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Abstract — The largest class of algebraic hyper structures satisfying the module like axioms is the H -
module. In this paper, we consider the category of F -modules and prove that the direct limit always
exists in this category. Direct limits are defined by a universal property, and so are unique. The most
powerful tool in order to obtain a module from a given /1 - moduLe is the quotient out procedure. To use
this method we consider the fundamental equivalence relation & , and then prove some of the results
about the connection between the fundamental modules, direct systems and direct limits.
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1. INTRODUCTION

The theory of hyper structures was introduced by Marty in 1934 during the 8™ Congress of the
Scandinavian Mathematicians [1]. A hyper structure is a non-empty set H , together with a function
HxH — P° (H ) called hyper operation, where P” (H ) denotes the set of all non-empty subsets
of H . Marty introduced hyper groups as a generalization of groups, and then many researchers began
to work on this new field of modern algebra and have since developed it. Some basic definitions and
theorems about hyperstructures can be found in [2, 3]. The concept of H -structures constitute a
generalization of well known algebraic hyper structures (hyper group, hyper ring, hyper module and
so on) where the axioms are replaced by the weak ones. That is, instead of the equality on sets, one
has non-empty intersections. 1 -structures were first introduced by Vougiouklis in the Fourth AHA
Congress (1990) [4]. The basic definitions and results of the object can be found in [5]. This concept
has been further investigated in [6-14]. We recall the following definitions from [5] for the sake of
completeness.

Definition 1. 1. A multivalued system (R,+,-) is called an H  -ring if the following axioms hold:
1. (R,+) isan H -groupi.e.,
(x + y) +zNx+ (y + z) # ¢, forall x,y,z € R (weak associativity),
a+R=R+a=R forall a € R (reproduction axiom).
2. (x-y)-zNx-(y-2z)# ¢, forall x,y,z € R.
3. (-)is weak distributive with respect to (+), ie, forall x,y,z€e R

x-(y+z)N(x-y+x-2)#d, (x+y)zN(x-z+y-2)# 4.

“Received by the editor February 16, 2003 and in final revised form March 15, 2004
**Corresponding author



268 M. Ghadiri/ B. Davvaz

Definition 1. 2. M is a (left) A -module over an H -ring R if (M, +) is a weak commutative H -
group and there exists a map -:RxM — P° (M ) denoted by (r,m) — rm such that for
allr,, r, € Rand m;, m, € M , we have

n (ml +m2)ﬂ(r1 m +”1m2)¢¢’
(rl +r2)m1 ﬂ(rl m,+r,m)#¢,
(rry)m, 1 (rym) = @.

Definition 1. 3. Let M, and M, be two H -modules over an /- ringR. A mapping
f M, > M,is called a strong homomorphism if, for all x,y € M, and for all» € R, the following
relations hold:

S+ y)=f )+ £ (). flx)=1f (x).

If there exists a one to one strong homomorphism from M ontoM,, then M, and M, are called
isomorphic.

In this paper, we assume 9 to be the category of / -modules over an [ -ring R with strong
homomorphisms, and consider the direct system and direct limit of 8 and prove some of the results in
this connection.

2. DIRECT SYSTEM AND DIRECT LIMIT OF H - MODULES

A partially ordered set [ is said to be a directed set if for each pair i, j in [ there existsk € I, such
that i <k and j < k. Let [ be a directed set and 3 the category of H -modules over an H  -ring
R with strong homeomorphisms. Let (M ; )ie /
pair i,j in [ such that i < j, let ¢; :M,; — M ; be a strong homomorphism and suppose that the
following axioms are satisfied:
1. ¢ is the identity for all i € I
2. ¢ = ¢,§¢j’ whenever i < j < k.
Then the H -modules M, and strong homomorphisms ¢1’ are said to be a direct system
M =(M,,¢;)over the directed set /.

Let M =(M,,¢;)be a direct system in 9. The direct limit of this system, denoted by limM, is
an H -module and a family of strong homomorphisms ¢, - M; — limM, with a, = a ;¢; whenever

be a family of H -modules indexed by /. For each

i < j satisfying the following universal mapping property:

Fig 1. commutative diagram for direct limit
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for every H -module X and every family of strong homomorphisms f, : M, > X with
fi= fj¢j’ , Whenever i < j, there is a unique strong homomorphism /£ : [im M, — X making the
above diagram (Fig. 1) commute.

Note that the construction of the direct system and direct limit are similar as in the usual group
theory and modules. (See [15, 16]). Also, already Leoreanu [17-19] and Romeo [20] wrote on direct
limits of hyper structures. But in this paper, we consider the previous known facts from another point
of view.

Let X be the disjoint union U M,, defining an equivalent relation on X by
a,~a;,a €M, a;, € M, if there exists an index k =i, j with dia, = ¢,faj. The equivalent class
of a, is denoted by [ai]. Suppose that )% is to be the set of all equivalent classes. It is clear that
a;, ~ ¢;aj for j =i inAX/~ . Now, for » € Rand [al.], [a,-]e )% we define:

[ai](@[aj]:{[x]\xeak +aj where a, =@ja,,a, =@/a, forsome k>i,j}, and
re [ai]z{[xerrai}.

Lemma 2. 1. @ and ° defined above are well-defined hyper operations.

Proof. Suppose [ai]z [bs] and [a;.]=[b,'], then by definition there exists k, >i,s and k, > j,t
such that
d.a,=¢.b, and ¢la’ = . b.
Now, we have
[x]e [ai]@[a;]a X € d; a, + ¢/ a’, forsome ky 21, j

S xedia, +¢kja; for some k > k,,k,,k,
S xedda+d>¢ld

S xed dib +P b

< xedb, + @b

o [x]e(p, J@[p!].

So @ is well defined. If 7 € R and [a,|= [a}] , then there exists k >, j such thatg,a, = ¢/a’,.

So r¢ya, =r¢]a’,, which implies ¢, (ra,) =@/ (ra;). Hence [ra,|= [ra; and so ° is also well
defined.

Theorem 2. 2. (XN ,®)isan H  -group.
Proof. Suppose [a, ], [a;. ], [a"]e )% and k > 1, j,t. Since M, is a weak associative we have

((¢,iai + ¢,{a')j + ,ﬁat")ﬂ (¢,ﬁai +( al + ,ﬁa")t);t .
(la]el el n(la]e(la]el]) - ¢.

Therefore ()% ,@)is a weak associative. Now we prove the reproduction axiom. Suppose
[a.], [a}]e )%, then for k i, j we have ¢a, =a, e M, and ¢/a’ =a, e M,.

So
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Since (M,,+) is an H -group, then there exists a € M, such that a, ca) +a.
So by definition we have [q, | e [a]]|® [a]]= [a’. ]6—) [a]] , which implies that [ai] € [a}]@ X /. Thus

¥/ -lJe /. f
Theorem 2. 3. ()% ,®,° ) isan H -module over R .
Proof. Suppose 7, 7, € Rand [q,], [a/]€ X/ and k> 1, j . Inthe H,-module M, we have
ngla,+9la N lidia, +ngla, )= 9.
(r+1)dia Nlngia, +rngia,)# ¢
(nr)dia, Nrlrgla,) = 6.
Therefore
e ()@ la )Nl [a]ene [a)]) =4,
(r+n)° [@]N6e [a]@ne [a])= 4,
(nr)° e JNne (o fa])= 4.

Theorem 2. 4. Let (M i ¢;) be a direct system of /1 -modules indexed by / . Then the A, -module
X/ is limM, .

Proof. Define o, : M, — ‘X/N given by a, > [al.] , and consider the following diagram (Fig. 2):

Fig. 2. Commutative diagram

So a_/.( ;ai)=[ ,;a;]= [a,]= e, (a,). Therefore aj¢; = «,, hence the diagram is commutative. Now let
M be an H -module and { fl| f,: M, = M}a family of strong homomorphisms with f, = f e
Now, we define S : X/~ — M by [a,] f.a,.We show that S is a strong homomorphism and so
the universal mapping property holds. First we show that £ is well defined. Suppose [a,. ] = [b ] , then

J

there exists k > i, j such that ¢;a, = ¢/b,. Then f,f,a, = f,¢/b and so f,a, = f;b,. Therefore

p is well defined. Now let [ai],[bj]e A% and r € R, then
ﬂﬁ[ai]@ [bj])z {ﬁ( [x]) | x € a, +a, where a, = ¢ja,, a; = /b, for some k > ij}

’ 4l ' 4 PR
ﬂx|x €a, +a, where a, =¢,a;, a; = $/b; for somek >1i,j}
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= f,(a, +a}) where a, = $ja,,a, = ¢/b,
= frar + fra;
= fidia, + f.8]b,
= fia, +[b,
= Bla])+ B(]p,])

And
ﬁ(ro [ai]):ﬂ([raz]):fi(rat):’ft(az)z rﬂ([ai])'

Therefore /3 is a strong homomorphism and fa; = f,.

%
3. FUNDAMENTAL RELATION & AND DIRECT SYSTEMS

Every H -structure “hides” a corresponding structure. This structure is obtained from the /-
structure by quotienting out the fundamental relation B°,7" or&”. Therefore if H is an H -group
(H -ring, H -module), then H/[3"is a group (H /y"is a ring, H/&"is a module, respectively).
The above corresponding structures are the fundamental ones.

Consider the (left) / -module M over an H -ring R. According to [5], let U denote the set of
all expressions consisting of finite hyper operations applied on finite subsets of Rand M . A relation
&, can be defined on M , whose transitive closure is the fundamental relation &,,. The relation &,, is
defined as follows: for all x,y e M, x¢g,,y if and only if {x, y}g u for some u € U. Suppose
y*(r) is the equivalence class containing r € R andé&), (x)is the equivalence class containing
x € M.The sum @ and the external product ° using the y classesin R on M /¢&,, are defined as
follows: for x,y € M and for all » € R,

&y (x)@ &y (y) =&, (c) forall c €€}, (x)+ €y (y) ,

7 (x)° &, (x)=¢,(d) forall d € y*(r) &}, (x).

The fundamental relation &€, on M over R is the smallest equivalence relation such that
M /¢,, is a module over the ring R/y", (see [5]). If ¢: M — M /&, is the canonical map, then
the kernel of ¢ is called the core of M and is denoted by @,, . Therefore @,, = {x eM |¢(x) = 0},
where o is the unit element of the group (M /&,,,®). One can prove that the unit element of the
group (M/é‘;[,@) is equal to @,, ,ie., @, D¢, (x)=¢,(x)Dw, =&, (x), forall xe M .

Proposition 3. 1. Let (M l,¢;) be a direct system of /1 -modules over an / -ring R indexed by a
directed set / . Then \M, / 6‘;,1 , ¢;’ is a direct system of modules over the ring R/y ", where
¢ M, ey > M, /g,
& (a,)~ 8;/,‘/_( ;ai).

Proof. By Lemma 3.1 of [7], (M,/e;/,i,fi) is a family of R/y"-modules and R/y"-

) J
homomorphisms. It is clear that ¢, is the identity for all i € /. Now, for i < j < k, we have
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(64) (3, (@)= :'(e3, 0) = 3, (g, )= 3, (60} )a)
=6, (00 )=00 (el (9ja )= 606,61, (a)
Therefore (¢/¢) = ¢ = ¢,/
Propostion 3. 2. Let [¢,].[b, ]e X/ . as described in Section 2, we define [a,]6[b,] if there exists

k>1i,j suchthat ¢;a,s, ¢/b,,then 6 = Ex/ -

Proof. Let [q4,]e, [b_], then there exist #,---,7, € Rand ¢,---,¢, € UM, such that

n

L
{[ai],[bj]}g rl[tl]+-~+rm[tm]. Suppose #, € M, ,---,t, € M, and k 2i,i,, --,1,,1, j. Then

m?

’i[tl]+"'+7m[tm]=r1[¢,?t1]+---+rm[¢,j"tm]
=[] | v e g+t gint, )

and so {[¢,§ai],[¢,{ibj]}g{[x] |x e dint, +-- +¢,ﬁ”’rmtm}. Now, for some n>k, we obtain
¢,’;ai,¢,{bj}g Pint, +---+ @7 t, which implies that ¢;ai8M”¢,{bj . Hence [ai]H[b/_].

m-m

Conversely, if [ai]H[b/], then there exists k =17, j such that ¢,ial.8Mk /b ;and so there exist
t,,t, €M, cUM,and r,,--,r, € R such that
{¢llcal’¢kjbj}g rltl +eeet rmtm .

so {|gia,].lb, |} rlt ]+ -+, [t,,] which implies [ai]e)% [b,] Thus ¢ = £/

Theorem 3. 3. Let (M i ¢;) be a direct system of / -modules over an / -ring R indexed by a
directed set 7, and let &” be the fundamental relation of /imM . Then

lim(M, /&), ) ~ (h_m Ml.j/g*.

R/y"
Proof. We define f : li_m(Ml. /5,’(4’)—> gllrg M, |/& by [5;4,. (ai )]H g*([ai])' Then
e(la]) =& (b)) gia e, 0
o ey, (pia )=, (0/0,)
< ¢Zi5;4, (ai) = ¢/:j5;4_,- (bj)
= len(@)l=l ().

Therefore f is well defined and one to one. Now, we have

@)@ e, 6)]) = £l @)@ a7 5, 6] ) forsome k=1,

, for some k 21, j

Iranian Journal of Science & Technology, Trans. A, Volume 28, Number A2 Summer 2004



On the other hand,

Thus

Also, we have

and

So f()/*(r

Direct system and direct limit of...

- (e, (6a) @ &, (g ,)])

= f([g;}k (¢,’{ a; + ¢/ bj)])
- o) i it +

=&"([x]) where x € ¢} a, + §/ b,.

f([gM ([‘QM '])_‘9 [a])@g*([bj])
o (1)) e [ o

=&"([x]) where x € gla, + ¢/ b, for k=1, .

10 e @)=l ) &, (a)])

:f([SL(X)]) for x € ra,
=€*([X]) for x era,,

70 £l @)]) =7 () & ([a])

(r[ai )

& ([x]) for [x]er[ai]
K

£ [x]) for xera,.

=&

)° I @)])=7 ) 1(les, (@)])

273

Proposition 3. 4. If @, € @,, then [gM (a )] is the zero element in llm(M / &y, ) and [a,]e Dpi 1, -

Proof. Suppose that [8;[" (al.)]@[g;lj (b/ )]: [X] where X =¢,'s;, (a,)® ¢Zj8;4j(bj) for k>1i,j.

So,

Using Theorem 3.3, we obtain & ([al. ] )1s zero element in Jim M, / ¢, and so [ai] €W, -

Summer2004

X =4 (0, )@ ¢, (b,)= 0, @47e b,)=9"¢) b,).
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Lemma 3. 5. (Corollary 3.7, [7]). Let M be an H -module over an /H  -ring R. Then ®,, is an
H - submodule of M .

Corollary 3. 6. Let (M l,¢;) be a direct system of /- modules over an / -ring R indexed by a

. i . . . P
directed set 1. Then an , ¢ |y, )15 2 direct system and lim @, / &" 1s a zero module.

Proof. Using Theorem 3.3, limw,, /&" = li__m(a)Mi /&y )= 0.
Lemma3.7. @,,, = {[ai] | a; € UMi,¢,fal. € w,, ,forsome k2= i}.
Proof. It is clear and omitted.

Theorem 3. 8. Let Dir(] )be the category of all direct systems of /4 -modules and strong
homomorphisms over directed set /, ,m be the category of left /H -modules and strong
homomorphisms over an H  -ring R. Suppose

lim : Dir(I)— ,m ,

.0 {[a]lacUF}

and when ¢: {E, j’}—> {Ci,¢j'.i} is a natural transformation, limt =1 :lim F, — lim C,, where

a=a,eF, and f( [a] = [tl.al.] where ¢, : F;, = C,, Then [im is an exact functor.

Proof. It is easy to see that [im is a functor. We prove that if { 4,¢;}_>{ B.4! }_>{C¢ﬁ]”} is a sequence

1 1 i tl v! gl 1
of morphisms of direct systems over/, such that @ >4, B, ——C ——>a, (*) is
exact for each i € I . Then ®,,,, ——>lim A, ——lim B, ——1limC,—— ®,,, is an exact

sequence of / -modules.
i) kerf =Imn .
Suppose [a] e ker? , then f[a] € W, - Let a=a, € 4, then f[a]z [tiai]e @y;,, 5, » Which

implies ¢/ (z,a,) e @, for some k 21, and so ¢ (ta)=tpla e @, . The sequence (¥) is exact

for every i,s0 ¢ia; € Imn, , and thus ga, € @, , so
[a,]= [¢,ﬁa,]e limo, =Imi.
Conversely, if [a] €limw,, then a€ew®, and so ta, €w, which implies
f[al.] = [tial.] € @, - Therefore [ai] e Kert .
ii) Kers = Imf .
Suppose [x]=[b,] € Kers then §[b,]=[s.b]e @,y ¢, - Therefore ¢;'s;b, € w., forsome k>1.

We have ¢/'sb, =s,4'b € w . Since () is exact for every i, we conclude that:

#'b, € Kers, = Imt, and so there exists a, € A4, such that ¢,a, = ¢;'b

i
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Thus 7[a, |=[t,a,]= [¢,§b,]= [,], and [b,]€ Im7 .

Conversely, §of|a,]=5([t.a,])=[s,0t.a,]. Since (x) is exact, s,0ta,¢ @c , SO

[s.0t.a.]e @y, - Thus 5 o fla,]e @y, and Imt < Ker's .

iii) Keru =Ims .

10.
11.
12.
13.

14.
15.
16.
17.
18.

19.

20.

The proof is similar to (ii).
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