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A STUDY ON TIME-LIKE COMPLEMENTARY RULED
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Abstract — For the first time in the Minkowski space, an R|" time-like complementary ruled surface is
described and relations are given connected with an asymptotic and tangential bundle of the time-like
complementary ruled surface. Furthermore, theorems are given related to edge space, central space and
central ruled surface of this complementary ruled surface.
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1. INTRODUCTION

(k + 1)—dimensional ruled surfaces and their invariants have been studied in n-dimensional Euclidean
space E" [1-3]. In reference [4], complementary ruled surfaces and the definitions and theorems for
these surface edges and central spaces have been investigated.

Taking Minkowski space R|' instead of Euclidean space E", (k + 1)—dimensiona1 ruled
surfaces and the definition and properties of their edge and central spaces have been explained in
references [5, 6]. Furthermore, in reference [7], (k —-m +1)—dimensional time-like central ruled
surfaces have been investigated for the first time in Minkowski space R, .

In this study we have studied time-like complementary ruled surfaces and their tangential and
asymptotic bundles in R/, and their related results have been obtained. Theorems related to edge
spaces, which are produced when the dimension of tangential bundle is equal to the dimension of
asymptotic bundle, have been given. Moreover, for the case of inequality for the dimensions of these
bundles, central space is produced and their theorems are also given.

2. PRELIMINARIES

We shall assume throughout the paper that all manifolds, maps, vector fields, etc,... are differentiable
of class C”. Let V' be areal vector space. A bilinear form on V' is a bilinear function

(,):VxV >R

and we consider only the symmetric case: <\7 , Vv> =(Ww, \:> for all v,we IZ If a symmetric bilinear
form < , > on V' is positive (negative) definite provided v #0 implies (v, v> >0 (< O) and non-
degenerate provided (v,w)=0 forall weV implies v=0.If < , > is a symmetric bilinear form on
V", then for any subspace W of V' the restriction < , >| (W) 5 denoted merely by < , >| w » 18 again
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symmetric and bilinear. The index of a symmetric bilinear form < , > on V' is the largest integer that
is the dimension of a subspace W < V' on which < , >| w 1s negative definite.

Let R" be the n-dimensional vector space. The following symmetric, bilinear and non-
degenerate metric tensor is called the Lorentz metric on R".

n-1

<X,Y>=le.yl. -X,V, » Xz(xl,xz,...,xn), Yz(yl,yz,...,yn)
i=1

R" together with the Lorentz metric is called the n-dimensional Minkowski space and denoted by
R. A curve o in R is time-like curve if <d,0't> <0, where « is the velocity vector of «.
Further, the basic definitions and theorems related to the Minkowski space R, have been found in

[8].

Let a be a time-like curve and {91 (t), e, (t),...., e, (t)} be an orthonormal set of vectors spanning
the k -dimensional subspace E, (t) of T, (a(t)). We get a (k + 1) -dimensional surface in R, if the
subspace £, (t) moves along the curve @ . This surface is called a (k+1) -dimensional time-like
ruled surface and denoted by M . The curve « is called the base curve and the subspace E, (t) is
called the generating space at point a(t). A parameterization of this ruled surface is as follows

Mottt ity )= a0)+ S0, 0).

i=1

Taking the derivative of ¢ with respect to and u, (1 <i < k) we get

{d(t)+ﬁu,.é,. (herhes(t)hne, (z)}

is a linear independent system, and the subspace £, (t) is a space-like subspace. We call
Sp{el,e2 yeees€) 581,85 ,.., €, }
asymptotic bundle of M with respect to E, (t) and denoted by A(t) . We have
dimA(t)=k+m, 0<m<k.
There exists an orthonormal basis of A(z‘) which we denote as follows
{el,ez, ..... ,ek,ak+1,ak+2,....,ak+m}.
The space

SPIe1+ €0 €41 €115 rnnnby 1)
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is called the tangential bundle of M with respect to E, (t) and it is denoted by T’ (t) It can be easily
seen that

k+m<dimT(t)<k+m+1,0<m<k.

Because of E, (f) is a space-like subspace and & is a time-like curve, if dim7(¢)=k+m,
then the asymptotic bundle A(¢) of M is a time-like subspace in R;". If dim T'(¢)= k + m +1, then
the asymptotic bundle A(t) of M is a space-like subspace of R|'. It is expressed that the tangential
bundle T (t) of the time-like ruled surface M is always a time-like subspace in R/", [6].

Theorem 1. Let M be a (k+1)-dimensional time-like ruled surface in R, and A(t) is an
asymptotic bundle of M. We can choose an orthonormal base {91 (t), e, (t),....,ek (t)} of E, (t) such
that the following relations are held,

k
& =Y a,e, +K,a,,, Kk, >0, 1<i<m
j=1

k
e, :Zasjej ,m+1<s<k.
J=

If diim 7'(¢) = k + m +1 we find that
aé A(t) = Sp{el’eZ"“’ek s A1y Aprnsees Ay }
In this case

{el 5€50e s € s Ay yneeens Ay ’ak+m+l}

is an orthonormal base of T (t) Hence, we can write for 77, ., #0

k m
dzzgiei +Z77vak+v +77m+1ak+m+l' (1)
i=1

v=1

For the arbitrary base curve P(t), it is quite possible to write

Taking the derivative of the last equation and if we substitute equation (1) and Theoreml, we
reach the following equation where the derivative vector P(Z) of points P which satisfy

Ku,+n,=0,1<s<m

are in the space Sp el,ez,...,e,(,d . Because x, >0, (1<s<m), there are m solutions of the
given system of equations, which” uniquely determine u_, (ISS < m) The remaining k —m
numbers of u, can be chosen arbitrarily. Therefore, the points P(t), which are found by these
remaining arbitrarily chosen u,’s, form a (k - m)—dimensional subspace of E, (t) This subspace is
called the central space of M and is denoted by Z,_, (t) Since E, (t) is a space-like subspace, the

central space Z,_, (t) is a space-like subspace, [6].
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Now we define a (k —-m+ 1)—dimensional ruled surface in the following way. The above found
central space becomes the new generating space which moves along the base curve a of M .
Because we considered a to be a time-like curve, and Z,_, (t) to be a space-like subspace, the
central ruled surface is a time-like ruled surface, [6]. The central ruled surface is denoted by 2.

Theorem 2. Let M be a (k +1)—dimensional time-like ruled surface in R"and Q be a (k -m+ 1)—
dimensional time-like central ruled surface contained in M . Now we complete the orthonormal
frame {31 (t), e, (t),....,ek (t)} of generating space E, (t) by an arbitrary orthonormal frame
a,m,a“z,....,a,”m,a“mﬂ,a“mﬂ,...,an} of the orthogonal complement, called a complementary

orthonormal frame. From the orthogonality conditions we obtain by differentiation, [7].

m n—k—m
= 7K€, +zriéak+€ twa . T z%gammm

in1 A2
m n—k—m
Aime1 = _Z Wil — Zﬂ/lak+m+l (2)
=1 =2
m n—k—m
Apvmee = zwgzakw + By + Botimis» 2SE<n—k—m.
=1 =2

A leading curve a of M is a leading curve of the central ruled surface Q if its tangent vector
has the form

k
d = z gjej + 77m+lak+m+l (3)
j=1

for n,.,#0, a,,,, is a unit vector well defined up to the sign with the property that
{el 3€5 e €4 s A5 A g ses Qg ,akﬂm} is an orthonormal frame of the tangent bundle of M .
Any leading curve P(t) with respect to the leading curve a(t) is given by

k—m

+ meﬂ mﬂ t)

s=1

differentiating the last equation and using Theorem 1, equation (3) we have

m

P(t) = Z(g[ + xm+s mﬂ k + Z gm+a m+3 m+s + 77m+lak+m+1 .

1=1

The points P(t) satisfying the equations ¢,  +x,, =0, (ISSSk—m) constitute

m+s

orthogonal trajectory of € time-like central ruled surface.

3. TIME-LIKE COMPLEMENTARY RULED SURFACES

For Vtel, orthonormal base {ak mias Qg +"M,....,an}, which completes orthonormal base of
{e,,ez,....,ek,a,m,cz,Hz,...,a,Wn,ct,wn+1 of tangential bundle T(t) of M to the base of
{el,ez,....,ek,ak+1,ak+2,...,ak+m,ak+m+1,...,an} of R/, is called complementary orthonormal base.
Since the space generated {el,62,....,ek,akﬂ,...,ahm,ahmﬂ} is a time-like subspace, the space

generated {akmﬂ,ak wmizsees@, § 18 @ space-like subspace. The orthonormal system
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{ahwz sy pazseeees } spans a (n —k—m-— 1)-dimensional subspace of tangent space 7, (a(t)) at
1
the point of a’(t) € R,". This subspace is denoted by F (t) and is given by

F(t) = Sp{ak+m+2 (t)a Apsms3 (t)r-" a, (t)}

As space-like subspace F (t) moves along the time-like curve « , using leading curve « of
(k+1)—dimensional time-like ruled surface M with central ruled surface €2, it generates a
(n—k —m)-dimensional surface which is not contained by M in R!'. This surface is called a
(n—k —m)-dimensional time-like complementary ruled surface of (k+1)-mled surface M and is
denoted by ¥, . For this ruled surface we can give the following parameterization

n—k—m

Y, (t,xz,x3,...,x,,_k_m) = 06(1)+ Zx},ak+m+l (t)
=2

The set of

X JxF " 5 E"

n—k—m

(t,x2 5 X350 Xy kom ) - X(taxza)% o3 Xy kom ) = Zx/lak+m+,1 (t)
=

produced by a,,,., (t), (2 <A<n—k- m) vectors of F (t) space-like subspace is called
(n —k— m)—dimensional directional conical of time-like complementary ruled surface ¥, where

n—k—m

rank[X, Xy X ]= rank[ Z:)c/lakﬂw1 sy i sees an} =n—-k-m.

A=2

Theorem 3. Let ¥, be a (n —k— m)-dimensional time-like complementary ruled surface in R," and
F (t) the generating space of ‘¥, . We can find an interval J, such that 7, € J < [ then there exists
a unique orthonormal base {a P (to ), Apyis (to ), ..... ,a, (to )} of (t) which satisfies

(@amessTmin) =0, 286, A< n—k—m. @)

Proof: Because F (t) is a space-like subspace of the Minkowski space R|', we have for the

{ak+m+2 (t)ﬂ ak+m+3 (t)""‘7 an (t)} 4
, =4

<ak+m+§,ak+m+l> :é‘éﬂv il 5{/1 :{0, giﬂ N 1S§,ﬂ,§l’l—k—m

Let Diumia)(smen)» (1< A,h <n—k—m) be the functions which are defined as solutions of the
system of differential equations

n—k—m

b(k+m+l)(k+m+h) + Zb(k+m+l)(k+nz+§)<dk+m+§ ’ ak+m+h> =0 ®)
ol

and

n—k—m

Ek+nz+i = Zb(k+m+i)(k+m+§)ak+m+§'
1
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In this case

. n—k—m n—k—m
ak+m+ﬂ. = Zbk+m+}.) k+m+§)ak+m+§ + Zbk+m+ﬂ,)(k+m+§)ak+m+§
¢=1 ¢=1

and therefore we get

n— —k—

k—
<ak+m+/1 b ak+m+h > z k+m+/l k+m+§ <ak+m+§ H ak+m+h > Z k+m+/1 Yk+m+&) <ak+m+§ H ak+m+h >
=1 £=1

For1<s<n—-k-m,

n—k—m

<ak+m+l s Afymes > = b(k+m+s)(k+m+h) <ak+m+/l s Ay mh > =0.
h=1

In conclusion we find

d<ak+m+/1 4 Ek+m+§ >
dt

= <ak+m+l ’ ak+m+§> + <ak+m+l ’ ak+m+§ > = O .

If we compute the values of solution (5), we get an orthogonal matrix lb(k+m+/1)(k+m+h)(t0 )J and
the base {ak+m+ i( )} (1 <A<n—-k- m) is orthogonal too. Therefore, for each point ¢ it will be
orthogonal, that is the condition

n—k—
<‘7k+m+mak+m+s 21 (k+m+2)( k+m+§)b(k+m+:)(k+m+§)
= O(ksme 2)(ksmrs)
is satisfied. This yields an orthonormal base with
(@psmre>Tpamer) =0, 2<EA<n—k—m.
If we take equations (2) and (5) into consideration we find the following
P =0,2<8A<n—k-m. 6)
The vectors subspace of
Sp{ak+m+2 (t)’ Armes (t),..., a, (t)’ Ay (t), -~ (t)---’ a, (t)}
which is spanned by

{ak+n1+2 (t)’ ak+m+3 (t)” an (t)’ dk+m+2 (t)’ dk+m+3 (t)’ dn (t)}

is known as asymptotic bundle of ¥, with respect to F’ (t) and denoted as A4, (t) Denoting velocity
vector ¢ as leading curve o of (n—k—m)—dimensional time-like complementary ruled surface
Y, , the vectors subspace of

DTN O RN () A () Y () XOSN () B A O X0

Iranian Journal of Science & Technology, Trans. A, Volume 29, Number A2 Summer 2005



A study on time-like complementary... 331

which is spanned by the set of

{ak+m+2 (t)a Qrmes (t),..., a, (t)a Ay (Z): Aiesms (t)"': a, (t)’ d(t)}

is called tangential bundle of W, with respect to F' (t) and denoted as 7, (t)
As generating space F' (t) is a space-like subspace and « is time-like curve

L, =2

y1<EA<n—k—m
0, &4

<ak+m+:§ 5 ak+m+i> = 55/1 > 554 = {

(¢,a)<0.
If the condition
dimAa(t)zn—k—m—1+s, 0<s<n—-k-m-1

is satisfied for the asymptotic bundle of A4, (t), then
n—k—-m-1+s<dimT, ({)<n—k—m+s.

=n—k—-m—1+s. Thus dimT,(t)=dim4,(¢). In other
) and 7, (t) are the same. Therefore we can write

d € {ak+m+2 (t)’ ak+m+3 (Z)""’ an (t)’ dk+m+2 (t)’ dk+m+3 (t)""’ dn (Z)} .

In this case, taking equation (6) into consideration with (2) differentiation equations yields

Let us assume that dim7),(¢)
words, the orthonormal bases of A (¢

m
Apipee = Za)gzakw + B0 s 258 <n—k—m. (7
=1

This last equation can be written in the matrix form as

Af s @3 @3 e Do B, Ay

Afrme3 @3 W3 e D3 s Afy2

dnfl w(n—k—m—l)l a)(n—k—m—l)Z Co a)(n—k—m—l)m ﬂn—k—m—l Afvm
_dn 1 L a)(n—k—m)l a)(n—k—m)z oo a)(n—k—m)m /Bn—k—m | L k+m+1

Hence, we obtain the following equation

2<éE<n—k-m
1<0<m '

rank{w[ﬂ = rank[a)[gv ]+ 1, ®)
B

From this it is clear that
¢, =0. 9)

This means that time-like curve « is orthogonal trajectory of (k+l)—dimensional time-like
ruled surface. Furthermore, as F' (t) is space-like subspace and ¢ is time-like curve, there occurs a
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time-like vector in between vectors d,,,, s » (2 <E<n—k- m) This means that asymptotic bundle
A, (t) =T, (t), and this equation shows 4, (t) is time-like subspace in R;".
Therefore we can give the following theorem.

Theorem 4. Let ‘¥, be (n —k— m)—dimensional time-like complementary ruled surface in R," and
T, (t) be tangential bundle of ¥, . If dim 7, (¢)= dim 4, (¢), then A, (¢) asymptotic bundle is time-
like subspace.

Let arbitrary leading curve of time-like complementary ruled surface be

20)=al)+ Y%, (ko 0). (10)

A=2

If Z (t) is differentiated with respect to ¢, we get
Z(0)=ale)+ Y (2:(0)ay s (0)+ 2, (e, (0)).

Here, Z (t) points which satisfy the following equations

n—k—m
z,(t)w, =0,1<0<m (11)
A=2
and
n—k—m
2, (OB, + 1,0 =0 (12)
A=2

generate edge space of W, . For V¢, €/ ,as 1,,,, # 0, edge space of ‘¥, will never contain leading
curve point of Ot(t1 ) Since generating space F' (t) is a space-like subspace, edge space is also a
space-like subspace.

Thus, we can give the following theorem.

Theorem 5. Let ‘¥, be (n —k— m)—dimensional time-like complementary ruled surface in R;" and
A, (t) and 7T, (t) be the asymptotic and tangential bundles of ‘¥,, respectively. If
dim7, (t) =dim4, (t), then edge space of ¥, is also a space-like subspace.

Now, let us assume that a(t) leading curve is not an orthogonal trajectory of (k + 1) -
dimensional time-like ruled surface M in the /, =/ interval, i.e., one of the equations of (8) and
(9) is not valid. Therefore, the time-like complementary ruled surface ‘¥, has a central ruled surface
in /, < /. This ruled surface is denoted by €2 .

For the arbitrary leading curve of time-like complementary ruled surface given by equation (10),
if the following equation is valid

(Z(t). s (0) =0, 2< A<~k —m (13)

then Z (t) curve becomes a leading curve of central ruled surface €2, .
If the equations
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k n—k—m m n—k—m n—k—m
Z t): ngev + Z, [Zwmakw) + szﬂg Tt |Qamar T Zzzammm
)

v=l A=2 (=1 =2

and

dk+m+§ = za)ﬂakM + ﬂfakﬂnﬂ
=1
are substituted into equation (13), for the parameter z ,, (2 <AL<n—-k- m) we find the following
linear equation system

m n—k—m
Z 2,0, a).fa +ﬁ§( Zzzﬂz +77m+1j =0. (14)
o=1

Thus, from equation (11) and (12), one can easily see that time-like complementary ruled surface
¥, is independent of leading curve a(t) of Q. In equation (14), if S, =0 (2 <A<n—k- m)

for ¢, € I, then leading curve point a(tl ) is in central space of ¥, .
Now we can give the following theorems.

Theorem 6. Let M be (k + 1) -dimensional time-like ruled surface with central ruled surface €2, and
Y, be the (n k- m)-dimensional time-like complementary ruled surface of M . If equation (9) is
not valid, but (8), then central ruled surface €2, of complementary ruled surface ‘¥, is defined by
equations (11) and (12).

Theorem 7. Let M be (k + 1)-dimensional time-like ruled surface with central ruled surface € in
R/ and ¥, be the (n -k —m)—dimensional time-like complementary ruled surface of A . Central
ruled surface €, of complementary ruled surface W, is time-like.
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