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Abstract — We introduce a new one-step iteration process to approximate common fixed points of two
nonexpansive mappings in Banach spaces and prove weak convergence of the iterative sequence using (i)
Opid’s condition and (ii) Kadec-Klee property. Strong convergence theorems are also established in Banach
spaces and uniformly convex Banach spaces under the so-called Condition (A'), which is weaker than
compactness.
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1. INTRODUCTION

Let E be area Banach space, C a nonempty convex subset of E and T :C — C a mapping. Recall
that T isnonexpansiveif

[x=Ty|<[x-y].vx yeC.

A point xeCis a fixed point of T provided Tx= X. Throughout this paper, N denotes the set of
positive integers. Construction of fixed points is an important subject in the theory of nonexpansive
mappings and its applications can be found in a number of applied areas; in particular, in image recovery
and signal processing (see, for example, [1] and the references therein). Different iteration processes have
been used to approximate fixed points of nonexpansive mappings. Among these iteration processes, the
Picard iteration process defined by X ., = TX, isthe simplest. However, it does not converge even weakly
to a fixed point of a nonexpansive mapping T [2]. For any X €C, define a sequence by
X, =(@—a,)x, +a,Tx,, where {a,}is a sequence of numbers in [0,1] satisfying LLq;lan =0 and
ian — - This iteration process is referred to as the Mann iteration process [3] and has been studied
&Xtensively by many authors to approximate fixed points of various mappings including nonexpansive
mappings. It is well-known that, if C is a nonempty compact convex subset of a real Banach space and
T :C — C is a nonexpansive mapping, then the Mann iteration process converges strongly to a fixed
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point of T. However, the Mann iteration process fails to converge for Lipschitz pseudocontractive
mappings [4]. Ishikawa[5] gave the following two-step iteration process to overcome this drawback:

X, =XeC,
Xn+1:(1_an)xn +anTyn,
Y, =(1-b,)x, +bTx,, vneN

where {a,} and {b }are certain sequences in [0,1]. To approximate common fixed points of two
mappings, many authors have used the following I shikawa type two-step iteration process [6-8]:

X, =X eC,
Xou = (1_an)xn +an$n’ (11)
Y, =@-b,)x, +b Tx,, vn eN,

where {a,} and {b,} are certain sequencesin [0, 1] . Note that the notion of approximating fixed points of
two mappings has a direct link with the minimization problem [9]. Recently, Liu et a. [10] introduced the
following process.

X, =x eC,

Xn+1:(1_an)sxn+anTyn’ (12)
y,=(1-b,)Sx,+bTx,, VneN,

where {a,} and {b,} are certain sequences in [0, 1]. In this paper, we introduce a new one-step iteration
process to compute common fixed points of two nonexpansive mappings in Banach spaces. For
S, T:C — C, wedefinetheiteration process as follows:

{xlzx eC,

(1.3)
X :aan +(1_an)TXn’ vn GN’

where {a,} isasequencein [0,1] satisfying appropriate conditions. From a computational point of view,
(2.3) is smpler than both (1.1) and (1.2) to approximate the common fixed points of two mappings. It is
worth mentioning that our process is of independent interest. Neither (1.1) nor (1.2) implies (1.3); the
converse of this statement does not hold either. However, our process reduces to the Mann iteration
processwhen S=1 (: the identity mapping).

Let us recall some definitions.

A Banach space E issaid to satisfy Opial’s condition [11] if, for any sequence {X.} in E, X, . X
(L. denotes wesak convergence) implies that

limsup|x, — x| < limsug||x, -y vy e E(y # X).

Examples of Banach spaces satisfying this condition are Hilbert spaces and all spaces | p(1< p<o0).
On the other hand, the spaces L°[0, 27] with 1< p# 2 fail to satisfy Opial’s condition. A mapping
T:C—>E is caled demiclosed with respect to ye E if, for each sequence {x} in C and
xeE, X,.X and TX, > Yy imply that xe C and Tx=Yy.

A Banach space E is said to satisfy the Kadec-Klee property if, for every sequence {X.,} in
E converging weakly to X together with ||x,| converging strongly to x| imply that {X } converges
strongly to apoint Xe E.
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Uniformly convex Banach spaces, Banach spaces of finite dimension and reflexive locally uniform
convex Banach spaces are some of the examples of reflexive Banach spaces which satisfy the Kadec-Klee
property.

Next, we state some useful lemmas.

Lemma 1. [12] Suppose that E is a uniformly convex Banach space and O< p<t <q<1 for all
neN. Also, suppose that {x,} and {y,}are two sequences in E such thatlimsup, ., [x,[|<r,
limsup,,_,..|y.|<r and lim_ [t.x, + @—t,)y,|=r holdfor somer >0. Thenlim_,[x, - Y,|=0.

Lemma 2. [13] Let E be a uniformly convex Banach space and C be a nonempty closed convex subset
of E.Let T beanonexpansive mapping of C intoitself. Then | — T isdemiclosed with respect to zero.

Lemma 3. [14] Let C be a nonempty bounded closed convex subset of a uniformly convex Banach space
and T :C — C be a nonexpansive mapping. Then there is a strictly increasing and continuous convex
function g:[0,00) —[0,) with g(0) = 0 such that

g(|T (tx+ A-t)y) — (tTx + L= t)Ty)| < [jx = y| - |[Tx = Ty|

forall x,yeC andte][O, 1].
Let w,({X,}) denote the set of all weak subsequential limits of a bounded sequence {x,} inE. The
following result isLemma 3.2 of Falset et al. [15].

Lemmad4. Let E beauniformly convex Banach space such that its dual
E" satisfies the Kadec-Klee property. Assume that {x,} is a bounded sequence in E such that
lim,,, [t.x, +@=t)p, — p,| exists for al te[01] and p,p,€w,({Xx}), then o, ({x}) is

singleton.

2. PREPARATORY LEMMAS

In this section, we prove a pair of lemmas for the development of our convergence results. In the sequel,
we will write F = F(S) N F(T) for the set of all common fixed points of the mappings S and T .

Lemma 5. Let E be a normed space and C be a nonempty closed convex subset of E. Let
S, T:C — C be nonexpansive mappings. Let {x } beasin (1.3).1f F = ¢ then lim___|IX, —X*H exists
fordl X eF.

Proof: Assumethat X € F . Then we have

n—o

X .4~ XH = HanS<n +(@1-a)Tx, —X H
a,(S%, = X) + (1-a,)(Tx, - X))
a8 x|+ -, x|
<a,[x, - x|+(@1-a,)
=[x

X —X*H

Thus Iimn_men — X || existsforeach X e F.
Liu et al. [10] used the condition |x—Ty|<|Sx—Ty] for al x,yeC. Cal it Condition (L). We

propose the condition: |[x — S| < |Sk—Tx]| for al xe C and call it Condition (S). Note that Condition
Summer 2009 Iranian Journal of Science & Technology, Trans. A, Volume 33, Number A3



252 S.H.Khan/etal.

(S) is weaker than Condition (L). Here is an example of two nonexpansive mappings which satisfy
Condition(S) , whereas Condition (L) is not satisfied by these mappings. Thisillustrates the fact that our
results are applicable to alarger class of mappings than the corresponding results of Liu et al. [10].

Example 1. Let usdefine S,T: R — R asfollows:

SX :2X4+1, Tx =1-x, Vx eR.

Clearly, both S and T are nonexpansive with the common fixed point —
Moreover, ||X—S<I|£||S(—Tx|| foral xe R.Infact,

2x+1 2x—-1
- sq= jx- 24 -2
And
2X+1
s <[22 >H
:||2x+1—4+4x||
I

2% —
2
Thus there are nonexpansive mappings with common fixed points and satisfying the Condition (S).
However, if we choose X=0, y= % , then the Condition (L) is not satisfied because

1
x=Ty| = HO—T(E)H 1
and
1
=Tyl =[s0-T() -5
We now prove the following result based on the Condition (S).

Lemma 6. Let E be a uniformly convex Banach space and C be a nonempty closed convex subset of
E.Let ST :C — Cbe nonexpansive mappings and {X.} be asin (1.3), where {@,} is a sequence in
[0, 1- 6] for some & € (0, 1). Suppose that the Condition (S) holds. If F # ¢, then

lim)|Sx, - x| =0= I|m||Tx =X, -

n—oo

Proof: Let X eF. By Lemma 5, Ilme - X H exists. Suppose that there exiss ¢>0 such that
=C. Then HS(n H implies that

n—o

IlmsupHS<n - X H <c
n—o

Similarly,

Iranian Journal of Science & Technology, Trans. A, Volume 33, Number A3 Summer 2009



Common fixed points of two nonexpansive... 253

|ir:Lso,:JpHTxn -X|<c.
Further, LLTHXM ~X||=c givesthat
limla, (8¢, - X))+ (1-a,)(Tx, - X )| =c.
Applying Lemma 1, we obtain

lim||Sx, —Tx,||=0.

Nn—o0
Using the Condition (S), we get

limsup|x, — Sx,|<0.

That is,

limjx, - 5, =0.
Also, [, =T, || < x, = S+ ]S, =T
implies that

lim||x, —=Tx,| = 0.

N—o0

Lemma 7. Let E be a uniformly convex Banach space and C be a nonempty closed convex subset of
E.Let S,T :C — C be nonexpansive mappingsand { X,} beasin (1.3). Then, forany p,, p, € F,

lim|tx, + (1—t) p, — p,| =0 existsfor al te[0,1].

Proof: By Lemmas5, lim|x, — p,|| existsfor al pe F andso {x,} isbounded. Thus there exists a real
number r > 0 such that’ Txn} cD=B,(0)nC, sothat D isaclosed convex bounded nonempty subset
of C. Put a,(t) =|ftx, + (1—t) p,— p,|. Notice that «,(0) =||p,— p,| and &, (1) =x, — p,| exist as
proved in Lemmab. For each ne N, define W, : D — D by

W x=a,+ (1-a,)Tx, vx,y e D.

Itis easy to verify that

W x-W,y|<|x-y] ¥xyeD.

Ry =W Wi, W,

n+m-1" "n+m-2*"*" "n?
and
b, = |Rom(tX, + 1= 1)p) = (IR, X, +(@-t)p)|, ¥n,meN.

Then it follows that |R, X~ R,,¥| <[x-y| foral x,yeD, R X, =X, ad R, p=p for
al peF.ByLemma3, there exists a strictly increasing continuous function g:[0, o) —[0, o) with
g(0) = 0 such that
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g(bn,m) < ”Xn - pl” - HRn,an - Rn,m pl”
=[x = Pl =% =
Since lim, |

meNan—->owo.
Finally, from the inequality

X, — p| existsforal peF, so g(b,,) >0 a n— . Hence b, — 0 for al

U () = [ + A=) P, = |
<l + R, (%, + A=) p) - b,
=B, + [Ryn (%, + A=) p) = R, 0,
<b, + X, + @A=t) P — Py
—b, .+, (t),
it follows that

(t) <limsupb,  +a,(t).

m—oo

n+m

limsupa
m—oo
That is,

limsupe,,(t) < liminf o, (t),

m—o0

Hence lim|ftx, + (1-t) p, — p,| existsforal t [0, 1].

3. WEAK AND STRONG CONVERGENCE

We approximate common fixed points of the mappings S and T through weak convergence of the
sequence {X.} in (1.3). In the first result, we use the Opia’ s condition, whereas the Kadec-K|ee property
isemployed in the second one.

Theorem 1. Let E beauniformly convex Banach space satisfying the
Opial’s condition and C,S,T, {x} beasin Lemma 6. If F #¢, then {X,} converges weakly to a
common fixed pointof S and T .

Proof: Let X € F. Then, as proved in Lemma 5, lim
unique weak subsequential limitin F .

Since { X} isabounded sequencein auniformly convex Banach space

E, there exist two convergent subsequences { X} and {an} of {x}.Let z €eC and z, e C beweak
limits of the subsequences {x,} and {x,} respectively. By Lemma 6, lim__[x, —x,[=0 and
| —S isdemiclosed with respect to zero by Lemma 2. So we obtain Sz, = z. Similarly, Tz, = z,. Again,
in the same way, we can provethat z, € F.

Next, we prove the uniqueness. For this, suppose that z, # z,. Then, by the Opial’s condition, we have

N—oo

X —X H exists. We prove that {x } has a

lim,.,. % —z]=1im, _..[x, ~3]
< ”m”i —>°°HX”i B 22H
=lim_,,[x, - z)|
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=lim, 1%, —Z
<tim, _,.|x, -2
=lim,_,_[x, -2,

which is acontradiction. Hence { X,} convergesweakly to apointinF .

Theorem 2. Let E be a uniformly convex Banach space such that its dual E’ satisfies the Kadec-Klee
property. Let C,S,T and {X,} beasinLemma®. If F = ¢, then {X } convergesweakly to a common
fixedpointof S and T .

Proof: By the boundedness of {X,} and reflexivity of E, we have a subsequence {X.} of {x,} that
converges weakly to apoint p € C . By Lemma 6, we have

lim

i—0

X, — X

i n

=0= !LTHXH =T
Thisshowsthat pe F. To provethat {x } convergesweakly to the point | ; supposethat {X,,} is

another subsequence of {x } that converges weakly to a point qeC. Then, by Lemmas 6 and

2, p,geWNF, whee W=0,({x}). Since limtx,+(1-t)p—q| exists for dl te[0, 1] by

Lemma7,andso p=(q by Lemma4. Consequently,n 3'2”} converges weakly to the point pe F.

The first strong convergence result in an arbitrary real Banach space goes as follows:

Theorem 3. Let E beareal Banach space C, {X,}, S and T beasin Lemmab. If F = ¢, then {X_}
converges strongly to acommon fixed point of S and T if and only if liminf d(x,,F) =0, where

d(x,F) =inf{|x —p|: pe F}.

Proof: Necessity is obvious.
Conversely, suppose that liminf d(x,,F) =0. As proved in Lemma, we have |x.., - p|<[x, - p
gives "

‘which

d(X,.1, F) <d(x,, F).
Thisimpliesthat lim,, d(x,,F) existsand so by the hypothesis,
lim,, d(x,,F)=0.

Next, we show that {X } is a Cauchy sequence in C. Let &> 0 be arbitrarily chosen. Since
lim, . d(x,, F)=0, thereexistsapositiveinteger n, suchthat d(x,, F) <%, vn> Ny

In particular, inf{”xrb — pH: peF} <%. Thustheremust exist p' € F Such that Hxrb - pH <g.
Now, for al m,n=n,, we have

X =Xl < e = B+ [ = ]
<2x, - p|

4 2(%) — .
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Hence {X,} is a Cauchy sequence in a closed subset C of a Banach space E and so it must
convergeto apoint g in C. Now, Limd(xn, F)=0 givesthatd(q,F)=0. Since F isclosed, we have
gekF. o

Khan and Fukhar-ud-din [16] introduced the so-called Condition (A') and gave a slightly improved
version of it in [17] asfollows:

Two mappings S, T :C — C are said to satisfy the Condition (A") if there exists a nondecreasing
function f :[0, o0) > [0, ) with f(0)=0,f(r)>0 for dl re(0,0) such tha either
[x=Tx| > f(d(x,F)) Or [x—S¢| > f(d(x,F)) foral xeC.

We use the Condition (A’) to study the strong convergence of {x } defined in (1.3). It is worth
noting that in the context of nonexpansive mappings S, T : C — C, the Condition (A") is weaker than
the compactness of C .

Theorem 4. Let E be a uniformly convex Banach space, C and {X ,} be as in Lemma 6. Let
S,T:C—C be two nonexpansive mappings satisfying the Condition(A). If F #¢, then {X}
converges strongly to acommon fixed pointof S and T .

Proof: By Lemma 5, lim,
¢ =0, thereisnothing to prove.
Suppose that ¢ > 0. Now, mel ~X H < Hxn —~ XH gives

%, = x| exists for alX €F. Let this limit be ¢ where ¢>0. If

inf

x eF

Xpr =X | < inf

x eF

X, —X*H,
which meansthat d(X,,;, F) <d(x,,F)andsolimlim_,_ d(x,, F) exists.
By using the Condition (A') , either

lim f (d(x,,F)) <lim||x, = Tx,[|=0

or

lim f (d(x,,F)) < Iim||xn — S(n|| =0
I'n both cases, we have

lim f (d(x,,F)) =0

Since f isanondecreasing functionand f(0) =0, itfollowsthat limd(x,,F)=0. Therest of the
proof follows the pattern of the above theorem and is therefore omitted. N

Remark 1. All the above theorems can be proved for the iteration process (1.3) with error terms in the
sense of [18] (also see[17]):
X, =%xeC,
Xog =a,5X, +b TX, +cu,, VneN,
where a, +b, +¢C, =1, ZCH <o and {u,} isabounded sequencein C.
n=1

Remark 2. All the results obtained so far can be extended to the case of nonself-nonexpansive mappings
(cf. [19]) for the scheme (1.3), with suitable changes.
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Remark 3. In the light of the above remarks, several Mann-type (and Ishikawa-type) convergence results
areincluded in the analysis of our results (see for example, [7] and [8]).
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