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Abstract 

In this paper we obtain the expression of the solutions of the following recursive sequences 
 

ାଵݔ ൌ
ିସݔିଷݔିଶݔ

ିଵሺേ1ݔݔ േ ିସሻݔିଷݔିଶݔ
, ݊ ൌ 0,1, . . ., 

 
where the initial conditions are arbitrary real numbers. Also, we study the behavior of the solution of these 
equations. 
 
Keywords: Difference equations; recursive sequences; stability; periodic solution 

 
1. Introduction 

In this paper, the form of the solutions of the 
following recursive sequences is obtained 
 
ାଵݔ ൌ

௫షమ௫షయ௫షర
௫௫షభሺേଵേ௫షమ௫షయ௫షరሻ

, ݊ ൌ 0,1, . . .,      (1) 
 
where the initial conditions are arbitrary real 
numbers. Also, we study the behavior of the 
solution of these equations. 

Difference equations appear naturally as discrete 
analogues and as numerical solutions of differential 
and delay differential equations having applications 
in biology, ecology, physics, etc. (Elabbasy, 
Elsadany et al. 2007; Kocic and Ladas, 1993). The 
study of nonlinear difference equations is of 
paramount importance not only in their own right 
but in understanding the behavior of their 
differential counterparts. Also, difference equations 
are appropriate models for describing situations 
where population growth is not continuous but 
seasonal with overlapping generations. 

El-Metwally et al., 2003, investigated the 
asymptotic behavior of the population model: 
 

ାଵݔ ൌ ߙ   ,ିଵ݁ି௫ݔߚ
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where ߙ is the immigration rate and ߚ is the 
population growth rate. 
Grove, et al. (2000); studied the stability and the 
semicycles of solutions of the biological 
 

ାଵݔ ൌ ݔܽ   .ିଵ݁ି௫ݔܾ
 

The generalized Beverton-Holt stock recruitment 
model was investigated by (Beverton and Holt, 
1957; DeVault et al. 1998):	ݔାଵ ൌ ݔܽ 

௫షభ
ଵା௫షభାௗ௫

. 

See also (Elettreby and El-Metwally, 2007; El-
Metwally, 2007; El-Metwally and El-Afifi, 2008; 
Kulenovic and Ladas, 2001; Ladas, 1989; Mackey 
and Glass, 1977; Mickens, 1987). 

There has been a great deal of work concerning 
the global asymptotic behavior of solutions of 
rational difference equations (Aloqeili, 2006; 
Atalay et al., 2005; Elabbasy et al., 2011; Elabbasy 
et al., 2012; Elsayed, 2011; Elsayed, 2012; Elsayed, 
2013; Elsayed, 2014; Wang et al, 2009; Zayed and 
El-Moneam, 2005; Zayed and El-Moneam, 2011). 
In particular, (Elabbasy et al., 2006; Elabbasy et al., 
2007) investigated the global stability, periodicity 
character of the solution for the following recursive 
sequences 
 

ାଵݔ ൌ ݔܽ െ
ݔܾ

ݔܿ െ ିଵݔ݀
,	 
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ାଵݔ ൌ
ିݔߙ

ߚ  ∏ߛ 	
ୀ ିݔ

. 

 
Agarwal and Elsayed (2008) investigated the 

global stability, periodicity character and gave the 
solution of some special cases of the difference 
equation 
 

ାଵݔ ൌ ܽ 
ିݔିݔ݀
ܾ െ ି௦ݔܿ

. 

 
Aloqeili (2006) has obtained the solutions of the 

difference equation 
 

ାଵݔ ൌ
ିଵݔ

ܽ െ ିଵݔݔ
. 

 
Cinar (2004) investigated the solutions of the 

following difference equation 
 

ାଵݔ ൌ
ିଵݔܽ

1  ିଵݔݔܾ
. 

 
Karatas et al. (2006) obtained the form of the 

solution of the difference equation 
 

ାଵݔ ൌ
ିହݔ

1  ିହݔିଶݔ
. 

 
Yalçinkaya and Cinar (2009) studied the 

dynamics of the difference equation 
 

ାଵݔ ൌ
ିݔܽ
ܾ  ݔܿ

. 

 
Other related results on rational difference 

equations can be found in (Elsayed and El-
Metwally, 2013; Hamza and Barbary, 2008; Rafiq, 
2006; Saleh and Abu-Baha, 2006; Touafek and 
Elsayed, 2012(a,b); Wang and Wang, 2009; Zayed 
and El-Moneam, 2012(a,b); Zayed and El-Moneam, 
2013). 

Here, we recall some notations and results which 
will be useful in our investigation. 

Let ܫ be an interval of real numbers and let 
 

݂: ାଵܫ ՜  ,ܫ
 
be a continuously differentiable function. Then for 
every set of initial conditions ିݔ, ,ାଵିݔ . . . , ݔ א  ,ܫ
the difference equation  
 
ାଵݔ ൌ ݂ሺݔ, ,ିଵݔ . . . , ݊			,ିሻݔ ൌ 0,1, . . .,         (1) 
 
has a unique solution ሼݔሽୀି

ஶ . 
 
Definition 1. (Equilibrium Point) 
A point ݔ א  is called an equilibrium point of ܫ
Eq.(2) if  
 

ݔ ൌ ݂ሺݔ, ,ݔ . . . ,  						.ሻݔ
 

That is, ݔ ൌ ݊ for ݔ  0,		is a solution of Eq.(2), 

or equivalently, ݔ is a fixed point of ݂. 
 
Definition 2. (Stability) 
(i) The equilibrium point ݔ of Eq.(2) is locally 
stable if for every ߝ  0,		 there exists ߜ  0				such 
that for all ିݔ, ,ାଵିݔ . . . , ,ଵିݔ ݔ א  with ܫ
 

ିݔ| െ |ݔ  ାଵିݔ| െ |ݔ ڮ 
|ݔ െ |ݔ ൏  ,ߜ

 
we have 
 

ݔ| െ |ݔ ൏ ݊						all		for						ߝ  െ݇. 
 
(ii) The equilibrium point  ݔ of Eq.(2) is locally 
asymptotically stable if ݔ is locally stable solution 
of Eq.(2) and there exists ߛ  0, such that for all 
,ିݔ ,ାଵିݔ . . . , ,ଵିݔ ݔ א  with ܫ
 

ିݔ| െ |ݔ  ାଵିݔ| െ |ݔ ڮ 
|ݔ െ |ݔ ൏  ,ߛ

 
we have 
 

lim
՜ஶ

ݔ ൌ  .ݔ
 
(iii) The equilibrium point ݔ of Eq.(2) is global 
attractor if for all ିݔ, ,ାଵିݔ . . . , ,ଵିݔ ݔ א  we		,ܫ
have 
 

lim
՜ஶ

ݔ ൌ  .ݔ
 
(iv) The equilibrium point ݔ of Eq.(2) is globally 
asymptotically stable if ݔ is locally stable, and ݔ is 
also a global attractor of Eq.(2). 
(v) The equilibrium point ݔ of Eq.(2) is unstable if 
 .is not locally stable ݔ

The linearized equation of Eq.(2) about the 
equilibrium ݔ is the linear difference equation 
 

ାଵݕ ൌ	



ୀ

∂݂ሺݔ, ,ݔ . . . , ሻݔ
ିݔ∂

 .ିݕ

 
Theorem A (Grove and Ladas, 2005): Assume that 
 א ܴ, ݅ ൌ 1,2, . . . , ݇ and ݇ א ሼ0,1,2, . . . ሽ. Then 
 

	



ୀଵ

|| ൏ 1, 

 
is a sufficient condition for the asymptotic stability 
of the difference equation 
 

ାݔ  ାିଵݔଵ  ڮ ݔ ൌ 0,			 
݊ ൌ 0,1, . ..		. 

 
Definition 3. (Periodicity) 
A sequence ሼݔሽୀି

ஶ is said to be periodic with 
period  if ݔା ൌ ݊  for allݔ  െ݇. 
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2. On the Difference Equation ܖܠା ൌ
షܖܠషܖܠషܖܠ

షሻܖܠషܖܠషܖܠషሺାܖܠܖܠ
 

In this section we give a specific form of the 
solution of the first difference equation in the form 
 
ାଵݔ ൌ

௫షమ௫షయ௫షర
௫௫షభሺଵା௫షమ௫షయ௫షరሻ

,	                            (3) 
 
where the initial values are arbitrary non zero real 
numbers. 
 
Theorem 1. Suppose that ሼݔሽୀିସஶ  is a solution of 
Eq.(3). Then for 
 

݊ ൌ 0,1, . . .

ଷିଵݔ 				ൌ 	
ܾାଵ

݁
			ෑ൬

1  ݅ܿ݀݁
1  ܾ݅ܿ݀

൰

୬

୧ୀଵ

,

ଷݔ 				ൌ 		
ܽାଵ

݀
		ෑ൬

1  ܾ݅ܿ݀
1  ܾ݅ܽܿ

൰

୬

୧ୀଵ

,

ଷାଵݔ ൌ
ܿሺ݀݁ሻାଵ

ሺܾܽሻାଵሺ1  ܿ݀݁ሻ
ෑ൬

1  ܾ݅ܽܿ
1  ሺ݅  1ሻܿ݀݁

൰

୬

୧ୀଵ

,

 

 
where	ିݔସ ൌ ݁, ଷିݔ ൌ ݀, ଶିݔ ൌ ܿ, ଵିݔ ൌ ܾ, ݔ ൌ ܽ. 
 
Proof: For ݊ ൌ 0 the result holds. Now suppose 
that ݊  0 and that our assumption holds for ݊ െ 1. 
That is; 
 

ଷିݔ 				ൌ 		
ܽିଵ

݀ିଶ
		ෑ൬

1  ܾ݅ܿ݀
1  ܾ݅ܽܿ

൰

୬ିଶ

୧ୀଵ

,

ଷିହݔ ൌ
ܿሺ݀݁ሻିଵ

ሺܾܽሻିଵሺ1  ܿ݀݁ሻ
ෑ൬

1  ܾ݅ܽܿ
1  ሺ݅  1ሻܿ݀݁

൰

୬ିଶ

୧ୀଵ

,

 

ଷିସݔ 				ൌ 	
ܾ

݁ିଵ
			ෑ൬

1  ݅ܿ݀݁
1  ܾ݅ܿ݀

൰

୬ିଵ

୧ୀଵ

,

ଷିଷݔ 				ൌ 		
ܽ

݀ିଵ
		ෑ൬

1  ܾ݅ܿ݀
1  ܾ݅ܽܿ

൰

୬ିଵ

୧ୀଵ

,

ଷିଶݔ ൌ
ܿሺ݀݁ሻ

ሺܾܽሻሺ1  ܿ݀݁ሻ
ෑ൬

1  ܾ݅ܽܿ
1  ሺ݅  1ሻܿ݀݁

൰

୬ିଵ

୧ୀଵ

,

 

 
Now, it follows from Eq.(3) that 

 

ଷିଵݔ ൌ
ଷିݔଷିହݔଷିସݔ

ଷିଷሺ1ݔଷିଶݔ  ଷିሻݔଷିହݔଷିସݔ
 

ൌ



షభ
			∏ ቀ

ଵାௗ

ଵାௗ
ቁ୬ିଵ

୧ୀଵ 		
ሺௗሻషభ

ሺሻషభሺଵାௗሻ

∏ ቀ
ଵା

ଵାሺାଵሻௗ
ቁ		

షభ

ௗషమ
		∏ ቀ

ଵାௗ

ଵା
ቁ୬ିଶ

୧ୀଵ
୬ିଶ
୧ୀଵ

	


ௗషభ
		∏ ቀ

ଵାௗ

ଵା
ቁ୬ିଵ

୧ୀଵ
ሺௗሻ

ሺሻሺଵାௗሻ
∏ ቀ

ଵା

ଵାሺାଵሻௗ
ቁ୬ିଵ

୧ୀଵ

ቌ
1 



షభ
			∏ ቀ

ଵାௗ

ଵାௗ
ቁ୬ିଵ

୧ୀଵ 		
ሺௗሻషభ

ሺሻషభሺଵାௗሻ

∏ ቀ
ଵା

ଵାሺାଵሻௗ
ቁ୬ିଶ

୧ୀଵ 		
షభ

ௗషమ
		∏ ቀ

ଵାௗ

ଵା
ቁ୬ିଶ

୧ୀଵ

ቍ

 

 

ൌ
ቀ

ௗ

ଵାሺିଵሻௗ
ቁ

ௗ

ሺଵାௗሻ
∏ ቀ

ଵାௗ

ଵାሺାଵሻௗ
ቁ୬ିଵ

୧ୀଵ ቆ1  ቀ
ௗ

ଵାሺିଵሻௗ
ቁቇ

	ൌ
bd

ௗ

ሺଵାௗሻ
∏ ቀ

ଵାௗ

ଵାሺାଵሻௗ
ቁ୬ିଵ

୧ୀଵ ሺ1  ሺ݊ െ 1ሻܾܿ݀  bcdሻ
	

 

ൌ
ܾሺ1  ܿ݀݁ሻܾ݀∏ ቀ

ଵାሺାଵሻௗ

ଵାௗ
ቁ୬ିଵ

୧ୀଵ

݀݁ሺ1  ሺ݊ െ 1ሻܾܿ݀  ܾܿ݀ሻ

ൌ
ܾାଵሺ1  ܿ݀݁ሻ∏ ቀ

ଵାሺାଵሻௗ

ଵାௗ
ቁ୬ିଵ

୧ୀଵ

݁ሺ1  ܾ݊ܿ݀ሻ
	.

 

 
Hence, we have  

 

ଷିଵݔ ൌ
ܾାଵ

݁
			ෑ൬

1  ݅ܿ݀݁
1  ܾ݅ܿ݀

൰

୬

୧ୀଵ

. 

 
Similarly 

 

ଷݔ ൌ
ଷିହݔଷିସݔଷିଷݔ

ଷିଶሺ1ݔଷିଵݔ  ଷିହሻݔଷିସݔଷିଷݔ
 

ൌ

	


ௗషభ
		∏ ቀ

ଵାௗ

ଵା
ቁ୬ିଵ

୧ୀଵ


షభ
			

∏ ቀ
ଵାௗ

ଵାௗ
ቁ୬ିଵ

୧ୀଵ
ሺௗሻషభ

ሺሻషభሺଵାௗሻ
∏ ቀ

ଵା

ଵାሺାଵሻௗ
ቁ୬ିଶ

୧ୀଵ

	
శభ


			∏ ቀ

ଵାௗ

ଵାௗ
ቁ୬

୧ୀଵ
ሺௗሻ

ሺሻሺଵାௗሻ
∏ ቀ

ଵା

ଵାሺାଵሻௗ
ቁ୬ିଵ

୧ୀଵ

ቌ
1 



ௗషభ
		∏ ቀ

ଵାௗ

ଵା
ቁ୬ିଵ

୧ୀଵ


షభ
			

∏ ቀ
ଵାௗ

ଵାௗ
ቁ୬ିଵ

୧ୀଵ
ሺௗሻషభ

ሺሻషభሺଵାௗሻ
∏ ቀ

ଵା

ଵାሺାଵሻௗ
ቁ୬ିଶ

୧ୀଵ

ቍ

 

 

ൌ	
ቀ



ଵାሺିଵሻ
ቁ

ௗ


∏ ቀ

ଵ

ଵାௗ
ቁ୬

୧ୀଵ ∏ ሺ1  ܾ݅ܽܿሻ୬ିଵ
୧ୀଵ ቆ1  ቀ



ଵାሺିଵሻ
ቁቇ

ൌ 	
ܽܽ

݀ ∏ ቀ
ଵ

ଵାௗ
ቁ୬

୧ୀଵ ∏ ሺ1  ܾ݅ܽܿሻ୬ିଵ
୧ୀଵ ሺ1  ሺ݊ െ 1ሻܾܽܿ  ܾܽܿሻ

ൌ 	
ܽାଵ ∏ ሺ1  ܾ݅ܿ݀ሻ୬

୧ୀଵ

݀ ∏ ሺ1  ܾ݅ܽܿሻ୬ିଵ
୧ୀଵ ሺ1  ܾ݊ܽܿሻ

.

 

 
Hence, we have  

ଷݔ ൌ
ܽାଵ

݀
		ෑ൬

1  ܾ݅ܿ݀
1  ܾ݅ܽܿ

൰

୬

୧ୀଵ

. 

 
Also, from Eq. (3) we see that 

 

ଷାଵݔ ൌ
ଷିସݔଷିଷݔଷିଶݔ

ଷିଵሺ1ݔଷݔ  ଷିସሻݔଷିଷݔଷିଶݔ
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ൌ				

ሺௗሻ

ሺሻሺଵାௗሻ
∏ ቀ

ଵା

ଵାሺାଵሻௗ
ቁ୬ିଵ

୧ୀଵ


ௗషభ
	

∏ ቀ
ଵାௗ

ଵା
ቁ୬ିଵ

୧ୀଵ


షభ
			∏ ቀ

ଵାௗ

ଵାௗ
ቁ୬ିଵ

୧ୀଵ

శభ

ௗ
		∏ ቀ

ଵାௗ

ଵା
ቁ୬

୧ୀଵ
శభ


			∏ ቀ

ଵାௗ

ଵାௗ
ቁ୬

୧ୀଵ

ቌ
1 

ሺௗሻ

ሺሻሺଵାௗሻ
∏ ቀ

ଵା

ଵାሺାଵሻௗ
ቁ୬ିଵ

୧ୀଵ



ௗషభ
		∏ ቀ

ଵାௗ

ଵା
ቁ୬ିଵ

୧ୀଵ


షభ
			∏ ቀ

ଵାௗ

ଵାௗ
ቁ୬ିଵ

୧ୀଵ

ቍ

			ൌ 				
ሺ݀݁ሻ ቀ

ௗ

ଵାௗ
ቁ

ሺܾܽሻାଵ ∏ ቀ
ଵାௗ

ଵା
ቁ୬

୧ୀଵ ൬1  ቀ
ௗ

ଵାௗ
ቁ൰

				ൌ 				
ܿሺ݀݁ሻାଵ

ሺܾܽሻାଵሺ1  ݊ܿ݀݁  ܿ݀݁ሻ
ෑ൬

1  ܾ݅ܽܿ
1  ݅ܿ݀݁

൰

୬

୧ୀଵ

				ൌ 				
ܿሺ݀݁ሻାଵ

ሺܾܽሻାଵሺ1  ሺ݊  1ሻܿ݀݁ሻ
ෑ൬

1  ܾ݅ܽܿ
1  ݅ܿ݀݁

൰

୬

୧ୀଵ

 

 
Hence, we have 

 

ଷାଵݔ ൌ
ܿሺ݀݁ሻାଵ

ሺܾܽሻାଵሺ1  ܿ݀݁ሻ
ෑ൬

1  ܾ݅ܽܿ
1  ሺ݅  1ሻܿ݀݁

൰

୬

୧ୀଵ

. 

 
Thus, the proof is completed. 
 
Theorem 2. Eq.(3) has a unique equilibrium point 
which is the number zero and this equilibrium point 
is not locally asymptotically stable.  
 
Proof: For the equilibrium points of Eq.(3), we can 
write 
 

ݔ ൌ
ଷݔ

ଶ൫1ݔ  ଷ൯ݔ
. 

 
Then we have 

 
ଷ൫1ݔ  ଷ൯ݔ 				ൌ 				 ,ଷݔ

ଷ൫1ݔ  ଷݔ െ 1൯ 				ൌ 				0,
 

 
or 
 

ݔ ൌ 0. 
 

Thus the equilibrium point of Eq.(3) is ݔ ൌ 0. 
Let ݂: ሺ0,∞ሻହ ՜ ሺ0,∞ሻ be a function defined by 
 

݂ሺݑ, ,ݒ ,ݓ ,ݐ ሻ ൌ
ݐݓ

ሺ1ݒݑ  ሻݐݓ
. 

 
Therefore it follows that  

 

௨݂ሺݑ, ,ݒ ,ݓ ,ݐ ሻ ൌ െ
ݐݓ

ሺ1ݒଶݑ  ሻݐݓ
, 

௩݂ሺݑ, ,ݒ ,ݓ ,ݐ ሻ ൌ െ
ݐݓ

ଶሺ1ݒݑ  ሻݐݓ
, 

௪݂ሺݑ, ,ݒ ,ݓ ,ݐ ሻ ൌ 	
ݐ

ሺ1ݒݑ  ሻଶݐݓ
, 

௧݂ሺݑ, ,ݒ ,ݓ ,ݐ ሻ ൌ
ݓ

ሺ1ݒݑ  ሻଶݐݓ
,

݂ሺݑ, ,ݒ ,ݓ ,ݐ ሻ ൌ 	
ݓݐ

ሺ1ݒݑ  ሻଶݐݓ
,

 

 
we see that 
 

௨݂ሺݔ, ,ݔ ,ݔ ,ݔ ሻݔ ൌ െ1,			 
௩݂ሺݔ, ,ݔ ,ݔ ,ݔ ሻݔ ൌ െ1,	 
௪݂ሺݔ, ,ݔ ,ݔ ,ݔ ሻݔ ൌ 1, 
௧݂ሺݔ, ,ݔ ,ݔ ,ݔ ሻݔ ൌ 1, 
݂ሺݔ, ,ݔ ,ݔ ,ݔ ሻݔ ൌ 1. 

 
The proof follows by using Theorem A. 

Numerical examples 

For confirming the results of this section, we 
consider numerical examples which represent 
different types of solutions to Eq. (3). 
 
Example 1. We assume ିݔସ ൌ 5, ଷିݔ ൌ 13, ଶିݔ ൌ
7, ଵିݔ ൌ 3, ݔ ൌ 9.		See Fig. 1. 
 

 
 
Fig. 1. This Figure shows the solution of the difference 
equation (3), with initial conditions ିݔସ ൌ 5, ଷିݔ ൌ
13, ଶିݔ ൌ 7, ଵିݔ ൌ 3, ݔ ൌ 9 
 
Example 2. See Fig. 2, since ିݔସ ൌ 11, ଷିݔ ൌ 0.3,
ଶିݔ ൌ 9, ଵିݔ ൌ 0.8, ݔ ൌ 2. 
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Fig. 2. This Figure shows the solutio of Eq.(3) when 
ସିݔ ൌ 11, ଷିݔ ൌ 0.3, ଶିݔ ൌ 9, ଵିݔ ൌ 0.8, ݔ ൌ 2 

3. On the Difference Equation ܖܠା ൌ
షܖܠషܖܠషܖܠ

షሻܖܠషܖܠషܖܠషሺିାܖܠܖܠ
 

In this section we obtain the solution of the second 
difference equation in the form 
 
ାଵݔ ൌ

௫షమ௫షయ௫షర
௫௫షభሺିଵା௫షమ௫షయ௫షరሻ

,                          (4) 
 
where the initial values are arbitrary non zero real 
numbers with ݔିݔଵିݔଶ ് 1, ଷିݔଶିݔଵିݔ ്
1, ସିݔଷିݔଶିݔ ് 1. 
 
Theorem 3. Let ሼݔሽୀିସஶ  be a solution of Eq.(4). 
Then for ݊ ൌ 0,1, … 
 

ିଶݔ ൌ 		
ܿሺ݀݁ሻଶሺെ1  ܾܽܿሻ

ሺܾܽሻଶሺെ1  ܿ݀݁ሻ
, 

ିଵݔ ൌ
ܾଶାଵሺെ1  ܿ݀݁ሻ

݁ଶሺെ1  ܾܿ݀ሻ
, 

ݔ ൌ
ܽଶାଵሺെ1  ܾܿ݀ሻ

݀ଶሺെ1  ܾܽܿሻ
, 

ାଵݔ ൌ
ܿሺ݀݁ሻଶାଵሺെ1  ܾܽܿሻ

ሺܾܽሻଶାଵሺെ1  ܿ݀݁ሻାଵ
, 

ାଶݔ ൌ
ܾଶାଶሺെ1  ܿ݀݁ሻାଵ

݁ଶାଵሺെ1  ܾܿ݀ሻାଵ
, 

ାଷݔ ൌ
ܽଶାଶሺെ1  ܾܿ݀ሻାଵ

݀ଶାଵሺെ1  ܾܽܿሻାଵ
, 

 
where ିݔସ ൌ ݁, ଷିݔ ൌ ݀, ଶିݔ ൌ ܿ, ଵିݔ ൌ ܾ, ݔ ൌ ܽ. 
 
Proof: For ݊ ൌ 0 the result holds. Now suppose 
that ݊  0 and that our assumption holds for ݊ െ 1. 
That is;  
 

ି଼ݔ ൌ
ܿሺ݀݁ሻଶିଶሺെ1  ܾܽܿሻିଵ

ሺܾܽሻଶିଶሺെ1  ܿ݀݁ሻିଵ
, 

ିݔ ൌ
ܾଶିଵሺെ1  ܿ݀݁ሻିଵ

݁ଶିଶሺെ1  ܾܿ݀ሻିଵ
, 

ିݔ ൌ 	
ܽଶିଵሺെ1  ܾܿ݀ሻିଵ

݀ଶିଶሺെ1  ܾܽܿሻିଵ
, 

ିହݔ ൌ
ܿሺ݀݁ሻଶିଵሺെ1  ܾܽܿሻିଵ

ሺܾܽሻଶିଵሺെ1  ܿ݀݁ሻ
, 

ିସݔ ൌ
ܾଶሺെ1  ܿ݀݁ሻ

݁ଶିଵሺെ1  ܾܿ݀ሻ
,				 

ିଷݔ ൌ
ܽଶሺെ1  ܾܿ݀ሻ

݀ଶିଵሺെ1  ܾܽܿሻ
. 

 
Now, it follows from Eq.(4) that 

 
ିଶݔ ൌ

௫లషఱ௫లషల௫లషళ
௫లషయ௫లషరሺିଵା௫లషఱ௫లషల௫లషళሻ

  

ൌ	

ሺௗሻమషభሺିଵାሻషభ

ሺሻమషభሺିଵାௗሻ
మషభሺିଵାௗሻషభ

ௗమషమሺିଵାሻషభ

మషభሺିଵାௗሻషభ

మషమሺିଵାௗሻషభ

ቀ
మሺିଵାௗሻ

ௗమషభሺିଵାሻ
మሺିଵାௗሻ

మషభሺିଵାௗሻ
ቁ

ቌ
െ1 

ሺௗሻమషభሺିଵାሻషభ

ሺሻమషభሺିଵାௗሻ

మషభሺିଵାௗሻషభ

ௗమషమሺିଵାሻషభ
మషభሺିଵାௗሻషభ

మషమሺିଵାௗሻషభ

ቍ

ൌ

ௗ

ሺିଵାௗሻ

ቀ
ሺሻమሺିଵାௗሻ

ሺௗሻమషభሺିଵାሻ
ቁ ቀെ1 

ௗ

ሺିଵାௗሻ
ቁ

ൌ
ܿ݀݁ሺ݁݀ሻଶିଵሺെ1  ܾܽܿሻ

ሺܾܽሻଶሺെ1  ܿ݀݁ሻሺെሺെ1  ܿ݀݁ሻ  ܿ݀݁ሻ
.

 

 
Then, we have  

 

ିଶݔ ൌ
ܿሺ݀݁ሻଶሺെ1  ܾܽܿሻ

ሺܾܽሻଶሺെ1  ܿ݀݁ሻ
. 

 
Similarly 

 

ିଵݔ ൌ
ିݔିହݔିସݔ

ିଷሺെ1ݔିଶݔ  ିሻݔିହݔିସݔ
 

ൌ

್మሺషభశሻ

మషభሺషభశ್ሻ
ሺሻమషభሺషభశೌ್ሻషభ

ሺೌ್ሻమషభሺషభశሻ

ೌమషభሺషభశ್ሻషభ

మషమሺషభశೌ್ሻషభ

൬
ሺሻమሺషభశೌ್ሻ

ሺೌ್ሻమሺషభశሻ
ೌమሺషభశ್ሻ

మషభሺషభశೌ್ሻ
൰

൮
ିଵା

್మሺషభశሻ

మషభሺషభశ್ሻ

ሺሻమషభሺషభశೌ್ሻషభ

ሺೌ್ሻమషభሺషభశሻ
ೌమషభሺషభశ್ሻషభ

మషమሺషభశೌ್ሻషభ

൲

  

ൌ

ௗ

ሺିଵାௗሻ

ቀ
ௗሺሻమሺିଵାௗሻ

మሺିଵାௗሻ
ቁ ቀെ1 

ௗ

ሺିଵାௗሻ
ቁ

ൌ
ܾଶାଵሺെ1  ܿ݀݁ሻ

݁ଶሺെ1  ܾܿ݀ሻሺെሺെ1  ܾܿ݀ሻ  ܾܿ݀ሻ
.

 

 
Then we obtain  

 

ݔ ൌ
ܽଶାଵሺെ1  ܾܿ݀ሻ

݀ଶሺെ1  ܾܽܿሻ
. 



 
 

IJST (2014) 38A3 (Special issue-Mathematics): 295-303                                                                                                                               300 
 
 

Similarly, we can easily obtain the other relations. 
Thus, the proof is completed. 
 
Theorem 4. Eq.(4) has two equilibrium points 
which are 0, √2

య  and these equilibrium points are 
not locally asymptotically stable.  
 
Proof: For the equilibrium points of Eq.(4), we can 
write 
 

ݔ ൌ
ଷݔ

ଶ൫െ1ݔ  ଷ൯ݔ
. 

 
Then we see that 

 
ଷ൫െ1ݔ  ଷ൯ݔ ൌ  ,ଷݔ

 
or 
 

ଷݔଷ൫ݔ െ 2൯ ൌ 0. 
 

Thus the equilibrium points of Eq.(4) are 0, √2
య . 

Let ݂: ሺ0,∞ሻହ ՜ ሺ0,∞ሻ be a function defined by  
 

݂ሺݑ, ,ݒ ,ݓ ,ݐ ሻ ൌ
ݐݓ

ሺെ1ݒݑ  ሻݐݓ
. 

 
Therefore it follows that  

 

௨݂ሺݑ, ,ݒ ,ݓ ,ݐ ሻ ൌ െ
ݐݓ

ሺെ1ݒଶݑ  ሻݐݓ
,	 

௩݂ሺݑ, ,ݒ ,ݓ ,ݐ ሻ ൌ െ
ݐݓ

ଶሺെ1ݒݑ  ሻݐݓ
, 

௪݂ሺݑ, ,ݒ ,ݓ ,ݐ ሻ ൌ െ
ݐ

ሺെ1ݒݑ  ሻଶݐݓ
 

௧݂ሺݑ, ,ݒ ,ݓ ,ݐ ሻ ൌ െ
ݓ

ሺെ1ݒݑ  ሻଶݐݓ
, 

݂ሺݑ, ,ݒ ,ݓ ,ݐ ሻ 	ൌ 	െ
ݓݐ

ሺെ1ݒݑ  ሻଶݐݓ
, 

 
we see that 
 

௨݂ሺݔ, ,ݔ ,ݔ ,ݔ ሻݔ ൌ േ1, 
௩݂ሺݔ, ,ݔ ,ݔ ,ݔ ሻݔ ൌ േ1, 
௪݂ሺݔ, ,ݔ ,ݔ ,ݔ ሻݔ ൌ െ1, 
௧݂ሺݔ, ,ݔ ,ݔ ,ݔ ሻݔ ൌ െ1, 
݂ሺݔ, ,ݔ ,ݔ ,ݔ ሻݔ ൌ െ1. 

 
The proof follows by using Theorem A. 

 
Theorem 5. The following statements are true:  
(a) If ݔ ് ,ଷିݔ ଵିݔ ് ,ସିݔ ସିݔଷିݔଶିݔ ് 2, then 
all the solutions of Eq.(4) are unbounded. 
(b) Eq.(4) has a periodic solutions of period six iff 
ݔ ൌ ,ଷିݔ ଵିݔ ൌ  ସ, and will be take the formିݔ
 

൝
,ଶିݔ ,ଵିݔ ,ݔ

ଶିݔ
ሺെ1  ସሻିݔଷିݔଶିݔ

,

,ଵିݔ ,ݔ ,ଶିݔ ,ଵିݔ ,ݔ . . .
ൡ. 

 

(c) Eq.(4) has a periodic solutions of period three iff 
ݔ ൌ ,ଷିݔ ଵିݔ ൌ ,ସିݔ ସିݔଷିݔଶିݔ ൌ 2 and will 
take the form ሼିݔଶ, ,ଵିݔ ,ݔ ,ଶିݔ ,ଵିݔ ,ݔ … ሽ. 
 
Proof:  
(a) The proof in this case follows directly from the 
form of the solution as given in Theorem 3. 
(b) First, suppose that there exists a prime period 
six solution of Eq.(4) of the form  
 

,ଶିݔ ,ଵିݔ ,ݔ
ଶିݔ

ሺെ1  ସሻିݔଷିݔଶିݔ
, 

,ଵିݔ ,ݔ ,ଶିݔ ,ଵିݔ ,ݔ . ..		. 
 

Then we see from the form of solution of Eq.(4) 
that 
 

ܿ ൌ
ܿሺ݀݁ሻଶሺെ1  ܾܽܿሻ

ሺܾܽሻଶሺെ1  ܿ݀݁ሻ
,	 

ܾ ൌ
ܾଶାଵሺെ1  ܿ݀݁ሻ

݁ଶሺെ1  ܾܿ݀ሻ
, 

ܽ ൌ
ܽଶାଵሺെ1  ܾܿ݀ሻ

݀ଶሺെ1  ܾܽܿሻ
,	 

ܿ
ሺെ1  ܿ݀݁ሻ

ൌ
ܿሺ݀݁ሻଶାଵሺെ1  ܾܽܿሻ

ሺܾܽሻଶାଵሺെ1  ܿ݀݁ሻାଵ
, 

ܾ ൌ 	
ܾଶାଶሺെ1  ܿ݀݁ሻାଵ

݁ଶାଵሺെ1  ܾܿ݀ሻାଵ
,		 

ܽ ൌ
ܽଶାଶሺെ1  ܾܿ݀ሻାଵ

݀ଶାଵሺെ1  ܾܽܿሻାଵ
. 

 
Then  
 

ܽ ൌ ݀,				ܾ ൌ ݁. 
 

Second, suppose that 
 

ݔ ൌ ଵିݔ				,ଷିݔ ൌ  .ସିݔ
 
Then we see from the solution of Eq.(4) that 
 

ିଶݔ ൌ ିଵݔ			,ܿ ൌ ݔ					,ܾ ൌ ܽ,
ାଵݔ ൌ

ܿ
ሺെ1  ܿ݀݁ሻ

,

ାଶݔ ൌ ାଷݔ									,ܾ ൌ ܽ,
 

 
Thus we have a period six solution and the proof 

is complete. 
(c) The proof in this case follows directly from case 
(b). 

Numerical examples 

Here different types of solutions of Eq. (4) will be 
represented 
 
Example 3. We consider ିݔସ ൌ 7, ଷିݔ ൌ 3, ଶିݔ ൌ
9, ଵିݔ ൌ 8, ݔ ൌ 2. See Fig. 3. 
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Fig. 3. This Figure shows the behavior of the solution of 
difference equation ݔାଵ ൌ

௫షమ௫షయ௫షర
௫௫షభሺିଵା௫షమ௫షయ௫షరሻ

, 

where ିݔସ ൌ 7, ଷିݔ ൌ 3, ଶିݔ ൌ 9, ଵିݔ ൌ 8, ݔ ൌ 2 
 
Example 4. See Fig. 4, since ିݔସ ൌ 3, ଷିݔ ൌ 7,
ଶିݔ ൌ 6, ଵିݔ ൌ 3, ݔ ൌ 7. 
 

 
 
Fig. 4. This Figure shows the periodicity of solution of 
Eq. (4), when we take the initial conditions are ିݔସ ൌ
3, ଷିݔ ൌ 7, ଶିݔ ൌ 6, ଵିݔ ൌ 3, ݔ ൌ 7 
 

The proofs of the theorems in the following 
section are similar to thoes presented in the 
previous sections and so will be omitted. 

4. On the Difference Equation ܖܠା ൌ
షܖܠషܖܠషܖܠ

షሻܖܠషܖܠషܖܠషሺିܖܠܖܠ
 

In this section we obtain the solution of the 
following difference equation 
 
ାଵݔ ൌ

௫షమ௫షయ௫షర
௫௫షభሺଵି௫షమ௫షయ௫షరሻ

,                            (5) 
 
where the initial values are arbitrary non zero real 
numbers. 
 
Theorem 6. Let ሼݔሽୀିସஶ  be a solution of Eq.(5). 
Then for ݊ ൌ 0,1, … 

 

ଷିଵݔ ൌ
ܾାଵ

݁
			ෑ൬

1 െ ݅ܿ݀݁
1 െ ܾ݅ܿ݀

൰

୬

୧ୀଵ

,

ଷݔ ൌ
ܽାଵ

݀
		ෑ൬

1 െ ܾ݅ܿ݀
1 െ ܾ݅ܽܿ

൰

୬

୧ୀଵ

,

ଷାଵݔ ൌ 	
ܿሺ݀݁ሻାଵ

ሺܾܽሻାଵሺ1 െ ܿ݀݁ሻ
ෑ൬

1 െ ܾ݅ܽܿ
1 െ ሺ݅  1ሻܿ݀݁

൰

୬

୧ୀଵ

.

 

 
Theorem 7. Eq.(5) has a unique equilibrium point 
which is the number zero and this equilibrium point 
is not locally asymptotically stable.  
 
Example 5. Assume that ିݔସ ൌ 10, ଷିݔ ൌ
4, ଶିݔ ൌ 9, ଵିݔ ൌ 6, ݔ ൌ 2		see Fig. 5. 
 

 
 
Fig. 5. This Figure shows the solution of the equation (5) 
when ିݔସ ൌ 10, ଷିݔ ൌ 4, ଶିݔ ൌ 9, ଵିݔ ൌ 6, ݔ ൌ 2  
 
Example 6. See Fig. 6 since ିݔସ ൌ 2, ଷିݔ ൌ 0.7,
ଶିݔ ൌ 0.5, ଵିݔ ൌ 0.8, ݔ ൌ 2. 

 
 
Fig. 6. This Figure shows the solution of the difference 
equation (5) where ିݔସ ൌ 2, ଷିݔ ൌ 0.7, ଶିݔ ൌ 0.5,
ଵିݔ ൌ 0.8, ݔ ൌ 2 

5. On the Difference Equation ܖܠା ൌ
షܖܠషܖܠషܖܠ

షሻܖܠషܖܠషܖܠషሺିିܖܠܖܠ
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Here we obtain a form of the solutions of the 
equation 
 
ାଵݔ ൌ

௫షమ௫షయ௫షర
௫௫షభሺିଵି௫షమ௫షయ௫షరሻ

,                          (6) 
 
where the initial values are arbitrary non zero real 
numbers with ݔିݔଵିݔଶ ് െ1, ଷିݔଶିݔଵିݔ ് െ1,
ସିݔଷିݔଶିݔ ് െ1. 
 
Theorem 8. Let ሼݔሽୀିସஶ  be a solution of Eq.(6). 
Then for ݊ ൌ 0,1, … 
 

ିଶݔ ൌ
ܿሺ݀݁ሻଶሺെ1 െ ܾܽܿሻ

ሺܾܽሻଶሺെ1 െ ܿ݀݁ሻ
,	 

ିଵݔ ൌ
ܾଶାଵሺെ1 െ ܿ݀݁ሻ

݁ଶሺെ1 െ ܾܿ݀ሻ
, 

ݔ 				ൌ 				
ܽଶାଵሺെ1 െ ܾܿ݀ሻ

݀ଶሺെ1 െ ܾܽܿሻ
,			 

ାଵݔ ൌ
ܿሺ݀݁ሻଶାଵሺെ1 െ ܾܽܿሻ

ሺܾܽሻଶାଵሺെ1 െ ܿ݀݁ሻାଵ
, 

ାଶݔ ൌ 	
ܾଶାଶሺെ1 െ ܿ݀݁ሻାଵ

݁ଶାଵሺെ1 െ ܾܿ݀ሻାଵ
,	 

ାଷݔ ൌ
ܽଶାଶሺെ1 െ ܾܿ݀ሻାଵ

݀ଶାଵሺെ1 െ ܾܽܿሻାଵ
. 

 
Theorem 9. Eq. (6) has two equilibrium points 
which are 0, √െ2

య  and these equilibrium points are 
not locally asymptotically stable.  
 
Theorem 10. The following statements are true:  
(a) If ݔ ് ଵିݔ					,ଷିݔ ് ,ସିݔ ସିݔଷିݔଶିݔ ് െ2, 
then all the solutions of Eq.(6) are unbounded. 
(b) Eq.(6) has a periodic solutions of period six iff 
ݔ ൌ ,ଷିݔ ଵିݔ ൌ  ସ, and will be take theିݔ

form	ቊ
,ଶିݔ ,ଵିݔ ,ݔ

௫షమ
ሺିଵି௫షమ௫షయ௫షరሻ

,
,ଵିݔ ,ݔ ,ଶିݔ ,ଵିݔ ,ݔ . . .

ቋ. 

(c) Eq.(6) has periodic solutions of period three iff 
ݔ ൌ ,ଷିݔ ଵିݔ ൌ ,ସିݔ ସିݔଷିݔଶିݔ ൌ െ2 and will 
be take the form ሼିݔଶ, ,ଵିݔ ,ݔ ,ଶିݔ ,ଵିݔ ,ݔ . . . ሽ. 
 
Example 7. Consider ିݔସ ൌ 0.3, ଷିݔ ൌ 0.7,
ଶିݔ ൌ െ5, ଵିݔ ൌ 0.8, ݔ ൌ 2		see Fig. 7. 
 
Example 8. Figure 8 shows the solutions when 
ସିݔ ൌ െ5, ଷିݔ ൌ 9, ଶିݔ ൌ 8, ଵିݔ ൌ െ5, ݔ ൌ 9. 
 

 
 
Fig. 7. This Figure shows the solution of the equation 
ାଵݔ ൌ

௫షమ௫షయ௫షర
௫௫షభሺିଵି௫షమ௫షయ௫షరሻ

, when ିݔସ ൌ 0.3, ଷିݔ ൌ

0.7, ଶିݔ ൌ െ5, ଵିݔ ൌ 0.8, ݔ ൌ 2  
 

 
 
Fig. 8. This Figure shows the solution of the equation (6) 
with the initial conditions ିݔସ ൌ െ5, ଷିݔ ൌ 9, ଶିݔ ൌ 8,
ଵିݔ ൌ െ5, ݔ ൌ 9 
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