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Abstract – In the present paper we define strongly n∆ -summable sequences which generalize A-summable 
sequences and prove such spaces to be complete paranormed spaces under certain conditions, some 
topological results have also been discussed. 
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1. INTRODUCTION 
 

Let ,l c∞  and 0c be the Banach spaces of bounded, convergent and null sequences ( )kx x=  respectively, 
normed by supk kx x= . 

The notion of difference sequence space was introduced by Kizmaz [1] as follows: 
 

( ) ( ) ( ){ }:k kZ x x x Z∆ = = ∆ ∈  
 
for ,Z l c∞= , or 0c  where 1k k kx x x +∆ = −  for all k N∈ . 

Later, the difference sequence spaces were generalized by Et and Çolak [2] as follows: 
Let n N∈  be fixed, then 

 
( ) ( ) ( ){ }:n n

k kZ x x x Z∆ = = ∆ ∈  for ,Z l c∞= , or 0c , 
 
where 1 1

1
n n n
k k kx x x− −

+∆ = ∆ −∆ , and so ( )
0
1
vn

n
k k v

v

n
x xv +

=

 ∆ = −   ∑ . They showed that the above spaces 
are Banach spaces, normed by 
 

( )
1

supn

n
n

k i k k
i

x x x∆
=

= + ∆∑ . 

 
Recently, difference sequence spaces have been discussed in Esi [3, 4], Tripathy [5] and many others. 
Let ( )nkA a=  be an infinite matrix of non-negative real numbers and ( )kp p=  be a sequence such 

that 0 kp< ≤ supk kp H= < ∞ . We write ( ){ }nAx A x=  if ( ) kp
n nk k

k
A x a x=∑  converges for each n. 

Maddox [6] define 
 

[ ] { }0, : ( ) 0 ,nA p x A x as n= → → ∞  
 

[ ] { }0, : ( ) 0 ,nA p x A x L as n for some L= − → → ∞ , 
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And 
 

[ ] { }, : sup ( )n nA p x A x∞ = < ∞ . 
 

The spaces [ ]0,A p , [ ],A p  and [ ],A p ∞  are called the spaces of strongly summable to zero, strongly 
summable and strongly bounded sequences, respectively. 

The purpose of this paper is to introduce the spaces of strongly n∆ − summable sequences, which 
generalize well-known strongly A-summable sequences [ ]0,A p , [ ],A p  and [ ],A p ∞ , [6] and [7]. 

We now generalize these spaces by means of a given matrix ( )mkB b= . We write 
 

( ) ( ), kpn
m k

k
T x a k m x= ∆∑  

 
where ( ), mj jk

j
a k m b a=∑  and mj jkb a  is of the same sign for each m, j and k. 

We now write 
 

[ ] { }0, : ( ) 0n mB p x T x as m∆ = → → ∞ , 
 

[ ] { }, : ( ) 0 ,n mB p x T x L as m for some L∆ = − → → ∞ , 
 

And 
 

[ ] { }0, : sup ( )n m mB p x T x∆ = < ∞ . 
 

These are the spaces of strongly n∆ − summable to zero, strongly n∆ − summable and strongly 
n∆ −bounded sequences, respectively, and these spaces of strongly n∆ − summable sequences depend on 

the fixed chosen matrix B. In case B=I (unit matrix) and replacing kx  in the place of n
kx∆  in the above 

definition we get the sequence spaces [ ]0,A p , [ ],A p  and [ ],A p ∞ , respectively [6]. 
 

2. MAIN RESULTS 
 
First we establish a number of lemmas. 
 
Lemma 1. If ( )kp p l∞= ∈ , then [ ]0,nB p∆ , [ ],nB p∆  and [ ],nB p∆ ∞  are linear spaces over the complex 
field C. 
 
Proof: We consider only [ ],nB p∆ . If supk kp H= < ∞  and ( )1max 1,2HK −= , we have Maddox ([6], 
p.346)  
 
                                                            ( )k k kp p p

k k k kx y K x y+ ≤ +                                                      (1) 
 
and for Cλ ∈   
 
                                                                       ( )max 1,kp Hλ λ≤                                                              (2) 
 
Now the linearity follows from (1) and (2). 
 
Lemma 2. [ ],nB p∆ ⊂ [ ],nB p∆ ∞  if 
 
                                                                 sup ( , )m

k
A a k m= < ∞∑                                                         (3) 

 
Proof: Suppose that [ ],nx B p∆∈  and (3) holds. Now by inequality (1) 
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( ) ( )m mT x T x L L= − +  
 

( ) ( ), kp
m

k
KT x L K a k m L≤ − + ∑  

 
                                                 ( ) ( ) ( )sup ,kp

m
k

KT x L K L a k m≤ − + ∑ .                                                (4) 

 
Therefore, [ ],nx B p∆ ∞∈  and this completes the proof. 
 
Lemma 3. Let 0 inf supk k kp p H< Θ = ≤ = < ∞ , then [ ],nB p∆ ∞  are linear topological spaces 
paranormed by G defined by 
 

( ) ( )

1/

1
sup

Mn

i m m
i

G x x T x
=

= +∑  

 
where ( )max 1,supk kM p H= = . If (3) holds, then [ ],nB p∆  has the same paranorm. 
 
Proof: Clearly G(0)=0 and G(x)=G(-x). Since 1M ≥ , then G(x+y)≤  G(x)+G(y). Further, from (2) it 
follows that  
 

( )G xλ ≤
( )

( )

/ 1

1

M G x if

G x if

λ λ

λ λ

Θ ≤

≥
 

 
where inf 0.kpΘ = > Therefore, 0, 0 0x xλ λ→ → ⇒ →  and 0, 0x fixed xλ λ→ ⇒ →  and also 

0 0xλ λ→ ⇒ → , x is fixed. This completes the proof for [ ]0,nB p∆ . If inf 0kp = Θ >  and 0 1λ< < , 
then for each [ ],nx B p∆ ∞∈ , 
 

( ) ( )MG x G xλ λ Θ≤ . 
 

Therefore, [ ],nB p∆ ∞  has the paranorm G. If (3) holds it is clear from Lemma 2 that G(x) exists for 
each

 
[ ],nx B p∆∈ . Hence the proof is complete. 

 
Lemma 4. [ ]0,nB p∆ and [ ],nB p∆ ∞  are complete with respect to their paranorm topologies. [ ],nB p∆  is 
complete if (3) holds and  
 
                                                             ( ), 0

k
a k m as m→ → ∞∑                                                            (5) 

 
Proof: ( )sx  is a Cauchy sequence in [ ],nB p∆ ∞ , where ( ) 1

s s
k kx x ∞
==  for all s N∈ . Then we have 

 

( ) ( )
1/

1
sup 0

Mn
s t s t s t

i i m m k k
i

G x x x x T x x
=

− = − + − →∑  as ,s t → ∞ . 

 
Hence we obtain 0s t

i ix x− →  as ,s t → ∞  for each i N∈ . Therefore ( ) 1
s
i sx

∞
=  is a Cauchy sequence in 

C, the set of complex numbers. Since C is complete, it is convergent. Let lim s
s i ix x=  say, for each 

i N∈ . Since ( )sx  is a Cauchy sequence, for each 0ε > , there exists ( )N N ε=  such that 
( )s tG x x− ε<  for all ,s t N≥ .  

Hence  
 

1

n
s t
i i

i
x x ε

=
− ≤∑  and ( ) 1/sup Ms t

m m k kT x x ε− ≤  
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for all i N∈  and for all ,s t N≥ . So we have  
 

1 1
lim

n n
s t s

t i i i i
i i
x x x x ε

= =
− = − ≤∑ ∑  

 
and 
 

( ) ( )1/ 1/lim M Ms t s t
t m k k m k kT x x T x x ε− = − ≤  for all s N≥ . 

 
This implies that ( ) 2sG x x ε− <  for all s N≥ , that is sx x→ as s → ∞ , where ( )ix x= . Without 

loss of generality, let s N≥ , then [ ],nsx B p∆ ∞∈  and [ ],nsx x B p∆ ∞− ∈  imply that 
[ ]( ) ,ns sx x x x B p∆ ∞= + − ∈ , since [ ],nB p∆ ∞  is linear. Thus [ ],nB p∆ ∞  is complete. 

We now consider [ ],nB p∆ . If (3) holds and ( )sx  be a Cauchy sequence in [ ],nB p∆ , then there exists 
( )kx x=  such that ( ) 0sG x x− →  as s → ∞ . If (5) holds, then from inequality (4) it is clear that 

[ ],nB p∆ = [ ]0,nB p∆ . This completes the proof. 
Now, combining the above lemmas, we obtain the following result: 

 
Theorem 1. Let 0 inf supk k k kp p H< Θ = ≤ = < ∞ , then [ ]0,nB p∆ and [ ],nB p∆ ∞  are complete linear 
topological spaces paranormed by G. If (3) and (5) hold, then [ ],nB p∆  has the same property. Further, if 
kp p=  for all k, they are Banach spaces for 1 p≤ < ∞  and p-normed spaces for 0 1p< < . 

 
3. SOME TOPOLOGICAL RESULTS 

 
We now study locally boundedness and r-convexity for the spaces of strongly n∆ − summable sequences. 
We start with some definitions. 

For 0r >  a non-void subset Ψ  of a linear space is said to be absolutely r-convex if ,x y ∈ Ψ  and 
1γγλ µ+ ≤  together imply that x yλ µ+ ∈ Ψ  [8]. A linear topological space X is said to be r-convex 

if every neighbourhood of zero contains an absolutely r-convex neighbourhood of zero. A subset B of X is 
said to be bounded if for each neighbourhood U of ∈0 X ∃  an integer N>1 such that B⊂NU. X is called 
locally bounded if there is a bounded neighbourhood of zero. 
 
Theorem 2. Let 0 1kp< ≤ . Then [ ]0,nB p∆ and [ ],nB p∆ ∞  are locally bounded if inf 0kp > . If (3) holds, 
then [ ],nB p∆  has the same property. 
 
Proof: We consider only [ ],nB p∆ ∞ . Let inf 0kp = Θ > . If [ ],nx B p∆ ∞∈  then there exists a constant T>0 
such that  
 

( ) ( ), kpn
k

k
a k m x T m∆ ≤ ∀∑ . 

 
For this T and given 0δ >  choose an integer N>1 such that TN

δ
Θ ≥ . Since 1 1

N
<  and kp ≥ Θ , we 

have 1 1
kpN NΘ≤

 
 ( )k∀ . Then for all m, we get 

 

( ) ( )
1

, ,
k

k
pn

pk n
k

k k

x T
a k m a k m x

N N N
δΘ Θ

∆ ≤ ∆ ≤ ≤∑ ∑ . 

 
Therefore by taking supremum over m, we have 

 
                                                       ( ){ } ( ){ }: :x G x T N x G x δ≤ ⊂ ≤                                                    (6) 
 
For every 0δ > there exists an integer N>1 for which (6) holds and so 
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( ){ }:x G x T≤  
 
is bounded. This completes the proof. 
 
Theorem 3. Let 0 1kp< ≤ . Then [ ]0,nB p∆ and [ ],nB p∆ ∞  are r-convex for all r, 0 lim inf kr p< < . 
Morever, if 1kp p= ≤  for all k, then they are p-convex. If (3) holds, [ ],nB p∆  has the same property. 
 
Proof: We shall prove only for [ ],nB p∆ ∞ . Let [ ],nx B p∆ ∞∈  and 0 lim inf kr p< < . Then there exists 0k  
such that kr p<  for all 0k k> . Now define 
 

( ) ( ) ( )
0

01 1
sup , , k

k
pn n

m k k
k k k

f x a k m x a k m xγ
∞

= = +

 
 = ∆ + ∆ 
 
∑ ∑ . 

 
Since 1kr p< ≤  for all 0k k> , f is subadditive. Further, for 0 1λ< ≤   and for all 0k k> , 
kp γλ λ≤ . Therefore for such λ , we have 

 
( ) ( )f x f xγλ λ≤ . 

 
Now for 0 1δ< < ,  
 

( ){ }:x f x δΨ = ≤  
 
is an absolutely r-convex set, for if 1γγλ µ+ ≤  and ,x y ∈ Ψ then 

 
( ) ( ) ( )f x y f x f yλ µ λ µ+ ≤ +   

( ) ( )f x f yγγλ µ≤ +  
 

( )γγλ µ δ δ≤ + ≤ . 
 
If kp p=  for all k, then for 0 1δ< < , ( ){ }:x f x δ≤  is an absolutely p-convex set. This can be 
obtained by a similar analysis. This completes the proof. 
 
Theorem 4. (i) Let 0 inf 1k k kp p< = Θ ≤ ≤ .Then [ ] [ ],n nB p B∆ ∆⊂ . 
(ii) Let 1 supk k kp p≤ ≤ < ∞ . Then [ ] [ ],nB B p∆ ∆⊂ . 
Where 
 

[ ] ( ): , 0, ,n
n
k

k
B x a k m x L as m for some L∆

   = ∆ − → → ∞    
∑ . 

 
(iii) Suppose that (3) holds. Let 0 k kp q< ≤  and k

k

q
p

      be bounded. Then [ ] [ ], ,n nB q B p∆ ∆⊂ . 
 
Proof: (i) Let [ ],nx B p∆∈ , since 0 inf 1k k kp p< = Θ ≤ ≤ , we get  
 

( ) ( ), , kpn n
k k

k k
a k m x L a k m x L∆ − ≤ ∆ −∑ ∑  

for each m, and hence [ ]nx B∆∈ . 
 

(ii) Let 1 supk k kp p≤ ≤ < ∞  and [ ]nx B∆∈ . Then for each 0 1ε< < , there exists a positive integer N 
such that 
 

( , ) 1n
k

k
a k m x L ε∆ − ≤ <∑  
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for all m≥N. This implies that  
 

( ) ( ), ,kpn n
k k

k k
a k m x L a k m x L∆ − ≤ ∆ −∑ ∑ . 

 
Thus we get [ ],nx B p∆∈ . 

 
(iii) Define 
 

, ,
.

,

, 1

0 , 1
k p k p

k p
k p

y y
u

y

≥=  <
 

 
and  
 

, ,
.

,

, 1

0 , 1
k p k p

k p
k p

y y
v

y

≥=  <
 

 
where  
 

,
kqn

k p ky x L= ∆ −  
 

Therefore , , ,k p k p k py u v= +  and , , ,
k k k
k p k p k py u vλ λ λ= + , where k

k
k

p
q

λ = . Now it follows that 

, ,,
k

k p k pk pu u yλ ≤ ≤  and , ,
k
k p k pv vλ λ≤  for 0 1kλ λ< < ≤ . We have the inequality Maddox ([1], p.351) 

 

( ) ( ) ( ) ( )1
, ,,, , ,k
k p k pk p

k k k
a k m y a k m y a k m v A

λ
λ λ− ≤ +   ∑ ∑ ∑ . 

 
Hence [ ],nx B q∆∈  if (3) holds and [ ],nx B p∆∈ . 
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