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Abstract – We investigate the boundary-value problem generated by the Sturm-Liouville equation with 
discontinuous coefficients, eigenparameter dependent boundary conditions and transmission conditions 
at the point of discontinuity. With a different approach we introduce an adequate Hilbert space 
formulation, investigate some properties of eigenvalues, Green’s function and resolvent operator, and 
find simple conditions on the coefficients which guarantee the self-adjointness of the considered 
problem. 
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1. INTRODUCTION 
 

The investigation of boundary-value problems for which the eigenvalue parameter appears in the 
boundary conditions originates from the work of [1]. There is quite substantial literature on such types 
of problems. Here we mention the results of [2-15] and the corresponding references cited therein.  

Basically, boundary-value problems with continuous coefficients and without transmission 
conditions have been studied. However, in this study we investigate one discontinuous problem with 
eigen-dependent boundary conditions and with special type transmission conditions. These kinds of 
problems arise in the theory of heat and mass transfer, in diffraction problems and various physical 
transfer problems [2, 9, 14, 15] (and corresponding references cited therein). 

By using the techniques of [2, 4 and 11] and some new approaches, we construct special type 
initial-value problems (3.15)-(3.17) and (3.18)-(3.20) and special type solutions ),x( λφ  and ),x( λχ  
of the considered problem (1.1)-(1.5) below. We introduce adequate operator formulation in the 
suitable Hilbert space, construct Green’s function, investigate the resolvent operator and prove the 
self-adjointness of the considered problem. 

In this paper, we shall study the discontinuous Sturm-Liouville problem consisting of the 
differential equation  

 
                                                                uu)x(qu:u λ=+′′−=τ                                                    (1.1) 
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on )1,0()0,1( ∪− , with boundary condition at 1x −=  
 
                                                          0)1(u)1(u:uL 211 =−′α+−α= ,                                             (1.2) 

 
transmission conditions at the point of discontinuity 0x =  
 
                                                           0)0(u)0(u:uL 112 =+δ−−γ=                                               (1.3) 

 
                                                         0)0(u)0(u:uL 223 =+′δ−−′γ= ,                                             (1.4) 

 
and eigenparameter dependent boundary condition at 1x =   
  
                                    ( ) ( ) 0)1(u)1(u)1(u)1(u:u)(L 21214 =′β−β+′β′−β′λ=λ                                (1.5) 

 
in the space { })1,0(L)0,1(Lf,f)1,0(L)0,1(Lf)1,0(H)0,1(H 222222 ×−∈′×−∈=×− , where )(q •  

is a given real-valued function, which is continuous in ]0,1[−  and ]1,0[  (that is, continuous in )0,1[−  
and ]1,0(  and has finite limits )x(qlim)0(q

0x ±→
=± ); λ  is a complex spectral parameter; 

)2,1i(,,,,, iiiii =δγβ′βα  are real numbers. Furthermore, below we shall assume that 
021 ≠α+α , )2,1i(0ii =≠δ+γ , 02121 =δδ−γγ  and 02121 >β′β−ββ′=ρ . 

 
2. THE OPERATOR FORMULATION 

 
In this section, we shall introduce a suitable Hilbert space and a symmetric linear operator defined in 
this space in such a way that the considered problem (1.1)-(1.5) can be represented as the eigenvalue 
problem of this operator. 

Let us introduce the Hilbert space Cx)1,0(L)0,1(L:H 22 /×−=  for which the inner product of the 
elements 
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For convenience, we shall use the following notations for )1,0(H)0,1(Hf 22 ×−∈ : 
 

)1(f)1(f:)f(R 211 ′β−β=  
 

)1(f)1(f:)f(R 211 ′β′−β′=′  
 

By using the standard construction [2, 3, 8, 10] we define the operator A mapping the Hilbert 
space H into itself with domain of definition 
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and action law 
 

                                                           )A(DF,
)f(R

f
:AF

1

∈







−

τ
= ,                                              (2.2) 

 
Now we can rewrite the considered problem (1.1)-(1.5) in the operator form as  
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                           (2.3) 

 
in Hilbert space H . Consequently, the eigenvalues of the operator A  and the boundary-value-
problem (1.1)-(1.5) are the same. 

By direct calculation we obtain the following Lemma. 
 

Lemma 2. 1. If the functions )(f •  and )(g •  are differentiable on the interval ]1,0[  then  
 

( ) )1;g,f(W)g(R)f(R)g(R)f(R 12211111 ββ′−ββ′=′−′  
 

where, as usual, )x;g,f(W  is denoted as the Wronskians )x(g)x(f)x(g)x(f ′−′ . 
 
Theorem 2. 2. The operator A  given by (2.1), (2.2) is densely defined and symmetric in the Hilbert 
space H . 
 
Proof: First, we prove that the domain )A(D  is dense in the Hilbert space H . For this suppose that 
there is an element 
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in the Hilbert space H , i.e. 
 

                                             0u)f(R1dx)x(u)x(fU,F 11

1

1
0H0 =′

ρ
+=>< ∫

−

                                   (2.4) 

 
for all )A(DF∈ . 

Denote by ( ) 1,0,1)1,0(C)0,1(C ±−
∞∞ ×−  the set of all functions f defined on ]1,0()0,1[ ∪−  for 

which 0)1(f)1(f)0(f)0(f)0(f)0(f)1(f)1(f =′==+′=+=−′=−=−′=−  and let 
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( ) { }0)1,0(C)0,1(C 1,0,1 ××− ±−
∞∞  be the set of all two-component elements of the form 







 ⋅
0

)(f
, where 

( ) 1,0,1)1,0(C)0,1(Cf ±−
∞∞ ×−∈ . It is obvious that  

 
                                                 ( ) { } )A(D0)1,0(C)0,1(C 1,0,1 ⊂××− ±−

∞∞                                       (2.5) 
 

Then from (2.4) and (2.5) it follows immediately that 
 

0U,F 0 >=<  for all                   ( ) { }0)1,0(C)0,1(CF 1,0,1 ××−∈ ±−
∞∞                                           (2.6) 

 
Consequently, 
 

                                0dx)x(u)x(f
1

1
0 =∫

−

 for all ( ) 1,0,1)1,0(C)0,1(Cf ±−
∞∞ ×−∈                             (2.7) 

 
Let, as usual, )b,a(C∞  denote the set of infinitely differentiable functions with a compact 

support on (a,b). It is obvious that  
 

( ) 1,0,100 )1,0(C)0,1(C)1,0(C)0,1(C ±−
∞∞∞∞ ×−⊂×− . 

 
From this and from the well-known fact that )b,a(C0

∞  is dense in the Hilbert space )b,a(L2  [15, 

p.96] it follows that the set )1,0(C)0,1(C 00
∞∞ ×−  is dense in )1,0(L)0,1(L 22 ×−  and the set 

( ) 1,0,1)1,0(C)0,1(C ±−
∞∞ ×−  is dense in the Hilbert space )1,0(L)0,1(L 22 ×− . 

Therefore, (2.7) means that )(u 0 ⋅  is orthogonal to the subspace ( ) 1,0,1)1,0(C)0,1(C ±−
∞∞ ×−  

which is dense everywhere in the Hilbert space )1,0(L)0,1(L 22 ×− , so )(u 0 ⋅  is null element of 

)1,0(L)0,1(L 22 ×− . Putting 0)(u 0 =⋅  in (2.4) we have 
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U  is the null element of the Hilbert space H . Thus, the orthogonal 

complement of )A(D  consists of only the null element, and therefore is dense in the Hilbert space 
.H  

Now let 
 









′
•

=







′
•

=
)g(R

)(g
Gand

)f(R
)(f

F
11

 



Some spectral properties of… 
 

Summer 2005                                                  Iranian Journal of Science & Technology, Trans. A, Volume 29, Number A2   

233

 
be arbitrary elements of )A(D . 

Two successive integrations by parts lead to: 
 

                        ( ))g(R)f(R)g(R)f(R1)0;g,f(W

)1;g,f(W)1;g,f(W)0;g,f(WAG,FG,AF

1111

HH

′−′
ρ

++−

−+−−−=><−><
                 (2.9) 

 
Since each of the functions f  and g  satisfies the boundary conditions (1.2), it follows that 
 
                                                                   0)1;g,f(W =− .                                                           (2.10) 

 
By applying the transmission conditions (1.3) and (1.4) we get  
 
                                                     )0;g,f(W)0;g,f(W 2121 +δδ=−γγ .                                           (2.11) 

 
Putting (2.10) and (2.11) in the (2.9), recalling that 2121 β′β−ββ′=ρ  and applying Lemma2.1 gives 
the required equality  
 

HH AG,FG,AF >=<><  
 

for all )A(DG,F ∈ . 
 
Corollary 2. 3. All the eigenvalues of the considered problem (1.1)-(1.5) are real. 
 

3. CONSTRUCTION OF SOME AUXILIARY SOLUTIONS OF THE PROBLEM 
 
First, by using the special procedure we shall define two auxiliary solutions ),x( λφ and ),x( λχ  of 
the equation (1.1) as 
 





∈φ
−∈φ

=λφ
λ

λ

]1,0(xfor)x(
)0,1[xfor)x(

),x(
2

1 , 




∈χ
−∈χ

=λχ
λ

λ

]1,0(xfor)x(
)0,1[xfor)x(

),x(
2

1 . 

 
Let )x(1λφ  be the solution of the following initial-value problem 
 
                                                     )0,1(x,uu)x(qu −∈λ=+′′−                                               (3.1) 

 
                                                                       2)1(u α=−                                                                  (3.2) 

 
                                                                     1)1(u α−=−′                                                                (3.3) 

 
By virtue of the Theorem1.5 in [11] this problem has a unique solution, )x(u 1λφ= , which is an 
entire function of C/∈λ  for every fixed ]0,1[x −∈ . 

Now, we shall consider the differential equation  
 
                                                        )1,0(x,uu)x(qu ∈λ=+′′−                                               (3.4) 

 
together with eigenparameter dependent initial conditions 
 

                                                                     )0()0(u 1
1

1
λφδ

γ
=                                                           (3.5) 
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                                                                    )0()0(u 1
2

2
λφ′δ

γ
=′ .                                                         (3.6) 

 
Let us prove that this initial-value problem has a unique solution )x(u 2λφ= , which also is an entire 
function of parameter C/∈λ  for every fixed ]1,0[x∈ . To prove this we construct the sequence 

,...,1,0n,),x(n,2 =λφ  by the recurrence formulas 
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where for ),x(0,2 λφ  we set 0),x(0,2 =λφ . Since )0(1λφ  and )0(2λφ  are entire functions of 
parameter C/∈λ , each term of the sequence { }),x(n,2 λφ  is so for every fixed ]1,0[x∈ . 

Let us construct the series 
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in the closed sphere { }RC ≤λ/∈λ . Applying these recurrence formulas successively we can obtain 
that 
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Consequently, the series converges uniformly with respect to λ  if R≤λ , and with respect to x over 

]1,0( . 
Denote 
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∞→λ . 
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It is obvious that this function is analytical in the open domain{ }RC <λ/∈λ . Consequently, 
)x(2λφ  is an entire function of λ  for fixed x , since 0R > is arbitrary. Since each term of the last 

series is the entire function of C/∈λ  and the series converges uniformly with respect to λ  in the 
open domain{ }RC <λ/∈λ  and with respect to x  over ]1,0( , then so is also the sum of this series, 
i.e. )x(2λφ . 

Further, using (3.7) we have for 2n ≥  that 
 

                            ( )( )∫ λφ−λφλ−=λφ′−λφ′ −−−

x

0
2n,21n,21n,2n,2 dt),t(),t()t(q),x(),x( ,               (3.11) 

 
from which it follows that 
 
                               ( )( )),x(),x()x(q),x(),x( 2n,21n,21n,2n,2 λφ−λφλ−=λφ ′′−λφ ′′ −−−                  (3.12) 

 
for 2n ≥ . 

By virtue of (3.9) the series 
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2n,21n,2 dt),t(),t()t(q                                    (3.13) 

 
and 
 

                                                   ( )( )∑
∞

=
−− λφ−λφλ−

1n
2n,21n,2 ),x(),x()x(q                                    (3.14) 

 
are converges, uniformly with respect to λ  over { }RC ≤λ/∈λ , and with respect to x  over 

]1,0[ . 
Consequently, since (3.11) and (3.12), the first and second differentiated series 
 

                             ( )∑
∞

=
− λφ′−λφ′

1n
1n,2n,2 ),x(),x(  and ( )∑

∞

=
− λφ ′′−λφ ′′

1n
1n,2n,2 ),x(),x(  

 
also converge with respect to x  over [0,1] for every fixed C/∈λ  and with respect to λ  over 
arbitrary closed sphere { }RC ≤λ/∈λ  for every fixed ]1,0[x∈ . 

Finally, using (3.10) and (3.12) we see that  
 

( )∑
∞

=
−λ λφ ′′−λφ ′′=φ ′′

1n
1n,2n,22 ),x(),x()x(  

 

( ) ( )∑
∞

=
−− λφ−λφλ−=

2n
2n,21n,2 ),x(),x()x(q  

 
( ) )x()x(q 2λφλ−= , 

 
so that )x(2λφ  satisfies (3.4). It also satisfies the initial conditions (3.5) and (3.6), since each term of 
the sequence (3.7) clearly satisfies both the initial conditions (3.5) and (3.6). 

Consequently, the function ),x( λφ  satisfies the differential equation (1.1), one of the boundary 
conditions (namely, the condition (1.2)) and both transmission conditions (1.3) and (1.4). 

By using a similar technique we can also prove that the initial-value problem  
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                                                      )1,0(x,uu)x(qu ∈λ=+′′−                                               (3.15) 

 
                                                                   22)1(u β+λβ′=                                                            (3.16) 

 
                                                                    11)1(u β+λβ′=′                                                           (3.17) 

 
has a unique solution )x(u 2λχ=  which is an entire function of λ  for fixed x , and the initial-value 
problem 
 
                                                  )0,1(x,uu)x(q)x(u −∈λ=+′′−                                            (3.18) 

 

                                                                   )0()0(u 2
1

1
λχ

γ
δ

=                                                           (3.19) 

 

                                                                  )0()0(u 2
2

2
λχ′

γ
δ

=′ .                                                        (3.20) 

 
has a unique solution )x(u 1λχ=  which is an entire function of λ  for fixed x . 

By virtue of the well-known Abel’s formula [16, p. 488] each of the Wronskian’s 
( )x;,W 11 λλ χφ  and ( )x;,W 22 λλ χφ  are independent on variable x . 

We let  
 

( )x;,W:)( 111 λλ χφ=λω  
 
( )x;,W:)( 222 λλ χφ=λω  
 

These functions are entire functions of parameterλ , since )(i •φ λ  and )(i •χ λ  are entire functions of 
parameterλ . 
 
Lemma 3. 1. The equality 
 

)()( 21 λω=λω  
 

holds for each C/∈λ . 
 
Proof: By using the transmission conditions (3.16), (3.17), (3.19) and (3.20), the short calculation 
gives 
 

)0;,(W)0;,(W 22211121 λλλλ χφδδ=χφγγ , 
 

so )()( 21 λω=λω  for each C/∈λ .  
 
Corollary 3. 2. The zeros of the functions )(1 λω and )(2 λω  are the same. 
 
Corollary 3. 3. The Wronskians of the functions ),x( λφ  and ),x( λχ  are independent of variable 

]1,0()0,1[x ∪−∈  and is entire function of parameterλ . 
 
Note: Considering this corollary we can define the following entire function )(λω as  
 
                                                         ( )),x(),,x(W:)( λχλφ=λω .                                                (3.21) 
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Theorem 3. 4. The eigenvalues of the boundary-value-problem (1.1)-(1.5) coincide with the zeros of 
the function )(λω . 
 
Proof: Let 0)( 0 =λω . Then 0)x;,(W

00 11 =χφ λλ , and therefore the functions )x(
01λφ  and 

)x(
01λχ  are linearly dependent. i.e. 

 
]0,1[x,)x(k)x(

00 111 −∈φ=χ λλ  
 

for some 0k1 ≠ . From this it follows that ),x( 0λχ  satisfies the first boundary condition (1.2), so 
),x( 0λχ  is an eigenfunction for the eigenvalue 0λ . 

Now let )x(u 0  be any eigenfunction corresponding to eigenvalue 0λ , but 0)( 0 ≠λω . Then 
each of the pair λλ χφ 11 ,  and λλ χφ 22 ,  would be linearly independent on ]0,1[−  and ]1,0[ , 
respectively. Consequently )x(u 0  may be represented by 
 

                                            


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∈χ+φ
−∈χ+φ

=
λλ
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,]1,0(x,)x(c)x(c
)0,1[x,)x(c)x(c
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00

00

2423

1211
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where at least one of the constants 4321 c,c,c,c  is not zero. Considering the true equations 
 
                                                             ( ) 4,1,0)x(uL 0 =ν=ν                                                      (3.22) 

 
as the linear system of equations of the variables 4321 c,c,c,c , and taking into account (3.5), (3.6), 
(3.16) and (3.17), it follows that the determinant of this system  
 

=

λω
χ′δ−φ′δ−χ′γφ′γ
χδ−φδ−χγφγ

λω

λλλλ

λλλλ

0)(00
)0()0()0()0(
)0()0()0()0(

00)(0

0

22221212

21211111

0

0000

0000 0)( 0
3

21 ≠λωδδ− . 

 
Therefore, the system (3.22) has the only trivial solution 0cccc 4321 ==== . Thus, we get 

contradiction, which completes the proof.  
Thus, we constructed two special solutions for the equation (1.1) so that the eigenvalues of the 
considered problem (1.1)-(1.5) coincide with the zeros of the Wronskians of those solutions, which is 
an entire function of C/∈λ  
 

4. THE GREEN’S FUNCTION AND RESOLVENT OPERATOR 
 
In this section, we will obtain the resolvent of the boundary-value-transmission-problem (1.1)-(1.5) 
for λ , not an eigenvalue. For this, we will find the solution of the non-homogeneous differential 
equation  

 
                                             )1,0()0,1(x,)x(fuu)x(qu ∪−∈−λ=+′′−                                   (4.1) 

 
which satisfies the non-homogeneous boundary-value-transmission conditions 
 
                                                       0)1(u)1(u:)u(L 211 =−′α+−α=                                             (4.2) 

 
                                                        0)0(u)0(u:)u(L 112 =+δ−−γ=                                              (4.3) 
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                                                      0)0(u)0(u:)u(L 223 =+′δ−−′γ=                                             (4.4) 
 

                                           ( ) ( ) 122114 f)1(u)1(u:)(L =′β+β′λ−β+β′λ=λ .                                 (4.5) 
 

We can write the general solution of homogeneous differential equation 
 

)1,0()0,1(x,uu)x(qu ∪−∈λ=+′′−  
 

in the form 
 





∈χ+φ
−∈χ+φ

=λ
λλ

λλ

]1,0(x),x(D)x(C
)0,1[x),x(D)x(C

),x(U
2222

1111  

 
where 2211 DandC,D,C  are arbitrary constants. By applying the standard method of variation of 
the constants, we shall search the general solution of the non-homogenous linear differential equation 
(4.1) in the form 
 

                                




∈χλ+φλ
−∈χλ+φλ

=λ
λλ

λλ

]1,0(x),x(),x(D)x(),x(C
)0,1[x),x(),x(D)x(),x(C

),x(U
2222

1111                        (4.6) 

 
where the functions ),x(Dand),x(C 11 λλ  satisfy the linear system of equations  
 

                                                




=χ′λ′+φ′λ′
=χλ′+φλ′

λλ

λλ

)x(f)x(),x(D)x(),x(C
0)x(),x(D)x(),x(C

1111

1111                                     (4.7) 

 
for )0,1[x −∈ and the functions ),x(Dand),x(C 22 λλ  satisfy the linear system of equations 
  

                                              




=χ′λ′+φ′λ′
=χλ′+φλ′

λλ

λλ

)x(f)x(),x(D)x(),x(C
0)x(),x(D)x(),x(C

2222

2222                                     (4.8) 

 
for ]1,0(x∈ . Each of the linear systems of equation (4.7) and (4.8) has a unique solution, since λ is 
not an eigenvalue and therefore 
 

( ) 0
)x()x(
)x()x(

x;,W
11

11
11 ≠

χ′φ′
χφ

=χφ
λλ

λλ
λλ  and ( ) 0

)x()x(
)x()x(

x;,W
22

22
22 ≠

χ′φ′
χφ

=χφ
λλ

λλ
λλ  

 
It is clear that these solutions can be expressed by 

 

∫ −∈+χ
λω

=λ λ

0

x
111 )0,1[x,Cdy)y()y(f

)(
1),x(C  

 

∫
−

λ −∈+φ
λω

=λ
x

1
111 )0,1[x,Ddy)y()y(f

)(
1),x(D  

 

∫ ∈+χ
λω

=λ λ

1

x
212 ]1,0(x,Cdy)y()y(f

)(
1),x(C  
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∫ ∈+φ
λω

=λ λ

x

0
222 ]1,0(x,Ddy)y()y(f

)(
1),x(D  

 
respectively, where 2211 D,C,D,C  are arbitrary constants. Substituting in (4.6), we get the general 
solution of non-homogeneous linear differential equation (4.1) in the form 
 

          














∈χ+φ+φ
λω

χ
+χ

λω
φ

−∈χ+φ+φ
λω

χ
+χ

λω
φ

=λ

∫ ∫

∫∫

λλ

−

λ
λ

λ
λ

λλ

−

λ
λ

λ
λ

]1,0(x,)x(D)x(Cdy)y(f)y(
)(
)x(

dy)y(f)y(
)(
)x(

)0,1[x,)x(D)x(Cdy)y(f)y(
)(
)x(

dy)y(f)y(
)(
)x(

),x(U 1

x
2222

0

1
2

2
2

2

1111

0

1
1

1
0

x
1

1

  (4.9) 

 
Now, we shall find the constants 2211 DandC,D,C  by substituting (4.9) in the boundary-

value-transmission conditions (4.2)-(4.5):  
By using (4.9) we have 

  
)1(U)1(U)U(L 211 −′α+−α=  

 

( )∫
−

λλλ +−φ′α+−φαχ
λω

=
0

1
12111 )1()1(dy)y(f)y(

)(
1

 

 
                               ( ) ( ))1()1(D)1()1(C 1211112111 −χ′α+−χα+−φ′α+−φα+ λλλλ                     (4.10) 

 
From (3.2), (3.3) and (3.21), if we take into account the equalities 

 
0)1()1( 1211 =−φ′α+−φα λλ  

 
)()1()1( 1211 λω=−χ′α+−χα λλ  

 
for the solutions )x(1λφ  and )x(1λχ , we obtain 
  
                                                                   )(D)U(L 11 λω= .                                                        (4.11) 

 
Similarly, we have 

 
)0(U)0(U)U(L 112 +δ−−γ=  

 

−−χγ+−φγ+φ−χ
λω
γ

= λλ
−

λλ ∫ )0(D)0(Cdy)y(f)y()0(
)( 111111

0

1
11

1  

 

                            )0(D)0(Cdy)y(f)y()0(
)( 212212

1

0
22

1 +χδ−+φδ−χ+φ
λω
δ

− λλλλ ∫                   (4.12) 

 
)0(U)0(U)U(L 223 +′δ−−′γ=  

 

−−χ′γ+−φ′γ+φ−χ′
λω
γ

= λλ
−

λλ ∫ )0(D)0(Cdy)y(f)y()0(
)( 121121

0

1
11

2  
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                            )0(D)0(Cdy)y(f)y()0(
)( 222222

1

0
22

2 +χ′δ−+φ′δ−χ+φ′
λω

δ
− λλλλ ∫                  (4.13) 

 
( ) ( ) )1(U)1(U)U(L 22114 ′β+β′λ−β+β′λ=  

 

( ) −







χ+φ+φ

λω
χ

β+β′λ= λλλ
λ ∫ )1(D)1(Cdy)y(f)y(

)(
)1(

2222

1

0
2

2
11  

 

( ) 







χ′+φ′+φ

λω
χ′

β+β′λ− λλλ
λ ∫ )1(D)1(Cdy)y(f)y(

)(
)1(

2222

1

0
2

2
22  

 

( ) ( )[ ] +φ
λω

χ′β+β′λ−χβ+β′λ= ∫ λλλ

1

0
2222211 dy)y(f)y(

)(
1)1()1(  

 
( ) ( )[ ] ( ) ( )[ ])1()1(D)1()1(C 22221122222112 λλλλ χ′β+β′λ−χβ+β′λ+φ′β+β′λ−φβ+β′λ+  

 
From (3.5), (3.6) and (3.21) it follows that 

 
                                                                  )(C)U(L 24 λω=                                                          (4.14) 

 
Since ),x(U λ  is a nontrivial solution and 0)( ≠λω  for λ  not an eigenvalue, from (4.2) and 

(4.11) it follows that 
 
                                                                            0D1 = ,                                                                (4.15) 

  
and similarly from (4.14) and (4.5) it follows that 
 

                                                                         
)(

f
C 1

2 λω
= .                                                            (4.16) 

 
On the other hand, taking into account the equalities (4.15), (4.16) and transmission conditions 

(4.2)-(4.5) we obtain the following linear system of equation with respect to the 
variables 21 DandC : 
 

          



















+φ′δ
λω

+χ+φ′
λω
δ

+

+φ−χ′
λω
γ

−=+χ′δ−−φ′γ

+φδ
λω

+χ+φ
λω
δ

+

+φ−χ
λω
γ

−=+χδ−−φγ

λλλ

−
λλλλ

λλλ

−
λλλλ

∫

∫

∫

∫

)0(
)(

fdy)y(f)y()0(
)(

dy)y(f)y()0(
)(

D)0(C)0(

)0(
)(

fdy)y(f)y()0(
)(

dy)y(f)y()0(
)(

D)0(C)0(

22
1

1

0
22

2

0

1
11

2
222112

21
1

1

0
22

1

0

1
11

1
221111

    (4.17) 

 
Recalling the definition of the solutions )2,1i()x(and)x( ii =χφ λλ , then for the determinant of 

the linear system of equations (4.17), we have 
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)0()0(
)0()0(

)0()0(
)0()0(

2222

2121

2212

2111

+χ′δ−+φ′δ
+χδ−+φδ

=
+χ′δ−−φ′γ
+χδ−−φγ

λλ

λλ

λλ

λλ  

 
( ))0()0()0()0( 222221 +χ+φ′−+χ′+φδδ−= λλλλ  

 
                                                  ( )0;,W 2221 +χφδδ−= λλ )(21 λωδδ−=                                       (4.18) 

 
Since the above determinant differs from zero, the linear system of equations (4.17) has a unique 

solution.  
By using the definitions of the functions )x(and)x( 21 λλ χχ  we get 

 

=−χ′+χ
δ
γ

+−χ+χ′
δ
γ

− λλλλ )0()0()0()0( 22
2

2
12

1

1  

 

                                   







+χ′

γ
δ

+χ
δ
γ

+







+χ

γ
δ

+χ′
δ
γ

− λλλλ )0()0()0()0( 2
2

2
2

2

2
2

1

1
2

1

1                        (4.19) 

 
Now, taking this into account and the equality 
 

                                              )()0()0()0()0( 2222 λω=+χ+φ′−+χ′+φ λλλλ                                   (4.20) 
 

we have from (4.17) that 
 

                                                      
)(

f
dy)y(f)y(

)(
1C 1

1

0
21 λω

+χ
λω

= ∫ λ .                                       (4.21) 

 
and 
 

                                                              ∫
−

λφ
λω

=
0

1
11 dy)y(f)y(

)(
1D                                              (4.22) 

 
Substituting (4.15), (4.16), (4.21) and (4.22) in (4.9) we have 
 

      


















∈φ
λω

+φ
λω

χ
+

+φ
λω

χ
+χ

λω
φ

−∈φ
λω

+χ
λω

φ
+

+φ
λω

χ
+χ

λω
φ

=λ

λ
−

λ
λ

λ
λ

λ
λ

λλ
λ

−
λ

λ
λ

λ

∫

∫∫

∫

∫∫

]1,0(x,)x(
)(

f
dy)y(f)y(

)(
)x(

dy)y(f)y(
)(
)x(

dy)y(f)y(
)(
)x(

)0,1[x,)x(
)(

f
dy)y(f)y(

)(
)x(

dy)y(f)y(
)(
)x(

dy)y(f)y(
)(
)x(

),x(U

2
1

0

1
1

2

x

0
2

2
1

x
2

2

1
1

1

0
2

1

x

1
1

1
0

x
1

1

  

(4.23) 

 
for the ),x(U λ . We can rewrite the formulae (4.23) as  
 

                   ),x(
)(

fdy)y(f),y(
)(
),x(dy)y(f),y(

)(
),x(),x(U 1

1

x

x

1

λφ
λω

+λχ
λω
λφ

+λφ
λω
λχ

=λ ∫∫
−

       (4.24) 
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for ]1,0()0,1[x ∪−∈ . By introducing Green’s function );y,x(G λ  by 
 

                               










≠≠≤≤≤−λχλφ
λω

≠≠≤≤≤−λφλχ
λω

=λ
0y,0x,1yx1,),y(),x(

)(
1

0y,0x,1xy1,),y(),x(
)(

1

);y.x(G ,                (4.25) 

 
we can represent the formulae (4.23) in the following form  
 

                                              ),x(
)(

f
dy)y(f);y,x(G),x(U 1

1

1

λφ
λω

+λ=λ ∫
−

.                               (4.26) 

 
Now, we will obtain the resolvent operator 

 
( ) HH:AI:)A,(R 1 →−λ=λ −  

 
For this, we must solve the operator equation 

 
                                                               ( ) HF,FUAI ∈=−λ                                                  (4.27) 

 
whereλ  is not an eigenvalue. It is easy to see that the operator equation (4.27) is equivalent to the 
boundary-value-transmission-problem (4.1)-(4.5) 

To obtain the resolvent operator, we will use the following Lemma. 
 

Lemma 4. 1. If λ  is not an eigenvalue, then the equality 
 

( )
)(
),x();,x(GR 1 λω

λφ
ρ=λ•′  

 
holds. 
 
Proof: From the formula (4.25) and the definition of the function ),x( λχ we have 
 

( ) ),1(),x(
)(

1),1(),x(
)(

1);,x(GR 211 λχ′λφ
λω

β′−λχλφ
λω

β′=λ•′  

 

( ))1()1(),x(
)(

1
2221 λλ χ′β′−χβ′λφ

λω
= ( ) ( )[ ]112221),x(

)(
1

β+λβ′β′−β+λβ′β′λφ
λω

=  

 

( )1221),x(
)(

1
ββ′−ββ′λφ

λω
= ρ

λω
λφ

=
)(
),x(

 

 
By using this lemma, we can rewrite the formula (4.26) as 

 

                                       ( ) 11

1

1

f);,x(GR1dy)y(f);y,x(G),x(U λ•′
ρ

+λ=λ ∫
−

.                              (4.28) 

 
Thus, we obtain the formula 
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                                                          ( )






λ′

λ
=λ

),x(UR
),x(U

F)A,(R
1

                                                 (4.29) 

 
for the resolvent operator. If we use the notations 
 

( )






λ•′

λ•
=λ );,x(GR

);,x(G
:G~

1
,x , 

















λω
=

)(
f

)x(f
:F 1 , 

 
then, we can express the formula (4.28) in the form 
 

( ) 11

1

1

f);,x(GR1dy)y(f);y,x(G),x(U λ•′
ρ

+λ=λ ∫
−

 

 
                                                                      H,x F,G >=< λ                                                            (4.30) 

 
where 
 

















λω

=

)(
f

)x(f
:F

1
. 

 
By using (4.30), the formula (4.29) can be written as  

 

( ) ( )













><′

><
=λ

λ

λ

H,x1

H,x

F,G~R

F,G~
FA,R . 

 
Theorem 4. 2.For the resolvent operator ( ) HH:A,R →λ  the inequality 
  

λ
≤λ

→ Im
1)A,(R

HH
 

 
holds for all λ  such that 0Im ≠λ . 
 
Proof: Let 0Im ≠λ  and denote 
 
                                                                      F)A,(RU λ=                                                           (4.31) 

 
for arbitrary HF∈ . Then, the equation 
 

FUAU −λ=  
 

holds. From this equation we get 
 

HH U,FUU,AU >−λ=<>< HH U,FU,U ><−><λ=  
 

and 
 

HH FU,UAU,U >−λ=<>< HH U,UF,U ><λ+><−= . 
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Since operator A is symmetric, from latter equations it follows that 
 

HHH F,UU,FU,U)( ><−>=<><λ−λ  
 

Thus, we find 
 
                                                         H

2

H
U,FImUIm ><=λ .                                               (4.32) 

 
On the other hand, by using well-known Cauchy-Schwartz inequality we have 

 
                                               

HH U,FU,FIm ><≤><
HH

UF≤                                       (4.33) 
 

From (4.32) and (4.33), we get the inequality 
 

HHH
F

Im
1UF)A,(R
λ

≤=λ . 

 
Corollary 4. 3. Operator A is self-adjoint. 
 
Proof: By virtue of Theorem4.2 each non-real C/∈λ  is a regular point of A . Furthermore )A(D  is 
dense in H (Theorem 2.2) and H)A(D)AI()A(D)AI( =−λ=−λ  for 0Im ≠λ . Consequently, 
A is self-adjoint in the Hilbert space H  [17, Theorem 2.2. p.198]). 
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