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Abstract

In this paper, the Goursat problem of a general form for a linear partial differential equation is investigated with
the help of the Riemann function method. Some results are given concerning the existence and uniqueness for the

solution of the suggested problem.
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1. Introduction

The studies of several authors [1-22] are devoted to
the investigation of various questions about the
equation

6—u+Mu=f(x,y),

ox"oy"

where M is a linear differential operator with
variable coefficients. The above equation is very
important for the mathematical modeling of the
process of soil-water absorption by plant roots
(Aller equation see, [11]). The most general results
have been obtained in [19], in particular, where the
variant of developing the Riemann method for the
solution of the Goursat problem was suggested.

In this paper the symbols 8f are introduced to
indicate the differentiation and integration operators
that provide for a more unique and compact writing
of formulas that emerge in the process of the
formula argument (construction). If k>1 , then

"3

Oy d=—-",
ot

and when kK < —1, then
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kq _ 1 0 k-l .
‘9_——(k+1)!j (t-1)*"'9(r)dr;

fo
0 . . .
where 8t is an identity operator.

2. Main results

In the domain D ={(x,y);x, <x<x,, Y, <Y<)}»

we discuss a special case of the equation under
consideration having the following form

Lu)=0370u+ Y a,(x,»)0.0u=f(x,)

0<i+j<m+l
for (x,y)e D, (1)
Where 4, € c/ (D) for [ = 0,1,..., m and

. . . k+1
j=0,min{l,m —i} . Here the class C" ' means
the existence and continuity for all derivatives

26; ;0 (r=0,.,k; s=0,..,0).

m  min{l,m—i}
We put z for Z Z , Wwhere

0<i+j<m+1 i=0 j=0

i+j<m+l1.

The Goursat Problem for (1) consists of finding a

solution in D from the class
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C"'(DYNC" P (DUP)NCH (D UQ)

under conditions defined on the part of domain
boundary G formed by the characteristics of this

equation concurrent in the point (X, ,,):

2, (u(x,,y)=9(y), (0<i<m-1),
yeP, 9 eC\(P); @

8;(11(7‘»}’0)) =y,(x), (j=0),

m 3
xeq, y;€C™(q) )

where

yEP:[YO’YI]’ yeq:[XOJxl];
(X0,¥,) €D

Here, we consider the conditions coincidence
from (2) and (3) on the boundary of their
definitions (co-ordination conditions) as satisfied:

07(3(yo) =0, (W ,(x,)). )

The solution of the following integral equation is
called the Riemann function, as in the previous case
[22]

v,y + o Y ()TTEe e av) =1, ()
0<i+j<m+l

which exists and unique in [10]. It is clear that the

properties R(x,y;&,n) described for the third

order equation are also saved in this case. Besides,

v(x,y) remains the solution of the following

equation adjoint to (1):

Lw=0orov+ Y (-1)"""80/(a,v)=0.

0<i+j<m+l

We discuss several auxiliary results for the
solution of the above-stated problem. Let us have
the following statement:

Lemma: If R is the Riemann function defined on
CWH—I(D) A C(m—l)+0 (D U P) A C0+0(D U q) ,
then the following identity is satisfied:

970,(uR) =RL(u)+ U z 1(—1)"“*"“*“*'6;6§,[u(af"6;’jR +
+ z (_1)m+1—(a+ﬁ)az:—i65—j(auﬁR)]+ (6)

i<a, j<B, a+f<m+l

+

m 1 i j ) ‘
Z Z Ki.blazaly (u)arb(’?’;’l (a;R),
-0

=0 b=0 1=0

where

i ) i )
a, =1, K= Z (*I)HICZZ (*1)J_BCL7MM >
pory =]

M, =1,

ifb=1[,l=j and M,, =0, onall other cases.
Later, we call (6) the main identity. In order to
prove (6), first we study the remainder term

i

Q=% i Y K, 0% )30/ (a,R)

i=0 j=0b=0 /=0

For the latter investigation it is easy to rewrite
this expression in the form

Zj: {Z’;(—l)i'“cﬁg(—l)"”%—sz °

i=0 j=0 b=0 1=0

0370 ()00 (a,R) =

i

1 i J
=X XYY (), ool (a,R)} -
i=0 j=0 b=0 1=0 '
m 1
-3 807 )2°d° (4, R).

i=0 j=0

The latter relation can be checked directly:

Z Z (- l)iiucza: (u)ai;b (a;R)
b=0 a=b
= (=1)"C33} ()3, (a,R).

=0 b=0

We re-indicate & to b and b to &, then

33 (Ui ekt (a,R)

b=0 a=b

Z (-Difbczal‘(u)ai{“ (ain) (7)

b=0 o

i

=Y (e ).

b=0

Thus, the relation is checked.

Now, we come to the lemma statement. We
calculate

Mo, uR)=R Y a@du+ Y (=)™

poxTy
0<i+j<m+l O<i+j<m+l

m+1-(a+p)

.a;a;{u(axm"a‘;im > =D 800 (a,y)) |+

i<a,j<p,a+P<m+l

m i m 1

+ i 2 (1) aka, {ud el @R =D 6.0)waR.

i=0 j=0 b=0 1=0 i=0 j=0

m+l

Using L, we multiply both parts by (—1)""", then
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(D™ ama, v Y (~1)650) (a,v) =

0<i+j<m+1

= > (-D™6,0)(a;v)=0.

0<i+j<m+l
Consequently,

omo,(uR)= Y

0<i+j<m+1

+ z (_1)m+l—(i+j)+laixai/

0<i+j<m+l

(_1)m+1—(i+j)+16;ai {uai(n—ialy—jR}

u Z (_l)m+17(a+[3)

i<a, j<B,o+p<m+l

FY Y 0wl aR)

0<it+j<m+l 0<b+I<i+j

07700 (a 5uR)

+ Y (=)™ (uar oy (a,R)).

0<b+l<m+1

Then

m+l—(i+j)+1 Al Aj
> (pymrae)

0<i+j<m+]

o

i<al, j<B,o+B<m+1

(_ 1)m+lf(u+[3)a(;7ia[;7j (aaBR)}

PP

O<i+j<m+l 0<b+I<i+j

(_1)i+_i’(b+l) a:aly (uai;baj;l (alJR)) =0.

By virtue of (7) the mutual cancellation of the
corresponding addends takes place in the later
equality. That is why the lemma is proved.

Now, we come directly to the Goursat problem.
First, we obtain some auxiliary formulas.

By the direct check we ascertain that

i

Q=YY K, a0 (a,R).

i=2 j=0 b=0 1=0

Based on the analysis of this expression under
small m, we obtain the following Hypothesis.

m
=2

i

I

s {; Cifé"CfalzZbai(u)ai*‘a‘;(aﬁR)}. ®

This hypothesis is checked and can be checked by
the Visual Basic 3.0 program.

The second auxiliary formula is connected with
the integral form of the remainder.

167)= [ | & mdnds

X0 Yo

From (8), we calculate

s ow i
1en=[[ 35 6{2 C;:i;f”clfa:’“”a;<u>aﬁ*laz<ai,-R>}dnd:

Xy, =2 6=0

)

MN
e

]{ m
n =S

Jj=0

|
1M
MN

I~ 70
i 5
i
&

J=0

ez 80 ()00 (a, R)J(x, ) -

x

I
M=
MI\)

i
o

o |~
L

OO0 ()ah 0 (@, R) v, vy +

x

i
[
S
i

<

MN -

0

MH

T
)
>
i
o

<.
I
>

+
5 —

(—l)fc,-":i;“ai*’”’@f:(u)ai“a;(a,»,R)}(x,n)dn -

|
YMS
MN

T
©
>
i
&

a’:{z Cfif,f”@i’z’z”f’{(u)aﬁ*'@ﬁ(aUR)}(x,n)dn-

J=

o

In (5) we put that & = x . Then

vt

0<j<m-1

v—070](a,,v)=1.

(-D7or oy (a,v) =1,

mj

Differentiating with respect to ) we obtain:

9, (V)(x,77) = (@,,)(x,77) = 0.

Differentiating (5) once with respect to X and once
with respect to ) we have

0,0,(M)+ D (=)ol (a,v) =0.

0<i+j<m+l

We put & = x . Then we have the following

(0.0,01)-2% (@, v)+8°0(a, , )~ 0,8, ) K1) = 0,

(0.0,0:)-0,% (@, ) )x.11) = (0, (@, 1) = (@, W) K.
Consequently,
(ay (am—l,lv) - (am—l,OV)Xx7 77) = 0

If we differentiate (5) twice with respect to X
and once with respectto ) we obtain:

0.0,V + D, (=D)"EEE (a,v) =0.

0<i+j<m+l

We put & = x . Then

1
ai{z Cfiz,;ZbC{ai’z’ZDf?'i(u)6i+16?.(aUR)}(x,n)dn—

1
ol {Z chrcie o) (u)ai*‘aﬂ(ai,R)}(xo,n)d n=

(€]
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(620, (v) 820" (@, V) +0,0°(a, )~ 0,0, (W) K,17) =
= (08" (a,,v) ~ 80, (@) (% 17) = 0.

By virtue of the previous
(a(;a?) (amfz,ov) - 828}; (am72,lv)kx’ n)=0.

Then in (9), we have

i

Yy m éil 1 o . .

[ XX {Z(—1)Jc;'f'§"a;-2-2"ag(u)a‘;“a;(auR)}
Yo i=2 b=0 =0

(x,m)dn=0.

We return again to (5). We write it renaming I to
a and j to f:

v+ Z (_1)m+1—(a+ﬁ')af—ma)ﬁ}'4 (aaﬁv) —1.

0<a+p<m+l

Differentiating 81’;7’61;'/ :

oo (wvy+ Y. (=)D a9 (a,v) = 0.

0<a+p<m+l

We put i=m—-1, j=1and &=x, =y,
then

(0, =2a,.,v)x.y)=0, 3, (V)(x.y)
= (am—l,lv)(xs y)

Let i=m—2, j=1 and £=x,

then

n=y,

(B2 +8@, v)-0,(a, ) (x.y)=0,
hence
(@, > XX 3) = (=21 +0,(a, , v) )x, ) =0.
Continuing to do so, we obtain

(am%,lvxx’y) =0, (am,4,1v)(x,y) =0,...

Then

S5t lerar et 8 a, ) ) =

2
DI I S () R EN} €50}

Let m be odd, then

it -1="1
2 2

where int[a] is integer part a.
Consequently,

m—1 o

IT Q(&,m)dndé = 22 o {erz2om 2 w)d (R)f(x, y) +
Xo Yo b=0

2
+ 3 afarer el (R -
% b i—2-2b Ai—2-2b A0 b+1 70
=23 e e wal o (R, ) -

yom é_l 1 _ _ .
- I 2.2 ai{z Cl_tlzbzbalxzzbaj,(u)aiﬂag(ayR)}(xO, »)dn.

=0

The two latter addends are completely defined.
That is why we consider only the first two.

By direct calculation, we can make sure that for
any j<m-2, the coefficient under 6/(u)0” "/ (R)

is
. k k
i
Z Cm—l k m-1 k 1
kevens0 2 5 2 G
J
n Z Ck Cik (10)
m-1 k+1 m-1  k+1
k-odd=l 2 "5 3 g
Really:

1) Let j =0. Then the coefficient is defined from
the second addend Q, if

The coefficient is 1 and in (10) the coefficient is
also 1.
2) When j =1. Available both in the first and the

second addend Q:
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m32(™ ) m2-2("2) even.. L
C i oy +C . .- Besides, for small m it is directly checked that
mGTh St e S for j <m —2, the following formula takes place:
m -1 m +1
= -1+ =m-1.
2 2

3) Degree j =2 . Available both in the first and
the second addend €2 :

m-3—2(2Lyy m—3—2(“‘—_1—2)

C 2 2
moa-(Mlyy Mol m-2— (E—Z) ml
2 2 2

[m—ljz m-—1
= —| ———+1,
2 2

in the first addend

m-2-2"") m-1Y’
C m—l2 Cm P I - 1 :

el Tl
mA=5 2

Then

m-1) m-1 m-1Y’
- +1+ -1
2 2 2
_(m-1 m-1

2 2

4) Let j =3. In the second addend:

Cm,3,2(m?*1,1) Cm7372 =y
Z + _
m—2—(m—1—1) Ll—1 m-2- (E—z) ol
2 2
0 3 2 1
- C Cm 1 + C Cm 1°
2 2 2 2

In the first addend the following is available

m— 1

0
m-1 CL-I,

2 2 2 2

Cl.Cl, +C
= -1

5)Let j =4, then

0 4 2 2 4 0
ot Cor +Cos Ciy +Ch Coy
2 2 2 2 2 2
1 3 3 1
=Cm—1 le +Cm Cm—l :

— — —+2 —2
2 2 2 2

and so on. Thus, (9) is true.
If j =m—1, then the coefficient is zero since

mol [k om=d (m=l )
2 2 2 2

the second addend is not available since (m—1) is

LU

k -k
C m-1 +E C k
2 2 2

k—even=0 2
J
k
m
~odd= 2

We consider it as the hypothesis which is checked
and can be checked with the help of Foxpro
programs.

Let m be even, then

ik el
m—l k+l T Cm—l
2

k+1
+7 -
2 2

m_l]—1=ﬂ—2,
2

int|

=]

-1

ACAT o WA R)f () +

- I

-2

-1

A {Cn i or P () ab (R)} (x, y) =

) i )
ck CHe 4 ct Ok
{ z +1) Z m k-1 %7(%)72

m k k
k—even=0 2 2 2 9 k—odd=1 2 2

+
’_‘ OMN

o, (U)a?'l'J (R).

Here, likely for m odd the coincidence of the

corresponding coefficients with C,f;q take place

except in the case j =m —1, when the coefficient

is zero.
The proof is conducted with the help of the
FoxPro program, is checked and can be checked.
Now, we are ready for the integration of the main
identity.

a"0,(R)=RL(W)+ Y (- 15,0 [u(@"d; R +

0<itj<m+l

D R S R S an

i<, j<pa+P<mtl
m 21 1
+3 Y {Cn Ol ool wak )@ R)} -
i=2 b=0 j=0
Integrating this identity once with respect to X,
and once with respect to ), we obtain:

j )f (070, @R\, m)dndé =0770" (uR)(x, y) ~

%o Yo

=010 (uR) (%0, ) = 0770, (uR)(x, yy) + 0770, (uR)(Xy. 3,)-
Since the addends that depend on
(X9, 1) ,(x,¥,) or (x,,,) are known we dwell
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only on the first.

6?’182(uR)(x, y)=i ci [ aor Ry Yo ) =

'M§

Il
=

i

By virtue of the property of the Riemann
function, R(x, y;x,y) =1

I URYx, 1) = > Ch [ (R) Y, p)+ 07 (), )

Let us now consider the right part of (11):

I j RL(u)dndé + j j > (ymre )

X0 Yo Xoy, O<itj<m+l
[u(@ray’ +
Y )P a,,) Jdndg

i<o, j<B,a+p<m-+1

m-2

+Z Co {0 (R) J(x,y)-

MN

>

i=2

oy [Ca o (y (a,R) J(x,yy) -

=3
i

0

Y m 3

P 1 ) : :
- Z PN { Y, Conro"0,war (a,R) }(x,,m)dn.
=0 =0

Yo

In the latter formula, we calculate the second
addend:

Xy

J'J Z (_l)m+17(i+/)+1a;ai[u(a;ﬁal{fR+

Toyy O<itj<mil i i
-2

i<a,j<p.a+p<m+l

(1P e2795 (a,,R)) Jdndé.
If we indicate the integrand expression (), then

[ T o, Gnandc=[] ¥

0, ;.,(&mdnds +

Yoyo O<itj<mil Yove O<itj<mil i<l j<1
S Y o, Emdnac+ [ Y 0., Emdnde
Xy 1=0,71 Xoye = =0

Differentiating (5) 0" 70"” :

oMo i(v) + >

0<oa+B<m+li<a, j<p

)

0<a+B<m+li>a, j>B

(- D g V) +

(_l)m+l—(a+ﬁ) a:—ias—j (auﬁv) — 0'

Weput &=x,7 =y, then

o @or Ry Yovap)+ Colom )R (x, ).

8Xm'i81'jR(x, VX, y)+ z

0<o+B<m+li<a, j<B
(a,R)(x,y) =0.

m+l-(a+B) Aa-i AB-j
(1) ool

Ifi=0, then

oo (v)+ >

0<a+pB<m+li<a,j<p

(=)ot (a,,v) +

+ Y ()Pl (a,v) = 0.

0<a+pf<m+l,j>p

Putting 77 =y, then

MIIWE i)+ D

0<o+B<m+l,i<a,j<p

(=)™ o107 (a4 v)(E y) = 0.

Similarly, if j =0, putting & = X, we obtain

oo, MEMKY)+ Y,

0<a+B<m+1,0<a,0<B

(=)™ P50 (a,v)(x, M) = 0.

That is why

H > 0, Emdndé=— Y

0<i+j<m+1

Qi-l,j-l;i,j (x, yo) -

O<i+j<m+l1, ix1, j=1

Qi—l,j*l;i,j (X0, 1)+ Z Qifl‘j*l;i‘,/' (X0>Y0) —

0<i+j<m+1, 21, j=1

[ S G @it [ Y O, G,

x, =0, /=1 yo =1Jj=0

o Yo

-2

0<i+ j<m+l1, i1, j=1

Consequently

07w =07 (uR)(x5, ¥) + 077 WR)(x, ) = 07 (uR)(X,, ¥ ) +

oy ” Ly
[ [ RLGodndz -3 8 M ci o200 o @, R))(x.v,) -

- i=2 b=0

Y om %" 1 ) )
7j > ai{z C 0 (u)dh (a,R) Yxo,m)di—

Y =2 b=0 =0

- z fol.,—1;f.,(xo’)’)* z fol.,fl;f.,(xa%)*

i1, 21 i1, 21
X m
+ z fol.,—l;f.,(xo’%)*j z Oy 14, (&5 y9)dE —
P21, 21 0xi+ j<m+1 W =01

m

!
[ Qo o).
i=1, j=0

Yo TI7

@ is the sum of all the addends depending on
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(x,29) 5 (X9, 1), (X0, ) > (X, 77) and
(&,¥,)” (sic). Differentiating the latter formula

(m—1) times with respect to X , we find

w2 9 +0.m0
u(x,y) = u(xo’y) + z a;l 1(y) ] xﬁ j
p (RL(u))+ ax““ (@),

m-2

u(x,y) =900+, 078 J+ 607 (R + 0. (@).(12)

Hence, we obtain the solution of the Goursat
problem in the case under consideration (1) - (3) in
the following form

m+l

u(x,y)=. u,(x,), (13)
k=0

where u, (X, y) is the solution of the homogeneous
version of equation (1) subject to the boundary
conditions (0'u)(x,,y)=0 for yeP and
=0,k — Lk kL m—1 ()5 ) = 8. ()
for

yveP and u(x,y,)=0 for xeq for

k=0,,..,m—1, where u, is the solution of the
homogeneous version of equation (1) subject to the
boundary conditions (0'u)(x,,y)=0 for y € P
for i=0,1,....,m—1, and u(x,y,)=y,(x) for
Xe€q, and where u, , is the solution of the

inhomogeneous  equation (1)  subject to
homogeneous boundary conditions, ie.

(0'u)(x,,y)=0 for ye Pand i =0,1,...,m—1,
and u(x,y,)=0 for xegq.

Therefore, our results can be formulated as
follows:

Theorem: The Goursat problem for the equation
(1) with the boundary conditions (2), (3) and (4)
can be formulated according to the formula (13) .
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