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Abstract — In this paper, we study projective Randers change and C-conformal change of P-reducible
metrics. Then we show that every P-reducible generalized Landsberg metric of dimension N > 2 must be a
Landsberg metric. This implies that on Randers manifolds the notions of generalized Landsberg metric and
Berwald metric are equivalent.
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1. INTRODUCTION

In [1], Matsumoto introduced the notion of C-reducible Finsler metrics and proved that any Randers
metric is C-reducible. Later on, Matsumoto-Hojo proves that the converse is true too [2]. A Randers
metric F =a + £ is just a Riemannian metric « perturbated by a one form . Randers metrics have
important applications both in mathematics and physics [3].

As a generalization of C-reducible metrics, Matsumoto-Shimada introduced the notion of P-reducible
metrics [4]. This class of Finsler metrics has some interesting physical means and contains the class of
Randers metrics as a special case. Therefore the study of P-reducible spaces will enhance our
understanding of the geometric meaning of Randers metrics.

By considering the special form of a Randers metric, Shibata has dealt with a change of Finsler
metric which is called Randers change [5]. Adding a 1-form to a Finsler metric is called a Randers change
or [ -change. For a [ -change of Finsler metric, the differential one-form S play very important roles.

In this paper, we consider the projective Randers change of a P-reducible Finsler metric. We assume
that F be a P-reducible Finsler metric and F is a general relatively isotropic Landsberg metric obtained
from F by a projective Randers change. Then we prove that F is C-reducible metric if and only if F is
C-reducible metric.

Theorem 1. Let (M, F) be a P-reducible Finsler manifold. Suppose that F is a general relatively
isotropic Landsberg metric (L = A C) obtained from F by a projective Randers change. Then F is
Randers metric if and only if F is P-reducible.

Beside the Randers changes, we have another special transformation named C-conformal
transformation. The notion of C-conformal transformation and its properties that are regarded as a special
conformal transformation is introduced by Hashiguchi [6]. C-conformal transformations are a special form
of conformal transformation that satisfies a condition on Cartan tensor and conformal factor. In section 4,
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we study C-conformal transformation of P-reducible metrics and prove the following.

Theorem 2. Let (M, F) be a P-reducible Finsler manifold. Suppose that F is obtained from F by C-
conformal change. Then F is Randers metric if and only if F is P-reducible.

As a generalization of Landsberg metrics, we introduce the notion of generalized Landsberg metrics.
A Finsler metric is called a generalized Landsberg metric if the Riemannian curvature of the Berwald and
Chern connections coincides. It is easy to show that Landseberg metrics belong to this class of Finsler
metrics. Here we show that:

Theorem 3. Let (M, F) be a P-reducible Finsler manifold of dimensionn > 2. Suppose that F is a
generalized Landsberg metric. Then F is a Landsberg metric.

There are many connections in Finsler geometry [7]. Throughout this paper, we set the Berwald
connection on Finsler manifolds. The h- and v- covariant derivatives of a Finsler tensor field are denoted
by “|" and “, " respectively.

2. PRELIMINARIES

Let M be an n-dimensional C” manifold. Denote by T,M the tangent space at X e M, by
™ =U,_,T,M the tangent bundle of M , and by TM, :=TM \ {0} the slit tangent bundle of M .

A Finsler metric on M is a function F : TM —[0,00) which has the following properties: (i) F is
C” on TM; (ii) F is positively 1-homogeneous on the fibers of tangent bundle TM , and (iii) for each
y € T,M , the following quadratic form g, on T,M is positive definite,

g,(u,v) ::% [F2(y+su+tv)l,,,, uveT M.

Let XeM and F,:=F]|;,. To measure the non-Euclidean feature of F,, define
C,:TM®TM®TM — R by
1d

C,(u,v,w):= Ea[gyﬂw(u,v)]t:o , uv,weT M

The family C:={C} _p is called the Cartan torsion. It is well known that C =0 if and only if F is
Riemannian. For y € T, M, define mean Cartan torsion I by I (u):= |, (y)u', where 1, := gjkCijk
and U=U'0/0X |,. By Diecke's Theorem, F is Riemannian if and only if [ =0.

For yeTM,, define the Matsumoto torsion M :TM®TMTM =R by
M, (u,v,w) := M, (y) u'v'W* where

1
M ::Cijk_m{li hi + 1 hg + 1 hy 3,

and b =g — Fy y; is the angular metric. A Finsler metric F is said to be C-reducible if M =0.
This quantity is introduced by Matsumoto [1]. Matsumoto proves that every Randers metric

satisfies M = 0 . Later on, Matsumoto-Hdjd proves that the converse is true too.

Lemma 1. ([2, 8]) A Finsler metric F on a manifold of dimension N> 3 is a Randers metric if and only

if M=0.
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The horizontal covariant derivatives of C along geodesics give rise to the Landsberg curvature

L,:TM®T,M®T,M — R defined by
L, (u,v,w) =L, (y) u'v'w,

where Ly = Cy, ¥, u=U'0/X |,, v=V'0/0X |, and w=W 8/0X |,. The family L:={L}
is called the Landsberg curvature. A Finsler metric is called a Landsberg metric if L =0.

The quotient L/C is regarded as the relative rate of change of C along geodesics. A Finsler metric
F on a manifold M is said to be general relatively isotropic Landsberg metric if L =4 C, where A is
a positively 1-homogeneous scalar function on TM, [9]. The generalized Funk metrics on the unit ball
B" < R" satisfy L +cF C =0 for some constant ¢ # 0 [10].

The horizontal covariant derivatives of I along geodesics give rise to the mean Landsberg
curvatureJ , where J y(U):=J, (y)u', where J =1, y°. A Finsler metric is said to be weakly
Landsbergian if J =0.

ils

Define M, : TM ® T,M ®T,M — R by M, (u,v,w) := M, (y) u'v/W* where
1

Mijk = Lijk _m{‘]i hjk +‘]j hg +Jy hij}'

A Finsler metric F is said to be P-reducible if My = 0. The notion of P-reducibility was given by
Matsumoto-Shimada [4]. It is obvious that every C-reducible metric is a P-reducible metric.

Given a Finsler manifold (M, F), then a global vector field G is induced by F on TM, whichina
standard coordinate (X', y') for TM, is given by

0 - 0
G: I—.—2GI —_—,
y o (X’y)é’y'

where G'(Y) are local functions on TM as follows
o°[F?]
axkayl
Then G is called the associated spray to (M, F). The projection of an integral curve of G is called a
geodesic in M . In local coordinates, a curve C(t) is a geodesic if and only if its coordinates (C'(t))

satisfy €' +2G'(¢) =0.
For ye T,M, define B,:TM ® T M ®TM - TM by

AFT 1, yeTm.

k J—
(V)y X

G'(y) :=ig”(y){

| ! 0
B, (u,v,w) = B (y) u'v'w §|X,

where

The quantity B is called the Berwald curvature. A Finsler metric is called a Berwald metric if B=0 [11,
12]. Every Berwald metric is a Landsberg metric.
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3. PROOF OF THEOREM 1

Let f=Db, (x)y' be a I-form and F a positive Finsler metric on a manifold M. Consider the
following special transformation F = F + 3. Adding a 1-form to a Finsler metric is called a Randers
change. Let || p || ‘= SUPg () | B(Y)[<1. Then F is still a positive definite Finsler metric [5].

A change F — F of a Finsler metric on the same underlying manifold M is called projective, if any
geodesic in (M ,F) remains to be a geodesic in (M ,F) and vice versa. In this section, we restrict our
consideration to special Randers change, called projective Randers change, which preserve all the
geodesic curves. According to Hashiguchi-Ichijyd [13], a Randers change is projective if and only if
bi; =by;,
[14]. Put

that is, b, (X) is locally a gradient vector field. To avoid any calculation, we use the notion of

M|

=%(8b+ab) bF, . re=ry'y', t=
and
m T
qk ::rmky _%+{bk+(l+t)gk}a

where F', are the coefficients of Cartan connection and /, = F'y,. Using these notations, we are
ready to prove the Theorem 1.

Lemma 2. ([13]) Relation between Landsberg tensors of F and F is given by

—tL, 4+-%C 4

L Ijk 2F ijk 2F {

ijk di h,k +q; h, +0, h” ) (1)
Now, we are going to prove the Theorem 1.
Proof of Theorem 1. By Lemma 2, we get

— r 1
AC, =tLy WL%Cijk WLE{qi h, +a;h; +a,h;}. (2)

Using Fh' =Fh" , and multiplying (3 .1) by F h' from right and Fh' from left, one can obtains

2
=——{AFI, —FJ L0y 3
G =7t — 3)
Substitution (3) in (2) leads to
= = 1
ﬂ”Cijk :t{Lijk __(‘Jihjk +‘thki +Jy u)}

- 00{ ijk (I h]k+| hk|+|k IJ)} (4)

n+1{| h]k+l h, +1, ”}

Putth; = I‘Tij in (4), one can yields
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Z{C_| _—( I_Jﬁkl )} t{LIJk (‘] th +J, hk' +th” )}
n+1 (5)
_%{Cu‘k _n+l(|ihik iR +1chy)s
Replacing the definition of P-reducibility of F in (5) implies that
o 1
Z{C _E(l h |jh 4 h }: Voo {C”k n+1(|ihjk+|jhki+|k ,])} (6)

Then F is Randers metric if and only if F is Randers metric.

Corollary 1. Let (M, F) be a Finsler manifold with Randers metric F = a + . Suppose that F is
obtained from F by a projective Randers change and satisfies L =2 C .Then F isa Randers metric.

Corollary 2. Let (M, F) be a P-reducible Finsler manifold and F satisfies L =A1C . Suppose that F
is obtained from F by a projective Randers change and satisfies L=2C such that Foo +24 F=0.
Then F is a Randers metric if and only if F is a Randers metric.

Proof: By (5) we have

— 1 ——- - __ _
2F/1{Cijk _m(lihjkﬂjhki +|khij)}:(/1F+roo){Cijk (|| ]k+|jhki+|k u)} (7

By (7) and r,, +24 F #0, we get the proof.

4. PROOF OF THEOREM 2

Two Finsler metrics F and F on M are called conformal if 0; =99, , where @ is a positive scalar
function on TM. If ¢ is a constant, they are called homothetic. The Knebelman’s Theorem states that ¢
falls into, at most, a point function. Thus we can assume ¢ = e’ , Where « 1is a scalar function on M.
Put

o =0alox, C,=C"a,, ay=qY.

Then we have
F=eF, g§'=e’qg"

Two Finsler metrics F and F on M are called C-conformal if their conformal transformation is non-

homothetic and satisfies C;, =0 [6].

Theorem 4. C-conformal change of every Randers metric is a Randers metric.

Proof: Let F =a+ [ be a Randers metric and F is obtained from F by a C-conformal change. By
Lemma 1, F is C-reducible

1

By assumption we have
h; =e7“h, )

ij ?
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Cijk :eizac:jk . (10)
Contraction (10) with g =e** @' yields
I = I_I (1D
Putting (9), (10) and (11) in (8), we get
Cix :m{l h +1. hkl +1, hij}. (12)

This means that F is a Randers metric.

Proof of Theorem 2. Relation between Landsberg tensors and mean Landsberg tensors are given by
L_ijk zeza{Lijk +aocijk}> (13)
J, =J, +al,. (14)

Since F is a P-reducible metric, we have
L., = b h,+J h, +J h
ijk n+1{Ji jk ‘Jj i T Ji ij}‘ (15)

Plugging (13) and (14) in (15) yields

-2a

e e _ I I
e’ Liw — 2 Ci :m{hij (Je =l ) +hy J; —al )+hjk 1)} (16)
By (9) and (16), we get:

e {Eijk

e 1
n+1(J h, +J,h; +J3,.h))}=,{C - n+1(|ihik+ljhki+|k h)}. (17)

It is obvious that F is C-reducible if and only if F is P-reducible. Since F is C-reducible, then it is
P-reducible. Therefore by (4.10), F is P-reducible.

In continue, we consider C-conformal change of P-reducible Finsler metric F in the case that Fisa
general relatively isotropic Landsberg metric. We get the following.

Corollary 3. Let (M, F) be a P-reducible Finsler manifold. Suppose that F is obtained from F by a C-
conformal change and satisfies L=2C .Then F is Randers metric if and only if F is Randers metric.

Proof: We have:
Lijk =2 C_ijk' (18)
By (17) and (18) we get:

— o< 1 —— _ _
ﬂez {Cijk _m(lihjk"'ljhki +|khij)}:“o{cijk (|| Jk+|jhki +Ik u)} (19)

Then F is C-reducible if and only if F is C-reducible. By Lemma 1, we get the proof.
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5. PROOF OF THEOREM 3

We say that a Finsler metric F is generalized Landsberg metric if the h-curvature of the Berwald and
Chern connections coincide. The relation between h-curvatures of Berwald and Chern connections is
given by

Ry =R +IL =L +La L =L L] (20)

where R and R denote the Riemannian curvatures of Berwald and Chern connections respectively. By
definition of generalized Landsberg metric we have

L i L iy + L'y L®, - L'y L%, = 0. (21)

For some geometric meanings of generalized Landsberg metrics see [9].

Proof of Theorem 3. Contracting (21) by g,,, we conclude that R=R if and only if

L'y LS — L'y L =0, (22)
L'y =Ly =0. (23)
On the other hand, we have
h =h h.g", (24)
J. =g"h J.. (25)
F is a P-reducible metric
Ly =43, Py + 3, B+ 3,0 ) 26)

By taking (5.5), (5.6) and (5.7) in (5.3), it follows that
{hij hlk - hik hlj } J S‘Js - {hlk‘Jj - hlj ‘]k} 'Ji + {hij ‘]k _hlj‘Jk} 'Jr =0. (27)
We have
g"h; =n-1. (28)
Contracting (5.8) with gij gtk and using (5.5), (5.6) and (5.9), one can obtains the following
(n+1)(n-2)J3°J, =0. (29)
By assumption, F is a positive definite metric and N> 2, we then conclude that:
J,=0. (30)

By (5.7) and (5.11), we conclude that F is a Landsberg metric.
Here we investigate the Randers manifolds with vanishing generalized Landsberg curvature. We
prove that Randers manifolds with vanishing generalized Landsberg curvature are Berwaldian manifolds.

Corollary 4. Let F = a+ [ be a Randers metric on a manifold M. Then F is a generalized Landsberg
Spring 2009 Iranian Journal of Science & Technology, Trans. A, Volume 33, Number A2
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metric if and only if F is a Berwald metric.

Proof: By the Lemma 1, F is C-reducible and then is a P-reducible metric. Since F is a generalized
Landsberg metric, then by Theorem 3, F is a Landsberg metric. In a 1974 paper [1], Matsumoto showed
that F = a + f is a Landsberg metric if and only if [ is parallel. In a 1977 paper [15], Hashiguchi-
Ichijyo showed that for a Randers metric F = + £, if [ is parallel, then F is a Berwald metric. This
completes the proof.
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