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Abstract 

We investigate a class of fourth-order differential operators with eigenparameter dependent boundary conditions 
and transmission conditions. A self-adjoint linear operator A  is defined in a suitable Hilbert space H  such that 
the eigenvalues of such a problem coincide with those of A . We discuss asymptotic behavior of its eigenvalues 
and completeness of its eigenfunctions. Finally, we obtain the representation of its Green function. 
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1. Introduction 

In recent years, more and more researchers have 
become interested in the discontinuous differential 
operator problem for its application in physics ([1, 
2]). People have paid close attention to Sturm-
Liouville problem of the boundary condition 
depending on eigenvalue parameter and studied its 
inverse problem, asymptotic of eigenvalues and 
eigenfunctions, shaking theory and so on. The 
various physics applications of this kind of problem 
are found in many literature, for example Binding 
([3-5]), Hinton ([6-8]), Fulton ([9, 10]) etc., 
including some boundary value problems with 
transmission conditions that arise in the theory of 
heat and mass transfer (see [11-13]). 

Here we consider a class of fourth-order 
differential operators with eigenparameter 
dependent boundary conditions and transmission 
conditions. By using the techniques of [11, 13] and 
some new approaches, a new linear operator A  
associated with the problem in an appropriate 
Hilbert space H  is defined such that the 
eigenvalues of the problem coincide with those of 
A . Its eigenvalues and eigenfunctions are 
discussed, its asymptotic approximation formulas 
are obtained for eigenvalues, proving that the 
eigenfunctions of A  are complete in H  and its 
Green function is constructed, and the previous 
conclusions are promoted and deepened. 
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In this study, we shall investigate a discontinuous 
eigenvalue problem which consists of differential 
equation 

 
,),()()())()((: Jxxuxuxqxuxalu   (1) 

 
where ]1,0()0,1[ J , 2

1)( axa  for ),0,1[x  
2

2)( axa  , for ]1,0(x , 01 a and 02 a  

are given real numbers; the real value function 
C],R,[)( 1  JLxq  is a complex eigenparameter; 

with the boundary conditions 
 

,0)1()1(: 211  uuul                      (2) 
 

,0)1()1(: 212  uuul                     (3) 
 
the eigenparameter-dependent boundary conditions 
 

3 1 2

1 2

l u : ( u (1) u (1))

     ( u (1) u (1)) 0,

      
                        (4) 

 

4 1 2

1 2

l u : ( u (1) u (1))

     ( u (1) u (1)) 0,

       
                         (5) 

 
and transmission conditions at the point of 
discontinuity 
 

,0)0()0()0(: 435  uuuul     (6) 
 

,0)0()0()0(: 436  uuuul   (7) 
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,0)0()0()0(: 437  uuuul    (8) 
 

,0)0()0()0(: 438  uuuul     (9) 
 

where ii  , , ii  , jj   ,  )2,1,4,1(  ji  are 

real numbers. We assume that 
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In order to consider problem (1)-(9), we define 

the inner product in )(2 JL  as 
 

 


1

0

2
222

2

0

1 112
1

1 ),(,,
1

, JLgfdxgf
a

dxgf
a

gf
  

 
where 

]1,0(2)0,1[1 )()(,)()( xfxfxfxf 


. It 

is easy to verify that )),,( 1
2

1  JLH  is a 

Hilbert space. 

2. Operator formulation 

In this section, we introduce the special inner 
product in the Hilbert space CC: 1  HH  

where )(2
1 JLH  , C denotes the Hilbert space 

of complex numbers and a symmetric linear 
operator A  defined in this Hilbert space such that 
(1)-(9) can be considered as the eigenvalue problem 
of this operator. Namely, we define an inner 
product in H  by 
 

 srkhgfGF ,
1

,
1

,,
21

1 
, 

1, Hgf  ， C,,, srkh , 
 
for 

),,(: rhfF  , HskgG  ),,(: . 

In the Hilbert space H  consider the operator A  
which is defined by 
 

1 1 1 1 loc

2 2 2 2 loc 1

D(A) {(f(x),h,r) H f ,f ,f ,f AC (( 1,0)),

f ,f ,f ,f AC ((0,1)),lf H ,

     

     

 
)}1()1(),1()1(,8,5,2,1,0 2121 ffrffhifli   , 

))1()1((),1()1(,( 2121 fffflfAF   , 

)())1()1(),1()1(,( 2121 ADfffffF   . 

For convenience, )(),,( ADrhf  , let 
 

)1()1()( 21 fffN   ,

)1()1()( 21 fffN   , 

)1()1()( 21 fffN   ,

)1()1()( 21 fffN   . 
 

Now we can rewrite the considered problem (1)-
(9) in the operator form FAF  . 

Obviously, the eigenvalues and eigenfunctions of 
the problem (1)-(9) are defined as the eigenvalues 
and the first components of the corresponding 
eigenelements of the operator A  respectively. 
 
Lemma 2.1. The domain )(AD  is dense in H . 

 
Proof: Let HrhfF  ),,( , )(ADF   and 


0

~
C  be a functional set such that 
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where )0,1[)( 01  Cx  and ]1,0()( 02
Cx . 

Since ))(00
~

0 ADC 
)C0(  , and 

00
~

)0,0),(( 0  CxuU  is orthogonal to 

F , namely 
 

0 1

12 21 0
1 2

1
F, U f (x)u(x)dx f (x)u(x)dx f ,u .

a a


         

 

We can learn )(xf  is orthogonal to 
0

~
C  in 1H , 

this implies 0)( xf . So for all 

)()0,),((1 ADkxgG  , 0
1

,
1

,
11

1  khkhGF


. 

Thus 0h  since k  can be chosen arbitrarily. 

Similarly 0r . So )0,0,0(F , which proves 

the assertion. 
 
Theorem 2.2. The operator A  is self-adjoint in 
H . 
 
Proof: Let )(, ADGF  . By two partial 

integrations we obtain 
 

0 1
1 0

1

2

1
AF,G F, AG [fg] [fg] (N(f )N (g)

1
           N (f )N(g) (N (f )N (g) N (f )N (g)


          



      


, 
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where 
 

)()()()()()()()()]([ xgxfxgxfxgxfxgxfxgf  . 
 

Since f  and g  satisfy the boundary conditions 

(2) and (3), it follows that 0)1]([ gf . From 

the transmission conditions (6)-(9), we get 
 

[f g](0 ) [f g](0 ).     
 
Further, it is easy to verify that 
 

1 2

1 1
[fg](1) (N(f)N (g) N (f)N(g) (N (f)N(g) N(f)N (g).        

 
 

 
Then we have  AGFGAF ,, , so A  is 

symmetric.  
It remains to show that if  UFWAF ,,  for 

all )())(),(,( ADfNfNfF  , then 

)(ADW   and UAW  , where 

),),(( rhxwW  , ),),(( skxuU  , i.e., (i) 

111 ,, www  , ))0,1((1  locACw , 

2 2 2 2 loc 1w , w , w , w AC ((0,1)),  lw H    ; (ii) 

)1()1( 21 wwh   , )1()1( 21 wwr   ; 

(iii) 8,5,2,1,0  iwli ; (iv) lwxu )( ; (v) 

)1()1( 21 wwk   , ))1()1(( 21 wws   . 

For an arbitrary point 

)(00C
~

0 ADF    such that 
 

0 1 0 1

2 2 2 21 0 1 0
1 2 1 2

1 1
(lf )wdx (lf )wdx fudx fudx,

a a a a 

 
       

 
that is 11 ,,  ufwlf .According to normal 

Sturm-Liouville theory, (i) and (iv) hold. By (iv), 
the equation  UFWAF ,, , )(ADF  , 

becomes 
 

1 1
1 2

N(f )h N (f )k N (f )r N (f )s
lf , w f , lw .

   
  

 

 
However, 
 

1
0

0
111

][][,, 

  wfwflwfwlf  . 

 
So 
 

1 1 2 2

N(f)h N (f)k N (f)r N (f)s

[fw](0 ) [f w]( 1) [fw](1) [fw](0 ).

  
   

   

      
    (10) 

 

By Naimark,s Patching Lemma [14], there is an 
)(ADF   such that 

0)0()0()1( )()()(  iii fff , )3,2,1,0( i ,

2)1( f , 0)1()1(  ff , 1)1( f . 

Thus 0)()()(  fNfNfN . Then 

from (10) the equality )1()1( 21 wwh   . 

Further, )(ADF  , such that 

0)0()0()1( )()()(  iii fff , )3,2,1,0( i ,

2)1( f , 1)1(  f , 0)1()1(  ff . 

Thus 0)()()(  fNfNfN . Then 

from (10) the quality )1()1( 21 wwr   . So 

(ii) holds.Similarly one proves (v). Next, choose 
)(ADF   so that 

 

0)0()0()1( )()()(  iii fff , )3,2,1,0( i ,

2)1( f , 0)1()1(  ff , 1)1( f . 
 
Then 

0)()()()(  fNfNfNfN . So 

from (10), we get 0)1()1( 21  ww  . 

Similarly 0)1()1( 21  ww  . Let 

)(ADF   satisfy 
 

0)0()0()0()0()0()1()1( )()(  fffffff ii , 

)3,2,1,0( i , 
3)0( f , 

4)0( f ,  )0(f , 
 
then 0)()()()(  fNfNfNfN . From 

(10), we have 0)0()0()0( 43  www  . 

Using the same method one proves 

0876  wlwlwl . 

 
Corollary 2.3. All eigenvalues of the problem (1)-

(9) are real, and if 1 , 2  be two different 

eigenvalues, then the corresponding eigenfunctions 
)(xf  and )(xg  of this problem are orthogonal in 

the sense of 
 

))1()1())(1()1((
11

21

1

0 21
1

2
2

0

12
1

ggffgf
a

gf
a

  




            0))1()1())(1()1((
1

2121
2

 ggff 


. 

3. Asymptotic formula for eigenvalues 

Lemma 3.1. Let the real valued function 

]1,1[)( Cxq  and )(if  ( 4,1i ) be given 

entire functions. Then for C , the equation 
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(1) has a unique solution ),( xu , satisfying the 

initial conditions 
)()1( 1 fu  , )()1( 2 fu  , 

)()1( 3 fu  , )()1( 4 fu  , 

(or )()1( 1 fu  , )()1( 2 fu  , 

)()1( 3 fu  , )()1( 4 fu  ). 

 
Proof: In terms of existence and uniqueness in 
ordinary differential equation theory, we can 
conclude this conclusion. 

Let ),(11  x  be the solution of equation (1) on 

the interval )0,1[ , satisfying the initial conditions 
 

211 )1(   , 0)1()1( 1111   , 

111 )1(   . 
 

By virtue of Lemma 3.1, after defining this 

solution we can define the solution ),(12  x  of 

equation (1) on the interval ]1,0(  by the initial 

conditions 
 

)0()0()0( 11411312   , 

)0()0()0( 11411312   , 

)0()0()0( 11411312   , 

)0()0()0( 11411312   . 
 

Again let ),(21  x  still be the solution of 

equation (1) on the interval )0,1[ , satisfying the 

initial conditions 
 

0)1(21  , 221 )1(   , 121 )1(   , 

0)1(21  . 
 

After defining this solution, we can also define 

the solution ),(22  x  of equation (1) on the 

interval ]1,0(  by the initial conditions 
 

)0()0()0( 21421322   ,

)0()0()0( 21421322   , 

)0()0()0( 21421322   , 

)0()0()0( 21421322   . 
 

Analogously we shall define the solutions 

),(12  x , ),(11  x  by initial conditions 
 

2212 )1(   , 0)1()1( 1212   , 

1112 )1(   , 





)0()0(

)0( 124124
11


 , 





)0()0(

)0( 124124
11


 , 





)0()0(

)0( 123123
11


 , 





)0()0(

)0( 123123
11


 . 

 
In addition, we shall define the solutions ),(22  x , 

),(21  x , satisfying the initial conditions 
 

0)1(22  , 2222 )1(   , 

1122 )1(   , 0)1(22  , 





)0()0(

)0( 224224
21


 , 





)0()0(

)0( 224224
21


 , 





)0()0(

)0( 223223
21


 , 





)0()0(

)0( 223223
21


 . 

 
Let us consider the Wronskians 

 

),(),(),(),(

),(),(),(),(

),(),(),(),(

),(),(),(),(

:)(

21112111

21112111

21112111

21112111

1








xxxx

xxxx

xxxx

xxxx

W







 
and 
 

12 22 12 22

12 22 12 22
2

12 22 12 22

12 22 12 22

(x, ) (x, ) (x, ) (x, )

(x, ) (x, ) (x, ) (x, )
W ( ) : ,

(x, ) (x, ) (x, ) (x, )

(x, ) (x, ) (x, ) (x, )

       
          

 
          
          

 
which are independent of x  and are entire 
functions. This sort of calculation gives 

)()( 1
2

2  WW  . Now we may introduce, in 

consideration, the characteristic function as 

)()( 1  WW  . 
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Theorem 3.2. The eigenvalues of the problem (1)-
(9) consist of the zeros of the function )(W . 

 
Proof: Let )(xu  be any eigenfunction 

corresponding to eigenvalue 0 . Then the function 

)(xu  may be represented in the form 
 

1 11 0 2 21 0

3 11 0 4 21 0

5 12 0 6 22 0

7 12 0 8 22 0

c (x, ) c (x, )
x [ 1, 0);

c (x, ) c (x, ),
u(x)

c (x, ) c (x, )
x (0,1],

c (x, ) c (x, ),

    
                  

   (11) 

 

where at least one of the constants )8,1( ici  is 

not zero. 
Consider the true function 

 

8,1,0))((  vxul v                                        (12) 
 
as the homogenous system of linear equations in the 

variables )8,1( ici . 
 

1 3 1 11 2 11 4 1 21 2 21l u c ( ( 1) ( 1)) c ( ( 1) ( 1)) 0,                   

2 3 1 11 2 11 4 1 21 2 21l u c ( ( 1) ( 1)) c ( ( 1)) ( 1)) 0,                   

3 5 1 1 12 2 2 12

6 1 1 22 2 2 22

l u c (( ) (1) ( ) (1))

c (( ) (1) ( ) (1)) 0,

           
            

4 5 1 1 12 2 2 12

6 1 1 22 2 2 22

l u c (( ) (1) ( ) (1))

c (( ) (1) ( ) (1)) 0,

            
             

5 1 12 2 22 3 12 4 22

5 12 6 22 7 12 8 22

l u c (0) c (0) c (0) c (0)

c (0) c (0) c (0) c (0) 0,

       
        

6 1 12 2 22 3 12 4 22

5 12 6 22 7 12 8 22

l u c (0) c (0) c (0) c (0)

c (0) c (0) c (0) c (0) 0,

           
           

7 1 12 2 22 3 12 4 22

5 12 6 22 7 12 8 22

l u c (0) c (0) c (0) c (0)

c (0) c (0) c (0) c (0) 0,

           
           

8 1 12 2 22 3 12 4 22

5 12 6 22 7 12 8 22

l u c (0) c (0) c (0) c (0)

c (0) c (0) c (0) c (0) 0.

           
             

 
So it follows that the determinant of the system 

(12) is 
 

1 11 1 12

2 11 2 21

3 12 3 22

4 12 4 22

12 22 12 22 12 22 12 22

12 22 12 22 12 22 12 22

12 22 12

0 0 l l 0 0 0 0

0 0 l l 0 0 0 0

0 0 0 0 l l 0 0

0 0 0 0 l l 0 0

(0) (0) (0) (0) (0) (0) (0) (0)

(0) (0) (0) (0) (0) (0) (0) (0)

(0) (0)

 
 

 
 

       
              
     22 12 22 12 22

12 22 12 22 12 22 12 22

.

(0) (0) (0) (0) (0) (0)

(0) (0) (0) (0) (0) (0) (0) (0)

        
              

 

In the following, we will get the asymptotic 
approximation formula of its eigenvalues. Here for 

simplicity, we let 121  aa . 

 

Lemma 3.4. Let 4s , its   . Then  
 

k k
2

11k k

k
s(x 1) s(x 1) k 1 |s|(x 1)2

d d
(x, ) cos s(x 1)

dx 2 dx

d
(e e ) O(| s | e ),

4 dx
    


   


  

      (17) 

 
k k

4 11 4 11
12k k

k
sx sx k 2 |s|(x 1)4 11

(0) (0)d d
(x, ) cossx (

dx 2 dx 4

(0) d
) (e e ) O(| s | e ),

4s dx
  

    
   

 
  

        (18) 

 
k k

2
21k k

k
s(x 1) s(x 1) k 2 |s|(x 1)2

d d
(x, ) sin s(x 1)

dx 2s dx

d
(e e ) O(| s | e ),

4s dx
    


   


  

        (19) 

 
k k

4 21
22k k

k
sx sx k 1 |s|(x 1)4 21 4 21

(0)d d
(x, ) cossx

dx 2 dx

(0) (0) d
( ) (e e ) O(| s | e ),

4 4s dx
  

 
  

    
   

      (20) 

 

3,0k . Each of these asymptotic equalities hold 

uniformly for x  as ||  . 

 

Proof: Let ),(),( )1|(|
11  xFex xs  . We can 

easily get that ),( xF  is bounded. So 

)(),( )1|(|
11

 xseOx  . Substituting it into (13) 

and differentiating it with respect to x  for 

3,0k , we obtain (17). Next according to 

transmission conditions (6)- (9), 
 

)0()0( 11412   , )0()0( 11412   ,

)0()0( 11412   , )0()0( 11412   , 

( ||  ). 
 

Substituting these asymptotic expressions into 
(14) for 0k , we get 
 

))(
4

)0(

4

)0(
(cos

2

)0(
),( 114114114

12
sxsx ee

s
sxx 













kx s(x y) s(x y) 2 |s|(x 1)
123 k0

1 d
(sin s(x y) e e )q(y) (y, )dy O(| s | e ).

2s dx
          (21) 

 
Multiplying through by )|| )1(||3  xses , and 

denoting 
 

),()|(|:),( 12
)1(||3

12  xesOxF xs  . 
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Denoting ),(max:)( 12)1,0[  xFM x  from 

the last formula, it follows that 
 

00

4242 )(
2

)(

8

||3

4

||3
)( Mdyyq

M
M

x
 




 
for some 00 M . From this, it follows that 

)1()( OM   as ||  , so )|(|),( )1(||3
12

 xsesOx  . 

Substituting this back into the integral on (21) 
yields (18) for 0k . The other assertions can be 
proved similarly. 
 

Theorem 3.5. Let 4s , its   . Then the 

characteristic function )(W  has the following 

asymptotic representations: 

Case 1 02  , 02  , 
 

 

16
s s s s2 2 4 4 2 2

2

15s s 2|s|

s
W( ) (1 e sins e coss)[(e e )coss

32

         (e e )sins] O s e ,

 



      
    



  
 

 

Case 2 02  , 02  , 
 

 
15

14s s s s 2|s|2 2 4 4 2 1
2

s
W( ) (1 e sins e coss)(e e )sins O s e ,

16
       

     


 

Case 3 02  , 02  , 
 

 
13

12s s s s 2|s|2 2 4 4 1 2
2

s
W( ) (1 e sins e coss)(e e )coss O s e ,

16
       

      


 

Case 4 02  , 02  , 
 

 

12
s s s s2 2 4 4 1 1

2

11s s 2|s|

s
W( ) (1 e sins e coss)[(e e )coss

32

          (e e )sins O s e .

 



      
    



  
 

 
Proof: The proof is obtained by substituting the 

asymptotic equalities ),1(12 
k

k

dx

d  and ),1(22 
k

k

dx

d  

into the representation 











0),1(),1(

0),1(),1(

0),1(),1(

0),1(),1(

:)(

112212

112212

222212

222212

2







 W

3
2s 2s 2s 2s2 2 4

4 4

s s 4
2 2

s s 4
2 2|s| 2 2

2 2 s s 4
1 1

3 3 s s 4
1 1

s
( [ (e 2 e ) (e e )]

64

coss e e s 0

ssins s(e e ) 0 s
O(|s| e )) .

s coss s (e e ) 0 s

s sins s (e e ) s 0

 










    

  
   


   

  
 

Corollary 3.6. The eigenvalues of the boundary 
value problem (1)-(9) are bounded below. 
 

Proof: By putting ts i2  )0( t  in the above 

formulas it follows that  )( 2tW  as 

t . Consequently, 0)( W  for 

 negative and sufficiently large in modulus. 
Since the eigenvalues are coincident with the 

zeros of the entire function )(W , it follows that 

they have no finite limits. Moreover, all 
eigenvalues are real and bounded below by 
Corollary 2.3 and 3.6. Therefore, we may renumber 

them as ...321    by counting their 

multiplicities. Below we shall denote
4

nn s  for 

sufficiently large n . 
 

Theorem 3.7. Let 121  aa , the following 

asymptotic formulas hold for the eigenvalues of the 
boundary value transmission problem (1)-(9): 

Case 1 02  , 02  , 
 

,
1

)
4

3
(4 








n
Onn   

Case 2 02  , 02  , 

,
1

4 







n
Onn   

Case 3 02  , 02  , 

,
1

)
2

1
(4 








n
Onn   

Case 4 02  , 02  , 









n
Onn

1
)

4

3
(4  . 
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All these asymptotic formulas hold uniformly for 
x . 
 
Proof: If 0s , by applying the known Rouche 
theorem, we can obtain these conclusions (cf. [15, 
Theorem 2.3]). The proofs of other cases for 0s  

and 0Im s  are similar. 

4. Completeness of eigenfunction 

Theorem 4.1. The operator A  has only point 

spectrum, i.e., )()( AA p  . 

 
Proof: It suffices to prove that if   is not an 

eigenvalue of A , then )(A  . Hence we 

investigate the equation HFYA  )(  , 

where R , ),,( rhfF  . 

Consider the initial-value problem 
 



























).0()0()0(

),0()0()0(

),0()0()0(

),0()0()0(

,0)1()1(

,0)1()1(

,,

43

43

43

43

21

21

yyy

yyy

yyy

yyy

yy

yy

Jxfyly











 (22) 

 
Let )(xu  be the solution of the equation 

0 ulu  satisfying 
 

2)1( u , 2)1( u , 1)1( u ,

1)1( u , 

)0()0()0( 43  uuu  ,

)0()0()0( 43  uuu  , 

)0()0()0( 43  uuu  , 

)0()0()0( 43  uuu  . 

In fact, 
 









],1,0(),(

);0,1[),(
)(

2

1

xxu

xxu
xu  

 
where )(1 xu  is the unique solution of the initial-

value problem 













,1111

2121

)4(2
1

)1(,)1(

,)1(,)1(

),0,1[,)(






uu

uu

xuuxqua

 

 
and )(2 xu  is the unique solution of the problem 
 














).0()0()0(),0()0()0(

),0()0()0(,)0()0(

],1,0(,)(

1413214132

1413214132

)4(2
2

uuuuuu

uuuuuu

xuuxqua






 
Let 
 









]1,0(),(

);0,1[),(
)(

2

1

xxw

xxw
xw  

 
be a solution of fwlw    satisfying 
 

0)1()1( 21  ww  ,

0)1()1( 21  ww  , 

)0()0()0( 43  www  ,

)0()0()0( 43  www  , 

)0()0()0( 43  www  , 

)0()0()0( 43  www  . 
 
Then (22) has the general solution 
 









],1,0(,

);0,1[,
)(

22

11

xwdu

xwdu
xy                 (23) 

 
where Cd . 

Since   is not an eigenvalue of (1)-(9), we have 
 

,0))1()1(())1()1(( 22212221  uuuu   (24) 
 
or 
 

1 2 2 2 1 2 2 2( u (1) u (1)) ( u (1) u (1)) 0.                 (25) 
 

The second component of FYA  )(   

involves the equation 
 

2 1 1 2y (1) y(1) ( y(1) y (1)) h.                      (26) 
 

Substituting (23) into (26), we get 
 

2 2 1 2 1 2 2 2

1 2 2 2 2 2 1 2

( u (1) u (1) ( u (1) u (1)))d

h w (1) w (1) ( w (1) w (1)).
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In view of (24), we know that d  is a unique 
solution. 

The third component of FYA  )(   involves 

the equation 
 

kyyyy  ))1()1(()1()1( 2112  . (27) 
 

Substituting (23) into (27), we get 
 

2 2 1 2 2 2 1 2

1 2 2 2 1 2 2 2

( u (1) u (1) ( u (1) u (1)))d

k w (1) w (1) ( w (1) w (1)).

            
                

 
In view of (25), we know that d  is a unique 
solution. 

Thus if   is not an eigenvalue of (1)-(9), d  is 

uniquely solvable. Hence y  is uniquely 

determined. 

The above arguments show that 1)I(  A is 

defined on all of H . We get that 1)I(  A  is 

bounded by Theorem 2.3 and the Closed Graph 
Theorem. Thus )(A  . Hence, )()( AA p  . 

 
Lemma 4.2. The operator A  has compact 

resolvent, i.e., for each )(R Ap  , 

1)I(  A  is compact on H  (cf. [12], Theorem 

3.2). 
By the above lemmas and the spectral theorem for 

compact operator, we obtain the following theorem: 
 
Theorem 4.3. The eigenfunctions of the problem 
(1)-(9), augmented to become eigenfunctions of A , 
are complete in H , i.e., if we let 

N});(),(),(({  nNNx nnnn   be a 

maximum set of orthonormal eigenfunctions of A , 

where N});({( nxn are eigenfunctions of the 

problem (1)-(9), then for all HF  , 







1

,
n

nnFF . 

5. Green function 

Let us consider the following differential equation 
 
(a (x )u (x)) q(x)u(x)

u(x) f (x ), x J,

  
                           (28) 

 
where 

]1,0()0,1[ J ,
2

1)( axa  for )0,1[x  and 
2

2)( axa  , for ]1,0(x , 01 a and 02 a  

are given real numbers; together with the 
eigenparameter-dependent boundary conditions 
and transmission conditions (1)-(9). 

We can represent the general solution (11) of 
homogeneous differential equation (1), appropriate 
to equation (28). By applying the standard method 
of variation of constants, we shall search the 
general solution of the non-homogeneous 
differential equation (28) in the form 
 

1 11 2 21

3 11 4 21

5 12 6 22

7 12 8 22

C (x, ) (x, ) C (x, ) (x, )
x [ 1,0);

C (x, ) (x, ) C (x, ) (x, ),
U(x)

C (x, ) (x, ) C (x, ) (x, )
x (0,1],

C (x, ) (x, ) C (x, ) (x, ),

      
                       

    (29) 

 

where the functions )8,1)(,( ixCi   satisfy the 

linear system of equation 
 

1 11 2 21

3 11 4 21

1 11 2 21

3 11 4 21

1 11 2 21

3 11

C (x, ) (x, ) C (x, ) (x, )

C (x, ) (x, ) C (x, ) (x, ) 0,

C (x, ) (x, ) C (x, ) (x, )

C (x, ) (x, ) C (x, ) (x, ) 0,

C (x, ) (x, ) C (x, ) (x, )

C (x, ) (x, )

       
         

         
           

         
     4 21

1 11 2 21

3 11 4 21

C (x, ) (x, ) 0,

C (x, ) (x, ) C (x, ) (x, )

C (x, ) (x, ) C (x, ) (x, ) f (x),









      


         
            

 

 
for )0,1[x , and 
 

5 12 6 22

7 12 8 22

5 12 6 22

7 12 8 22

5 12 6 22

7 12

C (x, ) (x, ) C (x, ) (x, )

C (x, ) (x, ) C (x, ) (x, ) 0,

C (x, ) (x, ) C (x, ) (x, )

C (x, ) (x, ) C (x, ) (x, ) 0,

C (x, ) (x, ) C (x, ) (x, )

C (x, ) (x, )

       
         

         
           

         
     8 22

5 12 6 22

7 12 8 22

C (x, ) (x, ) 0,

C (x, ) (x, ) C (x, ) (x, )

C (x, ) (x, ) C (x, ) (x, ) f (x),









      


         
            

 

 
for ]1,0(x . Because the characteristic function 

0)( W , )8,1)(,(  ixCi   can be solved. 

After the appropriate calculations, we can obtain 
the following relation: 
 

0

1 1 11 2 211

3 11 4 21

1

2 5 12 6 220

7 12 8 22

k (x, , )f( )d C (x, ) C (x, )
x [ 1,0);

C (x, ) C (x, ),
U(x)

k (x, , )f( )d C (x, ) C (x, )
x (0,1].

C (x, ) C (x, ),



           
     
         


     




  (30) 
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Here, )8,1( iCi  are arbitrary constants and 

 












,01,0

,01,
)(

),,(
),,(

1

1

1








x

x
W

xZ
xk , 












,10,0

,10,
)(

),,(
),,(

2

2

2

x

x
W

xZ
xk







  

 
With 
 

11 21 11 21

11 21 11 21
1

11 21 11 21

11 21 11 21

( , ) ( , ) ( , ) ( , )

( , ) ( , ) ( , ) ( , )
Z (x, , ) : ,

( , ) ( , ) ( , ) ( , )

(x, ) (x, ) (x, ) (x, )

           
              

  
              
       

 

12 22 12 22

12 22 12 22
2

12 22 12 22

12 22 12 22

( , ) ( , ) ( , ) ( , )

( , ) ( , ) ( , ) ( , )
Z (x, , ) : .

( , ) ( , ) ( , ) ( , )

(x, ) (x, ) (x, ) (x, )

           
              

  
              
       

 
In the following, for convenience, set 

),,0()0( ii kk  , ),,0()0( ii KK   

)2,1( i , etc.. Substituting (30) for (2)-(9), we can 

have 
 

0 1

3 1 4 1 2 22 12 221 0

0 1

3 1 4 1 2 22 12 221 0
1 0 1

2
3 1 4 1 2 221 0

( k (0) k (0))f ( )d k (0)f ( )d (0) (0) (0)

( k (0) k (0))f ( )d k (0)f ( )d (0) (0) (0)1
C

W ( ) ( k (0) k (0))f ( )d k (0)f ( )d (0)







        

             


            

 
 
  12 22

0 1

3 1 4 1 2 22 12 221 0

,
(0) (0)

( k (0) k (0))f ( )d k (0)f ( )d (0) (0) (0)




               
 

0 1

12 3 1 4 1 2 12 221 0

0 1

12 3 1 4 1 2 12 221 0
2 0 1

2
12 3 1 4 1 2 11 0

(0) ( k (0) k (0))f ( )d k (0)f ( )d (0) (0)

(0) ( k (0) k (0)f ( )d k (0)f ( )d (0) (0)1
C

W ( ) (0) ( k (0) k (0))f ( )d k (0)f ( )d







        

             


            

 
 
  2 22

0 1

12 3 1 4 1 2 12 221 0

,
(0) (0)

(0) ( k (0) k (0))f ( )d k (0)f ( )d (0) (0)




               
 

0 1

12 22 3 1 4 1 2 221 0

0 1

12 22 3 1 4 1 2 221 0
7 0

2
12 22 3 1 4 1 21 0

(0) (0) ( k (0) k (0))f ( )d k (0)f ( )d (0)

(0) (0) ( k (0) k (0))f ( )d k (0)f ( )d (0)1
C

W ( ) (0) (0) ( k (0) k (0))f ( )d k (0)f ( )d







        

             


            

 
 


1

22

0 1

12 22 3 1 4 1 2 221 0

,
(0)

(0) (0) ( k (0) k (0))f ( )d k (0)f ( )d (0)




              


 

 
0 1

12 22 12 3 1 4 1 21 0

0 1

12 22 12 3 1 4 1 21 0
8 0

2
12 22 12 3 1 4 1 21

(0) (0) (0) ( k (0) k (0))f ( )d k (0)f ( )d

(0) (0) (0) ( k (0) k (0))f ( )d k (0)f ( )d1
C

W ( ) (0) (0) (0) ( k (0) k (0))f ( )d k (0







        

             


            

 
 


1

0

0 1

12 22 12 3 1 4 1 21 0

,
)f ( )d

(0) (0) (0) ( k (0) k (0))f ( )d k (0)f ( )d


 

               


 

 

06543  CCCC . 
 

Finally, by substituting the coefficients 

)8,1( iCi  in (30), the following formulae is 

obtained for )(xU : 
 

0

1 1 111

2 21

1

2 7 120

8 22

k (x, , )f ( )d C (x, )
x [ 1,0);

C (x, ),
U(x)

k (x, , )f ( )d C (x, )
x (0,1].

C (x, ),



        
   
      


  



  

 
Let 
 









,10),,,(

,01),,,(
),,(

2

1

xxK

xxK
xK




 , 

 
where 
 









,10,0

,01),,,(
),,( 1

1 x

xxk
xK


 , 









.10),,,(

,01,0
),,(

2
2 xxk

x
xK


  

 
Let 
 









,10),,,(

,01),,,(
),,(

2

1

xxB

xxB
xB




  

 
where 
 

12 22 12 22 3 1 4 1 2

12 22 12 22 3 1 4 1 2

1 12 22 12 22 3 1 4 1 2

12 22 12

(0) (0) (0) (0) K (0) K (0) K (0)

(0) (0) (0) (0) K (0) K (0) K (0)

B (x, , ) (0) (0) (0) (0) K (0) K (0) K (0)

(0) (0) (0)

      
            
               
      22 3 1 4 1 2

11 21

,

(0) K (0) K (0) K (0)

(x) (x) 0 0 0

     
 

 
12 22 12 3 1 4 1 2 22

12 22 12 3 1 4 1 2 22

2 12 22 12 3 1 4 1 2 22

12 22 12 3

(0) (0) (0) K (0) K (0) K (0) (0)

(0) (0) (0) K (0) K (0) K (0) (0)

B (x, , ) (0) (0) (0) K (0) K (0) K (0) (0)

(0) (0) (0) K

      
            
               
       1 4 1 2 22

12 22

.

(0) K (0) K (0) (0)

0 0 (x) 0 (x)

     
 

 
Then 
 

1

1
2

1
U(x) (K(x, , ) B(x, , ))f ( )d .

W ( )
       

        (31) 

 
Thus, the resolvent of the boundary-value 

transmission problem is obtained. We can find the 
Green function from the resolvent (31). Namely, 
denoting 
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2

1
G(x, , ) K(x, , ) B(x, , ).

W ( )
       

  

 
We can rewrite the resolvent (31) in the next form 


1

1
)(),,()( dyfxGxU  . 
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