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Abstract

We investigate a class of fourth-order differential operators with eigenparameter dependent boundary conditions
and transmission conditions. A self-adjoint linear operator A is defined in a suitable Hilbert space H such that
the eigenvalues of such a problem coincide with those of A. We discuss asymptotic behavior of its eigenvalues

and completeness of its eigenfunctions. Finally, we obtain the representation of its Green function.
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1. Introduction

In recent years, more and more researchers have
become interested in the discontinuous differential
operator problem for its application in physics ([1,
2]). People have paid close attention to Sturm-
Liouville problem of the boundary condition
depending on eigenvalue parameter and studied its
inverse problem, asymptotic of eigenvalues and
eigenfunctions, shaking theory and so on. The
various physics applications of this kind of problem
are found in many literature, for example Binding
([3-5]), Hinton ([6-8]), Fulton ([9, 10]) etc.,
including some boundary value problems with
transmission conditions that arise in the theory of
heat and mass transfer (see [11-13]).

Here we consider a class of fourth-order
differential  operators  with  eigenparameter
dependent boundary conditions and transmission
conditions. By using the techniques of [11, 13] and
some new approaches, a new linear operator A
associated with the problem in an appropriate
Hilbert space H is defined such that the
eigenvalues of the problem coincide with those of
A. Its eigenvalues and eigenfunctions are
discussed, its asymptotic approximation formulas
are obtained for eigenvalues, proving that the
eigenfunctions of A are complete in H and its
Green function is constructed, and the previous
conclusions are promoted and deepened.
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In this study, we shall investigate a discontinuous
eigenvalue problem which consists of differential
equation

lu = (a(x)u"(x))" + g()u(x) = 2u(x), x e J, (1)

where J =[-1,0)U(0,1], a(x)=a,’for Xxe[-1,0),

a(x)=a,’, for xe(0,1],a, >0and a, >0
are given real numbers; the real value function
g(x) € L'[J,R],4 € C is a complex eigenparameter;
with the boundary conditions

lLu:=au(-1)+a,u”(-1)=0, )
lLu:=gu'(-1)+ g,u"(-1) =0, €)
the eigenparameter-dependent boundary conditions

Lu:=A(yu)—yiu"())
= (y,u()—y,u"(1) =0, “)

Lu:=A(tu'(l) - thu"(1))
+(t,u'(1)—1,u"(1)) =0, )

and transmission conditions at the point of
discontinuity

l,u:=u(0+)—-a,u(0-)—a,u”(0-)=0, (6)

lgu = u'(0+) - B,u'(0-) - B,u"(0-) = 0, (7)
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U =U"(0+) = ,U’'(0-) = 7,u"(0-) = 0, (8)
l,u:=u"(0+)—-7,u(0-)-7,u”"(0-) =0, (9)

where a;, B, 7,7, 7{,7; (i =1,_4,j =12) are

real numbers. We assume that

9:0‘3 a, :ﬂ3 B, 0.
[Z P Vi Va4
! ! T
,0127/1 Vi >0, p, = i 50,
Vo 72 T, T,

and a12 +0:22 #0, ﬂf +ﬂ22 #0.
In order to consider problem (1)-(9), we define

the inner productin L*(J) as
0 o0, _ Lo,
(f.9), =;L f]gldx+§j0 £,0,0x vf.g e L*(J),

where f1 (x)=f (X)|[71,0)a fz (x)=f (X)|(0,1] It

is easy to verify that H, = L*(J,(.,.),) is a
Hilbert space.

2. Operator formulation
In this section, we introduce the special inner
product in the Hilbert space H :=H & C® C

where H, = L*(J), C denotes the Hilbert space

of complex numbers and a symmetric linear
operator A defined in this Hilbert space such that
(1)-(9) can be considered as the eigenvalue problem
of this operator. Namely, we define an inner
productin H by

1 1
<F9G> :<fvg>1 +—<h,k>+—<r,S},
P P>
f,geH,, hkr,seC,
for
F=(f,hr), G=(g,k,s)eH.

In the Hilbert space H consider the operator A
which is defined by

D(A) = {(f(X), ha r) € I—‘ll f1 ) flla f1”5 fl'”e ACloc ((_15 O))a
£,£, £, 7 AC,_((O,D),If €H,,

I f=0,i=12,58h=yfA) -y, f"Q),r =7/ f'M) -z, f"(D)}>

AF =(f, 7 T O =7, F" O~ 'O -7 11,
F=(ff -y "0,/ H' M-z £'(1) e DA -

For convenience, V( f,h,r) e D(A), let

N(F)=» fD)-», (1),
N'(F)=7f'1D)-7,1"Q),
N"(f) =it —-r t"1),
N'(f)=7/f'(D)—7z,f"(1).
Now we can rewrite the considered problem (1)-
(9) in the operator form AF=AF .
Obviously, the eigenvalues and eigenfunctions of
the problem (1)-(9) are defined as the eigenvalues

and the first components of the corresponding
eigenelements of the operator A respectively.

Lemma 2.1. The domain D(A) is dense in H .

Proof: Let F =(f,h,r)eH,F L D(A) and

Cgo be a functional set such that

(01 (X)’ Xe [_150)5

#9) = { 2, (¥).x € (0.1],

where ¢, (X) € C[-1,0) and ¢@,(X) € C; (0,1].
Since CSO @0D@0<= D(A) (0eC),and
U = (u(x),0,0) € 6(;” @ 0@ 0 is orthogonal to

F , namely

EUy =2 [ reomeodx + 1 [ Fome)dx = (.
a” ! a,” 0

We can learn f(x) is orthogonal to 650 in H,,
this implies f(x)=0- So for all
G, =(9(x),k0 € D(A)s (F. Gy = (hiy=—hk=0-

| P
Thus h=0 since K can be chosen arbitrarily.
Similarly I'=0. So F =(0,0,0), which proves
the assertion.

Theorem 2.2. The operator A is self-adjoint in
H.

Proof: Let F,GeD(A). By two partial

integrations we obtain

(AF.G) = (F,AG) + lFE]; +[1E], ~—-(NON')

B

—N'"(f)@—%(N"(f)N’(g)—N'(f)N"(g)
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where

[F 9100 = f"(0g(x)~ F(0g"() + (8" (0~ F"()g'(x) -
Since f and Q satisfy the boundary conditions

(2) and (3), it follows that [f g](=1) = 0. From
the transmission conditions (6)-(9), we get

[fg](0+) = O[fg](0-).

Further, it is easy to verify that

[fé](l)f(N(f)N”(g)—N"(f)Wg)+i<N"(f)Wg)—N(f>Wg).
Then we have (AF,G) =(F,AG), so A is

symmetric.
It remains to show that if (AF,W)=(F,U) for

all F=(f,N"(f),N"(f))e D(A), then
W e D(A) and AW =U , where
W=wx),hr), U=(u(x),ks), ie, ()
Wl ’VVI,’VVI” ’ Wlme ACIoc ((_190)) ’
wW,, Wy, Wi, Wi e AC ((0,1)), IweH, . (ii)
h=7W) = /W), = W)~ Tiw():
(i) Lw=0,i=1,2,58; (iv) Uu(X)=Iw; (v)
k=ywl)—y,W'(1), s=~(z,W(1) - z7,W'().

For an arbitrary point

FeCr®0®0c D(A) such that
0 (o _ 1 1 _ 0 (o 1 .
?L (If)wdx + ;L (If)wdx = ?L fudx + = ju fadx,

that is (If ,W}l =(f ,U>1.According to normal
Sturm-Liouville theory, (i) and (iv) hold. By (iv),
the equation (AF,W)=(F,U),VF € D(A),

becomes

_ N(f)h - N"(PHk . N'(f)r = N"(f)s
Py Py .

(1, w), =(f.lw),

However,
(IF,w) = (f,Iw) +00fw]’ +[fwl,.
So
N(Dh s N"(f)k . N(f)r s N'(f)s
pl_ pl . p2 _ pz . (10)
=0[fw](0-) —O[f w](=1) +[fw]()) —[f w](0+).

By Naimark’s Patching Lemma [14], there is an
F € D(A) such that

fO)=fY0)=f0+H=0,(1=0,123),
f=p, f'Q=1"1)=0,f"N)=y.
Thus N'(f)=N"(f)=N"(f)=0. Then
from (10) the equality h=y/wW(1)—y,W"(l).
Further, 3F € D(A), such that
fO)=f209)=f20+=0,3i=01273),
f)=7,f"H)=7/,fQ)=1"(1)=0.

Thus N(f)=N'(f)=N"(f)=0. Then
from (10) the quality r = 7;W'(1) —7,W’(1). So

(i) holds.Similarly one proves (v). Next, choose

F € D(A) so that

fOM=f"0)=f"0H=0,(i=0,,23),
fD)=a, f'(-)=F"(-1)=0, f"(-1) = —¢,.
Then
N(f)=N'(f)=N"(f)=N"(f)=0. So
from (10), we get a,wW(-1)+a,Ww"(-1)=0.
Similarly — g,W'(-1)+ g,w"(-1)=0.  Let
F € D(A) satisfy

fO)=fO1)=f'(0)=f"(0)=f(0H=f'"0H=T"(0+H=0,
(i=0.123), f()=—a, f"(0-)=c,, f"(0+) =0,

then N(f)=N'(f)=N"(f)=N"(f)=0. From
(10), we have W(0+) = a;WM0-) + a,W"(0-)=0.
Using the same method one  proves
lw=lw=l,w=0.

Corollary 2.3. All eigenvalues of the problem (1)-
(9) are real, and if A;,4, be two different
eigenvalues, then the corresponding eigenfunctions

f(X) and g(X) of this problem are orthogonal in
the sense of

9 0 — 1 1 — 1 ’ ’ " 'N rsm
— [ fg+—[ fg+—01f )= F ) gD - 719" (1)
a ! a” P

¥ pi(r; £1()— 23 ()W) - 72" (1) = 0-

2

3. Asymptotic formulafor eigenvalues

Lemma 3.1. Let the real valued function
g(X) e C[-L1] and f, (1) (i=L4) be given
entire functions. Then for VA € C, the equation
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(1) has a unique solution U(X,A), satisfying the
initial conditions

u-1) = f,(2). u'(-1) = f,(2).
u'(-1) = f,(2). u"(~1) = f,(A).
or  u()=f(2). () = f,(2).

u'() = f,(2). u"(=1) = f,(A)).

Proof: In terms of existence and uniqueness in
ordinary differential equation theory, we can
conclude this conclusion.

Let (011()(, ﬂ) be the solution of equation (1) on

the interval [—1,0), satisfying the initial conditions

on(-D=a,, ¢,(-) =9, (-1)=0,
() =-a,.

By virtue of Lemma 3.1, after defining this
solution we can define the solution (012()(, ﬁ) of
equation (1) on the interval (0,1] by the initial
conditions

?,(0) =;0,,(0) + 2, 99/, (0),
?,(0) = B,¢,(0) + B,¢,(0),
?1>(0) = 7:0(,(0) + 7,9, (0),
P15 (0) =7,0,(0) + 7,91 (0).

Again let (02]()(, ﬂ) still be the solution of
equation (1) on the interval [—1,0), satisfying the
initial conditions

! "
¢, (-D)=0, ¢, (-D=4,. ¢;,,(-D)=-4,

"
¢n(=1)=0.

After defining this solution, we can also define

the solution (022()(, /1) of equation (1) on the

interval (0,1] by the initial conditions

02, (0) = ;0,,(0) + 2,97, (0),
02, (0) = B,¢,(0) + 8,93,(0),
?5(0) = 73025, (0) + 7,925, (0).
0,(0) =7,0,,(0) +7,¢5,(0).

Analogously we shall define the solutions

X2 (Xa ﬂ) » A1 (X, /1) by initial conditions

1D =475—7,, 1.0 =x,1)=0,
150 =y =,

7,0 (0)—a, 71, (0)
le(o): 4;(12 4;(12 ,

0
, ! 0 _ 14 0
71.(0) = Yadia( )9,84)(12( )’
, n 0 _ ! 0
Z11(0)=ﬂ3112( )H}/3112( )’
" a ym(0)—1 0
2(0) = 321 ( )6 320 ( )

In addition, we shall define the solutions y,,(x ),
7>1(X A), satisfying the initial conditions

X, (1) =0, 1N =7 +1,,

I =4z +7,, 15D =0,
T, X»(0)—a,x,(0)

X2(0) = 9

Z;I(O) — y4Z£2(0);ﬂ4Zg2(0) ,
27(0) = Bsxy (O);%Z;z 0) ’
20(0) = 22V %) (0)5 731 (0) .

Let us consider the Wronskians

0 (%A 0, (XA i (XA) 2, (X A)
_(Dlrl(xal) ¢;1(X7ﬂ') zlll(x7ﬂ') z;](xai)

\All (ﬂ/) :_ 14 14 14 n
o (X)) 0l (X A) 2 (XKA) x5 (X A)
P (XA @ (% A) 214 13 (X% A)
and
O (X)) 0 (XA) % (XA) Xpn(X,2)
0L (GA) 05, (GA) XL (GA) X, (XA
W, () = 12 2 12 2

_¢;'2(X’7“) 3, (x,A) %1 (X,A) X,z'z(xak),
O (A) 05 (A) X (GA) x5 (X,A)

which are independent of X and are entire
functions. This sort of calculation gives

W, (1) = 0°W,(A). Now we may introduce, in
consideration, the characteristic function as

W(2) =W, (2).
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Theorem 3.2. The eigenvalues of the problem (1)-
(9) consist of the zeros of the function W(A).

Proof: Let U(X) be any eigenfunction
corresponding to eigenvalue A, . Then the function

U(X) may be represented in the form

0, (X, Ag) +C,0,, (X, )

3%, (X5 20) + €420 (X, 1),

Cshi, (X, hg) + Codnn (X, 1) el (1D
%10 (X, Ag) + Cn (X, ),

x €[-1,0);
u(x) =

where at least one of the constants C; (I =1,8) is

not zero.
Consider the true function

|, (u(x) =0,v=18 (12)

as the homogenous system of linear equations in the
variables C (I =1,8) .

m

Liu =c; (o3, (=D + ouxii (D) + ey (oo, (D + a5 (-1) =0,
lzu - C3(B]X“(*l) + Bzx{/l (71)) + C4(B]X21(71)) +B2X21(71)) - 0,

Liu=c (M) +7), (D — s +7,)05(1)
+C6 (MY} +7)0p, (1) = Ay, +7,)05,(1) =0,
1w = o, (0t + )0 () - 02 + 5,0 (1)
+c, (A1) +1)95, (1) — (AT, +7,)¢5, (1) =0,
lsu =—,0,,(0)—¢,9,,(0)— CXiz (0)—c,x(0)
+Cs(|)12 (0) + 064)22 (0) +C X (0) +CsX (O) =0,
Leu=—c,¢1,(0)—c, 0, (0) —c3x1,(0) — %5, (0)
+e01, (0) +¢, 0, (0) + €51, (0) + €3, (0) =0,
Lu=—c,d7,(0)—c,¢7,(0) —cyx1,(0) — ¢, %3, (0)
+ed7, (0) +¢, 95, (0) + 51, (0) + ¢35, (0) =0,
lyu=—¢,¢7,(0)—¢,47,(0) — ;x5 (0) —¢, x5, (0)
+¢507 (0) +¢,07, (0) + ¢, (0) + x5, (0) = 0.

So it follows that the determinant of the system
(12) is

0 0 L% 1% 0 0 0
0 0 L LY 0 0 0
0 0 0 0 Lo, Lo, 0
0 0 0 0 Lo, Loy 0

S o o o

_¢1z(0) _¢zz(0) _Xlz(o) _Xzz(o) ¢1z(0) ¢22(0) Xlz(o) Xzz(O).
—0L(0) —0%(0) %) —x%5%(0) ¢,0) ¢5,(0) %L(0) x%(0)
—05(0) —05,(0) x50 —x5(0) ¢L0) ¢5(0) %LO0) %5(0)
—05(0) —95,(0) —x5(0) —05%(0) 453(0) 95(0) x%(0) %3.(0)

In the following, we will get the asymptotic
approximation formula of its eigenvalues. Here for

simplicity, welet &, = a, =1.

Lemma3.4.Let L=S", S= o +it. Then

d* a, d*
xS
k 17
+%:_X(es(x+1) +efs(x+1))+0(| S ‘k—l e\s\(xﬂ)),
o7 (0) d o, 71(0)
¢12( x,\) = ) —cossx + (=2
dxk 2 4
K (18)
+B4(12'1(0))%(esx +est)+O(|S|k+2 e\s\(xﬂ))’
S
¢21( , )_B Tsins(x+1)
ﬁ_z_(es(xﬂ) _e—s(x+]))+o(| s |k—2 e\s\(xﬂ)) (19)
4s dx ’
K K
%%(X;M— “¢2‘(0);X COSSX
(20)

(0‘4¢21(0) 34421(0))7(6“ +e’5x)+0(|s|k+l \s\(x+1))

k= 0_,3 Each of these asymptotic equalities hold
uniformly for X as | A |— 0.

Proof: Let ¢, (X,A)=€"*"F(x,1). We can
easily get that F(X,A) is bounded. So
@, (X, A) = O(e°**") . Substituting it into (13)
and differentiating it with respect to X for

k =0_,3, we obtain (17). Next according to
transmission conditions (6)- (9),

?,(0) = a,0{1(0), 0/, (0) = B,0{,(0),
P (0) = 7,0,(0), 915 (0) = 7,0[1(0).,
(| A > o).

Substituting these asymptotic expressions into
(14) for K=10, we get
08 X+ (

oL A) = )Ee™+e)

1
4
25’

.10 910, £.91(0)
2 4

4s
k(SmS(X ¥) = +e " )q(y)0, (v, Ay +O([s [ ). (21)

Multiplying through by | S|’3 e\s\(xu))’
denoting

F,(x,A4)=0( S|73 e 904D )P, (X))
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Denoting M (4):=max,_,, F,(X,4) from p,(LA) @, (LA) Ay, -7, 0
the last formula, it follows that OW(L) = o, (LA @, (LA4) 0 ATh+7,
o 3la ] MO o o) ghLA) 0 ar+r
M(2) =2 =225 2 [La(ydy + M, onLA) LA A=y, 0
3
GZBZOL S 2 05 25 2
for some M, >0. From this, it follows that ( 644 [t,(€” +2+e7)+B, (" —¢ )]
M(2)=0(1) as [A]>®, 50 ¢, (x,)=0(s|’ e**"). oS e+e’ sy 0
Substituting this back into the integral on (21) ] . e .
yields (18) for K = 0. The other assertions can be +(X|s|2 eﬂs\)) —ssins - s(€'—e”) 0 ST+, )
proved similarly. —s’coss s°(€+€°) 0 $'7+1,
s'sins s —€”) s' -y, 0

Theorem 35. Let A =S, S= o +it. Then the
characteristic function W(A) has the following
asymptotic representations:

Casel y, #0, 7, #0,

rr. 16
W)= % (1-e*sins—e’ coss)[(e’ —e*)coss

—(e’ +¢)sins] ﬁLO(‘s‘l5 ez‘s‘),

Case2 y, #0, 7, =0,

1ot 1S
W) = aszal%Bé;m.s

(1-e*sins—e’coss)(e’ —e*)sins+ O(‘S‘M e ),

Case3 y, =0, 7, #0,

W(}\.) - (X‘ZBZOV)Bzz’Ylyrlzsu

1607 (1-e“sins—e’ coss)(e’ +¢*)coss + O(‘s‘l2 e™ ),

Case4 7, =0,7,=0,
W) =— oB,0B, 11T

320

+( +e’5)sins+0(\s\” e”*‘)‘

(1—¢"*sins—¢’ coss)[(e’ —e ) coss

Proof: The proof is obtained by substituting the
k

k
asymptotic equalities %(/712(1» 2) and %%2 1,2

into the representation

Corollary 3.6. The eigenvalues of the boundary
value problem (1)-(9) are bounded below.

Proof: By putting S° =it (t > 0) in the above
formulas it follows that W(—t*) — o0 as
t—>o. W(A)=0  for
A negative and sufficiently large in modulus.

Since the eigenvalues are coincident with the
zeros of the entire function W(A), it follows that

they have no finite limits. Moreover, all
eigenvalues are real and bounded below by
Corollary 2.3 and 3.6. Therefore, we may renumber

them as A4, <A, <A, <.

Consequently,

by counting their

multiplicities. Below we shall denote A, = Sn4 for

sufficiently large N .

Theorem 3.7. Let &, =a, =1, the following

asymptotic formulas hold for the eigenvalues of the
boundary value transmission problem (1)-(9):

Casel y, #0, 7, #0,

A, =(n—§)ﬂ+0[lj,
4 n
Case2 y, #0, 7, =0,

‘{/Z =Nz + O(lJ

n
Case3 y, =0, 7, #0,

4, =(n+l)7r+0(l}
2 n
Case4 7, =0,7, =0,

A =(n+> 1
\/Z_(n+4)7z+0[nj.
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All these asymptotic formulas hold uniformly for
X.

Proof: If S> 0, by applying the known Rouche
theorem, we can obtain these conclusions (cf. [15,
Theorem 2.3]). The proofs of other cases for S < 0
and ImS # O are similar.

4. Completeness of eigenfunction

Theorem 4.1. The operator A has only point
spectrum, i.e., o(A) =0 (A).

Proof: It suffices to prove that if » is not an
eigenvalue of A, then y € p(A). Hence we
investigate the equation (A—y)Y=FeH,
where y € R,F =(f,h,r).

Consider the initial-value problem

ly—wy="f,xed,

a, YD) +a,y"(-1)=0,
BY(=D+B,y'(-1)=0,
y(0+) = a; ¥(0-) + &, y"(0-),
y'(0+) = B,y'(0-) + B,y"(0-),
Y'(0+) = y,Y'(0-) + ,¥"(0-),
y"(0+) = 7,¥(0-) + 7, y"(0-).

Let U(X) be the solution of the equation
lu — yu = 0 satisfying

u-1) =a, u'(-)=4,.u"(-1) =-4,
u"(-1)=-a,.

u(0+) = ,u(0-) + e, u"(0-),

u'(0+) = AU'(0-) + S,u"(0-),
u"(0+) = y;U'(0-) +y,u"(0-),
u”(0+) = 7;u(0-) +7,u"(0-).

In fact,

B u,(x), xel[-1,0);
U = u,(x), xe(0,1],

where U, (X) is the unique solution of the initial-
value problem

a’u® +q(x¥u =, xe[-1,0),
u (=1 =a,,u/(-1) = B,,
u'(-1)=-4,u(-1)=-a,

and U, (X) is the unique solution of the problem

a,"u® +q(x)u =, x € (0,1],

U, (0) = a;u, (0) + e, uf’,uj (0) = B,u/(0) + B,uf(0),
us(0) = y;u;(0) + 7,u/(0),u7(0) = 73U, (0) + 7,u/(0).

Let

(W), xe[-10);
W(x) = W, (x), xe(0,1]

be a solution of IW— W= f satisfying

a,W(-1)+a,W'(-1) =0,
BW (1) + B,W(-1)=0,

W(O0+) = a;WM0-) + a2, W'(0-),
W(0+) = BW(0-) + B,W'(0-) (22)
W(0+) = y,W(0-) + 7,W'(0-),
W' (0+) = 7,WM0-) + 7,W"(0-).

Then (22) has the general solution

(23)

du, +w,, xe[-1,0);
y(x) = q
u2 + W2 s Xe (051]3

where d € C.
Since ¥ is not an eigenvalue of (1)-(9), we have

7(71'uz(1) - 7£ugl(l)) - (71u2(1) - 72”?(1)) * 07 (24)
or
y(tus (D) = thuy (D) + (tuy (D) - t,ui (1) # 0. (25)

The second component of (A—y)Y =F
involves the equation

1Y "M =1,y +y(viyD) - v5y"(1) = h. (26)
Substituting (23) into (26), we get

(vou5 (D) —yu, (D) + y(viu, (D - yaui1)d
=h+y,w, (D) -y, wi () + (Wi () —yiw, (1)
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In view of (24), we know that d is a unique
solution.
The third component of (A— )Y = F involves

the equation
oY) -7,y M) - y(y D) -ziy" (D) = k. 27)
Substituting (23) into (27), we get

(tuy (D) = rui (D + y(tyui () — tusy (1)d
=k+rwi()-twi(M)+y(mwi (D) - twi(1).

In view of (25), we know that d is a unique
solution.

Thus if 7 is not an eigenvalue of (1)-(9), d is
uniquely solvable. Hence Y is uniquely
determined.

The above arguments show that (A— ) is

defined on all of H . We get that (A— /)" is
bounded by Theorem 2.3 and the Closed Graph
Theorem. Thus y € p(A). Hence, o(A) =0 (A).

Lemma 4.2. The operator A has compact
resolvent, i.e., for each 5€R/O'p (A,

(A=31)"" is compact on H (cf. [12], Theorem

3.2).
By the above lemmas and the spectral theorem for
compact operator, we obtain the following theorem:

Theorem 4.3. The eigenfunctions of the problem
(1)-(9), augmented to become eigenfunctions of A,
are complete in H, ie, if we let

{@, = (2,(¥),N"(9,),N"(¢,);ne N} be a

maximum set of orthonormal eigenfunctions of A,
where {(@,(X);N € N} are eigenfunctions of the

problem (1)-(9), then for all FeH,

F =i<F,ch>q>n.
n=1

5. Green function
Let us consider the following differential equation

(a(x)u"(x))" + q(x)u(x)
—iu(x)=-f(x),x €], (28)

where
J=[-1L0)u(0,1],a(X) = al2 forXxe[-1,0) and
a(x)=a,’, for xe(0,1],a >0and a, >0

are given real numbers; together with the
eigenparameter-dependent boundary conditions
and transmission conditions (1)-(9).

We can represent the general solution (11) of
homogeneous differential equation (1), appropriate
to equation (28). By applying the standard method
of wvariation of constants, we shall search the
general solution of the non-homogeneous
differential equation (28) in the form

Cl(xa 7\4)¢11(Xs7\) +C2(Xs}“)¢21 N xe[-L0);

(x)= +C3 (x, A‘)Xl 1 XM+ C4 x, 7"))(21 (x,7), 29
ORI GO 0 (29)
40t (1) + Gy M (6 ),

where the functions C, (X, A)(i = 1,_8) satisfy the

linear system of equation

CL My (X, 4) + C (X, M)y, (X, 1)
+C (% M) (%, 2) + C (%, M)t (X, 4) = 0,
CLOG)0 (6,2) + G (X, )45, (X, 1)
+C (X, M) (%, 2) + C (G M) (X, 4) = 0,
CL M1 (%, 4) + G (X, M)y, (%, 1)
+C (X M)y (%, 2) + C (6, M), (%, 4) = 0,
G M7 (%, 4) + G (X, M)y, (%, 1)
+C3 (M) (%, 4) + G (x, My (%, ) = £(%),

for Xe[-1,0), and

Ci(x, ), (X, 1) + Ca(x, )y, (X, 1)
+C5 (X, M) (%, 2) + Cy (X, M)t (X, 4) = 0,
C5(X, M)y, (%, 1) + C (x, M), (X, 1)
+C5 (X, M (%, ) + Cy (X, M), (x,1) = 0,
C5(x, M) (%, 1) + C (X, M), (X, 1)
+C5 (X, M (%, 2) + Co (X, M) (X, 4) = 0,
C5(x, )07 (%, 1) + Cy(x, )03, (X, 1)
+C5 (X, M)y (%, 4) + G (%, M, (X, 1) = £(x),

for X € (0,1]. Because the characteristic function

W(A1) #0,C/(x,A)i = l,_8) can be solved.

After the appropriate calculations, we can obtain
the following relation:

[ OEMOECH N+ Ch D) o
U= +1C3X] 1 (Xs }") + C4X21 (Xa )")’ (3 0)
[ EDFEEACH (N 1 Caleh)

1, (%) + Gy (X, 1),
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Here, C, (i = 1,_8) are arbitrary constants and

Zl (Xa é:’ ﬂ)
k(X&) =9 W) ~

kz(X,f,ﬂ,)z w

With

¢, (&2
’ ’}\‘
SR = ii'li 73

i (x,2)

0, (&)
0, (&R)

2(EL)
0, (X, 1)

Z,(x,&0) =

In the

have

following, for

ki(o)zki (0,5,],),

0, (EA) % (EA)
05,81 xn(EN)
05N % (EN)
b (X,A) % (x,R)

0 (ER) %G
0 ER) xLER)

(&L xn(ER)
by (X,A) % (X,A)

A (& A)
A (&)
Ao (&) ’
X2 (X, 1)

X2 (L)
A (&)
(o)
X0 (X,1)

convenience, set

KI(O) = Ki (07 5)2’)
(i =1,2), etc.. Substituting (30) for (2)-(9), we can

[ ok, (0)+ L KIODFEME - [ K, (OF EME ~4.,(0)
1| BR OO KO —4,0)

WO [ (2 )+ TODEEME [ KO B
[ ki + v KODFE)E - [ IO ©)d

0.(0) [ @0k, (0)+ o KTONFEME - [ K, (OB

—$2.(0)
—0%(0)

%2(0) %(0)
%12(0) %5(0)
1:0) 70

%2(0) %5,(0)

%2(0) %(0)

1:(0) %5(0)

C,=C,=C,=C, =0.

Finally, by substituting the coefficients
C.(i=18) in (30), the following formulae is

obtained for U (X) :

[M o xEMEEECh, (x.2)

L O [ BKO+BRIOREKE- [0
- WMo [k O+ ko) - [ KO Ed
Hn0) [ k0 + KON~ [ KO G

1(0)  %5,(0)

%20 %% (0)

0200 02000 [ (@K, 0) + KON EE- [ Ky (OFENE  1,,(0)
0 6.0 [ BKO)+BKOEE- [ KOFEME 2.(0)

Wl 0 050 [k 0+ kIONEME[ KOFEE  750)

0 050) [ (kIO + 1 KIODFENE - [ KIOF @ 22(0)

0200 020 %200) [ ok, (0)+ a kIO @[ K (O)F E)dg
L1 O 660 200 [ BKO+BRONEE [ KOS
T WOl 60 0 [ kO kONEE - [ KOS
0 920 %2 (0) [ (kIO + KON @[ KIOF e

x €[-1,0);
+C ,A),
U(x) = 1 505 (X, ).
[l eMI@EC o
+C8X22 (X7 }"))
Let
KI(X’éZ’ﬂ,), —ISX<0,
K(x¢&,4) = ;
Ky (& D), 0<x<l
where
Xa > = 2
‘ 0, 0<x<I,
K. (X&) 0, —-1<x<0,
X, g, A)=
? K,(x,&A), 0<x<I.
Let
Bl(xagaﬁ’)) _ISX<07
B(x.&,4) =
B,(x,&£,4), 0<x<]1,
where
$,(0) 0,(0) %,(0) % (0) ;K (0)+0,K(0)-K,(0)
$2(0) 05,(0) %,(0) %,(0) BK{(0)+PB,KI(0)-K;(0)
B, (x,£1)=(0,(0) ¢5,(0) %5(0) %5,(0) 7K (0)+1,K(0)-KI(0)|,
50 9500) x50 x5 (0)  v;K{(0)+7v,Ki(0) - K3(0)
b () 4, (x) 0 0 0
$,(0) ¢,(0) %,(0) oK (0)+0a,K/(0)-K,(0) %,,(0)
9,(0) ¢5,(0) %,(0) BK(0)+B,KI(0)-K;(0) %5,(0)
B,(x,£M)=¢,(0) ¢5,(0) x,(0) 7K (0)+7,K(0)-K3(0) %5,(0).
0(0) 950 %50 vKI(0)+7,KI(0)-KT(O0)  %%(0)
0 0 Xi2(X) 0 A (X)
Then

1
WB(XJ; M (31)

1
Ux)=| (K(x,E,\)+
(0= [ (K(x.E1) W
Thus, the resolvent of the boundary-value
transmission problem is obtained. We can find the
Green function from the resolvent (31). Namely,
denoting
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G(x,&,M) =K(x,E,A) +

W0 B(x,&,A).

We can rewrite the resolvent (31) in the next form

U= G&ADF(E)dy.
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