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Abstract — In this paper we introduce some new double sequence spaces using the Orlicz function and
examine some properties of the resulting sequence spaces.
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1. INTRODUCTION AND BACKGROUND

Before we enter the motivation for this paper and the presentation of the main results we give some
preliminaries.

Recall that an Orlicz function M: [0,00 ) — [0,0) is continuous, convex, non-decreasing function such
that M(0 )= 0 and M(X)>0 for x>0, and M(X) — o as Xx— . If the convexity of an Orlicz function is
replaced by M(x+y) <M(x)+M(y), then this function is called the modulus function, which is defined and
characterized by Ruckle [1].

In 1900, Pringsheim [2] presented the following definition:

Definition 1. 1. A double sequence X=(X,, ) has a Pringsheim limit ¢ (denoted by P-lim x= /)
provided that given ¢ >0, there exists N e N such that ‘xk| —E‘ <& whenever k|l > N. We shall
describe such an x more briefly as "P-convergent".

Let W denote the set of all double sequences of real numbers.

Definition 1. 2. Let M be an Orlicz function and p=(py) be any factorable double sequence of strictly
positive real numbers. We define the following sequence spaces:

P,

Ly (P)=<Xew : Z ‘kl‘ <o, for some p>0
kl=11 P

Py |

1 Q0 ‘Xkl—f‘
M| ——— =0, for some p>0 and /

W' (M, p)=ixew :P=limy— >
Ny m1a p
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m,n pk’l

" . 1 g ‘Xk,l‘

Wo(M,p)=sxew :P-limy— > | M| — =0, for some p>0
N =11 P

and

m,n pk’l

1 ‘Xk,l‘

W, (M, p) ={XeW :SUPy,— Z M| = <o, for some p>0
Nym P

When M(x)=x, then the family of sequences defined above becomesL'(p), [c,l,l,p]
[cll p]o, [cll p] respectively. If we let p,, =1 for al k and I, then L, (p), W (M,p),
W, (M,p),and W, (M, p) reduceto L,,, W' (M), W, (M), and W, (M)respec’uvely

Theorem 1. 1. Let H=supy, p«, then L, ( p) isalinear set over the set of complex numbers C.

Proof: Let x and y be elements of I_"M( p) and both @ and S are complex numbers. The goa of this
proof isto find some p5 such that

2 P3

kl=11

5 M{M} " <o,

Sincexandy arein L,, ( p), there exist some positive p, and p, such that

Pk
00,00 ‘Xk,|‘ !
M| 2t
k,lzzil [ o < o0

o0 Pk,
z M (M} < o0,

k=11 P2

and

Similar to Parashar and Choudhary [3], we will define p, = max{2e|p, 28|p, |-
Since M is non-decreasing and convex

p
Oio M ‘OleJ‘*‘,BYk,I‘ “ < f M |axkl| |ﬂ)’k|| P
k=11 P3 Ki=11 P3 Ps

Py,
& 1 |an,I| |ﬁYk,|| ’
< M M| —
k,lzl,lzpk"[ [ Py ]+ [ P, H
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ST

» P, o Pl
SCZ[MLMJ] +CZ M{MJ < o,
KI=11 P1 k=11 P2

where C= max {1,2”‘1}.Thus L,, (p) isalinear space.

Definition 1. 3. An Orlicz function M is said to satisfy A-condition for all values of u, if there exists a
constant K>0 such that M(2u) <KM(u) for al u> 0.

It is easy to show that K>2 aways. The As-condition is equivalent to the satisfaction of inequality
M(lu) <K()M(u) for all values of u and for I>1.

We shall present the following trivial lemma.

Lemmal. 1. Let M bethe Oriicz function which satisfies A, -condition, and let 0 < 6 <1. Then for each
X> ¢ wehave M (X) < KXE M (2) for some constant K>0.

Theorem 1. 2. For any Orlicz function M which satisfies A, -condition, we have
@ [c.1]cW (M)

@ [e11y cWp (M)

and

® [e11, cW, ().

Proof: Let x € [clL1], thus

1 m,n
Am’n =— Z‘XkJ —f‘—)Oasm,n—M)o.
MmNy =1

Let £ >0 and choose & with 0< & <1 suchthat M(t)<e& for 0<t <. Thus, by the above lemma
we obtain the following

m,n
1 ) 1 m,n 1 m,n

— 3 M( o =L )= S M( oy -t )r— M( o — 1] )

mn, 131, M 4111y, — €] <6 M ) 111 o, —€]>

1

1
<—¢g(mn) + —
mn mn

K % M (2)(r) A .

Therefore, as m and n go to infinity, in Pringsheim’s sense it follows that xeW (M ). Part 2 and 3
follow similar arguments as Part 1 and are thus omitted. This completes the proof.

Theorem 1. 3. (1) Let O<inf pk,| < pk,| <1.Then
W' (M,p)cW (M).
(2) Let 1< p,, < SUp Py, < . Then

W' (M)cW' (M,p).
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Proof: xeW (M, p),since 0<inf p,, <1, we obtain the following:

i m,n ‘Xkl g‘ <i m,n ‘X |_4 P
= p SNy p

Thus XxeW (M ). Let us establish Part (2). Let p,, =1 for each k and |, and sup p,, <oo. Let
xeW (M ). Thenfor each 0 < & <1 there exists a positive integer N such that

ri [|Xk| 4] e<1

P

for all n,m> N. Thisimpliesthat
1y M(\xk,. —f\}pk" LY M{\xk,. -AJ |

Therefore xeW' (M, p). This completes the proof.

Theorem 1. 4. Let 0< py; <y <oo,foreachkandl. Then

Lw(p)< Ly ().

Proof: Let X € L,, ( p). Then there exists for some p > 0 such that

Pk,

& ‘Xk,l‘} '
M| — .
ng:Ll ( p <o

Thisimplies

for sufficiently large values of i and j. Since M is non decreasing, we granted
Akl Pi,I
Z < Z < 0.
=1, k=11
Thus X € Ly, ().

2. STATISTICAL CONVERGENCE

The concept of statistical convergence was introduced by Fast [4] in 1951.

Definition 2.1. The sequence X = (X, ) has statistic limit 7, denoted by st,-limx=/¢ or X, — ((st;)
provided that for every & > 0,
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. 1
lim, —| {k<n:|z, — 4| >¢€} | =0,

n

where the vertical bars indicate the number of elementsin the enclosed set.

Quite recently, Mursaleen and Edely [5] defined the statistical analogue for double sequence
X=(X,, ) asfollows: A real double sequence x=(X,, ) is said to be P-statistical convergence to /
provided that for each £ >0

P—Iimmni{number of (k,I):k<mandl < n:‘xk| —425}=o.
mn ’

In this case, we write st, —limy x,; =/ and we denote the set of all P-statistical convergent
double sequences by st, and denote the set of P-statistically null sequences by (st,)o.

Theorem 2.1. If M be an Orlicz function, then W, (M ) < (st,)o.

Proof: Suppose X eW(; (M) and & > 0, then we obtain the following for every nand m

18l 1 gl
mNy 1o p My 1-118]%, |2 p

> M(5)| {k: <mi<n: |$kz| > 6} |
Hence X € (t, ), -
Theorem 2. 2. (&, ), =W, (M) if and only if M is bounded.

Proof: Supposethat M is bounded and that x € (st, ),. Since M isbounded there exists an integer K such
that M(x)<K for all x> 0. Then for each mand n, we have

m,n m,n m,n
1 Z M M _ 1 z M m +i z M m
mn 1 P ) My 18]k |2 P ) My -118]% ) |<e P

K
§%| {k<mil<n:|g,|>c} |+ Me)

and thus the Pringsheim’s limit on mand n grant us the results. Conversely, suppose that M

is unbounded so that there is a positive double sequence s, with M(sy) = (mn)®for mn=1, 2,... Now the
sequence x defined by Xy | = Sy, if K,I = (mn)? for m, n= 1, 2,... . and X1 = 0, otherwise. Then we
have

~mn
mn

#| {kgm,lgn:|:z:k,l|2€}|§ — 0

as mn-ow, hence X, —0(st,),.But xgW, (M ),contradicting (st,), =W,(M). This
completes the proof.
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