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Abstract — In this work we deal with the coefficients of |A (03It )| , where A is in a class of polynomials
having Unimodular coefficients. We first present a technique that calculates lower bounds for particular
autocorrelations and then in a more general case we present an upper bound for their maximal order.

K eywor ds— Autocorrelation, frequency, Fouier coefficient

1. INTRODUCTION

Let A(Z)z a, +a12+---+E:’led (Ze C)be a polynomial of degree d with complex coefficients. The
coefficients of A’ (Z) are called the correlations of A and each of the 2d+1 integers lying in the interval
[0,2d] is called a frequency of A’ (eit). For ke {0,1,---,d} define ¢ =a,a, +a,a,,, +---+a, ,a,
and set C_, = C, . The 2d+1 complex numbers C 4,---,C,,*:+,C, are called the autocorrelations of A. The
frequencies of the trigonometric polynomial |A (e” )|2 are those integers in the interval [— d, d].

As is mentioned in references [1] and [2], estimating the correlation and autocorrelation (in absolute
value) of a polynomial with coefficients defined on the unit circle T is a useful tool in telecommunication.
Most of the work was and still is to find the best upper bound at some class of frequencies and to find the
lower bound at a given frequency. In [3] we used 2-stable cycle technique and estimated correlation of the
Rudin-Shapiro polynomials at a particular frequency. In [4] we introduced a quite fast algorithm and
calculated the autocorrelations numerically. In what follows we stay away from computers, and again
present a new technique for estimating autocorrelations (in absolute value) of the Rudin-Shapiro
polynomials.

Let A(z)=a,+az+---+a,z'and B(z)=b, +b,z+---+b,z"be polynomials such that their
coefficients take only the values +1 or -1. The pair (A(z),B(z)) of polynomials is said to have Golay
condition if

|A(e")[ +[B(e" )] =2d +2. 0

In that case, the pair itself is called a Golay polynomial pair. Since the early 1950s Goley polynomials
have been studied extensively by telecommunication engineers and their properties are provided in [5], [6]
and [7]. Our main interest is on a type of Golay polynomial pair (pn, qn) inductively defined as follows:

(po Mo ) = (1,1) and for any
integer N>1.

P.(2)=p,i(2)+ 270, (2). oh(2)= p,i(2)- 20, (2). @)
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where L, =2". They are called the Rudin-Shapiro polynomials and were introduced by H. S. Shapiro in
1951, [5]. To see if they are of Golay form, one can easily verify that.

L1

p.(2)=¢,+ &2+ +e 27", 0,(2)= 6, + 8,z +-+ 05, 2"

b

where &, and O, take only the values +1 or -1.
Lemma 1. The Rudin-Shapiro polynomials have Golay condition.

Proof: Note that for Nn>0, the degree of p,(z) and q,(z) are L,—1. Since
| P, (eit )|2 + |q0 (eit )|2 =1+1=2=2x0+2, we conclude that (po(z),qo(z)) is a Golay
polynomial pair. Suppose that for some N> 0, (pn(Z), qn(z)) is a Golay polynomial pair. By (2),

|pn+1 (eit )|2 _ memnqn (eit )+(| D, (e“ )|2 +|qn (e“ )|2 ) p (eit )W
= (| Pn (eit )|2 +|qn (eit )|2)+ 2Re(ei"-n P, (eit )qn (e“ ))

and

9o (€ =o€ ) €0, (") (|n (") +|an ("))~ b (€ Je™oan (€' )
- (| Pn (eit )|2 +|qn (eit )|2)—2Re(e“Ln pn,l(e” )qn (e“ ))

Hence, since pn(Z) is of degree L, —1, by induction, we have

|0, (€")] +|a.. (e[ =2[|p.(e")] +|a.(e")[ ]
=2[2(L, -1)+2]
=2(L,, —1)+2.

Thus (pn+1 (Z), (o (Z)) is a Golay polynomial pair. Therefore, the Rudin-Shapiro polynomials have
Golay condition. That is,

[P (&) +a, (€[ =2 G)

2. A LOWER BOUND FOR AUTOCORRELATIONS

In what follows p, and Q,, are the Rudin-Shapiro polynomials and the variable z is restricted so that | Z |
= 1. For fixed n, the polynomial p, is of degree L, —1 and so the frequencies of |pn|2, written

freq(| P, |2), are integers in the frequency interval [1— L,,L, —1]. Also, since (, is of degree
L, —1, both freq(p,q,)and freq(p,q,) are integers in [I—L,,L, —1]. Let &, be one of these
frequencies and g, € {| P, |2 » Prln s Pl } By the Fourier coefficient of g, at ¢, we mean the

coefficient for the term z”", or simply

(gn)A(an):iJ‘zﬂ e—itangn(eit )dt

. . 2 . . .
One can easily see that in the case g, = | pn| , there are 2™ —1 Fourier coefficients of g, , which
are actually the autocorrelations of pP,. Also, due to the restriction on Z (that is |Z| = 1),
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( k- mgn) (a,)=(9,)" (&, = L,_,,) for every integer m We set (g,) (@, )=0 anytime e, lies outside
of the interval [1 - L ,L, —1].

To see the location of frequencies at which the maximum autocorrelations occur, we start to examine
the 2°x2? square representation of |p,|*. It is formed by four 2x2 squares where each is formed by four
squares as follows:

P2

P, G
) qa B -G
n[ | P | [P | -PG
P, Py |q()|2 PG | — |clo|2
n[ | pa | [P | -PG
P | —[af |- | o)

Forany j,ke {1,2,3,4}, we label value in the square located at jth row and kth column by bjy. In the
above example, bjx = = 1 for all j and k. Although it is not our intention here, one use of this square
representation is that, without calculating, we are able to write | P, (e" )|2 as

(b4 )"3‘3it +(b;+b,, )e2it +(b,, +b,, +b,, )eit
+ (bl,l +b,, +b;5 +Db,, )
+ (b2,1 +b3’2 ‘|‘b4’3 )e_it + (b3’1 +b4‘2 )e—zit

—et et 444+

[P, (e" )] =

n (b4,1 )e—3it
_ it

In general, one may represent |pn| by 2"x2" squares, each of which is formed by four 2"'x2™!
squares and so on. The constant term of |pn e )|2 always equals 2" and it is called the central
coefficient. For the n = 2 case above, the length of all non central coefficients is 1. Therefore the
maximum autocorrelation of p, is 1, but this is not so for N> 3. By presenting the square representation of
| p4| the same as above, we noticed that it has maximum autocorrelation of length 5, and is the coefficient
of the €"term (or to say at frequency 11). In |p6| and |p8| the maxima appear respectively at
frequencies 43 and 171. Writing the binary representations for 11, 43 and 171 we get 1011 (n=4), 101011
(n=6) and 10101011 (n= 8). Hence we suspected that in a general case, anytime N is an even integer, the
maximum would occur at 1010...1011 (n digits) and equals %(2 L, + 1). The square representation of

| pn|2 may also be presented as

Pn

/—/%
pn—l qn—l
Pn_s 0o Pn Oz
| pn—2|2 En—zqn—z | pn—2|2 B r)n—zqn—z
— 2 — 2
_ pn—zqn—z |qn—2| pn—zqn—z - |qn—2|
pn 2 = 2 —
| pn—2| Pr2Gn > | pn—2| ~ Pn2Oh
— 2 —_ 2
~ Pn2lhn | — |qn—2| il LN ¢ A |qn—2|

. . . 2. 2
and using this square, we write | pn(Zl in terms of | Pl s
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| Pn (Z )|2 — (b1’4 )Z3L”’2 + (bl,3 + b2,4 )ZZLH + (b1,2 + b2,3 + b3,4 )Z [
+ (bl,l +b,, +b;; +b,, )
+(b,, +b;, +b,5 )z + (b, +b,, )22 +(b,, )220

z a2 ﬁn-ﬂn-z +Z 2 (| pn—z |2 - |qn—2 |2 ) +Z bn-2 pn—2qn—2
+ 2(| pn—z |2 + |qn—2 |2 )
+ Z Prolns + Z -2 (| Pn-s |2 - |qn—2 |2 ) —Zhe Pn-20n-2>
and therefore by Lemma 1, for |z|=1
1P (2)f =2(z" + 25 )[pass | = (272 =252 ) Pyl
+(ZLn72 3L Z)pn anz n](ZLn—I+Z_Ln—I)+2n.

. . 2
Hence if K, is a non zero frequency of |pn| , then

(mf )G =22 + 2 )p, ()
+ |<ZL"72 - 3Ln ’ )pn an 2 (kn) (4)
o |(Z3Ln72 -z b )En—zqn—z A(kn )

Now let n be an even integer and put K, =§(2 L, +1), which of course is in the frequency interval
[1-L,,L,—1]. The right side of the above expression involves six different Fourier coefficients. In the
first one

2(ZLn—l

0ol (k) = 20 pua ) (6~ L) =2 poal P (K, )

and this is because

K. —L. :%(an f)-L,, =1

~nn+l _ ~Hn-l1 l_l n-2 _
32 -2 +3_3[2(2 )+1] =k,

Similarly, in the fifth term we have
I-n 2 — (D — (D
( ’ pn an 2) (kn) - (pn—zqn—z) N (kn - 3Ln—z ) - (pn—zqn—z) N (kn—z - Ln—z )
Finally the second, third, fourth, and sixth expressions in (4) are all zero, because first of all

— 2): frm(pn_zqn-z), freq(ﬁn—zqn— ) [1 n-2» n -2 ] s

freq(

and therefore non of these four terms have frequencies in this interval. So putting k! =k, — L, (clearly in
the frequency interval) , the relation (4) reads

(I )™ (Ka) =2(IPnal )™ (Ko ) = (Pacslna )™ (Kasa)- ()

Next we consider the representation for p,d,,
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An

Pn-i — Oy
pﬁ—z _m—z
| pn—2|2 ﬁn-zqn-z - | pn—z|2 ﬁn-zqn_z
. O I g
! | pnfz |2 pn—an—Z - | pn—2|2 En—zqn—z
- pn,QC_]n,z _|qn—2|2 pn—zqn—z _|qn—2|2
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which gives us

(B )2+, +b,, )2t + (b, +by, +by 2
+(b,+b,, +by,+b,,)
(b21+b32+b43) n2+(b31+b42) n72+(b4,1)23Ln72
25 P50, + Z““*(qnle || )
2P0, + 272 (2P, 50,
+ PrsChs) +22L“(|pn2| ~[g, zl) PRl N A

Pa(2)an(2) =

In a similar fashion as obtaining (5), we calculate the Fourier coefficient of P,Q,at the frequency
K’ and get

(pa) ()= =2 o P k) 2P0 ) )+ (PG (). @
on which suggests that the Fourier coefficient of P q,at K| is also needed. From the square
representation of P, Q, we obtain

(P (k)= 20 Py o b2+ 2B 204 2) (K )+ (T2 ) (K ). (M)

Let W, = l(|pn Z)A (k) (p,a,)~ (k) (p,a, )" ( ')JT and A be a 3x3 matrix with entries 2, -1, 0, -2,
2, -1, 2,2, 1 (started from first row). By (5), (6) and (7) we have W, = AW, _, . Since this holds for any
positive even integers, W, = AW, , = A’W, , == = A W,, where =[LLO]". If g is the
characteristic polynomial of A, then g( )— /13 5/12 +124 - 16 . g has three dlstlnct non zero roots with
one real and two non real. Let 4,4, and 4, be the eigenvalues of A on which we may assume that the
value on |/11| is larger than both |ﬂu | ields the existence of a
nonsingular matrix S such that S'AS=A, where A=diag[4,,4,,4,]. Since A2 = SA% S, we have
W, =A 2w, = sA2s! W, . Therefore, there are constants a,b and ¢ such that

(| pn|2)“(kn)=a/ﬁ+bﬂ§ +ch;. 8)

Evaluating 4, and the constant a in (8), we get |21| = 2" and a=0.42. So we have the existence of a
constant B > 0 such that ‘(| pn|2) A (kn)( > B|/11|%. , the existence of an absolute constant B so that

(I pnIZ)A [%(z L+ 1)] > BLY. ©)
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If nis an odd integer, then we put k = l(Ln + 1), and with similar calculations we get the same
estimate. 3

We complete our discussion by presenting an upper bound for autocorrelations of the Rudin-Shapiro
polynomials. In connection with choosing a particular frequency, it will be more general than our lower
bound result.

Theorem: Suppose the f,, is | pn|2 or |qn|2 , where ( P, 0, ) is the Rudin-Shapiro polynomial pair. Then
1 1
A 2
nggc(f )M (k) > NG L

Proof: By (2) we have

Clearly dy = L,, and so
Z_L 2n E2 A 2 e 2
Ifali =5, [fa(e") ot _Ln+2; i [ (10)

Also, note that

41 _JfL

3 2L o 3 2L

n

(11

This relation can easily be verified by an induction argument. Therefore (10), together with (11)
imply that

L,-1 2_1 T lz_l
Sl =g rp-ulk -t

Thus

. 23, 1y
(1) (0= e = | S - [P
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