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n
Abstract — In this paper, strong laws of large numbers (SLLN) are obtained for the sums Z X, , under

. " . .. . i=1 .
certain conditions, where {X, ,n > 1} is a sequence of pairwise negatively dependent random variables.
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1. INTRODUCTION AND PRELIMINARIES

In many stochastic models, the assumption of independence among random variables (henceforth
r.v.’s) is not plausible. In fact, increases in some r.v.’s are often related to decreases in other r.v.’s,
and the assumption of pairwise negative dependence is more appropriate than the independence
assumption. Let {X ,n>1} be a sequence of integrable r.v.’s defined on the same probability space,
and put S(n) = Zn:X . and X, =S (n)/n . Chandra and Goswami [1] modified Kolmogrov 's SLLN
(Theorem 5.4.2 (;?Chung [2]) and the SLLN of Landers and Rogge [3] for pairwise independent r.v.’s
which are not necessarily identically distributed and satisfy certain moment conditions. Matula [4] has
proved the SLLN for pairwise negatively dependent r.v.’s with the same distribution. Bozorgnia et al.
[5] obtained the SLLN for weighted sums of an array of rowwise negatively dependent r.v.’s under
certain moment conditions. Amini [6] has proved the SLLN for special negatively dependent r.v.’s
and for weighted sums of uniformly bounded negatively dependent r.v.’s. He has also proved the
WLLN for special pairwise negatively dependent r.v.’s. In this paper, we extend some of the

theorems of SLLN of Chandra and Goswami [1] for pairwise negatively dependent r.v.’s which are

not necessarily identically distributed, but satisfy certain moment conditions.
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Definition 1: The random variables X ,,---, X, (n > 2) are said to be pairwise negatively dependent
(henceforth pairwise ND) if

P(X,>x,X,>x,)<P(X, >x)P(X, >x,), (1)

forall x;, x; € R ,i# j. It can be shown that (1) is equivalent to

P(X, <x,X,<x,)SPX, <x)P(X, <x,), )
forall x;, x; eER,i#].

Definition 2: The random variables X ,---, X, (n > 2) are said to be negatively associated (NA for
short) if for every pair of disjoint nonempty subsets A4, , 4, of {l,...,n},

Cov(f(X,,ie d), [,(X,,ie 4,))<0 3)

whenever f|and f, are coordinatewise increasing (or decreasing) such that this covariance exists.

An infinite collection of {X ,n>1} is said to be pairwise ND (negatively associated) if every
finite subcollection is pairwise ND (negatively associated).

It can be shown that N4 implies pairwise ND and for n =2, pairwise ND is equivalent to NA
(See Property P, of Joag-Dav and Proschan [7]).

Lemma 1([6]): Let{X ,n>1} be a sequence of pairwise ND r.v.’s. If {f, ,n =1} is a sequence of
Borel functions, all of which are monotone increasing (or all are monotone decreasing),
then{f (X,),n =1} is a sequence of pairwise ND r.v.’s.

Corollary 1: Let {X,,n>1} be a sequence of pairwise ND r.v.’s. Then {X,,n>1} and
{X, ,n >1}are two sequences of pairwise ND r.v.’s where X and X, are the positive and the
negative parts, respectively, of the random variable X, .

The theorem below can be obtained from the arguments of Csorgo et al. [8].

Theorem 1([1]): Let {X, , n > 1} be a sequence of non-negative r.v.’s with finite Var(X ). If

@) Sup[Zn:E(Xk)/f(n)}=C<oo,

nzl | r=1

(ii) there is a double sequence {p; } of non-negative real numbers such that
Var(S(n)) <)Y p, foreach n>1,

i=1 j=1

(iii) ZZpy I(f(iv ) <o, iv j=max(, ).

i=l j=1
Then

[S(n)—E(S(n))]/ f(n) >0 as. as n—> 0.

Iranian Journal of Science & Technology, Trans. A, Volume 28, Number A2 Summer 2004



The strong law of... 213

2. MAIN RESULTS

In this paper, C stands for a generic constant not necessarily the same in each appearance. Also,
{f(n)} will stand for an increasing sequence such that f(n) > 0 for each nand f(n) > o0.

In this section, we extend some limited theorems for pairwise ND random variables with finite
variances and certain conditions.

Theorem 2: Let { X, n>1} be a sequence of pairwise ND r.v.’s with finite Var(X ). If

(@) Sup{zn: E(X, - E(X, )|)/f(n)} <oo,

nxl1

and

() i:(f(n))f2 Var(X,) <.

n=1

Then
[S(n)— E(S(n))]/ f(n) = 0 as. as n—> oo,

Proof: Weput ¥, =(X, —E(X,))" and Z, =(X, - E(X,)) , n>1. It s sufficient to show that
as n — o,

) D - EE) > 0as.and (f() ' DZ, - EZ) > 0as. @)

Since E(Y,) < E|Xn -E(X, )| (n>1), it follows that condition (i) of Theorem 1 is valid for
{Y.} . Similarly, it is valid for {Z, } . Under the pairwise ND condition we have

n n

Var(iY,)SiVar(Y,)SiVar(Xi):ZZpij n>1,
i=1 i=1 i=l1

i=l j=1

where p, =Var(X,),i=j and p;, =0 for i # j.It follows from Theorem 1 that

1 n
—)> Y. -EX,)—>0 as.
S (n) Z:I:
Replacing X, by W, =-X, and Z, =(X,—E(X,)) by Z, =(W,—E(W,))" one gets the second
part of (4). Since

(¥, - E(Y)-3(Z, - E(Z,  E(Y) - Y E(Z,
S(n)_E(S(n)):;(, (X)) ;( i —E( ,))+(; ¥)) le (Z,)
Q) Q) f(n)

S(n) - E(S(n))

AQ)

El

we have — 0 as.

Summer 2004 Iranian Journal of Science & Technology, Trans. A, Volume 28, Number A2



214 A. Bozorgnia / et al.

Example 1: Let {X, ,n>1}be a sequence of iid random variables and f(n)=a", a>1.1tis
S(n) - E(S(n))

S (n)
Example 2: Let {X,,n>1} and f(n)be as above, ¥ =—a X ,a, >0 and a, =0n”), f>0.Put

n n n“>nd

Z,, =X,,2Z,,,=Y, and S(n)= ZZ,. . It is obvious that {Z, }is a sequence of pairwise ND

i=1

obvious that conditions of Theorem 2 hold and we have — 0 as.

r.v.'s.

sup{i E(Z, —E(Z,))/ f(2n)} = SEP{Z”: E(X, —EX,)|/ f(2n)}

n2l | j=1

+ZnE(|“ka ~E(a, X))/ f@n)]

= sup[E(|X1 -E(Z, )|)(n + Zak)/f(2n)} < o0,
n=1 k=1
It is easy to show that Condition (a) of Theorem 2 holds. Also

i(f (W) *Van(Z,) = (f@n)*Van(Z,,)+Y (fQn-1)Van(Z,,,)
= i:(f(Zn))f2 Var(X,) +i (f2n-1))7 a,fVar(X]) < o0,
S(n) - E(S(n))
S (n)

Theorem 3: Let {X, ,n>1}be a sequence of pairwise ND integrable r.v.’s and {B, ,n>1} be a
o) or (x,,)) satisfying the following

Then, by Theorem 2, — 0 as.

sequence of semi intervals (—oo,x,) ((—0,x,], [x

n?’

conditions:
(a) )iCnP(Xn €B)<w where C, =1v(%)2 ,
® Y EXIX, € B))=o(f(n),
© D) Var(X,I(X, € B)<,
n=1

and

(d sup[ZE(|Xk|I(Xk €B,)/ f(n)]<x,

nzl g
here B, is the complement of B, . Then
[S(n)— E(S()))/ f(n) >0as. as n—> 0.
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Proof: Let Y =X I(X,€B )+x,I(X,€B;,), n=>1.By Lemma 1, {Y,} is a sequence of pairwise
ND r.v.’s. By (a), (c) and (d), Theorem 2, applied to {Y,}, yields (f(n))™ i(Y, —-E;)) >0 as.
as n—> . By (a) and (b), we get (f(n))’lzn: Y -EX,)—>0 a.;flas n — . Since, by
condition (a) the r.v.’s {X, ,n =1} and {¥, ,nl; 1} are equivalent, hence by (a) and the first Borel-

Cantelli lemma, the desired result follows.

The next theorem is an analogue to Kolmogrov's classical SLLN for independent and identically
distributed r.v.’s. Our intention is to replace the conditions of independent and identical distribution
by suitable weaker conditions of simple nature.

Theorem 4: Let {X, ,n > 1} be a sequence of pairwise ND r.v.’s and set
G(x) =sup P(|X,|>x) for x>0.1f

nxl

jG(x)dx <o, (5)
0
then n’IZ)/l.(Xl. —E(X;))—>0 as. as n—> o for each bounded non-negative (or non-positive)
sequencel{jlf,1} .

Proof: Put ¥, = X, and Z, = X, (n>1). It is sufficient to show that as n — o,

(Y7, (Y, = E(Y) > Oas,and (0)' Y 7,(Z, — E(Z,)) > Oas. (©)

i=1 i=1

Also, it is sufficient to prove the first part of (6) for y, =1. To this end, we use Theorem 3 with
B, =(—o,n] forall n>1.1tis obvious that C, =1 forall n>1. Since

iP(Yn € BY) =iP(Yn >n) < iP(IX,,I >n) < iG(n) <o,
n=1 n=1 n=l1 n=l1

it follows that condition (a) of Theorem 3 is valid for {¥ ,n >1} . To verify condition (b), note that for
any non-negative random variable Z and a >0,

E(ZIZ>2a)=aP(Z>a)+ TP(Z > x)dx .
Hence
EY,I(Y, >n) < E(X,|[I(X,|>n)<nP(X,|>n)+ TG(x)dx -0,

so that condition (b) holds for {¥ ,n>1}. Obviously, condition (d) holds for {Y¥ ,n>1}. To obtain
the first part in (6), it remains to verify condition (c).

Summer 2004 Iranian Journal of Science & Technology, Trans. A, Volume 28, Number A2



216 A. Bozorgnia / et al.

in‘zE(YfI(Yn <n))= in‘ZTP(YfI(Xn <n)>x)dx

n=l1 n=l1 0

- in_z ( jo P(x <X, <n))dx < in*fz Y(P(X, > y))dy

n=l1 0

<Y 20 [yG(dy =23 n [ yG(y)dy
n=1 0 i-1

i=l n=i

0 1 i
< 2(:2; [yG(y)dy <.
i=1

i-1

The next theorem is an analogue of SLLN of Chung [9]; for other related results, it may be
interesting to review Chung’s paper [9].

Theorem 5: Let{X, ,n>1} be a sequence of pairwise ND r.v.’s,{a, } be a sequence of positive

n

(n)

constants such that { } is a bounded sequence and

1 n
S,E?[W;Eq)(kmm <a, ))} < oo,

Let g, : (0,00) = (0,%0) be a sequence of functions, g, (0) being defined arbitrarily, such that
for each n >1

i) LG S g"—(zx) 3
X X
and
) = E(g,(X,))
& ZI: g.(a,) =
Then
[S(n)—E(S(n))|/ f(n) —>0as. as n— .

Proof: We use Theorem 3 with B, = (-,a,],a,>0. Put ¥, =X and Z,=X,, n21. It
suffices to show that as n — o0,

@) D0 -EG) > 0as, and (f0)'D(Z - EZ)—>0as. ()

It is obvious that C, <C for all n > 1. Also it is sufficient to prove the first part of (7). To verify
condition (a) note that

Xﬂ

3C,P(, >a,)<CY P(X, > g,(a,) <.
n=1

n=l1

>a,)<CY P(g,
n=1
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Next, note that

Xl
fU Celx

n

ZE(Y I(Y,>a,)] f(n)) < Z

)gn(

0

X
Zﬂ)(p@”

so that condition (b) is followed by Kronecker lemma (see Page 123 of Chung [2]). Condition (c)
follows, since

) 2

i Y
E(Y?I(Y <a YIY_
EUU)(”“ gfm) g, S =)

2

e a; Eg,(
<
Z; fin) g,(a,)

It follows that the first part of (7) holds.

Corollary 2: If {X, ,n >1} is asequence of N4 r.v.’s, then Theorems (2-5) are valid.
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