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Abstract 

Let M be a lattice module over the multiplicative lattice ܮ. An ܮ െmodule M is called a multiplication lattice 

module if for every element N	א ܽ there exists an element	ܯ א ܰ such that ܮ ൌ ܽ1ெ. Our objective is to 
investigate properties of prime elements of multiplication lattice modules. 
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1. Introduction 

A multiplicative lattice ܮ is a complete lattice in 
which there is defined a commutative, associative 
multiplication which distributes over arbitrary joins 
and has greatest element 1L   (least element 0) as a 
multiplicative identity (zero). For ܮ a multiplicative 
lattice and ܽ א ,ܮ ܽ/ܮ ൌ ሼܾ א ܮ  ܽ  ܾሽ is a 
multiplicative lattice with multiplication ܿ	 ל ݀ ൌ
ܿ݀ ש ܽ. Multiplicative lattices have been studied 
extensively by E. W. Johnson, C.Jayaram, the 
current authors, and others, see, for example, 
ሾ1 െ 8ሿ. 

An element ܽ א ܽ is said to be proper if	ܮ ൏ 1. 
An element  ൏ 1 in ܮ	is said to be prime if ܾܽ   
implies ܽ  ܾ or   ݉ An element . ൏ 1 in ܮ is 
said to be maximal if ݉ ൏ ݔ  1		implies ݔ ൌ 1. It 
is easily seen that maximal elements are prime. 

If a,b belong to ܮ, ሺ	ܽ  ܾ	ሻ is the join of all ܿ א  ܮ
such that ܾܿ  ܽ. An element ݁ of ܮ is called meet 
principal if ܾܽ݁ٿ ൌ ൫ሺܽ: ݁ሻܾٿ൯݁ for all ܽ, ܾ א  .ܮ
An element ݁ of ܮ is called join principal if 
൫ሺܽ݁ ש ܾሻ: ݁൯ ൌ ܽ ש ሺܾ: ݁ሻ for all ܽ, ܾ א ݁ .ܮ א  is ܮ
said to be principal if ݁ is both meet principal and 
join principal.  
݁ א  is said to be week meet (join) principal if ܮ

݁ٿܽ ൌ ݁ሺܽ: ݁ሻ	ሺ	ܽ ש ሺ0: ݁ሻ ൌ ሺ݁ܽ: ݁ሻ	ሻ for all 
ܽ א  is ܮ An element ܽ of a multiplicative lattice .ܮ
called compact if ܽ 	ש ܾఈ implies ܽ  ܾఈభ ש ܾఈమ ש
ש… ܾఈ for some subset ሼߙଵ, ,ଶߙ … ,  ሽ. If eachߙ
element of ܮ is a join of principal (compact) 
elements of ܮ, then ܮ is called a PG–lattice 
ܩܥ	) െlattice ). 

 
 

*Corresponding author 
Received: 13 April 2011 / Accepted: 23 July 2011 

A multiplicative lattice ܮ is called an ݎ െlattice if 
it is modular, principally generated, compactly 
generated and has 1		compact. 

Let M be a complete lattice. Recall that M is a 
lattice module over the multiplicative lattice ܮ, or 
simply an ܮ െmodule in case there is a 
multiplication between elements of ܮ and ܯ, 
denoted by ݈ܤ for ݈ א ܤ and	ܮ א  which satisfies ,ܯ
the following properties: 
ሺ݅ሻ		ሺ݈ܾሻܤ ൌ ݈ሺܾܤሻ		; 
ሺ݅݅ሻ	ሺשఈ ݈ఈሻ൫שఉ ఉ൯ܤ ൌ	שఈ,ఉ ݈ఈܤఉ; 
ሺ݅݅݅ሻ 1ܤ ൌ  ;	ܤ
ሺ݅ݒሻ	0ܤ ൌ 0ெ; 
for all ݈, ݈ఈ, ܾ in ܮ and for all ܤ,  .ܯ ఉ inܤ

Let ܯ be an ܮ െmodule. If ܰ א ܾ and ܯ א  ,ܮ
ሺ	ܰ  ܾ	ሻ is the join of all ܺ א ܾܺ such that ܯ  ܰ. 
An element ݁ א ܯ is said to be ܮ െ  if ݈ܽ݅ܿ݊݅ݎ
ܤ݁ٿܣ ൌ ݁൫ሺܣ: ݁ሻܤٿ൯ and ൫ሺ݁ܣ ש :ሻܤ ݁൯ ൌ ܣ ש
ሺܤ: ݁ሻ	for all ܣ, ܤ א  is a ܮ If each element of .ܯ
join of ܯ െprincipal elements of ܮ,	then ܮ is called 
ܯ െprincipally generated ሾ݁݁ݏ, 9ሿ. 

Let ܯ be an ܮ െmodule. If ܰ,ܭ belong to ܯ, 
ሺ	ܰ: ܽ ሻ is the join of all	ܭ א ܭܽ such that ܮ  ܰ. 
An element ܰ of ܯ is called meet principal if 
൫ܾٿሺܤ:ܰሻ൯ܰ ൌ ܾܰܤٿ for all ܾ א  and for all ܮ
ܤ א  is called join principal ܯ An element ܰ of .ܯ
if ܾ ש ሺܤ:ܰሻ ൌ ൫ሺܾܰ ש ܾ ሻ:ܰ൯ for allܤ א  and for ܮ
all ܰ א  is said to be principal if it is both meet	ܰ .ܯ
principal and join principal. In a special case an 
element ܰ of ܯ is called weak meet principal 
(weak join principal) if 
ሺܤ:ܰሻܰ ൌ ሺܾܰ:ܰሻ	ሺ	ܰٿܤ ൌ ܾ ש ሺ0ெ:ܰሻ	ሻ	for all 
ܤ א ܾ and for all ܯ א  is said to be weak ܰ .ܮ
principal if ܰ is both weak meet principal and weak 
join principal. 
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Let ܯ be an ܮ െmodule. An element ܰ in ܯ is 
called compact if ܰ 	שఈ ܰ ఈ impliesܤ   ఈభܤ
ఈమܤש ש ש… ,ଵߙఈ for some subset ൛ܤ ,ଶߙ … ,  .ൟߙ
The greatest element of ܯ will be denoted by 1ெ. If 
each element of ܯ is a join of principal (compact) 
elements of ܯ, then ܯ is called a ܲܩ െlattice 
ܩܥ) െlattice). M is called an R-lattice if it is 
modular, principally generated, compactly 
generated and has 1ெ compact. 

Let M be an ܮ െmodule. An element ܰ א  is	ܯ
said to be proper if ܰ ൏ 1ெ. If ሺ0ெ: 1ெሻ ൌ 0, 
݉ܿ module. If-ܮ is called a faithful		ܯ ൌ 0ெ 
implies ݉ ൌ 0ெ or ܿ ൌ 0 for any ܿ א  and ܮ
݉ א  .module-ܮ is called a torsion-free	ܯ ,ܯ

For various characterizations of lattice modules, 
the reader is referred to  ሾ10 െ 14ሿ. 

2. The prime elements in lattice modules 

Definition 1. Let M be an	ܮ െmodule. An element 
ܰ ൏ 1ெ	in M is said to be prime if ܽܺ  ܰ implies 
ܺ  ܰ or ܽ1ெ  ܰ,		i.e ܽ  ሺܰ: 1ெሻ for every 
ܽ א ,ܮ ܺ א  .ܯ

Let M be an	ܮ െmodule. If ܰ is a prime element 
of ܮ െmodule M, then ሺܰ: 1ெሻ is a prime element 
of L ሾ11,  .3.6ሿ	݊݅ݐ݅ݏݎܲ
 
Example 1. Let L be an	ܮ െmodule. If  א  is a ܮ
prime element, then 	is also a prime element as an 
ܮ െmodule . 
 
Example 2. Let M be an	ܮ െmodule. If ܮ ൌ
ሼ0, 1ሽ is a field, then every element of ܯ is a 
prime element. 
 
Definition 2. Let M be an	ܮ െmodule. An element 
ܰ ൏ 1ெ in M is said to be primary, if ܽܺ  ܰ and 
ܺ ح ܰ implies ܽ1ெ  ܰ, for some ݇  0	 i.e 
ܽ  ሺܰ: 1ெሻ for every ܽ א ,ܮ ܺ א  .ܯ
 
Proposition 1. Let M be an ܮ െmodule and 
ܰ ൏ 1ெ		be an element of M. If 	ሺܰ: 1ெሻ is a prime 
element of ܮ and ܰ is primary, then ܰ is prime. 
 
Proof: Let ܽܺ  ܰ and ܺ ح ܰ for ܽ א ܺ		݀݊ܽ	ܮ א
ܺܽ ,Since ܰ is primary .ܯ  ܰ and ܺ ح ܰ implies 
ܽ1ெ  ܰ, for some ݇  0	 i.e ܽ  ሺܰ: 1ெሻ. 
Since ሺ	ܰ: 1ெ	ሻ is a prime element of L, ܽ 
ሺܰ: 1ெሻ. Consequently, ܰ is prime element of M.  
Let M be an ܮ െmodule and ܰ א ܰ/ܯ Then	.ܯ ൌ
ሼܤ א ܰ:ܯ  ܮ ሽ is anܤ െmodule with 
multiplication ܿ ל ܦ ൌ ܦܿ ש ܰ for every ܿ א  and ܮ
for every ܰ  ܦ א  is an ܰ/ܯ ,Similarly		.ܯ
:ሺܰ/ܮ 1ெሻ-module with ܽ ל כܰ ൌ כܰܽ ש ܰ for all 
ܰ  כܰ א :and ሺܰ ܯ 1ெሻ  ܽ. 
 

Theorem 1. Let ܯ be an ܮ െmodule and ܰ א  .ܯ
Then ܰ is a prime element if and only if ܯ/ܰ is a 
torsion-free ܮ/ሺܰ: 1ெሻ-module. 
 
Proof: Suppose that ܰ	 א  is a prime element. For ܯ
ሺܰ: 1ெሻ  ܽ in ܮ and ܰ ൏ ܽ in M, if	כܰ ל כܰ ൌ
כܰܽ ש ܰ ൌ ܰ, we have ܽܰכ  ܰ. Since ܰ is prime, 
ܽ ൌ ሺܰ: 1ெሻ. Conversely, suppose that ܯ/ܰ is a 
torsion-free ܮ/ሺܰ: 1ெሻ-module. If ܽܺ  ܰ and 
ܺ ح ܰ for ܽ א ܺ and ܮ א then ൫ܽ ,ܯ ש ሺܰ: 1ெሻ൯ ל
ሺܺ ש ܰሻ ൌ ܰ. Since ܯ/ܰ is a torsion-free ܮ/
ሺܰ: 1ெሻ -module, ܽ  ሺܰ: 1ெሻ. 
 
Lemma 1. Let M be an ܮ െmodule and let B be an 
element of M. If 1ெ is weak principal, then there 
exists a lattice isomorphism ܤ/ܯ ؆ :ܤሺ/ܮ	 1ெሻ. 
 
Proof: ሾsee	11, Lemma	2.1ሿ. 
Let M be an ܮ െmodule. Recall that an element 
ܰ ൏ 1ெ		of M is called a maximal element if for 
every element B of M such that ܰ   then either ,ܤ
ܰ ൌ ܤ or	ܤ ൌ 1ெ. 
 
Proposition 2. Let M be an ܮ െmodule and ܰ	 א
 ,Then .ܯ
ሺ݅ሻ	 If ሺ	ܰ: 1ெሻ is maximal in L, then ܰ is prime in 
M. 
ሺ݅݅ሻ If ܽ is maximal in L and ܽ1ெ ൏ 1ெ, then ܽ1ெ 
is prime in M. 
ሺ݅݅݅ሻ If ܰ is maximal in M, then ܰ is prime in M. 
 
Proof: ሺ݅ሻ	 If ሺ	ܰ: 1ெሻ is maximal in L, then 
:ሺܰ/ܮ 1ெሻ is a field. Then ܯ/ܰ is a torsion-free 
:ሺܰ/ܮ 1ெሻ – module and hence N is prime in M by 
Theorem 1. 
ሺ݅݅ሻ Since ܽ  ሺܽ1ெ: 1ெሻ ൏ 1 and a is maximal in 
L, ܽ ൌ ሺܽ1ெ: 1ெሻ. This implies that ܽ1ெ is prime 
in M by ሺ݅ሻ. 
ሺ݅݅݅ሻ Let ܽܺ  ܰ and ܺ ح ܰ for ܽ א ܺ		݀݊ܽ	ܮ א
ܰ ,Since ܰ is maximal .ܯ ש ܺ ൌ 1ெ and so 
ܽܰ ש ܽܺ ൌ ܽ1ெ  ܰ. This implies that ܽ 
ሺܰ: 1ெሻ. 
 
Theorem 2. Let L be an ݎ െ lattice and 
ܯ െprincipally generated, and M be an R- lattice 
ܮ െmodule. If p1ெ is compact for every prime 
element pא  .then every element in M is compact ,ܮ
 
Proof: Let Ω	ൌ ሼܭ א  .ሽݐܿܽ݉ܿ	ݐ݊	ݏ݅	ܭ:ܯ
Suppose that Ω ≠	. Since  1ெ is compact, Ω has a 
maximal element by the Zorn Lemma. Suppose that 
N is a maximal in Ω. 

Let  ൌ ሺܰ: 1ெሻ. We first show that p is prime. If 
p is not prime, there exists M-principal elements 
ܽ, ܾ א ܽ such that ܮ ح ܾ , ح ܾܽ and    Hence .
ܰ ൏ ܰ ש ܽ1ெ. Therefore ܰ ש ܽ1ெ is a compact 
element of M. Since ሺܾܽሻ1ெ  ܰ, ܾ1ெ  ሺܰ: ܽሻ. 
Then ܰ ൏ ܰ ש ܾ1ெ  ሺܰ: ܽሻ Hence ሺܰ: ܽሻ is also 
compact. Since ܰ ൌש  ,ఈ is compactly generatedܥ
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then ܰ ש ܽ1ெ ൌ ൫ש௧ ఈ൯ܥ ש ܽ1ெ and we have 
ܰ ൌ ൫ש௧ ఈ൯ܥ ש ሺܽ1ெܰٿሻ. Since ܽ is an M-
principal element of 1ܽ ,ܮெܰٿ ൌ ܽሺܰ: ܽሻ. Since 
ሺܰ: ܽሻ is the finite join of principal elements of M 
and a is M-principal element in L, ܽሺܰ: ܽሻ is 
compact ሾ9,  .3ሿ	݊݅ݐ݅ݏݎܲ	݀݊ܽ	1	݊݅ݐ݅ݏݎܲ
The finite join of compact elements is compact, so 
N is compact. This contradiction shows that p is 
prime. 

Since 1ெ is compact, 1ெ	is a join of finite 
principal elements ܭ. Then  ൌ ሺܰ: 1ெሻ ൌ
൫ܰ:ש௧ ൯ܭ ൌ :௧ሺܰٿ  ሻ andܭ ൌ ൫ܰ:ܭ൯ 
for some ܭ ح ܰ, since p is prime. Hence ܰ ൏ ܰ ש
  is compact and as is shown in the precedingܭ
paragraph, ܰ ൌ ൫ש௧ ఈ൯ܥ  and				൯ܰٿܭ൫	ש
ܰٿܭ ൌ ൫ܰ:ܭ൯ܭ ൌ ܰ . Sinceܭ ൌ
൫ש௧ ఈ൯ܥ ש ܭ  ൫ש௧ ఈ൯ܥ ש 1ெ  ܰ, ܰ ൌ
൫ש௧ ఈ൯ܥ ש  is compact by hypothesis. This		1ெ
is a contradiction. Therefore, Ω is empty. 

3. Multiplication lattice modules 

In this section we study the concept of 
multiplication lattice module over a multiplicative 
lattice and generalize the important results for 
multiplication modules over commutative rings, 
obtained by Z. A. El-Bast and P. F. Smith ሾ15ሿ, to 
the lattice modules over multiplicative lattices. 
 
Definition 3. Let M be an	ܮ െmodule. If 1ெ is a 
principal element in M, M is called a cyclic lattice 
module. 
 
Definition 4. An ܮ െmodule M is called a 
multiplication lattice module if for every element 
ܰ א ܽ  there exists an element ܯ א  such that ܮ
ܰ ൌ ܽ1ெ. 
 
Proposition 3. Let M be an	ܮ െmodule. Then M is 
a multiplication lattice module if and only if 
ܰ ൌ ሺܰ: 1ெሻ1ெ	for all ܰ א  .ܯ
 
Proof:  : Let M be a multiplication lattice 
ܮ െmodule and ܰ א ܰ ,Then .ܯ ൌ ܽ1ெ	for some 
ܽ א ܽ Hence .ܮ  ሺܰ: 1ெሻ	and so ܰ ൌ ܽ1ெ 
ሺܰ: 1ெሻ1ெ  ܰ. Therefore ܰ ൌ ሺܰ: 1ெሻ1ெ. 
 : Clear. 

It is clear that an ܮ െmodule M is a multiplication 
lattice module if and only if 1ெ is weak meet 
principal. If M is a cyclic lattice ܮ െmodule, then M 
is a multiplication lattice ܮ െmodule. 
 
Proposition 4. Let M be a multiplication lattice 
ܮ െmodule. If  א 1ெ is maximal and ܮ ൏ 1ெ, 
then 1ெ is maximal element in ܯ. 
 

Proof: Since  is maximal such that  
ሺ1ெ: 1ெሻ ് 1,  ൌ ሺ1ெ: 1ெሻ. Let 1ெ   .ܤ
Then  ൌ ሺ1ெ: 1ெሻ	≤	ሺܤ: 1ெሻ. Since  is 
maximal,  ൌ ሺܤ: 1ெሻ or ሺܤ: 1ெሻ ൌ 1. Therefore, 
1ெ ൌ ሺܤ: 1ெሻ1ெ ൌ :ܤor ሺ ܤ 1ெሻ1ெ ൌ ܤ ൌ 1ெ. 
Consequently, 1ெ is maximal element in ܯ. 
 
Theorem 3. Let ܮ be a multiplicative lattice with 
1 compact, and ܯ be a non-zero multiplication 
ܩܲ െlattice ܮ െmodule. Then ܯ contains a 
maximal element. 
 
Proof: There exists a non-zero principal element ܺ 
in ܯ. Let  א  be a maximal element such that ܮ
ሺ0ெ: ܺሻ  1ெ We show that . ൏ 1ெ. Suppose 
that 1ெ ൌ 1ெ. Since ܯ	is a multiplication lattice 
ܮ െmodule, ܺ ൌ ܽ1ெ	for some ܽ א  Then .ܮ
ܺ ൌ 1ெܽ ൌ ܽ1ெ ൌ ܺ and so 1 ൌ ሺܺ: ܺሻ ൌ
 ש ሺ0ெ: ܺሻ ൌ  is  This is a contradiction. Since  .
maximal and 1ெ ൏ 1ெ, 1ெ is maximal in ܯ	by 
proposition 4. 
 
Theorem 4. Let L be a ܲܩ െlattice with 1 
compact, and ܯ be a ܲܩ െlattice ܮ െ module. 
Then M is a multiplication lattice ܮ െmodule if and 
only if for every maximal element ݍ א  ,ܮ
ሺ݅ሻ For every principal element ܻ א  there exists ,ܯ
a principal element ݍ א ݍ with ܮ ح  such that ݍ
ܻݍ ൌ 0ெ	or 
ሺ݅݅ሻ There exists a principal element ܺ א  and a	ܯ
principal element ܾ א ܾ with	ܮ ح  such that	ݍ
ܾ1ெ  ܺ. 
 
Proof:  : Let ܯ be a multiplication lattice 
ܮ െmodule. We have two cases. 
Case 1. Let 1ݍெ ൌ 1ெ where ݍ is a maximal 
element of ܮ. For every principal element ܻ א  ,ܯ
there exists an element ܽ א ܻ such that ܮ ൌ ܽ1ெ. 
Then ܻ ൌ ܽ1ெ ൌ 1ெݍܽ ൌ Therefore, 1 .ܻݍ ൌ
ሺܻݍ: ܻሻ ൌ ݍ ש ሺ0ெ: ܻሻ. Hence ሺ0ெ: ܻሻ ح  There .ݍ
exists a principal element ݍ such that ݍ 
ሺ0ெ: ܻሻ and ݍ ح ܻݍ ,Consequently .ݍ ൌ 0ெ and 
ݍ ح  .ݍ

Case 2. Let 1ݍெ ൏ 1ெ. There exists a principal 
element ܺ א ܺ such that ܯ ൌ ݆1ெ ح  1ெ, withݍ
݆ א ,ܮ ݆ ح ܾ There exists a principal element .ݍ א  ܮ
with ܾ  ݆ and ܾ ح We obtain ܾ1ெ .ݍ  ݆1ெ= X. 
 : Let ܰ א ܽ Put	.ܯ ൌ ሺܰ: 1ெሻ. Clearly ܽ1ெ ൌ
ሺܰ: 1ெሻ1ெ  ܰ. Take any principal element 
ܻ  ܰ. We will show that ሺܽ1ெ: ܻሻ ൌ 1. 

Suppose there exists a maximal element ݍ א  ܮ
such that ሺܽ1ெ: ܻሻ   .We have two cases .ݍ

Case 1. Suppose that ሺ݅ሻ is satisfied. There exists 
a principal element ݍ א ݍ with	ܮ ح  such that ݍ
ܻݍ ൌ 0ெ for every principal element ܻ א  Then .ܯ
ݍ  ሺ0ெ: ܻሻ  ሺܽ1ெ: ܻሻ   This is a .ݍ
contradiction. 
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Case 2. Suppose that ሺ݅݅ሻ is satisfied. There exists 
a principal element ܺ א  and a principal element ܯ
ܾ א ܾ with ܮ ح such that ܾ1ெ ݍ  ܺ. Then 
ܾܰ  ܾ1ெ  ܺ	 for any ܰ א  Since ܺ is a .ܯ
principal element of ܯ, ܾܰ ൌ ሺܾܰ: ܺሻܺ. Then 
ܾሺܾܰ:ܺሻ1ெ  ሺܾܰ: ܺሻܺ ൌ ܾܰ  ܰ and so 
ܾሺܾܰ:ܺሻ  ܽ ൌ ሺܰ: 1ெሻ. Therefore, ܾଶܻ  ܾଶܰ ൌ
ܾሺܾܰ:ܺሻܺ  ܽܺ  ܽ1ெ 

	
ܾଶ  ሺܽ1ெ: ܻሻ   .ݍ

Since ݍ is maximal (and so, the prime) element of 
ܾ ,ܮ    .This is a contradiction .ݍ

Recall that a multiplicative lattice ܮ is called local 
if it contains precisely one maximal element. 
 
Corollary 1. Let ܮ be a multiplicative lattice with 
1 compact. Let ܯ be a multiplication ܲܩ െlattice 
ܮ െmodule. If ሺܮ, ܩܲ ሻ is a local െlattice, then ܯ 
is a cyclic ܮ െmodule. 
 
Proof: Suppose that ܯ ് ሼ0ெሽ. First, assume that 
there exists a principal element ݍ א ݍ with ܮ ح  
such that ݍܻ ൌ 0ெ for every principal element 
ܻ א ,ܮSince ሺ .ܯ ݍ ,ሻ is a local lattice ൌ 1. Then 
every principal element  ܻ ൌ 0ெ. This is a 
contradiction. 

Now assume that there exists a principal element 
ܺ א ܾ and a principal element	ܯ א ܾ with	ܮ ح  
such that ܾ1ெ  ܺ. Since ܾ ح ܾ , ൌ 1. 
Therefore, 1ெ ൌ ܺ	is principal. 
 
Corollary 2. Let ܮ be a ܲܩ െlattice with 1 
compact, and ܯ be a ܲܩ െlattice and ܩܥ െlattice 
ܮ െmodule. Suppose that 1ெ ൌשאூ ܻ for some 
principal elements ܻ in ܯ.		Then ܯ is a 
multiplication lattice ܮ െmodule if and only if there 
exist ܽ א such that ܻ	ܮ ൌ ܽ1ெ	for all ݅ א  .ܫ
 
Proof:  : Clear. 
 : Suppose that there exist ܽ א  such that	ܮ
ܻ ൌ ܽ1ெ	for all ݅ א  be a maximal element ݍ Let .ܫ

in ܮ.	We have two cases. 
Case 1. Suppose that ܽ  ݅ for all ݍ א  Then .ܫ

1ெ ൌשאூ ܻ ൌשאூ ሺܽ1ெሻ ൌ ሺשאூ ܽሻ1ெ   .1ெݍ
Hence 1ெ ൌ 1ெ and ܻݍ ൌ ݍ ܻ. Therefore, there 
exists a principal element ݍ ح ݍ with ,ݍ ܻ ൌ 0ெ 
for all ݅ א  as is shown in the theorem. Let ܺ be ܫ
any principal element in ܯ. Since ܺ  1ெ ൌשאூ ܻ 
and ܺ is principal, ܺ is compact and so ܺ  ⋁ ܻ


ୀଵ  

ሾ13, ݐ 2.2ሿ. Put	ݕݎ݈݈ܽݎܥ ൌ మݍభݍ  . Thenݍ…
ܺݐ  ⋁ሺݐ ܻ


ୀଵ ሻ ൌ 0ெ and ݐ ح  Since, finite .ݍ

product of principal elements is principal, ݐ is 
principal. So ܯ is a multiplication lattice 
ܮ െmodule by theorem. 

Case 2. Suppose that ܽ ح ݆ for some ݍ א  Then .ܫ
there exists a principal element ܾ א with ܾ ܮ  ܽ 
and ܾ ح such that ܾ1ெ ݍ  ܽ1ெ ൌ ܻ. Therefore, 
ܮ is a multiplication lattice ܯ െmodule by theorem. 
 

Theorem 5. Let ܮ  be a ܲܩ െlattice with 1 
compact, and ܯ be a faithful multiplication 
ܩܲ െlattice	ܮ െmodule. Then the following 
conditions are equivalent. 
ሺ݅ሻ 	1ெ is a compact element of ܯ. 
ሺ݅݅ሻ If ܽ, ܿ א such that ܽ1ெ ܮ  ܿ1ெ, then a	 ܿ. 
ሺ݅݅݅ሻ For each element ܰ of ܯ there exists a unique 
element ܽ of ܮ such that ܰ ൌ ܽ1ெ. 
ሺ݅ݒሻ 1ெ ് ܽ1ெ for any proper element ܽ of ܮ. 
ሺݒሻ	1ெ ്  .ܮ of  1ெ for any maximal element
 
Proof: ሺiሻ   ሺ݅݅ሻ: Suppose 1ெ is compact. Let ܽ 
and ܿ be elements of ܮ such that ܽ1ெ  ܿ1ெ. We 
will show that ሺܿ: ܽሻ ൌ 1. Suppose that ሺܿ: ܽሻ ്
1. Then there exist a maximal element  of ܮ such 
that ሺܿ: ܽሻ   .We have two cases .

Case 1. Suppose that 1ெ ൌ ܻ 1ெ. Then ൌ
ܽᇱ1ெ ൌ ܽᇱ1ெ ൌ ᇱ1ெܽ ൌ  for any principal  ܻ
element ܻ א Then 1 .ܯ ൌ ሺܻ: ܻሻ ൌ  ש ሺ0ெ: ܻሻ 
for all principal elements ܻ א  Since 1ெ is a .ܯ
compact element of M, 1ெ ൌ ⋁ ܻ


ୀଵ  for some 

principal elements ܻ of ܯ. For any principal 
elements ܻሺ1  ݅  ݇ሻ, 1 ൌ ሺ ܻ: ܻሻ ൌ  ש
ሺ0ெ: ܻሻ and so ሺ0ெ: ܻሻح. Therefore, there exist 
ݍ  ሺ0ெ: ܻሻ such that ݍ ح ݅ for all  א
ሼ1,2, … , ݇ሽ. Hence ݍ ܻ ൌ 0ெ and so 

൫∏ ݍ

ୀଵ ൯1ெ ൌ 0ெ. Since ܯ is a faithful 

ܮ െmodule, ∏ ݍ

ୀଵ ൌ 0   is a prime  and ,

element of ܮ, so ݍ  ݅ for some  א ሼ1,2, … , ݇ሽ. 
This is a contradiction.  

Case 2. Suppose that 1ெ ൏ 1ெ. There exists a 
principal element ܺ א  and a principal element ܯ
ݏ א ݏ with ܮ ح 1ெݏ such that   ܺ. 

Suppose that α is any principal element of ܮ such 
that α	 ܽ. Then, 1ߙெ  ܽ1ெ  ܿ1ெ. Therefore, 
ܺߙݏ  1ெߙݏ  1ெܽݏ  1ெܿݏ  ܿܺ. Since ܺ is a 
principal element of ߙݏ ,ܯ ש ሺ0ெ: ܺሻ ൌ
ሺܺߙݏ: ܺሻ  ሺܿܺ: ܺሻ ൌ ܿ ש ሺ0ெ: ܺሻ. Hence ݏଶߙ ש
:ሺ0ெݏ ܺሻ  ܿݏ ש :ሺ0ெݏ ܺሻ. But ݏሺ0ெ: ܺሻ ൌ 0. 
Indeed, let ݎ  ሺ0ெ: ܺሻ. Since 1ݏெ  ܺ, 1ெݏݎ 
ܺݎ ൌ 0ெ and so ݏݎ  ሺ0ெ: 1ெሻ. Since ܯ is faithful, 
ሺ0ெ: 1ெሻ ൌ 0. This implies that ݏሺ0ெ: ܺሻ ൌ 0. 
Then ݏଶߙ  ܿݏ  ܿ for any principal element α ܽ 
and so ݏଶܽ  ܿ. Then ݏଶ  ሺܿ: ܽሻ   is a  Since .
prime element of ܮ, ݏ   .This is a contradiction .
ሺiiሻ   ሺ݅݅݅ሻ   ሺ݅ݒሻ  ሺݒሻ: Clear. 
ሺvሻ   ሺ݅ሻ: Suppose 1ெ ്  1ெ for every maximal
element  of ܮ. Let ݍ be a maximal element of ܮ. 
Since 1ݍெ ൏ 1ெ,	there is a principal element 
ܻ ح  is a multiplication lattice ܯ 1ெ. Sinceݍ
ܮ െmodule, ൫ ܻ: 1ெ൯ ح  There is not a maximal .ݍ
element such that ש	௫ ൫ ܻ: 1ெ൯   This .ݍ
implies that ש	௫	 ൫ ܻ: 1ெ൯ ൌ 1. Since 1 is 
compact, we have finitely maximal elements ݍ 
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such that 1 ൌ ⋁ ൫ ܻ: 1ெ൯.

ୀଵ  Since ܻ ൌ

൫ ܻ: 1ெ൯1ெ, 1ெ ൌ ⋁ ܻ.

ୀଵ  

 
Theorem 6. Let ܮ be a ܲܩ-lattice with 1 compact 
and ܯ be a ܲܩ െlattice	ܮ െmodule. Let ܯ be a 
multiplication lattice ܮ െmodule. Suppose that  is 
a prime element in ܮ with ሺ0ெ: 1ெሻ   If 	.
	ܽܺ  ܽ 1ெ where א ,ܮ ܺ א ܺ then ,ܯ   1ெ or
ܽ   .
 
Proof: We may suppose that ܺ is principal in ܯ. 
Suppose that ܽܺ  ܽ 1ெ with ح  We will show .
that ሺ1ெ: ܺሻ ൌ 1. Suppose that there exists a 
maximal element ݍ א :1ெsuch that ሺ ܮ ܺሻ   .ݍ
We have two cases. 

Case 1. If there exists a principal element ݍ א  ܮ
with ݍ ح such that 0ெ ݍ ൌ ݍ ܺ, thenݍ 
ሺ0ெ: ܺሻ  ሺ1ெ: ܺሻ   .This is a contradiction .ݍ
Case 2. If there exists a principal element ܻ א  ܯ
and a principal element ܾ א ܾ with ܮ ح  such that ݍ
ܾ1ெ  ܻ, then bX	 ܾ1ெ  ܻ. Since ܻ is principal, 
ܾܺ ൌ ሺܾܺ: ܻሻܻ. Put ሺܾܺ: ܻሻ ൌ ܾܺܽ Then .ݏ ൌ  .ܻݏܽ
Since ܻ is join principal, ሺܻܽݏ: ܻሻ ൌ ݏܽ ש ሺ0ெ: ܻሻ. 
Since ܻ is meet principal, ܾܽܺ ൌ ሺܾܽܺ: ܻሻܻ. Put  
ܿ ൌ ሺܾܽܺ: ܻሻ. Since ܻܿ ൌ ܾܽܺ  1ெܾ  ,ܻ ܿ ש
ሺ0ெ: ܻሻ ൌ ሺܻܿ: ܻሻ  ሺܻ: ܻሻ ൌ  ש ሺ0ெ: ܻሻ.Since 
ܾሺ0ெ: ܻሻ1ெ ൌ ሺ0ெ: ܻሻܾ1ெ  ሺ0ெ: ܻሻܻ ൌ 0ெ, 
ܾሺ0ெ: ܻሻ  ሺ0ெ: 1ெሻ  ܾܿ Hence . ש ܾሺ0ெ: ܻሻ 
ܾ ש ܾሺ0ெ: ܻሻ  ܾܿ ,Therefore .   On the .
other hand, ܿ ൌ ሺܾܽܺ: ܻሻ ൌ ሺܻܽݏ: ܻሻ ൌ ݏܽ ש
ሺ0ெ: ܻሻ and so ܾܽݏ  ݏܾܽ ש ܾሺ0ெ: ܻሻ ൌ ܾܿ   If .
ܾ  ܾ then ,    ሺ1ெ: ܺሻ   This is a .ݍ
contradiction. Therefore ܾ ح  ,is prime  Since .
ݏ  ܾܺ ,Therefore . ൌ ܻݏ  ܻ   1ெ and so
ܾ  ሺ1ெ: ܺሻ   .This is a contradiction .ݍ
 
Corollary 3. Let ܮ be a ܲܩ-lattice with 1 
compact. Let ܯ be a multiplication ܲܩ െlattice 
ܮ െmodule and ܰ ൏ 1ெ. Then the following 
conditions are equivalent. 
ሺ݅ሻ ܰ is a prime element in ܯ, 
ሺ݅݅ሻ ሺܰ: 1ெሻ is a prime element in ܮ, 
ሺ݅݅݅ሻ There exists a prime element  in ܮ with 
ሺ0ெ: 1ெሻ  ܰ such that  ൌ  .1ெ

The authors wish to thank the referee for his 
assistance in making this paper accessible to a 
broader audience. 
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