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Abstract — The main objective of this paper isto find the necessary and sufficient condition of agiven Finsler
metric to be Einstein in order to classify the Einstein Finsler metrics on a compact manifold. The considered
Einstein Finder metric in the study describes al different kinds of Einstein metrics which are pointwise
projective to the given one. This study has resulted in the following theorem that needs the proof of three
prepositions. Let F be a Finder metric (n>2) projectively related to an Einstein non-projectively flat
Finder metrice, then F is Eingtein if and only if F = AF where A is a constant. A Schur type lemma is
also proved.
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1. INTRODUCTION

One important study in projective geometry is to determine a rel ationship among geometric structures with
common geodesics as the point sets. Two regular metrics on a manifold are said to be pointwise
projectively related if they have the same geodesics as the point sets. Two regular metric spaces are said to
be projectively related if there is a difeomorphism between them such that the pull-back metric is
pointwise projective to another one. There are some quantities in the projective Finsler geometry which
are projective invariant. One of the most important of them is the Weyl curvature. The Finder metrics
with Wki =0 are called Weyl metrics. It is well-known that a Finder metric is a Weyl metric if and only
if it is of scalar flag curvature. The Ricci curvature plays an important role in the projective geometry of
Riemannian-Finder manifolds. The well-known Ricci tensor was introduced in 1904 by G. Ricci. Nine
years later Ricci’s work was used to formulate Einstein’s theory of gravitation [1]. A Finsler metric is
Einstein if the Ricci scalar Ric isafunction of x alone. Equivalently

Ric; =Ric(x)g;

In Riemannian space, if g and a are pointwise projectively related Riemannian metrics on
manifolds of dimensiona n > 3, then g isof constant curvature if and only if g isof constant curvature.
The same statement is also true for Einstein metrics. More precisely, it can be said:

Theorem ([2, 3]) Let (M, g) be an n-dimensional Riemannian space and 5 another Riemannian metric
pointwise projectiveto g . Suppose that g is Einstein, then g must be Einstein. The paper focuses on the
Einstein Finsler metrics which are projectively related to the other Einstein Finder metrics. The question
that can be raised in the situations where a Finsler metric is projectively related to the Einstein one is:
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When is a Finsler metric Einstein? The contribution of this paper is to give an answer to this question. The
classification of Einstein Finsler metrics in the compact case is considered. The main proposed theorem is
asfollows:

Theorem 1. Let F be aFinsler metric (n > 2) projectively related to Einstein another Finsler metric F
of non-zero Ricci scalar, then
1) F isEinsteinif and only if it is a constant coefficient of F when F isnot projectively flat.
2) F isEinsteinif and only if it is of constant Ricci scalar when F is projectively flat.

The well-known examples of Finsler metrics are the so-called class (¢, ) -metrics. A Finsler metric
F on amanifold M iscalled (&, ) -metric if it isin the following form:

B
a
where ¢ is a Riemannian metric and £ is a 1-form on M such that a(x,y)=./a,(x)y'y’ and

B(x,y)=b (x)y' and ¢ isapositive C* function on some interval[-r,r]. An (a, ) -metric F is
projectiveto ¢ if and only if the following is satisfied (1):

F=y(a,p)=ap(*),

Pa; o,
vl B 0, -E20 -, 0 - L0t -2, ®
where™"|" isthe horizontal derivative with respectto o and
oy oy b —by;
=— =—, Si_ =
l/ll aa l//2 ﬁﬂ j 2

The next consideration of this paper is the study of projectively related Einstein («, £) -metrics. The
Schur type lemmaiis stated for them.

2. PRELIMINARIES

Let M be an n-dimensiona C” manifold. Denote by T,M as the tangent space atx € M , and by
™ =u,_, T,M asthetangent bundle of M . Each element of TM has the form (X, y), where X € M
and y €T,M . Let TM, = TM \{0} and the natural projection 7:TM — M isgivenby z(X,y)=X .
The pull-back tangent bundle 7 TM is a vector bundle over TM ; whose fiber 7,TM a v €TM,, is
justT,M , wherez(v) =X . Then

7TM ={(X,yV)|y eT M, v eT M}

A Finder metric on a manifold M is a function F :TM —[0,), which has the following
properties:
(i) FisC”onTM;
(iF(x,Ay)=AF(x,y) A>0;
(iii) For any tangent vectory €T, M , the vertical Hessian of F—; given by

1
9; (XaY)Z{EFZ .

y'y!

is positive definite.
We obtain a symmetric tensor C defined by
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C(U :V aW ) :Cijk (y)U iV JW ka

whereU =U' <V =V' W =W' - andCy, —%[Fz]y‘ o (y).
C iscalled the Cartan tensor Itllswell knpwn that C=0if and only if F is Riemannian. Every Finder
metric F inducesaspray G =y' -5 —2G' (x,y)oi, by

gjk

G(xy)— g"

(Y'Y =30 IF ] ve 1)

The Riemann curvature R, = Ridxk ®8Xii|p:TpM —T,M isdefined by

i oG' G . 0'G'  0G' oG!
R (Y)=2—- — '+ 2G! — T = @)
oX ox'oy oy'oy oy' oy
The Riemann curvature has the following properties. For any non-zero vectory €T ‘M ,
R,(¥)=0,9,(R,(u),v)=9,(u,R (V)),u,veT M,
and
. 1.0R] 6R'
Rk| =3 I } 3)
3oy, oy,

For atwo-dimensional plane P T M and anon-zero vectory €T ,M , the flag curvature K (P,y) is
defined by [4]
g,(u.R, (u))

K(P,y):= >
Py = e, Gu)-0,6.0

whereP =span{y,u} . F is said to be of scalar curvature K = A(y) if for any y €T M , the flag
curvature K (P,y) = A(y) isindependent of P containing y €T,M that is equivalent to the following
systemin alocal coordinate system (x',y"') inTM

i 2r ol -1 [
R, =AF{o, -F Fyky }.
If A isaconstant, then F is said to be of constant curvature. The Ricci scalar function of F is
given by

15
P = F R
Therefore, the Ricci scalar function is positive homogeneous of degree 0 iny . This means that
p(X,y) depends on the direction of the flag pole y but not its length. The Ricci tensor of a Finsler
metric F isdefined by

Ric, —{ RY}

ylyl s

Ricci-flat manifolds are Riemannian manifolds whose Ricci tensor vanishes. In physics they are
important because they represent vacuum solutions to Einstein’ s equations.
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Definition 2.1. [5] A Finder metric is said to be an Einstein metric if the Ricci scalar function is a
function of X aone, equivalently

Ric = p(X)g;, or Ric, = p(X)F?.

Ricci-flat manifolds are special cases of Einstein manifolds. We now consider projectively related
Finder metricson M , i.e. the metrics having the same geodesics as the point sets.

Definition 2.2. [6] A Finder space F" is projective to another Finsler space g ", if and only if there exists
aone-positive homogeneous scalar field P(x,y) on TM satisfying

G (x,y)=G'(X,y)+P(x,y)y'.

Let G' and G' =G' +Py' be sprays on n-manifoldM . The Riemann curvatures are related by
[7]

R«=RI+E 6 +7, ¥, (4)
where
E=P’-Py",
Ty :3(Hk —PPyk)+Eyk.

Definition 2.3. [6] Let (M,F) be a Finder space. Assume that a function P on TM is C” on
TM \{C} satisfying

P(ly)=4P(y),v41>0,
(@) P iscaled aFunk functionif it satisfies the following system of PDEs
P =PP,.
(b) P iscalled aweak Funk function if it satisfies the following system of PDEs
y“P, =P%

Lemma[8] Let (M ,F) beaFinsler space. A Finsler metric F is pointwise projectiveto F if and only if

OF .
aylk yk —Fy =0.
Then
G'=G'+Py',
where
P='f‘k¥k.
2F

By the above lemmaan («, £) -metric in the form of (1.1) is pointwise projectiveto « if and only if
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¢"(a, f—ab, )ﬂ\k y ‘= az(P'(ﬂuu y “ _/Bu ): )
Now, we are going to study the Weyl curvature of spray as an important projective invariant. The Weyl's

projective invariant is constructed from the Riemann curvature. Define [7]

Wi (y) = Rk — RS« 1@
n+1

(R™ —RS™)Y',

m

where RziRicziRmm, W, T M -»T,M isalinear transformation satisfyingW, (y) =0. We

n+ n+
calw =W, Jem the Weyl curvature. W is a projective invariant under projective transformations[9].

Theorem ([6]) A Finder metric is of scalar curvatureif and only if W =0.

Proof of Theorem 1.
In the following, we prove theorem1.

Proposition 3.1. Let (M ,F) be aFinder space of dimensionn > 2. F isEinstein metric if and only if

~3(n-1)
n+1

yivik = Rykv

whereV, =W, —R! —-2-Ric,, y'

n+l
Proof: (i) Assumethat F isEinstein. By definition of the Weyl tensor, we have

n-2 3F?

W-yR=-Ry, -—— =R, F?+> _Ric, ,
YiWW 'k — YRk Ry, nel nep " Cox
then
- n-2
V' =— -— SR, F?,
YiV Ry, el K
since F isEinstein
ZRysz.sz'
therefore,
i S(n_l)
= — R ,
y| n+l .kyk
this completes the proof (i).
(i) Suppose
i 3(n-1)
Vi =— R,YV,,
y| k n+l .kyk

by definition of the Weyl tensor, we have

i i nh-2
_yiv k = yi(R§ k +mRkyi)’
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and therefore

RYk"‘n;ZRkFZ :3(n—1) Ry,

n+1 - n+1

by a simple computation and sincen > 2, it is concluded that,

2Ry, = R.sz-
Thisimplies
R
(F).k =0.

Therefore F is Einstein.

Proposition 2.3. Let F be a Finder metric (n > 2) projectively related to Einstein, another Finsler
metric F with projective factor P . If F isEinstein, then (%), =0 where E = PZ—Hkyk.

Proof: LetW andW be the Wey! curvatures of F and F . For Eingtein Finsler metricF we have

i 3(n-1)
V' =— R.vY.,
yl k n +1 "k yk
therefore,
: - 3Ric - —
YyWh =y (R« + o yl)_S(n 2l Ry,
n+1 n+1

but\y |\, isinvariant under projective transformation, then

inik = yiV_Vik =Y, (ﬁik + 3RiCox yi)_ S(n_l) ﬁy|<1
n+1 n+1

therefore
R y. = -1 —
V(R -R )+ (Ric, y - Ricay) - =D (R_R)y, =0, ©)
n+1 n+1

but from (2, 3) we have
Ric =Ric +(n-1)E,
and thisimplies that
R=R+E. @
Also, from (3) and (4)
3Ry =3Ri +(E, —7)8 —(E4 ~7)8 +(7, —7,)Y".
therefore
3Ric, =3Ricy +(N-2E, —(n+D)7,
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by substituting the above with that in (4), it is concluded:

3y, i |
By, 5 P74 o (2B, Y ~(n+D5y ) -

3(n+1)

An-

n
n+l1 X

__2(n—2)E +(n—2)F2E g
k — ™

k

n+1 n+1
thus
n-2
—=(E,F?-2E =0,
n+1( K Yi)
sincen>2,(E) -0.
F2ix

Proposition 3.3. Let F be a Finder metric (n > 2) projectively related to Einstein, another Finser
metric F of non-zero Ricci scaar, then

1) FisEingteinif and only if £y _ o, when F isnot projectively flat.
2) F isEinsteinif and only if it is of constant Ricci scalar when F is projectively flat.

Proof: Assume F is Einstein. If F is projectively flat then F is projectively flat, too. Invoking
preposition 12.1 in [10] we obtain F which is of scaar curvature, and since it is Einstein then F is of
constant flag curvature, and therefore it is constant Ricci scalar.

In the other case, let F not be projectively flat. Since F is Einstein, (52) _o and by the above

k

proposition (5)4k =0, then there exist afunction £(x) where R—ZE —¢(x- F isprojectively related toF
by(7)wehave£2: R E. F

_ 27 g2
But F isEinstein and Finder metric of non-zero Ricci scalar, so there is a non-zero function A4(X)
suchthatR = 4(x)F . It can be concluded that (£) , = 0. Itisclear, conversely.
F isprojectively related to F , so it can be said that

G'=Gg'+Py', 6)
F\kyk
2F

thenP = szf . By using the formulaof G' mentioned previously, it can be concluded

whereP = . By the above proposition, there is a function of X only, where F =f (X)E

—il
—i i f\g —_ 2
=G +Py'+= F .
Fy 4f

By (8), f asaconstant is obtained.

3. FINSLER METRICSPROJECTIVELY RELATED TO
EINSTEIN RIEMANNIAN METRICS

Consider F =¢(a, f) is projectively related to Riemannian metric & of constant sectional curvature. It
isimportant to find a sufficient condition of F = ¢(«, ) inwhich a and £ are Riemannian metric and
al-formon M to be Einstein. By the Beltrami Theorem, any Riemannian metric of constant sectional
Autumn 2007 Iranian Journal of Science & Technology, Trans. A, Volume 31, Number A4
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curvature is projectively flat. Sometype of («, ) -metricsis considered in [11].

Corollary 3.1. Any («, f) -metric projectively related to Einstein Riemannian metric & of non-constant
sectional curvatureis Einstein if and only if it is Riemannian.

By using Akbar-Zadeh’s theorem [12], the main theorem proved in reference [13] and the above theorem
1, the Finder metrics on a connected compact boundaryless manifold projectively related to an Einstein
Riemannian manifold can be classified.

Corollary 3.2. Let F be a Finder metric on a connected compact boundaryless manifold, projectively
related to Einstein Riemannian metric F (n > 2). F can be classified in the following conditions:

(@) F isof non-constant sectional curvature.

Inthis case, F is Riemannian if and only if Fis Einstein.

(b) F isof constant sectional curvature. In this case, the following statements are valid for F:

- FisRiemannian if it is Einstein of negative Ricci scalar.

- FisRiemannian if it isareversible Einstein metric of positive Ricci scalar.

- Fislocaly Minkowski if it is Einstein of zero Ricci scalar.

4. SCHUR TYPE LEMMA

Corollary 3.3. The Ricci scalar of any Einstein Finsler metric (n > 2) projectively related to another one
of constant Ricci scalar is necessarily constant.

In other words, the Ricci scalar of any Einstein (e, ) - metric (n > 2) projectively related to Einstein
Riemannian metric « is necessarily constant.

The Funk metric on a strongly convex domain © in R" is non-reversible, positively complete and
projectively flat withK =—2. The Hilbert metric on Q is obtained from Funk metric by symmetrization.
It isreversible, complete and projectively flat withK =—1.

Example 3.1. The pair of Funk metricson the unitball B" < R" are given by

PNENEE 2y 4
F.(y) = =G 1<|sz> JESXY> et =R
—|X

where |.| and <,> are the representative of the standard Euclidean norm and inner product. The Hilbert
metric is Riemannian. It is complete with constant curvatureK = —1.

2 2|02 2
R [V Lt s e B

1-%°
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