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Abstract

In this article, we study the analytical solutions of different parabolic heat equations with different boundary
conditions in the form of multi-term fractional differential equations. Then we compare these analytical solutions
with numerical finite difference methods. This comparison demonstrates the accuracy of the analytical and

numerical methods presented here.

Keywords: Parabolic heat equations; fractional differential equations; finite difference methods

1. Introduction

Fractional differential equations have attracted
many researchers ([1-4]) due to their important
applications in science and engineering, including
modeling of anomalous diffusive and sub-diffusive
systems, description of fractional random walks,
and unification of diffusion and wave propagation
phenomena.

Time fractional diffusion-wave equations are

obtained from classical diffusion or wave equations
by replacing the first or second order time
derivative with a fractional derivative of order
0<a<1orl<a<2 Such models have been
used to analyze electromagnetic acoustics and
mechanical responses [5].
Various methods have been used to solve the
Fractional Boundary Value Problems (FBVPs).
Daftardar-Gejji and Bhalekar [6] have used
separation of variables method to solve multi-term
diffusion—wave equations. Agrawal [7] has solved
fractional diffusion on a bounded domain using the
finite sine transform technique. Gaber and El-Sayed
[8] have solved FBVPs involving Dirichlet
boundary  conditions by the  Adomian
Decomposition Method (ADM). Several iterative
methods have also been used for solving linear and
non-linear fractional equations. For example,
recently Varsha Daftardar-Gejji and Sachin
Bhalekar [9] have solved FBVPs with Dirichlet
boundary conditions by New Iterative Method, and
Odibat and Momani [10] have used ADM to solve
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time fractional wave equations.

In this article, we first discuss analytical solutions
of fractional heat equations with various boundary
conditions. For this, we have used the method of
separation of variables, similar to [6]. Then we use
the Finite Difference Method (FDM) to find
numerical solutions to various examples, and
compare our analytical solutions to their
corresponding numerical solutions.

Our paper is organized as follows: In section 2,
basic definitions and notations have been presented,
and in section 3, we have discussed analytical
solutions of multi-term fractional heat equations by
separating variables. In that section, we have
derived the solutions to some fractional heat
equations with various boundary conditions. In
section 4, we have compared our analytical
solutions for particular examples with those
obtained by the numerical FDM method. We have
summarized in section 5.

2. Basic definitions and notations

We begin with some preliminaries and notation
from fractional calculus [11-14].

Definition 2.1. A real function f(x), x > 0, is said
to be in space C,,a € R, if there exist a real
number P (> «), such that f(x) = xPf;(x) where
f1(x) € C[0, ).

Definition 2.2. A real function f(x), x > 0, is said
to be in space CT',m € N U {0}, if f(™ € C,,.
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Definition 2.3. Let f € C, and a = —1, then the
Riemann-Liouville integral of order p, (u> 0) is
given by

f(xt) = w0 Jo

Definition 2.4. let f € C™;,m € N, = N U {0}, then

the  expression Ryt f(x,t) = a:n( I Hf(x, t))
m—1l<u<m meN,t>0 is called (left
sided) Riemann-Liouville fractional derivative f.

f(t—r)” Lf(x,t)dr,t> 0.

Definition 2.5. The (left sided) Caputo fractional
derivative of f, f€ C™M, m e Ny, =NU({0},
defined as

DEf(e,0) =20 f D), p=m,
_Im pom f(xt)
atm °

m—-—1<u<m, meN.

Definition 2.6. Two-parameter Mittag-Leffler
function [12] is defined as:

k
Eap(2) = Ziotrmg: @B € G R(@) > 0).

Note that, if § = 1, then E, ,(z) = E,(z), and for
a=p=1E ,1(2) = Exp(2).

Definition 2.7. The multivariate Mittag-Leffler
function [11 & 12] is defined as:

E(al,az,...,an),b (Zl' Z2) ey Zn)
0 li+lp++lp=k

H?:lzili
kKl b))
z Z ( oz n) F(b + Z?:l aili)

=0 11,12,..20
where Z4, e, Zn € C, a;,a,, ...,a,,b €C and
multinomial coefficients (k; Iy, 15, ..., 1)) = PRTRO,
1:L2+ Tl

Theorem 2.1. Let u>0m—-1<u<mme
N u {0}, 1 eR. Then the Initial Value Problem
(IVP)

DEy)(x) — Ay(x) = g(x), with y®(0)=¢, €
R, k=0,. m—1 (1)

has a unique solution in the space C™, of the
form

Y=Ys+ Vn 2

wherege C_; ifpu € N andge C™ ifu ¢ N.
Here y, is a solution related to the non-

homogeneous part with zero initial conditions
and can be evaluated by

Yg(x) = [} tH1E, , (AtM)g(x — t)dt 3)

and

Ey a1 (Ax*) 4)

is a solution for the homogeneous part with the
given initial conditions.

() = X5 o x*

Theorem 2.2, Letyu > puy >+ >pu, 20, my_; <
u, <m;,m; eNU{0},;, eRandi=1,..,n
Then the IVP

(DEY)(x) = Ty A (DY) () = g(x), y*(0) =
G EREk=0,..m—1m—-1<u<sm, (5

where the function g is as in Theorem (2.1) above,
has a unique solution in €™}, of the form

y(0) = y5(0) + Xi5o e we(x), x> 0. (6)

Here

Yg(x) =ftu_1 E(ups,oi—pn)s
0
Ay th=H, . A, Hn)g(x — £)dt )

is a solution related to the non-homogeneous
part with zero initial conditions. Furthermore, the
set of functions

k
X
we(x) ==
k —q
+Zl lk+1’1 Xk #lE(u—u1,.---.u—un),k+1+u—ui
(A thH, L At THn) (8)

fulfill the initial conditions u"(0) = &), k,1 =
0,..,m—1. The natural numbers [, k=
0,...,m — 1 can be determined from the conditions
my, 2k+1,my, <k

Theorem 2.3. Let fEC™,, meN and m—1<
1 <m. Then the Riemann-Liouville and Caputo
fractional derivatives are connected by the relation

Rptf(x,t) =
D F G ) + S 2L (x,0)

F(1+k o > 0.

3. Fractional BVPs

Case 1 Homogenous case with homogenous
boundary conditions
In this section, first we consider the following
multi-term homogeneous fractional heat equations
on a bounded domain

2
P(DYu(x,t) = k 552

,0<x<m t>0, (9)

with homogenous boundary conditions and initial
value

U, (0,t) = u,(mr, t) =0, t>0, (10)



187

1JST (2011) A3: 185-192

u(x,0)=f(x), 0<x<m, (11

where P(D) =D} =Yt 4D, 0 < pp_y <
Upop << pu; <pu <1 with k and A4 being
constants. Now, similar to the method described in
[6] and using separation variables method, we let
u(x,t) = X(x)T(t). Then (9) with the boundary
conditions (10) implies

X"(x) + w X(x) =0, with

X'(0)=X'(mr) =0, (12)
and
(P(D) +wk)T(t) = 0, (13)

where w is a separation constant. It is well-known
that, the Sturm-Liouville problem (12) has
eigenvalues w,=n? with the corresponding
eigenfunctions X,,(x) = cos(nx) (n =1,2,...). In
this case, (13) becomes

(P(D) +n2k)T() =0 (n = 1,2,...). (14)

Now, using Theorem 2.2, the solution of (14) for
any fixed positive integer n is

T,(t) =
1= n2kt'Eqp . pmpypoa+p (A th 7, o, —n2kth).

Finally, the solution of the original problem (9)
will be
u(x,t) ) C,cos(nx)

1- n2kt“E(#_#lwqu_ur_llu)‘lﬂ(Alt““‘l, e, —N2KER)),(15)
where the C,, are obtained from (11) as follows:

C, = %fonf(x) cos(nx)dx (m=12,..).

Case 2 Homogenous case with non-homogenous
boundary conditions

For our second case, consider the following multi-
term fractional heat equation

%u(x,t)
dx2

P(D)u(x,t) =k ,0<x<m t>0, (16)

with the following non-homogenous conditions

u(0,t) =T,, u(m,t) =T, t>0 17)
u(x,0)=fx),0<x<m, (18)
where
r—1
PDY =D =) DL, 0<p <i,
i=1

< <p<p<l,

k and A; are constant, and assume Ty, T, are not
both zero. Substituting u(x,t) = U(x,t) + P(x) in
(16)-(18), we obtain

2
POV ) =k =S +kyp"(x), 0<x<
T, t>0, (19)

U(T[' t) + w(”) = T2a

U(x,0) +p(x) = f(x). (20)
Suppose YP"(x) =0, Y(0) =T, and Y(n) = Ts,.

Then Y(x) = (%) x + Ty, and the problem (19)-

(20) reduces to the following case

22U (x,t)

P(D) U(x,t) =kT,0<x<n, t>0, (21

2

with
U@,t) = U, t) =0, (22)
U(x,0) = f(x) — (%) x—T,. 23)

Now, if we letU(x,t) = X(x)T(t), then (21)
with the conditions (22) yields

X'")+wXx)=0,X0)=X(m) =0 (24)
and
(P(D) +wk)T(t) = 0, (25)

where w is a separation constant, but the Sturm-
Liouville problem (24) has the eigenvalues w,=n?
with the corresponding eigenfunctions X,(x) =
sin(nx) (n =1,2,..). So the problem (25)
becomes

(P(D) +n2 )T =0 (n=12..). (26)

Now, for any fixed positive integer n, the solution
(26) is (cf. Theorem 2.2.)

Therefore, the general solution of (19) can now
be presented in the form of

U(x, t) = C, sin(nx)
1-
N2t E(u_pypm i 14 (At L —n2 k), (27)

.....

where the C, are obtained from condition (23) as
follows:

Co=207(F00) - (E2)x -
T,) sin(nx) dx n=12..).

Finally, the solution of the original problem (16)
is
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u(x,t) =U(x, t) + (ﬂ) x+ Ty, (28)

s

where U(x, t) is given in (27).

Case 3. Non-homogenous case with homogenous
boundary conditions
Now, for the third form of multi-term fractional
heat equations on a bounded domain, we consider
the following non-homogeneous case

2
PDYu(x,t) = k=52 + g(0),
O<x<m t>0, (29)

with the homogenous boundary conditions

u(0,t) =0, u(r,t) =0, t=0 (30)
and initial condition

u(x,0)=fx), 0<x<m, 31

where

r—1
P(D) = D¥ —ZAiD’”,
i=1
O0<prg <ty <<pmp<psl,

with k and A; are constant and g(t) is considered as
a continuous function of z. It is easy to see that the
separation of variables method will not work
directly for this equation. Hence, we use the method
of variation of parameters [15]. To do this, first we
suppose g(t) =0 and substitute u(x,t) =
X (x)T(t) into (29)-(30) to get

X'xX)+wXkx)=0,X0)=X(m)=0 (32)
and
(P(D) + wk)T(t) = 0.

Here again, w is a separation constant and the
eigenvalues of Sturm-Liouville problem (32) are
w,=n? with the corresponding
eigenfunctions X, (x) = sin(nx) (n = 1,2, ...).
Obviously, the problem for T can be solved as in
the previous cases. Now, we attempt a solution of
the form

u(x, t) = Xp=q Gy (8) sin(nx), (33)
but we must determine each C,(t). Clearly
1= Z;‘{;l%:)n] sin (nx). (34)

By substituting (33) into (29) and using (34), we
get

T2 [P(DIC, () + 12k Cy(®)] sin(nx) =
iy g (1) sin(n). (35)

n

By indentifying the coefficients in the sine series
on each side of (35), we get

P(D)Cp(t) + n?kCy(t) =
WMoy, n=12.. 66

nm

Now referring to Theorem 2.2, this equation has
the general solution

Ca(t) = yg(t) + cryn(2), (37)

where

t
2[1—1) -
YVg(t) = Tn”f X E g otimpr— 1)t

0
(AxHH1, L —n2kxt) g(t — x)dx (39)
and

yn(t) =
1= 2kt By e s nanaEAH, o, —n2keER). (39)

Obviously, C,(0) = ¢, and C,(0) is obtained
from condition (31) as follows:

C,(0 _Z ( i d
2@ =2 [ G sinGux) dx
n=12.). (40)

Case 4. Non-homogenous case with non-
homogenous boundary conditions
As the fourth case, consider non-homogeneous
multi-term fractional heat equation

2
P(DYu(x,t) = k=52 + g(¢),
O0<x<m,t>0, (41)

with non-homogeneous boundary and initial
conditions

u(0,t) =0, u,(mt) =08, t>0, (42)
u(x,0)=fx), 0<x<m, (43)
where

r—1
P(D) = D! —Z/liD”i,
i=1
0<prog <ty < <py<psl

To solve such system as the previous case we
letu(x,t) = U(x,t) +P(x). Then, substituting
this into the equations (41)-(42) yields,
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P(D) Ux,0) = k|50 4 ()| +
g(t), 0<x<m t>0, (44)

U(0,t) +¥(0) =0,
Uy(m,t) + ' (m) = B,
U(x,0) +(x) = f(x). (45)

Suppose Y"(x) =0, Y(0) =0 and Y'(w) = B.
Then ¥(x) = Bx, and the boundary value problem
(44)-(45) reduces to the homogeneous case

POIUGx, ) = k2250 1 (1),

O<x<m,t>0, (46)
U, (m,t) = U0,¢) =0, (47)
U(x,0) = f(x) — Bx. (43)

Now, similar to the case of homogenous
boundary condition, if we let g(t) =0 and
substituting U(x,t) = X(x)T(t) into (46)-(47) we
get

X"0)+wXx) =0, X(0)=X'(m)=0  (49)
(P(D) + wk)T(t) = 0,

with @ being a separation constant and the
eigenvalues of the Sturm-Liouville problem (49)
_2m-1., . . . .
are wm—(T) with corresponding eigenfunctions
X, (x) = sin (% x) (m =1,2,...). The problem

for T is again solved as in the previous cases. We
attempt to find a solution of the form

UGt t) = Ty G (8) sin (P22 x), (50)

and the problem is again to determine each C,,(t).
0 4

Clearly, 1= Zm:l(Zm—l)

substituting (50) into (46), we get

i [P(D)Cm(t) +k (zmz_ 1)2 Cm(t)] sin (zmz_ ! x) =
m=1

2m

%) (51)

. 2m-1
7Tsm( . x) and by

o 4 .
Lom=1 Gy 8(1) sin (

By indentifying the coefficients in the sine series
on each side of (51), we get

)20 (8) =

2m-1
2

4
2m-1)r

P(D)Cn () + k( g(®). (52)

So, the general solution of (52) becomes (cf.
Theorem 2.2.)

Cm(t) = yg(t) + Cnym (1) (53)

where

t
4 -
%O =G n f X B gty s
0

(Auxt, .~ %kat) gt —x)dx  (54)
and
2Zm—1 )
ym(®) =1 - 2 YR E iy, it 140
(A th k. —(?)Zkt#). (55)

Obviously, C,,(0) = ¢,, where C,(0) is
obtained from condition (48) as follows:

2m—1

C,.(0) = %f(f(x) — Bx) sin(

(m=12,..). (56)

x) dx

Hence the solution of the original problem (41) is
u(x,t) = U(x,t) + Bx where U(x,t) is given in
(50).

Case 5. With a linear function of u as a non-
homogenous part
As another case of non-homogeneous multi-term
fractional heat equation, we consider the following
equation with —fu as the non-homogenous part.

62
P(DYu(x,t) = 552 — pu,
0<x<m, t>0, (57)

with homogenous boundary conditions
u(0,t) = u(m,t)=0, t=0, (58)

and initial condition

u(x,0)=f(x), 0<x<m, (59)
where
r—1
P(D)=Df_ZAini' 0<pr_1 <ir
i=1

<<y <pu<sl

Again, we assume here that u(x,t) = X(x)T(t).
Placing this into the (57)-(58), we obtain

X"(x) + (0 — B) X(x) = 0,X(0) = X() = 0 (60)
(P(D) +w)T(¢t) = 0, 61)

where w is a separation constant. In this case, the
Sturm-Liouville problem (60) has the eigenvalues
w, =n?+p and the corresponding
eigenfunctions X, (x) = sin(nx) (n = 1,2, ...). The
problem for T becomes

(PD)+2+BNT®) =0(n=12,..)  (62)
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Now, for any fixed positive integer n, the solution
(62) is (cf. Theorem 2.2.)

T, () = Yg(t) + Cryn(t) (63)

where y,(t) = 0, and

yn(t) =
1- (nz + ﬁ)t#E(u—ul.---.u—Mrfl.u).l+u(Altu_ul' ""_("2 +
BItH). (64)

Clearly T, (0) = ¢,, where T,(0) is obtained
from condition (59) as follows:

T,(0) = %fonf(x) sin(nx)dx (n=1,2,...). (65)
Hence the solution of the original problem is

u(x, t) = Yooy sin (nx) T, (1), (66)

where T, (t) is as given in (63).

4. Comparison between numerical and analytical
solutions

In this section, we first solve some partial fractional
differential homogenous and non-homogenous heat
equations with different boundary conditions using
the method described in the last section. Then we
compare these solutions with those found by
numerical FDM.

Example 1. Consider the partial fractional
homogeneous differential equation

pO8y = 2 0 0 67
tu—ﬁ, <x<m t>0, ( )

along with the boundary and initial conditions

u,(0,t) = u,(m,t) =0, t>0,
u(x,0) = cos(x), 0<x<m.

In view of (15) the solution of this equation is

u(x,t) = Z C,, cos(nx) (1 —n?t°®E g4 (—nzto'g)),
n=12,...
where C, = %f: cos (x)cos(nx)dx (n=
1,2,..). Hence,C; = 1,C, =0 (n =23, ...), and

u(x, t) = cos(x) (1 - to'sEol&llg(—to's)) =

cos(x) (1 —t%8Yy¢ (_t—o.g)) (68)

k=0r(1.8+0.8k)""

Using MAPLE this solution is illustrated in Fig.
1(a).

Now, to compare the solution, we apply finite-

difference method to (67). We obtainu;;,q =

Tui_qj+ (1= 2r)u; + Uiy, where  u;; =
u(ih, jk), x; =ih, (i=0,12,..), tj=jk, (j=
0,12,..) and r = % Taking h = Z and = L,

h 10 1000
the results are illustrated in Fig. 1(b).

As we can see in Fig. 1 both solutions are
completely similar.

Example 2. Consider the following fractional non-
homogeneous differential equation

2
DPfu=224¢60<x< m t>0 (69)

u(0,t) =0, u,(mt)=1, t=0
u(x,0)=x, 0<x<m.

This is non-homogenous case with non-
homogenous boundary conditions. Utilizing
equations (54)-(56) yields

ulx, t) = X5, sin (2m2—1 x)

[ﬁ fotx_o'on.s,o.s (‘ (2m2—1)2 xo.s) (t - x)dx] +x. (70)

This solution illustrated in Fig. 2(a).

Now, using forward-difference and central-
difference  approximation foru, and U,
respectively, (69) can be written as u;j.q =
gy + (1= 2r)uj + rugeq  + k2, where
ui,j = u(lh,]k), X; = lh, (l = 0,1,2, ), tj =]k,

o —k ; ==
(G=012..) arlld r=a Taking h = o
k = —— and r = — the solution result is plotted

1000 107
in Fig. 2(b). As we can see, again the results are so

similar.

Example 3. Consider the following fractional non-
homogeneous differential equation

2
D£-9u=3712‘+t, 0<x<m t>0, (71)
along with the boundary and initial conditions

u(0,t) = u(m,t) =0, t=>0
u(x,0) =sin(x), 0<x<m.

Using (33), (37) the solution of this problem turns
out to be

uCe,t) = |2 f7 170 (Eggoe(—x"%)(t — x)dx +
(1- t°'9E0.9‘1.9(—t°'9))] sin(x) +

=2 [@ fgtx_o'l (E0.9,0.9(—n2x0'9)) (t-
x)dx] sin(nx). (72)

Using MAPLE this solution illustrated in Fig. 3.
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Example 4. Consider the following fractional
differential equation
%u

DM¥u=—-u, 0<x<m t>0, (73)

ax?
along with the boundary conditions

u(x,0) = sin(x), O<x<m
u(0,t) =u(mr,t) =0, t=>0.

Using (63), (66) we get the analytical solution of
this boundary value problem as

. 0.9 oo (—2t°'9)k
u(x, t) =sin(x) | 1 —2t* Zk=0m =

. o (—Zfo'g)k : 0.9
sin(x) Zk=0m = sin(x) Eyo(—2t%°). (74)

u(x, t) is plotted in Fig. 4.

Fig. 1(a). Analytical solution of Example 1 using
MAPLE

Fig. 2(a). Analytical solution of Example 2 using
MAPLE

Fig. 2(b). Numerical solution of Example 2 using
forward-difference and central-difference

Fig. 4. Analytical solution of Example 4 using MAPLE

5. Conclusion

We have determined the analytical solutions of
various homogeneous and non-homogeneous partial
differential equations presented by fractional
differential equations with various Dirichlet and
Neumann boundary conditions. We have illustrated
these solutions and compared them with the results
found by finite difference method, demonstrating
the accuracy of our solutions in these cases.
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