
structure defined by means of the Ricci tensor as

Fix,y) = / —Ric;;(x,y)y'y.

One can easily check that F satisfies all properties
of a Finsler structure on M. More precisely;
i) by definition F is C* on the entire slit tangent
bundle TM,;
ii) The Ricci tensor Ric;(x,y) is 0-homogeneous,
hence F(x,Ay) = AF(x,y) forall A > 0;
iii) again, according to the 0-homogeneity of
Ricj;(x,y), through straightforward calculation we
~ 1a .

get, 8 = [E Fz]yiy]_ = —Ric;; (%, y).

The Ricci tensor is supposed to be negative-
definite thus the Hessian matrix (g;;) is positive-
definite. Next, we show that the spray coefficients

of F and F are equal, that is, G' = G!, hence we
have
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9%F2 ; aF?
ayh ax” " axh
1 - (9%(—Ricyyly") .
_ L i (LRI
2 dy" 0x)
6(—Ric1ry1yr)>

oxh

.1 .
G = E(—Ric)lh<

O(Richlyl)

1 . .
= _(=Rio)ih ([ — j
2( Ric) < 2 7% y

d(Ri
+ ( lclr)ylyr)

oxh
. ih 3(Rich1y1) ; 1 . jh O(Ricyy)
Ric! Ty] - E Ric! Thry yr. (18)
Let Ricci tensor be parallel with respect to the
Berwald connection VP. Similar arguments hold
well for Chern connection. We have

__ 8Ric .
V% Ric 2 — Ricp, G — Ric;yGy; = 0,
hl = 5x hr Jj Ir™Y hj
Sx]
r _ 1 0%G" (19)
j = aylayl *
OdRicj;
VP, “s Ric;; = 2 =0. (20)
30K oy
dy

Contracting (19) with RicPyly! leads to

.. OdRic .
Ricityly! axjhl ic"RicpaG?
1 G
—ERICI RlClaWy =0
Ricihyly! 2Ricn "R‘Chl —Gi— %RicihRicla%yl =0. (21)

On the other hand

1 ih In; a

- +2 Ric™y"y'Ric), G4,
1
+ ERic‘hyry Ric,,G3), = 0.
JRiclr , 1 . j aG2
Rlc‘hy y! - —r+ > RicPy"Ric,, —+ o = 0 (22)

Considering, (18), (21) and (22) we have
G' = G'. As a consequence, we have Ric;; = Ric;;.
On the other hand, we just asserted that g;;(x,y) =
—Ric;;(x,y). Thus, we have 8;;(x,y) = —Ric;;(x,y).
According to TheoremA, dyis a (complete)
distance. The two spaces (M,F) and (M,F) are
affine and we have dy = dy. Hence, dy is a

(complete)
distance.
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