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Abstract — In the present paper we define strongly A" -summable sequences which generalize A-summable
sequences and prove such spaces to be complete paranormed spaces under certain conditions, some
topological results have also been discussed.
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1. INTRODUCTION

Let I, ¢ and ¢, be the Banach spaces of bounded, convergent and null sequences = = (z;) respectively,
normed by Izl = supy, |z ] .
The notion of difference sequence space was introduced by Kizmaz [1] as follows:

Z(A) :{x: (z): (Azy) ez}

for 7 =1, c,or ¢y where Az, =z, —x;,, forall k € N.
Later, the difference sequence spaces were generalized by Et and Colak [2] as follows:
Let n € N be fixed, then

2(a") ={a=(a): (M) €z} for 2 =L, c,or a,

n vn
where A"z, = A" 'z, — A" !z, 1, and so A"z, = Z(—l) [UJ“T’”” . They showed that the above spaces

are Banach spaces, normed by v=0

n
Iz )llae = D _lai ] + supg [ A" .

1=1

Recently, difference sequence spaces have been discussed in Esi [3, 4], Tripathy [5] and many others.

Let A = (a,,) be an infinite matrix of non-negative real numbers and p = (p,) be a sequence such
that 0 < p, < sup, p, = H < co. We write Az = {(A,z)} if 4, x> = Zank |z, |P* converges for each n.
Maddox [6] define k

[4,p], = {:): A, (z)—0 as n — oo},

[4,p], = {x A, (x—L)— 0 as n — oo, for some L} ,
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And
[Avp}oo = {iC  supy, Aﬂ(x) < OO} .

The spaces[A,p],, [4,p] and [A,p], are called the spaces of strongly summable to zero, strongly
summable and strongly bounded sequences, respectively.

The purpose of this paper is to introduce the spaces of strongly A" —summable sequences, which
generalize well-known strongly A-summable sequences [4,p],, [4,p] and [4,p]. , [6] and [7].

We now generalize these spaces by means of a given matrix B = (b,,;, ) . We write

T, x> =Y a(km)| A"z |"
T
wherea (k,m) = mejajk and b,,;ay, is of the same sign for each m, j and k.
We now writé

[BA7n7p}0:{x:Tm(:z)—>O as m—>oo},
[BN,’p]:{a::Tm(;rfL)HO as m%oo,forsomeL},

And
[BA"vp]() = {CL’  SUDPy, Tm(z) < OO}

These are the spaces of strongly A" —summable to zero, strongly A" —summable and strongly
A" —bounded sequences, respectively, and these spaces of strongly A" —summable sequences depend on
the fixed chosen matrix B. In case B=I (unit matrix) and replacing =z, in the place of A"z, in the above
definition we get the sequence spaces [4,p],, [4,p] and [A4,p], , respectively [6].

2. MAIN RESULTS

First we establish a number of lemmas.

Lemma 1. If p = (p;) € I, then [Ba»,ply, [Bar,p] and [Ban,p],, are linear spaces over the complex
field C.

Proof: We consider only [Bar,p]. If sup, py = H < oo and K = max(1,2”""), we have Maddox ([6],
p.346)

[z, + vl < K (2™ + |yel™) ()
and for A € C

IAPPE < max (1,|A1T) 2

Now the linearity follows from (1) and (2).

Lemma 2. [Ba»,p] C [Ban,pl, if

4] = sup,, Y Ja(k,m) < o €)
k

Proof: Suppose that = € [ Ba», p] and (3) holds. Now by inequality (1)
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T, =T, (x—L+1L)

< KT, (z— L)+ KY_ a(km)|L|"
k

< KT, (z— L)+ K(sup|L|")> a(km). 4)
k

Therefore, = € [Ba»,p],, and this completes the proof.

Lemma 3. Let 0< © =infp, <supyp, = H < oo, then [Ba-,p],, are linear topological spaces
paranormed by G defined by

n 1 / M

G =Y |z;| + sup,, | T, <]
=1

where M = max(L supy, p, = H ) . If (3) holds, then [ Ba-, p] has the same paranorm.

Proof: Clearly G(0)=0 and G(x)=G(-x). Since M > 1, then G(x+y)< G(x)+G(y). Further, from (2) it
follows that
INC/M Gy if (A <1

G(Az) <
INGcx> if [N >1

where © = inf p;, > 0. Therefore, z — 00X — 0= Az — 0 and z — 0,\ fized = Az — 0 and also
A — 0= Az — 0, x is fixed. This completes the proof for [Ba»,p],. If infp, =0 >0 and 0 < |\ <1,
then for each z € [Ba»,pl,, ,

GM(Az) <IAP G,

Therefore, [Ba»,p],, has the paranorm G. If (3) holds it is clear from Lemma 2 that G(x) exists for
each z € [Bar, p]. Hence the proof is complete.

Lemma 4. [Bx»,p],and [Bar,pl, are complete with respect to their paranorm topologies. [Ba-,p] is
complete if (3) holds and

Za(k,m)ﬂo as m — oo ®)
%

Proof: (z°) is a Cauchy sequence in [Ban,pl, , Where z* = (z} )2, forall s € N Then we have

n 1/ M
G(z“" f;vt) = Z|x§ fmf|+supm|Tm(z,§ fac}é)|/ — 0 as st — 0.

i=1
Hence we obtain |z} — 2| — 0 as s,t — oo for each i € N . Therefore (z}), is a Cauchy sequence in
C, the set of complex numbers. Since C is complete, it is convergent. Let lim, 2} = z; say, for each
i€ N. Since (z*) is a Cauchy sequence, for each ¢ > 0, there exists N = Nce> such that
G(z* —a')<e forall s,t > N.

Hence

n
Z|x§ — mf| <e and supmle (2 — :z}i)F/M <e
i=1
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forall i € N and for all s, > N . So we have
n n
lim, Z|zf — zf| 22|zf —x| <e
i=1 i=1

and
lim, |T,, (2 —af )|"/" = |7, (ap — o} )[/Y < forall s > N,

This implies that G (2° — z) < 2¢ forall s > N, thatis z° — zas s — oo, where z = (z;). Without
loss of generality, let s> N, then z°€[Ba,pl, and z—2z°€[Ba,pl, 1imply that
z=2" 4 (z —2°) € [Ba»,pl,, since [Ba»,p],, is linear. Thus [Ba»,p],, is complete.

We now consider [Ba-,p]. If (3) holds and (z*) be a Cauchy sequence in [ Ba», p], then there exists
x = (z;,) such that G(z°* —z) — 0 as s — oco. If (5) holds, then from inequality (4) it is clear that
[Ban, p]=[Ba»,p], - This completes the proof.

Now, combining the above lemmas, we obtain the following result:

Theorem 1. Let 0 < © = infy p, < sup; p, = H < oo, then [Ban,p],and [Ba»,p], are complete linear
topological spaces paranormed by G. If (3) and (5) hold, then [Ba-,p] has the same property. Further, if
p, = p for all k, they are Banach spaces for 1 < p < co and p-normed spaces for 0 < p < 1.

3. SOME TOPOLOGICAL RESULTS

We now study locally boundedness and r-convexity for the spaces of strongly A" —summable sequences.
We start with some definitions.

For r > 0 a non-void subset ¥ of a linear space is said to be absolutely r-convex if z,y € ¥ and
A" +|p|” <1 together imply that Az + uy € ¥ [8]. A linear topological space X is said to be r-convex
if every neighbourhood of zero contains an absolutely r-convex neighbourhood of zero. A subset B of X is
said to be bounded if for each neighbourhood U of 0 €X 3 an integer N>1 such that Bc NU. X is called
locally bounded if there is a bounded neighbourhood of zero.

Theorem 2. Let 0 < p, <1. Then [Ba»,p],and [Ba»,p],, are locally bounded if inf p, > 0. If (3) holds,
then [ Ban, p] has the same property.

Proof: We consider only [Ba»,p],, . Let inf p, = © > 0. If z € [Ba», p],, then there exists a constant T>0
such that
dTalk,m)| Atz [ < T (Vm).
k

For this T and given 6 > 0 choose an integer N>1 such that N ° > % Since % <1 and p, > 0O, we

have — <

NS ye (Vk). Then for all m, we get

Anl'k
k
Satkm)|SF

P 1 n Pk T

Therefore by taking supremum over m, we have
{z: G <T}ycC N{z:Gx> <6} (6)

For every ¢ > 0 there exists an integer N>1 for which (6) holds and so
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{z:G> <T}
is bounded. This completes the proof.

Theorem 3. Let 0 < p;, <1. Then [Ba»,plyand [Ba»,pl, are r-convex for all r, 0 < r < liminf pj .
Morever, if p, = p <1 for all k, then they are p-convex. If (3) holds, [ Ba», p] has the same property.

Proof: We shall prove only for [Ba»,p],, . Let © € [Bar,p],, and 0 < r < liminf p; . Then there exists kg
such that r < p, forall ¥ > k,. Now define

ko 00
fcz> = sup,, Za(k,m)|A":ck|7 + Z a(km)| A"z, |7 |.
k=1 k=ko+1

Since r < p, <1 for all k > k,, f is subadditive. Further, for 0 <|\| <1 and for all k¥ > K,
[A[P¢ < |A|” . Therefore for such A, we have

fQz) <A fea
Now for 0 < 6 <1,
\IJ:{z:f(x)S&}
is an absolutely r-convex set, for if [A|” + |u|” <1 and z,y € VU then
JQz +py) < f(Az) + f(py)
SIAI fe +ul” f(y)
<A +ul")s <8,

If p, =p for all k, then for 0 <6 <1, {x: fcz> <} is an absolutely p-convex set. This can be
obtained by a similar analysis. This completes the proof.

Theorem 4. (i) Let 0 < inf, p, = © < p, < 1.Then [Ban,p] C[Bar].
(i) Let 1 < p, < supy p; < co. Then [Ban ] C [Ba,p].
Where

[Bar ] = {x : Za(kymﬂA”xk —L| — 0, as m — oo, for some L}.
3

(ii1) Suppose that (3) holds. Let 0 < p, < ¢, and

i—kJ be bounded. Then [Ba»,q] C [Bar,p].
k

Proof: (i) Let z € [Ba»,p], since 0 < inf, p, = O < p, <1, we get

> alk,m)|Amzy, — L <> a(k,m)| A"z, — LP
k r

for each m, and hence z € [Ba» ].

(i) Let 1 < p, < sup; p, < oo and z € [Bar ]. Then for each 0 < e < 1, there exists a positive integer N
such that
Za(k,mﬂA”xk —Ll<ex<l1
k
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for all m>N. This implies that

> a(k,m)| Az, — L <> a(k,m)| A"z, — L.
k

k

Thus we get © € [Ban,p].

(iii) Define
Yk,ps Yk,p > 1
UKP - 0 ) yk’,p <1
and
Yie,ps Ykp >1
Y = 0 s Yip <1
where

Yy = A" — LI*

_ Pk

M o where X, = %£. Now it follows that

Therefore y;., = w, +v,, and y,?kp =ur + (A

? as,
upt, <y, <y, and v <o) for 0 < A < A < 1. We have the inequality Maddox ([1], p.351)

A
Za(k,m)y,ﬁ",, Sza(kvm)yk,p +[Za(k7m)vk,p} A
Hence z € [Bar,q] if (3) holds and z € [Ba», p].
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