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Abstract

The main objective of this paper is to study the boundedness character, the periodicity character, the convergence
and the global stability of the positive solutions of the nonlinear rational difference equation

X = (Zk: aixnij/(B + Zk: BiXoi ) , n=012,...

where the coefficients B, &, [, together with the initial conditions X_j yeees s X_1, X are arbitrary

positive real numbers, while k isapositive integer number.
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1. Introduction

The qualitative study of difference eguations is a
fertile research area and increasingly attracts many
mathematicians. This topic draws its importance
from the fact that many rea life phenomena are
modeled using difference equations. Examples from
economy, biology, etc. can be found in [1-4]. It is
known that nonlinear difference eguations are
capable of producing a complicated behavior
regardless its order. This can be easily seen from

the family X, =9,(x,), O<u, wu=0.

This behavior ranges according to the value of 4

from the existence of a bounded number of periodic
solutions to chaos. There has been great interest in
studying the global attractivity, boundedness
character and the periodicity nature of nonlinear
difference equations. For example, in the articles
[5-10], closely related global convergence results
were obtained which can be applied to nonlinear
difference equations in proving that every solution
of these equations converges to a period two
solution. For other closely related results (see [11-
28]), and the references cited therein. The study of
these difference equations is challenging yet
rewarding, and is still in its infancy. We believe
that the nonlinear rational difference equations are
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of paramount importance in their own right.
Furthermore, the results about such equations offer
prototypes for the development of the basic theory
of the global behavior of nonlinear difference
equations. The main objective of the present paper
is to study a more general nonlinear rational
difference equation which has not been discussed
elsawhere. More precisely, in this paper the
boundedness character, periodicity character, the
convergence and the global stability of the positive
solutions of the nonlinear rational difference
equation

xnﬂ:[éa,xn,‘J/(B +IZ;/3‘X"7,J, n=012.. (1)

is investigated, where the coefficients B, «;, S,

together with the initial conditions
Xy yeeen s Xy Xy are arbitrary positive real
numbers, while K isa positive integer number.

Definition 1. A difference equation of order
(k + 1) isof theform

Xoa=F (Xo X greeen Xy ) n=012.. (2

where F is a continuous function which maps

k+1
some set J * into J and Jis a set of real

~

numbers. An equilibrium point X of this equation
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is a point that satisfies the condition
X =F(X,X,...,X), thatis, the constant sequence

{Xn} with X, =X fordl n> K isa
solution of that equation.

Definition 2. Let X €(0,0) be an equilibrium
point of the difference equation (2). Then,

(i) An equilibrium point X of the difference
equation (2) is called localy stable if for every
O<e there exists 0<o such that, if

X i seeee XX € (0,0) with
X ) =X [+t X =X | +|X0—)( |<5then
X, =X |< ¢ foral n>-K.

~

(@ii) An equilibrium point X of the difference
equation (2) is called locally asymptotically stable
if it is locally stable and there exists 0 <y such

thet, if  X_ e s X, X € (0,0)  with

X =X [+t X=X |+xo=X |<y,  then

(iii) An equilibrium point X of the difference
equation (2) is caled a global attractor if for every
X pseee y X gy Xg € (0,oo) we have limx, =X .

(iv) An equilibrium point X of the equation (2) is

called globally asymptoticaly stable if it is locally
stable and a global attractor.

(v) An equilibrium point X of the difference
equation (2) is caled unstable if it is not localy
stable.

Definition 3. We say that a sequence {X n }j:_k
is bounded and persists if there exist positive
constants M and M such thatm <x, <M
foral N> —K.

Definition 4. A sequence {X n } ) is said to be

periodic with period P if X, , = X, for all
N> —K.A sequence {Xn}n

periodic with prime period P if P is the
smallest positive integer having this property.

Assume that a~:Zik:oCZi ) 5Zz:ik:o(_]—)i a o

b=Y,3, ad b_:zikzo(_l)i p - Then

__, issadtobe

the equilibrium point X of the difference
equation (1) is the solution of the equation

ax

X = —.
B +bx

©)

Consequently, we deduce that the equilibrium
point X of the difference equation (1) is

X =0 or X =——=—, where B =4.

Let FZ(O,OO)kH—)(O,OO) be a

continuous function defined by

Now, the linearized equation is

Kk
_ OF (X X ,...X)
yn+1_z ou; yn—j '

j=0

which can be written in the form:

yn+l:ibjynfj' (5)
where
b, =(a, - 8% )/(B +5>(). (6)

The characteristic equation of the linearized
equation (5) isgiven by

k
/‘Ln+1 — ijlnq , (7)
j=0

2. Main results

In this section we establish some results which

show that the equilibrium point X of the difference
equation (1) is globally asymptotically stable and
every positive solution of the difference equation
(1) is bounded and convergent to the

equilibrium X and has prime period two.

Theorem 1. ([3, 28] The linearized stability
theorem).

Suppose F is a continuously differentiable
function defned on an open neighbourhood of the

equilibrium X Then the following statements are
true.

(i) If all roots of the characteristic equation (7) of
the linearized equation (5) have absolute value less
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than one, then the equilibrium point X is locally
asymptotically stable.
(ii) If at least one root of Eq.(7) has absolute value

greater than one, then the equilibrium point X is
unstable.
(iii) If al roots of Eq.(7) have absolute value

greater than one, then the equilibrium point X isa
source.

Theorem 2. (see [29,30]). Assume that a,b e R
and k € {0,1,2,.....}. Then

jal+p|<1, ®)

is a sufficient condition for the asymptotic stability
of the difference equation

X,,+ax,+bx, ., =0, n=0,1.2,..

9

Remark 1. (see [29]). Theorem 3 can be easily
extended to a genera linear difference equation of
the form

X T PiX ok q et P X, =0, n=0,1,2,.... (10)

where P, Py, P € R and ke{l,Z, ..... }

Then the equation (10) is
asymptotically stable provided that

2 lpif<1. (12)

Theorem 3. Let {Xn}w

solution of Eq.(1). Then it is bounded and persists.
Proof. From the difference equation (1) we deduce
that

. be a positive

k k
Dax,, da

Xpyg = i=0k < i;o
B+ BXoi 2.5

i=0 i=0

From (12) it follows that the sequence {X , } is

bounded from above by a positive constant M
say. That is,

<M, n=0,1,2,...

n+1

(13)

On the other hand, we deduce from Eg. (1) and the
inequality (13) that
K
Z ai Xn—

k
Z ai‘Xn—
i=0 < i=
IBi Xn—

0
B+bM B+Zk:

i=0

X MiN{X o Xo 0 X0 o (14)

Ve

B +bM
From (14) it follows that the sequence {X , } is
bounded from below by a positive constant say,
M . Thatis,

m<x._,

n

n=01.2,.. (15)

From (13) and (15) we have

m<x, <M, n=0,1,.2,...

This shows that the sequence {X , } is bounded,
Thus, the proof of Theorem 3 is completed.

Theorem 4. Let @ < B, then al the positive
solutions of Eq.(1) convergesto zero.
Proof. If @ < B | then from Eq.(1) we have

n+1
B

From which it follows that al positive solutions
converge to zero. Thus, the proof of Theorem 4 is
compl eted.

Theorem 5. Assume that @< B holds. Then the
equilibrium point x of the difference equation (1)
isglobally asymptotically stable.

Proof: The linearized equation (5) with the
equation (6) can be written in the form

k ﬂx_
yn+l+2( B+bX ) n—j :0’

j=0

and its characteristic equation is

AT AM =0.
JZ:‘J[ B +bx J

Asa < B , we get



1JST (2011) A4: 333-339

336

J a
S| B+bx | (B

Thus by Theorems 1,2 and Remark 1, we deduce

that the equilibrium point X of the difference
equation (1) is locally asymptotically stable. It
remains to be proven whether the equilibrium point

X is a global attractor. To this end, set

I=liminf X, gnd S=limsupx,, which by

n—w

Theorem 3 exist and are positive numbers. Then,
from the difference equation (1) we see that
és ~

B +bl B +bS

Hence

(a- B) I<bis<(a- B)S.

From which it follows that | = S. Thus, we have

| = S. Thus, the proof of Theorem 5 is
completed.

Theorem 6. A necessary and sufficient condition
for the difference equation (1) to have a positive
prime period two solution is that the inequality

(+a)(o - 5) <b (B +a), (16)
isvalid, provided (B+a) <0 and O <b .

Proof: First, suppose that there exists positive
prime period two solution ........ ,P,Q,P,Q.....

of the difference equation (1). We shall prove that
the condition (16) holds. It follows from the

difference equation (1) that if Kis even, then

X, = X,,_» and we have

aQ +a,P+aQ +a,P+..+2,Q

P B BQ AP SQ APt B

and

0= aP+aQ +a,P+aQ +..+a,P

" B+SBP+BQ+BP+AQ+..+ B P

Whileif K isodd, then X,,; = X, i » and we
have

aQ+a,P+aQ +...+a,P

P=3 BQ+ AP +BQ+ PP +..t B P

and

Q= a,P+aQ +a,P +...+,Q

T B+BP+BQ+BP+..+B8Q]

Now, we discuss the case when K iseven (andin

a similar way we can discuss the case when K is
odd, which is omitted here). Consequently, we
obtain

aQ +a,P+aQ +a,P+...+,Q
=BP + 8,PQ + B,P? + B,PQ + B,P*+..+ 5, PQ,

(17)

and

aP+aQ +a,P +aQ +...+ P
=BQ + S,PQ + fQ %+ B,PQ + BQ*+...+ 5, PQ.
(18)

By subtracting, we deduce after some reduction that

P+Q=—r : (19)

while, by adding we obtain

—(ap+a,+..+a,)(B+a)

PQ = b (B+Bs+.t Bey)

(20)

where (B+3@) <0 and 0 <b. Assume that

P and Q are two positive distinct real roots of
the quadratic equation

t?~(P+Q) t+PQ =0. (21)
Thus, we deduce that
[— (ag+a,+..+a,)(B +§)]
4 uf
b (Bi+Bs+..+ Bs)

- (B+a) ’ (22)
BBt B )

From (22), we obtain (a+a)(b - b) <b(B+a),

and hence the condition (16) is valid. Conversely,
suppose that the condition (16) is valid. Then, we
deduce immediately from (16) that the inequality
(22) holds. Consequently, there exists two positive

distinct real numbers P and Q such that

_ - (B+a) 1
P 2 Bt fa) 2 VT (23)
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and

B - (B +a) 1
P= 2(ﬂ1+ﬂ3+...+ﬁk_l)+ 2 T (24)

where 0 < T1 which is given by the formula

(@A) Y
L ﬂ1+ﬂ3+"‘+ﬂkfl

Aay+a,+...+a, )(B +a)

b (B+ B+t Bes)

(25

Thus, P and Q represent two positive distinct
real roots of the quadratic equation (21). Now, we
are going to prove that P and Q are positive

prime period two solutions of the difference
equation (1). To this end, we assume that

X, =P, X g = Qrevvennsy
X,=Q, ad X,=P.
We wish to show that
X, =Q, ad X,=P.

To this end, we deduce from the difference
equation (1) that
O OgXg o X o X,
B+ BoXy + X+ ..+ B X

Plag+a,+..+a, )+Q(ay+as+..+a,)

TBAP (Bt Bt ot B)IQ(Bit Pot ot Ba)

1

(26)

Dividing the denominator and numerator of (26) by
— (B + E)

(Bi+ Bs+ ot Br)

obtain

and using (23)-(25) we

. [1+\/E}(%+%+...+04K)
" Kz+[1+K}(ﬁ)+@+~"+@)+[1_\/EJ(:@+@+'"+@4)
N [1—\/?1}(al+og+...+qd)
KZ+[1+\/K}(/%+ﬂz+...+ﬁ<)+[1—\/EJ(,@+/%+...+,@_1)
- [(06+05+...+0{<)+(q+%+...+0¢<71)]
' Kz{1+JK](/%+/;+...+@)+[1—JK](@+@+...+@4)
. [(06+0¢2+...+04()—(0{L+%+...+0{(_1)]\/K
Ko {2K, | B+B++B) 41K [ A+B++4.)

(a+a)yK,
Xn+1= i (27)
A (ﬂ1+ﬂ3+“'+ﬂk—l) N
[b— (® +a) }+b1/K1

where

2B (fy+ By + ot P y)
2 (B +a) '

(28)

and from the condition (16) we deduce that

0< K1- Multiplying the denominator and
numerator of (27) by

[5_ 2B (ﬂl+ﬁ3+...+ﬂk1)j_b— K.,

(B+a)
then, we have
a H_ZB (ﬂ1+:83+_'"+ﬂk—1) —ab_K
. (B +a) !
5 2B (B, + s +_'"+ﬂk—l) _b2K
(B +a) !
~__N—__ZB(,B1+,83+...+,BM)
{a N CEL) }JK_
b— 2B (,31+/773 +_---+ ﬁk—l) —_b2K
(B +a) !

After some reduction, we deduce that

~(B +3) 1+ K, T
. 2 por o i) VT

TZ
_ -(B +§)(1+\/E) _ -(B +a) +£ _
2B+ Byt ot Bis) 2B+ Bat ot Bey) 207

Q.

where

T,=2(ay+ .t ) (Bo+ -t B)
—2(ag+ .t a)(Pi+ .t Biy)

2Ba(fBy+ B+t Briy)
+
(B+a)

Similarly, we can show that
QoXy + Ay Xg + oo+ A X (1)

B+ X + B X, + ... + ,kaf(kfl)
Q(ag+ay+..+a )+P(ay+ay+..+a, )

"B +Q (Bo+ fo+ .+ B )+P (B4 B+t fy)

Xz

=P.

By using the mathematical induction, we have
X0 =P and X,,; = Q foral N > —Kk.
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Thus the difference equation (1) has positive
prime period two solutions
......... , P,Q,P,Q,........ Hence the proof of

Theorem 6 is completed.

3. Numerical examples of the solutions of Eq.(1)

In order to illustrate the results of the previous
subsections and to support our theoretical
discussions, we consider several interesting
numerical examplesin this section. These examples
represent different types of qualitative behavior of
solutions to nonlinear difference equation(l).

Example 1. Fig. 1, shows that Eq.(1) has prime
period two solution if

k =1, x_, =0.297, x, =5.583, B = 0.3, o, = 2,
a,=20, B,=10, B, =3.

plot of X(n+1 y={@ X(r)+ X (n-13AB-+6 X )+ X (n-1))

{asi+0 X (- B -+ (M (1)
=

solution of Xfn+)

a 10 20 30 a0 s0 & 70 il El 100
n-iteration

Fig. 1.

Example 2. Fig. 2, shows that the solution of
Eq.(1) has global stability if

k=1 x_,=1X,=2, B =10, o, =2,
a,=05, B, =3, B, =0.25.

RIOt Of X(N+1)=Ea M) +b X en-13) B-+6 K+ X (n-1))

K(n)+D K{n-1E+0 K+ (1))
s o o A
5 & @ = s m m

salution of X(n+)=fa’

o
n

o

2 4 =] =) 10 12 14 16 18 20
n-iteration

Fig. 2.

a

Note that example 1 verifies Theorem 6 which
show that Eq.(1) has prime period two solution. But
example 2 verifies Theorem 5, which shows that
the solution of EQ.(1) has globaly asymptotic
stable.

4, Conclusion

In this paper, we have studied the boundedness
character, the periodicity character, as well as the
global attractivity of the positive solution of the
rational recursive sequence (1) which play an
important role in economy and biology.
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