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Abstract – The largest class of algebraic hyper structures satisfying the module like axioms is the vH -
module. In this paper, we consider the category of vH -modules and prove that the direct limit always 
exists in this category. Direct limits are defined by a universal property, and so are unique. The most 
powerful tool in order to obtain a module from a given vH - module is the quotient out procedure. To use 
this method we consider the fundamental equivalence relation *ε , and then prove some of the results 
about the connection between the fundamental modules, direct systems and direct limits. 
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1. INTRODUCTION 

 
The theory of hyper structures was introduced by Marty in 1934 during the 8th Congress of the 
Scandinavian Mathematicians [1]. A hyper structure is a non-empty set H , together with a function 

( )HPHH ∗→×⋅ :  called hyper operation, where ( )HP∗  denotes the set of all non-empty subsets 
of H . Marty introduced hyper groups as a generalization of groups, and then many researchers began 
to work on this new field of modern algebra and have since developed it. Some basic definitions and 
theorems about hyperstructures can be found in [2, 3]. The concept of vH -structures constitute a 
generalization of well known algebraic hyper structures (hyper group, hyper ring, hyper module and 
so on) where the axioms are replaced by the weak ones. That is, instead of the equality on sets, one 
has non-empty intersections. vH -structures were first introduced by Vougiouklis in the Fourth AHA 
Congress (1990) [4]. The basic definitions and results of the object can be found in [5]. This concept 
has been further investigated in [6-14]. We recall the following definitions from [5] for the sake of 
completeness. 
 
Definition 1. 1. A multivalued system ),,( ⋅+R  is called an vH -ring if the following axioms hold: 
1. ( )+,R  is an vH -group i.e., 

( ) ( )zyxzyx ++++ I ≠ φ , for all zyx ,, ∈ R  (weak associativity), 
RaRRa =+=+ , for all a  ∈  R  (reproduction axiom). 

2. ( ) ( )zyxzyx ⋅⋅⋅⋅ I ≠ φ , for all zyx ,, ∈ R . 
3. ( )⋅ is weak distributive with respect to ( )+ , i.e., for all zyx ,, ∈ R  
 

( ) ( ) ,φ≠⋅+⋅+⋅ zxyxzyx I  ( ) φ≠⋅+⋅⋅+ )( zyzxzyx I . 
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Definition 1. 2. M  is a (left) vH -module over an vH -ring R if (M, +) is a weak commutative vH -
group and there exists a map ( )MPMR ∗→×⋅ :  denoted by ( ) rmmr →,  such that for 
all Rrr ∈21, and Mmm ∈21, , we have 
 

1r ( 1m )2m+ ( 1rI 1m 1r+ )2m φ≠ , 
 

( 1r )2r+ 1m ( 1rI 1m φ≠+ )12mr , 
 

φ≠)()( 121121 mrrmrr I . 
 
Definition 1. 3. Let 1M  and 2M  be two vH -modules over an vH - ring R . A mapping 

21: MMf → is called a strong homomorphism if, for all 1, Myx ∈  and for all Rr ∈ , the following 
relations hold: 
 

( ) ( ) ( )yfxfyxf +=+ , ( ) ( )xrfrxf = . 
 
If there exists a one to one strong homomorphism from 1M onto 2M , then 1M and 2M  are called 
isomorphic.  

In this paper, we assume ϑ to be the category of vH -modules over an vH -ring R  with strong 
homomorphisms, and consider the direct system and direct limit of ϑ and prove some of the results in 
this connection. 

 
2. DIRECT SYSTEM AND DIRECT LIMIT OF vH - MODULES 

 
A partially ordered set I  is said to be a directed set if for each pair ji,  in I  there exists Ik ∈ , such 
that ki ≤  and kj ≤ . Let I be a directed set and ϑ the category of vH -modules over an vH -ring 
R with strong homeomorphisms. Let ( ) IiiM ∈  be a family of vH -modules indexed by .I  For each 
pair ji,  in I such that ,ji ≤ let ji

i
j MM →:φ  be a strong homomorphism and suppose that the 

following axioms are satisfied: 
1. i

iφ  is the identity for all ;Ii∈  
2. i

j
j

k
i
k φφφ =  whenever .kji ≤≤  

Then the vH -modules iM and strong homomorphisms i
jφ  are said to be a direct system 

),( i
jiMM φ= over the directed set .I  

Let ),( i
jiMM φ= be a direct system in ϑ. The direct limit of this system, denoted by ,Mlim i  is 

an vH -module and a family of strong homomorphisms iii MlimM: →α  with i
jji φαα =  whenever 

ji ≤ satisfying the following universal mapping property: 
 

MiMlim

iM

jM

jf
jα

iα if

β

i
jφ

  
Fig 1. commutative diagram for direct limit 

 

X
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 for every vH -module X and every family of strong homomorphisms XMf ii →:  with 
i
jji ff φ= , whenever ,ji ≤  there is a unique strong homomorphism XMlim: i →β making the 

above diagram (Fig. 1) commute. 
Note that the construction of the direct system and direct limit are similar as in the usual group 

theory and modules. (See [15, 16]). Also, already Leoreanu [17-19] and Romeo [20] wrote on direct 
limits of hyper structures. But in this paper, we consider the previous known facts from another point 
of view. 

Let X  be the disjoint union U ,iM  defining an equivalent relation on X  by 

jjiiji Ma,Ma,a~a ∈∈  if there exists an index jik ,≥ with .j
j

ki
i
k aa φφ =  The equivalent class 

of ia  is denoted by [ ]ia . Suppose that ~
X is to be the set of all equivalent classes. It is clear that 

j
i
ji aa φ~  for ij ≥  in ~

X . Now, for Rr ∈ and [ ] [ ] ~, Xaa ji ∈  we define: 
[ ] [ ] [ ]{ kkji aaxxaa ′+∈=⊕  where j

j
kki

i
kk aaaa φφ =′= ,  for some },, jik ≥  and 

 
[ ] [ ]{ }.raxxar ii ∈=°  

 
Lemma 2. 1. ⊕  and °  defined above are well-defined hyper operations. 
 
Proof. Suppose [ ] [ ]si ba =  and [ ] [ ],tj ba ′=′  then by definition there exists sik ,1 ≥  and tjk ,2 ≥  
such that  

s
s
ki

i
k ba

11
φφ =  and .

22 t
t
kj

j
k ba ′=′ φφ  

Now, we have  
                                [ ] [ ] [ ] j

j
ki

i
kji aaxaax ′+∈⇔′⊕∈

33
φφ  for some jik ,3 ≥  

 
j

j
ki

i
k aax ′+∈⇔ φφ  for some 321 ,, kkkk ≥  

 
                                j

j
k

k
ki

i
k

k
k aax ′+∈⇔

2

2

1

1 φφφφ  
 

                                t
t
k

k
ks

s
k

k
k bbx ′+∈⇔

2

2

1

1 φφφφ  
 

                                t
t
ks

s
k bbx ′+∈⇔ φφ  

 
                                [ ] [ ] [ ].ts bbx ′⊕∈⇔  

 
So ⊕  is well defined. If Rr ∈  and [ ] [ ] ,ji aa ′=  then there exists jik ,≥  such that j

j
ki

i
k aa ′= φφ . 

So j
j

ki
i
k arar ′= φφ , which implies ( ) ( )j

j
ki

i
k arra ′= φφ . Hence [ ] [ ]ji arra ′=  and so °  is also well 

defined.  
 
Theorem 2. 2. ),~( ⊕X is an vH -group. 
Proof. Suppose [ ] [ ] [ ] ~,, Xaaa tji ∈′′′  and .,, tjik ≥  Since kM is a weak associative we have 
 

( )( ) ( )( ) .aaaaaa t
t
ki

j
ki

i
kt

t
kj

j
ki

i
k φφφφφφφ ≠′′+′+′′+′+ I  

So 

[ ] [ ]( ) [ ]( ) [ ] [ ] [ ]( )( ) φ≠′′⊕′⊕′′⊕′⊕ tjitji aaaaaa I . 
 
Therefore ),~( ⊕X is a weak associative. Now we prove the reproduction axiom. Suppose 
[ ] [ ] ,~, Xaa ji ∈′  then for jik ,≥ we have kki

i
k Maa ∈=φ  and kkj

j
k Maa ∈′=′φ . 
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Since ( )+,kM  is an vH -group, then there exists kk Ma ∈′′  such that kkk aaa ′′+′∈ .  
So by definition we have [ ] [ ] [ ] [ ] [ ]kjkkk aaaaa ′′⊕′=′′⊕′∈ , which implies that [ ] [ ] ~

Xaa ji ⊕′∈ . Thus 
[ ] ~

Xa~
X

j ⊕′= .  
 
Theorem 2. 3. ( )°⊕ ,,~

X  is an vH -module over R . 
 
Proof. Suppose Rrr ∈21, and [ ] [ ] ~, Xaa ji ∈′ and jik ,≥ . In the vH -module ,kM  we have 
  

( ) ( ) φφφφφ ≠+′+ j
i
ki

i
kj

j
ki

i
k araraar 111 I , 

 
( ) ( ) φφφφ ≠++ i

i
ki

i
ki

i
k arararr 2121 I , 

 
( ) ( ) φφφ ≠i

i
ki

i
k arrarr 2121 I . 

 
Therefore 
 

[ ] [ ] [ ] [ ]( ) ,)( 111 φ≠′°⊕°′⊕° jiji araraar I  
 

( ) [ ] [ ] [ ]( ) ,arararr iii φ≠°⊕°°+ 2121 I  
 

( ) [ ] [ ]( ) φ≠°°° ii arrarr 2121 I .  
 
Theorem 2. 4. Let ( )i

jiM φ,  be a direct system of vH -modules indexed by I . Then the vH -module 

~
X is iMlim . 

 
Proof. Define ~: XM ii →α  given by [ ]ii aa a , and consider the following diagram (Fig. 2): 
 

                 ~
X  

              iα  
           

            jα      iM  

                 i
jφ  

  
            jM  
 

Fig. 2. Commutative diagram 
 

So ( ) [ ] [ ] ( )iiii
i
ji

i
jj aaaa αφφα === . Therefore i

i
jj αφα = , hence the diagram is commutative. Now let 

M be an vH -module and }{ MMff iii →: a family of strong homomorphisms with i
jji ff φ= . 

Now, we define M~
X: →β by [ ] .iii afa a We show that β  is a strong homomorphism and so 

the universal mapping property holds. First we show that β  is well defined. Suppose [ ] [ ]jbai = , then 

there exists jik ,≥ such that j
j

ki
i
k ba φφ = . Then j

j
kki

i
kk bfaf φφ = and so .jjii bfaf =  Therefore 

β  is well defined. Now let [ ] [ ] ~
Xb,a ji ∈  and Rr ∈ , then  

[ ] [ ]( ) [ ]( ){ kkji aaxxba ′+∈=⊕ ββ  where j
j

kki
i
kk baaa φφ =′= ,  for some }jik ,≥  

{ kkk aaxxf ′+∈=  where j
j

kki
i
kk baaa φφ =′= ,  for some }jik ,≥  
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( )kkk aaf ′+=  where j
j

kki
i
kk baaa φφ =′= ,  

 
kkkk afaf ′+=  

 
j

j
kki

i
kk bfaf φφ +=  

 

[ ]( ) [ ]( ).jba

bfaf

i

jjii

ββ +=

+=
 

 
And  
 

[ ]( ) [ ]( ) ( ) ( ) [ ]( ).iiiiiii ararfrafraar βββ ====°  
 
Therefore β is a strong homomorphism and .ii f=βα   
 

3. FUNDAMENTAL RELATION 
∗ε  AND DIRECT SYSTEMS 

 
Every vH -structure “hides” a corresponding structure. This structure is obtained from the vH -
structure by quotienting out the fundamental relation ., ∗∗∗ εγβ or  Therefore if H  is an vH -group 
( vH -ring, vH -module), then ∗β/H is a group ( ∗γ/H is a ring, ∗ε/H is a module, respectively). 
The above corresponding structures are the fundamental ones. 

Consider the (left) vH -module M over an vH -ring .R  According to [5], let U denote the set of 
all expressions consisting of finite hyper operations applied on finite subsets of R and M . A relation 

Mε can be defined on M , whose transitive closure is the fundamental relation .∗
Mε The relation Mε is 

defined as follows: for all yx,My,x Mε∈  if and only if }{ uyx ⊆,  for some .Uu∈  Suppose 
( )r∗γ  is the equivalence class containing Rr ∈  and ( )xM

∗ε is the equivalence class containing 
.Mx∈ The sum ⊕  and the external product ° using the ∗γ classes in R  on ∗

MM ε/  are defined as 
follows: for Myx ∈, and for all ,Rr ∈  
 

( ) ( ) ( )cyx MMM
∗∗∗ =⊕ εεε  for all ( ) ( )yxc MM

∗∗ ε+ε∈  , 
 

( ) ( ) ( )dxx MM
∗∗∗ =° εεγ  for all ( ) ( )xrd M

∗∗ ⋅∈ εγ . 
 

The fundamental relation ∗
Mε on M over R  is the smallest equivalence relation such that 

∗
MM ε/  is a module over the ring ∗γ/R , (see [5]). If ∗→ MMM εφ /: is the canonical map, then 

the kernel of φ  is called the core of M and is denoted by Mω . Therefore ( ) }{ oxMxM =∈= φω , 
where o  is the unit element of the group ( )⊕∗ ,/ MM ε . One can prove that the unit element of the 
group ( )⊕∗ ,/ MM ε  is equal to Mω , i.e., ( ) ( ) ( )xxx MMMMM

∗∗∗ =⊕=⊕ εωεεω , for all Mx∈ . 
 
Proposition 3. 1. Let ( )i

jiM φ,  be a direct system of vH -modules over an vH -ring R indexed by a 
directed set I . Then ( )i*

jMi ,/M
i
φε ∗  is a direct system of modules over the ring ∗γ/R , where 

 

( ) ( ).aa

/M/M:

i
i
jMiM

MjMi
i*

j

ji

ji

φεε

εεφ
∗∗

∗∗ →

a
 

 
Proof. By Lemma 3.1 of [7], ( )i

jMi i
M *,/ φε ∗  is a family of ∗γ/R -modules and ∗γ/R -

homomorphisms. It is clear that i
i
*φ  is the identity for all Ii∈ . Now, for kji ≤≤ , we have  
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( ) ( )( ) ( )( )iM

i*
kiM

i
j

j
k aa

ii

∗∗∗
= εφεφφ ( ) ( )( )i

i
j

j
kMi

i
kM aa

kk
φφεφε ∗∗ ==  

 
( )( ) ( )( ) ( )( )iM

i
j

j
ki

i
jM

j
ki

i
j

j
kM aaa

ijk

∗∗∗ === εφφφεφφφε ***  
 
Therefore ( ) i

j
j

k
i

k
i
j

j
k

*** φφφφφ ==
∗

.  
 
Propostion 3. 2. Let [ ] [ ] ~, Xba ji ∈ , as described in Section 2, we define [ ] [ ]ji ba θ if there exists 

jik ,≥  such that j
j

kMi
i
k ba

k
φεφ , then 

~
Xεθ = . 

 
Proof. Let [ ] [ ]jXi ba

~
ε , then there exist Rrr n ∈,,1 L and im Mt,,t UL ∈1  such that 

[ ] [ ]} [ ] [ ]{ .trtrb,a mmji ++⊆ L11 Suppose 
mimi MtMt ∈∈ ,,

11 L and .,,,,, 21 jiiiik mL≥  Then  
 

[ ] [ ]mm trtr ++L11 [ ] [ ]m
i
km

i
k trtr mφφ ++= L11
1  

 

                                                    [ ]{ },11
1

mm
i
k

i
k trtrxx mφφ ++∈= L  

 
and so [ ] [ ]} [ ]{ }{ mm

i
k

i
kj

j
ki

i
k trtrxxba mφφφφ ++∈⊆ L11

1, . Now, for some kn ≥ , we obtain 
{ } mm

i
n

i
nj

j
ni

i
n trtrba mφφφφ ++⊆ L11

1,  which implies that j
j

nMi
i
n ba

n
φεφ . Hence [ ] [ ]jbai θ . 

Conversely, if [ ] [ ]jbai θ , then there exists jik ,≥ such that j
j

kMi
i
k ba

k
φεφ and so there exist 

ikm MMtt UL ⊂∈,,1 and Rrr m ∈,,1 L such that 
 

}{ mmj
j

ki
i
k trtrb,a ++⊆ L11φφ . 

 
So [ ]{ [ ]} [ ] [ ]mmj

j
ki

i
k trtrb,a ++⊆ L11φφ  which implies [ ] [ ]jba

~
Xi ε . Thus 

~
Xεφ = .  

 
Theorem 3. 3. Let ( )i

jiM φ,  be a direct system of vH -modules over an vH -ring R  indexed by a 
directed set I , and let ∗ε be the fundamental relation of iMlim . Then 
  

 ( ) ∗∗








≅

∗

εε
γ

/Mlim/Mlim i
/R

Mi i
. 

 
Proof. We define ( ) ∗∗









→ εε /Mlim/Mlim:f iMi i

 by ( )[ ] [ ]( )iiM aa
i

∗∗ εε a . Then  

[ ]( ) [ ]( )ji ba ∗∗ = εε j
j

kMi
i
k ba

k
φεφ ∗⇔  for some jik ,≥  

 
( ) ( )j

j
kMi

i
kM ba

kk
φεφε ∗∗ =⇔  

 
( ) ( )jM

j*
kiM

i
k ba

ji

∗∗∗ =⇔ εφεφ  
 

( )[ ] ( )[ ]jMiM ba
ji

∗∗ =⇔ εε . 
 

Therefore f is well defined and one to one. Now, we have  

( )[ ] ( )[ ]( ) ( )[ ]( )jM
j

kiM
i

kjMiM bafbaf
jiji

∗∗∗∗ ⊕=⊕ εφεφεε **  for some jik ,≥  
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( ) ( )[ ]( )
( )[ ]( )j

j
ki

i
kM

j
j

kMi
i
kM

baf

baf

k

kk

φφε

φεφε

+=

⊕=
∗

∗∗

 

 

( )[ ]( )xf
kM

∗ε=  where j
j

ki
i
k bax φφ +∈  

 
[ ]( )x∗= ε  where j

j
ki

i
k bax φφ +∈ . 

On the other hand, 
 

( )[ ]( ) ( )[ ]( )jMiM bfaf
ji

∗∗ ⊕ εε [ ]( ) [ ]( )ji ba ∗∗ ⊕= εε  
 

[ ]( )x∗= ε  where [ ] [ ] [ ]ji bax +∈  
 

                                                      [ ]( )x∗= ε  where ,j
j

ki
i
k bax φφ +∈ for jik ,≥ . 

Thus 
 

( )[ ] ( )[ ]( )jMiM baf
ji

∗∗ ⊕ εε ( )[ ]( ) ( )[ ]( )jMiM bfaf
ji

∗∗ ⊕= εε . 
 
Also, we have  
 

( ) ( )[ ]( ) ( ) ( )[ ]( )iMiM arfarf
ii

∗∗∗∗ °=° εγεγ  
 

                                                                              ( )[ ]( )xf
iM

∗= ε  for irax∈  
 
                                                                              [ ]( )x∗= ε  for irax∈ , 
and 
 

( ) ( )[ ]( )iM afr
i

∗∗ ° εγ ( ) [ ]( )iar ∗∗ °= εγ  
 
[ ]( )iar∗= ε   

                                                                       [ ]( )x∗= ε  for [ ] [ ]iarx ∈  
 
                                                                       [ ]( )x∗= ε  for irax∈ . 

So ( ) ( )[ ]( ) ( ) ( )[ ]( )iMiM afrarf
ii

∗∗∗∗ °=° εγεγ .  
 

Proposition 3. 4. If 
iMia ω∈ then ( )[ ]i

*
M a

i
ε is the zero element in ( )∗

iMi /Mlim ε  and [ ]
iMlimia ω∈ . 

 

Proof. Suppose that ( )[ ] ( )[ ] [ ]Xbεaε jji MiM =⊕ ∗∗ where ( ) ( )jM
j

kiM
i

k baX
ji

∗∗ ⊕= εφεφ **  for jik ,≥ . 

So, 
 

( ) ( ) ( ) ( )jM
j

kjM
j

kMjM
j

kM
i

k bbbX
jjkji

∗∗∗ =⊕=⊕= εφεφωεφωφ **** . 
 
Using Theorem 3.3, we obtain [ ]( )ia∗ε is zero element in ∗ε/Mlim i , and so [ ]

iMlimia ω∈ .  
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Lemma 3. 5. (Corollary 3.7, [7]). Let M be an vH -module over an vH -ring R . Then Mω is an 
vH - submodule of M .  

 
Corollary 3. 6. Let ( )i

jiM φ,  be a direct system of vH - modules over an vH -ring R  indexed by a 
directed set I. Then ( )

iMi

i
jM , ωφω is a direct system and ∗εω /lim

iM  is a zero module. 
 
Proof. Using Theorem 3.3, ∗εω /lim

iM ( ) ./lim
ii MM

i
0=≅ ∗εω   

 
Lemma 3. 7. [ ]{

Ki Mi
i
kiiiMlim a,Maa ωφω ∈∈= U , for some }ik ≥ . 

 
Proof. It is clear and omitted.  
 
Theorem 3. 8. Let ( )IDir be the category of all direct systems of vH -modules and strong 
homomorphisms over directed set I , mR be the category of left vH -modules and strong 
homomorphisms over an vH -ring R. Suppose 
 

( ) mIDir:lim R→ , 

 
{ } [ ]{ }ii

ji FaaF Ua ∈|,φ  
 

and when } }{{ i
ji

i
ji CFt φφ ′→ ,,:  is a natural transformation, ii ClimFlim:ttlim →=

r
, where 

ii Faa ∈= , and [ ]( ) [ ]iiatat =
r

 where iii CFt →: , Then lim  is an exact functor. 
 
Proof. It is easy to see that lim is a functor. We prove that if } } }{{{ i

ji
i

ji
i
ji CBA φφφ ′′→′→ ,,,  is a sequence 

of morphisms of direct systems over I , such that ( )∗→→→→
i

iiii

i C
u

i
s

i
t

i
n

A CBA ωω  is 

exact for each Ii∈ . Then 
ii Clim

u
i

s
i

t
i

n
Alim ClimBlimAlim ωω →→→→

rrrr

 is an exact 
sequence of vH -modules. 
 
i) nImtker rr

= . 
 

Suppose [ ] ta
r

ker∈ , then [ ]
iBlimat ω∈

r
. Let ii Aaa ∈= , then [ ] [ ]

iBlimiiatat ω∈=
r

, which 
implies ( )

kBii
i

k at ωφ ∈′  for some ik ≥ , and so ( )
kBi

i
kkii

i
k atat ωφφ ∈=′ . The sequence ( )∗  is exact 

for every i , so ki
i
k nIma ∈φ , and thus 

kAi
i
k a ωφ ∈ , so  

 
[ ] [ ] nImlimaa

iAi
i
ki

r
=∈= ωφ . 

 
Conversely, if [ ]

iAlima ω∈ , then 
iAia ω∈  and so 

iBiiat ω∈ which implies 
[ ] [ ]

iBlimiii atat ω∈=
r

. Therefore [ ] tKerai

r
∈ . 

 
ii) tImsKer

rr
= . 

 
Suppose [ ] [ ] sKerbx i

r
∈=  then [ ] [ ]

iClimiii bsbs ω∈=
r

. Therefore 
kCii

i
k bs ωφ ∈′′  for some 1≥k . 

We have 
kCi

i
kkii

i
k bsbs ωφφ ∈′=′′ . Since ( )∗  is exact for every i , we conclude that: 

kki
i

k tImsKerb =∈′φ  and so there exists kk Aa ∈  such that i
i

kkk bat φ ′= . 
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Thus [ ] [ ] [ ] [ ]ii
i
kkkk bbatat === φ

r
, and [ ] tImbi

r
∈ . 

Conversely, [ ] [ ]( ) [ ]iiiiii atsatsats o
rr

o
r

== . Since ( )∗  is exact, 
iCiii ats ω∈o , so 

[ ]
iClimiii ats ω∈o . Thus [ ]

iClimiats ω∈
r

o
r

and sKertIm rr
⊆ . 

iii) sImuKer rr
= .  

The proof is similar to (ii).  
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