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Abstract 

This paper deals with the behavior at infinity of solutions to a class of wave equations with nonlinear damping 
terms defined in a semi-infinite cylinder. The spatial behavior of solutions is studied and an alternative of 
Phragmén-Lindelöf type theorems is obtained in the results. The main point in the contribution is the use of energy 
method. 
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1. Introduction 

In recent years, several papers have been devoted to 
the study of asymptotic behavior of end effects for 
partial differential equations and systems. A great 
number of these studies were motivated by the 
desire to establish versions of Saint-Venant's 
principle that was initiated by Toupin [1] and 
developed by Horgan and Knowles [2] and the 
updated articles by Horgan [3, 4]. The same kind of 
results can be found in the studies by Knowles [5, 
6], Oleinik [7], Flavin [8, 9-11] and Horgan [12]. A 
number of rigorous mathematical works are 
devoted to the study of such results for hyperbolic 
equations. We may recall the pioneer studies by 
Flavin et.al [13] and Chirita et.al [14-16]. The 
common goal in these works has been to construct 
an energy inequality. 
When dissipative terms are present, alternative 
results can be considered. Quintanilla in [17] 
established spatial decay estimates for some classes 
of hyperbolic heat equation and proved same results 
in nonlinear viscoelasticity [18, 19]. In linear 
viscoelasticity, Diaz and Quintanilla [20] proved 
simillar results. In a recent work, Yilmaz [21] 
obtained the spatial growth and decay estimates for 
a class of quasilinear equations modelling dynamic 
viscoelasticity. 

The aim of the present work is to establish a 
spatial decay and growth estimates for solutions to 
a nonlinear wave equation with nonlinear damping 
terms defined in a semi-infinite cylinder. We prove 
some theorems of Phragmén-Lindelöf type when 
the Neumann boundary condition (2) is imposed on 
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the finite end of the cylinder and the Dirichlet 
boundary condition (3) is considered on the lateral 
surface. Our study is inspired by the results of [22], 
in which Celebi and Kalantarov obtained growth 
and decay estimates for a class of hyperbolic 
equations under nonlinear boundary conditions.  

More precisely, we are concerned with the initial-
boundary value problem 
 

௧௧ݑ  ௧ݑܽ െ ݑ∆ න ݃ሺݐ െ ߬ሻ∆ݑሺ߬ሻ݀߬
௧


  ௧|ݑ|௧ݑ

ൌ ,ݔሺ			ሻ,|ݑ|ݑሺݒ݅݀ ሻݐ א Ω ൈ ሺ0, ܶሻ,                 (1) 
 
డ௨

డఔ
ሺݔᇱ, 0, ሻݐ ൌ ݄ሺݔᇱ, ,ᇱݔሺ			ሻ,ݐ ሻݐ א ܦ ൈ ሺ0, ܶሻ,      (2) 

 
,ݔሺݑ ሻݐ ൌ 0,					ሺݔ, ሻݐ א ܵ ൈ ሺ0, ܶሻ,                       (3) 
 
,ݔሺݑ 0ሻ ൌ ,ݔ௧ሺݑ 0ሻ ൌ ݔ						,0 א  (4)                        ,ߗ
 
where a is a positive constant,   1,  is the ߥ
outward normal to the boundary and  
 
݄ሺ. , ሻݐ א  ,ሻܦଵሺܥ
 
for all ݐ א ሺ0, ܶሻ. Ω is the cylinder  
 
Ω ൌ ൛ݔ א ܴ: ݔ א ܴା, ሺݔᇱ, ሻݔ א ,௫ܦ ݊  2ൟ, 

 
where 
 

௭ܦ ൌ ሼሺݔᇱ, ሻݔ א Ω  	 ݔ ൌ  ,ሽݖ
 
and 
 

ܵ௭ ൌ ൛ݔ א ܴ  	 ᇱݔ א ,௫ܦ߲ ݖ  ݔ ൏ ∞		ൟ. 
 

We also assume that ߲ܦ௭ is sufficiently smooth to 
apply the divergence theorem. In the sequel we use 
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Ω ൌ Ω ת ሼݔ א ܴ  0 ൏ ݔ ൏  ,ሽݖ
 

ܴ ൌ Ω ת ሼݔ א ܴ  ݖ ൏ ݔ ൏ ∞ሽ, 
 
and assume that the function ݃ satisfies 
 
1 െ  ݃ሺݏሻ݀ݏ ൌ ݈  0,

ஶ
                                        (5) 

 
and 
 
݃ሺݏሻ  0, 			݃ᇱሺݏሻ  ݏ					,0  0.                        (6) 
 

In addition, we assume that for functions             
ݒ א ,ଵሾ0ܮ ܶሿ, the inequality  
 
ሻݐሺݒ  ሺ݃ כ  ሻ,                                                (7)ݐሻሺݒ
 
holds for ݃, where  
 

ሺ݃ כ ሻݐሻሺݒ ൌ න ݃ሺݐ െ ߬ሻݒሺ߬ሻ݀߬.
௧


 

2. Spatial estimates 

For the solutions of the problem (1)-(4) if 
݄ሺݔᇱ, ሻݐ ൌ 0, we introduce the energy function ܧሺݖሻ 
given by  
 

ሻݖሺܧ ൌ න න ሺݑ௧ଶ  ଶ|ݑ|  ௧|ାଶݑ|
ஐ

்



 ାଶሻ|ݑ|  ݐ݀ݔ݀

න ሺ݃ ל 																															,ݐሻ݀ݐሻஐሺݑ
்


						ሺ8ሻ 

 
where  
 

ሺ݃ ל ሻݐሻሺݑ ൌ න ݃ሺݐ െ ߬ሻ‖ݑሺݐሻ െ ሺ߬ሻ‖ݑ
ଶ ݀߬

௧


. 

 
Multiplying (1) by ݑ௧ and integrating over Ω we 

obtain 
 
݀
ݐ݀
		ሾ			

1
2
௧‖ஐݑ‖

ଶ 
1
2
ஐ‖ݑ‖

ଶ  


1

  2
න ሿ		ݔାଶ݀|ݑ|  ܽ
ஐ

௧‖ஐݑ‖
ଶ  

න ௧|ାଶݑ|
ஐ

െ න න ݃ሺݐ െ ߬ሻ
௧

ஐ

 ݔሺ߬ሻ݀߬݀ݑሻݐ௧ሺݑ

ൌ න Ԣݔ௫݀ݑ௧ݑ


 න |ݑ|௫ݑ௧ݑ
݀ݔԢ



 

െන න ݃ሺݐ െ ߬ሻ
௧



ݔ௫ሺ߬ሻ݀߬݀ݑሻݐ௧ሺݑ
ᇱ.																	ሺ9ሻ 

 
It is not difficult to see  

 

න න ݃ሺݐ െ ߬ሻ
௧

ஐ

 ݔሺ߬ሻ݀߬݀ݑሻݐ௧ሺݑ

ൌ െ
1
2
݀
ݐ݀
	ൣ		ሺ݃ ל  	൧		ሻݐሻஐሺݑ


1
2
݀
ݐ݀
		ሾ		න ݃ሺ߬ሻ݀߬

௧


ሻ‖ஐݐሺݑ‖	

ଶ 		ሿ 


1
2
ሺ݃ᇱ ל ሻݐሻஐሺݑ െ

1
2
݃ሺݐሻ‖ݑሺݐሻ‖ஐ

ଶ .										ሺ10ሻ 
 

Therefore, (9) can be rewritten in the form  
 
݀
ݐ݀
		ሾ			

1
2
௧‖ஐݑ‖

ଶ 
1
2
ஐ‖ݑ‖

ଶ  


1
2
ሺ݃ ל ሻݐሻஐሺݑ 

1
  2

න 		ݔାଶ݀|ݑ|
ஐ

 

െ
1
2
න ݃ሺ߬ሻ݀߬
௧


ஐ‖ݑ‖

ଶ 		ሿ 		 ௧‖ஐݑ‖ܽ
ଶ  


1
2
݃ሺݐሻ‖ݑ‖ஐ

ଶ െ
1
2
ሺ݃Ԣ ל ሻݐሻஐሺݑ

 න ݔ௧|ାଶ݀ݑ|
ஐ

 

ൌ න Ԣݔ௫݀ݑ௧ݑ


 න |ݑ|௫ݑ௧ݑ
݀ݔԢ



 

	െන න ݃ሺെ߬ሻ
௧



 ሺ11ሻ																					.′ݔ௫ሺ߬ሻ݀߬݀ݑሻݐ௧ሺݑ

 
By taking the scalar product of (1) with ߳ݑ for 

߳  0, integrating over Ω and adding to (11), we 
find 
 
݀
ݐ݀
		ሾ			

1
2
௧‖ஐݑ‖

ଶ 
ܽ߳
2
ஐ‖ݑ‖

ଶ  ߳ሺݑ	,  ௧ሻஐݑ


1

  2
න 		ݔାଶ݀|ݑ|
ஐ


1
2
ஐ‖ݑ‖

ଶ ቆ1 െ න ݃ሺ߬ሻ݀߬
௧


ቇ 


1
2
ሺ݃ ל ሿ			ሻݐሻஐሺݑ 			 ሺܽ െ ߳ሻ‖ݑ௧‖ஐ

ଶ  

൬
1
2
݃ሺݐሻ  ߳൰ ஐ‖ݑ‖

ଶ  න ݔ௧|ାଶ݀ݑ|
ஐ

 

߳න ௧ݑݑ
ஐ

ݔ௧|݀ݑ|  ߳න 		ݔାଶ݀|ݑ|
ஐ

 

െ
1
2
ሺ݃Ԣ ל  ሻݐሻஐሺݑ

െ߳න න ݃ሺݐ െ ߬ሻ
௧

ஐ

ݔሺ߬ሻ݀߬݀ݑሻݐሺݑ ൌ ሺݑ௧	, ௫ሻݑ  

߳ሺݑ	, ௫ሻݑ  න |ݑ|௫ݑ௧ݑ
݀ݔԢ



 

߳න |ݑ|௫ݑݑ
݀ݔԢ



 

െන න ݃ሺݐ െ ߬ሻ
௧



ݔ௫ሺ߬ሻ݀߬݀ݑሻݐ௧ሺݑ
ᇱ 

െ߳න න ݃ሺെ߬ሻ
௧



 ሺ12ሻ																									Ԣ.ݔ௫ሺ߬ሻ݀߬݀ݑሻݐሺݑ
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Using the Hölder and Young's inequalities, for 
the last integral in the right hand side of (12) we 
have 
 

න න ݃ሺݐ െ ߬ሻ
௧



ݔ௫ሺ߬ሻ݀߬݀ݑሻݐሺݑ
ᇱ 

ൌ න න ݃ሺݐ െ ߬ሻ
௧



௫ሺ߬ሻݑ	ሻሾݐሺݑ െ  Ԣݔሿ݀߬݀	ሻݐሺݑ

න ݃ሺݐ െ ߬ሻ
௧


‖ݑ‖

ଶ ݀߬ 

 െ
1
2
			ሾ			න ݃ሺݐ െ ߬ሻ

௧


ฮݑ௫ሺ߬ሻ െ ሻฮݐሺݑ



ଶ
݀߬ 

					න ݃ሺ߬ሻ݀߬
௧


‖ݑ‖

ଶ 			ሿ 		 න ݃ሺ߬ሻ
௧


‖ݑ‖߬݀

ଶ .										ሺ13ሻ	 

 
Analogously, 

 

න න ݃ሺݐ െ ߬ሻ
௧



ݔ௫ሺ߬ሻ݀߬݀ݑሻݐ௧ሺݑ
ᇱ 

 െ
1
2
			ሾ			න ݃ሺݐ െ ߬ሻ

௧


ฮݑ௫ሺ߬ሻ െ ሻฮݐ௧ሺݑ

ଶ
݀߬ 

			න ݃ሺ߬ሻ݀߬
௧


௧‖ݑ‖

ଶ 			ሿ  න ݃ሺ߬ሻ
௧


௧‖ݑ‖߬݀

ଶ .													ሺ14ሻ 

 
Also, the last integral in the left hand side of (12) 

can be written in the form 
 

න න ݃ሺݐ െ ߬ሻ
௧

ஐ

 ݔሺ߬ሻ݀߬݀ݑሻݐሺݑ

ൌ
1
2
ቆන ݃ሺ߬ሻ

௧


݀߬ቇ ஐ‖ݑ‖

ଶ 
1
2
න ݃ሺݐ െ ߬ሻ‖ݑሺ߬ሻ‖ஐ

ଶ
௧


݀߬ 

	െ
1
2
ሺ݃ ל  ሺ15ሻ																																																		ሻ.ݐሻஐሺݑ

 
After integrating (12) with respect to ݐ over ሺ0, ܶሻ 

and using (13)-(15), the conditions (5)-(6) and the 
inequality 
 

߳ሺݑ, ௧ሻஐݑ  െ߳ଶ‖ݑ‖ஐ
ଶ െ

1
4
௧‖ఆݑ‖

ଶ 	, 
 
taking ߳ ൏



ଶ
, one can find 

 

ሺܽ െ ߳ሻන ௧‖ஐݑ‖
ଶ

்


ݐ݀ 

݈߳
2
න ஐ‖ݑ‖

ଶ
்


 ݐ݀

න න ݔ௧|ାଶ݀ݑ|
ஐ

்


ݐ݀  	߳ න න ݔାଶ݀|ݑ|

ஐ

்


 ݐ݀


߳
2
න ሺ݃ ל ݐሻ݀ݐሻஐሺݑ 
்


	߳ න න ௧ݑݑ

ஐ

ݐ݀ݔ௧|݀ݑ|
்


 


߳
2
න ቆ‖ݑ‖ஐ

ଶ െ න ݃ሺݐ െ ߬ሻ
௧


ሺ߬ሻ‖ஐݑ‖

ଶ ݀߬ቇ݀ݐ
்


 

 න ሺݑ௧	, ݐ௫ሻ݀ݑ
்


 ߳න ሺݑ	, ݐ௫ሻ݀ݑ

்


 

				න න |ݑ|௫ݑ௧ݑ
݀ݔԢ



்


 ݐ݀

				߳ න න |ݑ|௫ݑݑ
݀ݔԢ



்


 ݐ݀

				
1
2
න න ݃ሺݐ െ ߬ሻ

௧



்


ฮݑ௫ሺ߬ሻ െ ሻฮݐ௧ሺݑ

ଶ
 ݐ݀߬݀

				
߳
2
න න ݃ሺݐ െ ߬ሻ

௧



்


ฮݑ௫ሺ߬ሻ െ ሻฮݐሺݑ



ଶ
 ݐ݀߬݀

				
1 െ ݈
2

න ሺ‖ݑ௧‖
ଶ  ‖ݑ‖߳

ଶ ሻ
்


 ሺ16ሻ																			.ݐ݀

 
Using Young and Poincaré inequalities, we obtain 

the following estimates 
 

න න ௧ݑݑ
ஐ

ݐ݀ݔ௧|݀ݑ|
்


 

 െܿሺߜሻන න ݐ݀ݔ௧|ାଶ݀ݑ|
ஐ

்



െߜන න ݐ݀ݔାଶ݀|ݑ|
ஐ

்


 

 െܿሺߜሻන න ݐ݀ݔ௧|ାଶ݀ݑ|
ஐ

்


 

								െܥߜ න න ݐ݀ݔାଶ݀|ݑ|
ஐ

்


,																				ሺ17ሻ 

 

න න |ݑ|௫ݑݑ
݀ݔԢ



்


 


1

  2
න න ݐԢ݀ݔାଶ݀|ݑ|



்


 

											
  1
  2

න න ݐԢ݀ݔାଶ݀|ݑ|


்


 

 ቆ
ᇱܥ    1
  2

ቇන න ݐԢ݀ݔାଶ݀|ݑ|


்


,																					ሺ18ሻ 

 

න න |ݑ|௫ݑ௧ݑ
݀ݔԢ



்


 


1

  2
න න ݐԢ݀ݔ௧|ାଶ݀ݑ|



்


 

											
  1
  2

න න ݐԢ݀ݔାଶ݀|ݑ|


்


,																											ሺ19ሻ 

 
where ܥ and ܥᇱ  are positive constants depending 
on Ω and ܦ௭ and ߜ is an arbitrary positive 
constant. Now, using the estimates (17)-(19) and 
(7) we find from (16) that 
 

ሻݖሺܧܿ  න ሺݑ௧	, ݐ௫ሻ݀ݑ
்


 ߳න ሺݑ	, ݐ௫ሻ݀ݑ

்


 

								
1 െ ݈
2

න ሺ‖ݑ௧‖
ଶ  ‖ݑ‖߳

ଶ ሻ
்


 ݐ݀
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1

  2
න න ݐԢ݀ݔ௧|ାଶ݀ݑ|



்


 

								ܯଵ න න ݐԢ݀ݔାଶ݀|ݑ|


்


 

								
1
2
න න ݃ሺݐ െ ߬ሻ

௧



்


ฮݑ௫ሺ߬ሻ െ ሻฮݐ௧ሺݑ

ଶ
 ݐ݀߬݀

						
߳
2
න න ݃ሺݐ െ ߬ሻ

௧



்


ฮݑ௫ሺ߬ሻ െ ሻฮݐሺݑ



ଶ
,ݐ݀߬݀ ሺ20ሻ 

 
where 
 

ܿ ൌ min 	ሼ	ܽ െ ߳,
݈߳
2
, 1 െ ߳ܿሺߜሻ, ߳൫1 െ  ,ሽ	൯ܥߜ

 

ଵܯ ൌ
ᇱܥ߳  ሺ  1ሻሺ߳  1ሻ

  2
, 

 
and the constant δ is chosen such that ߜ ൏

ଵ


 and 

߳ ൏
ଵ

ሺఋሻ
. For the last integral in the right hand side 

of the inequality (20) we have 
 
1
2
න න ݃ሺݐ െ ߬ሻ

௧



்


ฮݑ௫ሺ߬ሻ െ ሻฮݐሺݑ



ଶ
 ݐ݀߬݀

 න ሺ݃ ל ݐሻ݀ݐሻሺݑ
்


 

2ሺ1 െ ݈ሻන ൫‖ݑ‖
ଶ  ‖ݑ‖

ଶ ൯݀ݐ,
்


													ሺ21ሻ 

 
and similarly 
 
1
2
න න ݃ሺݐ െ ߬ሻ

௧



்


ฮݑ௫ሺ߬ሻ െ ሻฮݐ௧ሺݑ

ଶ
 ݐ݀߬݀

 න ሺ݃ ל ݐሻ݀ݐሻሺݑ
்


 

2ሺ1 െ ݈ሻන ൫‖ݑ‖
ଶ  ௧‖ݑ‖

ଶ ൯݀ݐ.
்


														ሺ22ሻ 

 
Using the Poincaré and Young inequalities and 

the estimates (20), (21) and (22), we obtain 
 

ሻݖሺܧܿ 
1

  2
න න ݐԢ݀ݔ௧|ାଶ݀ݑ|



்


 

																							ܯଵන න ାଶ|ݑ|


்


 ݐᇱ݀ݔ݀

																							ሺ1  ߳ሻන ሺ݃ ל ݐሻ݀ݐሻሺݑ
்


 

																							 ൬
6 െ 5݈
2

൰න ௧‖ݑ‖
ଶ ݐ݀

்


 

	ܯଶ න ‖ݑ‖
ଶ

்


 ሺ23ሻ																											,ݐ݀

 
where  
 

ଶܯ ൌ
1
2
ሾሺ1  ߳ሻሺ5 െ 4݈ሻ  ଵሺ6ିߣ߳ െ 5݈ሻሿ, 

 
In which ߣ ൌ ݅݊ ௭݂	ߣ௭ where ߣ௭ is the Poincaré 

constant. Finally, due to (23) we can summarize the 
result in the following theorem. 
 
Theorem 1. Let ݑ be a nontrivial solution of (1)-(4) 
under the conditions (5)-(7) and hሺxᇱ, tሻ ൌ 0. Then  
 

lim	 inf
௭՜ஶ

ሻݖሺܧ	 exp ൬െ
ܿ
ߛ
൰ݖ  0, 

 
where 
 

ߛ ൌ max 	ሼ	
1

  2
, 1  ,ଵܯ,߳

6 െ 5݈
2

 .ሽ	ଶܯ,

 
Theorem 2. Let ݑ be a nontrivial solution of (1). 
Under the hypotheses of Theorem 1 with 
డ௨

డఔ
ሺݔᇱ, 0, ሻݐ ൌ ݄ሺݔᇱ, ݔ ሻ forݐ ൌ 0, if ܧሺ∞ሻ is 

finite then there is α  0 such that 
 

lim
௭՜ஶ

expሺݖߙሻ				ሼ			න ሺ‖ݑ௧‖ோ
ଶ  ோ‖ݑ‖

ଶ ሻ
்


 ݐ݀

න න ݐ݀ݔ௧|ାଶ݀ݑ|
ோ

்


														 

				න න ݐ݀ݔାଶ݀|ݑ|
ோ

்


																	 

			න ሺ݃ ל ሻݐሻோሺݑ
்


ሽ			ݐ݀ 		ൌ 0.													ሺ24ሻ 

 
Proof: Using the Young and Poincaré inequalities, 
we find 
 

න න ݃ሺݐ െ ߬ሻ
௧



ݔ௫ሺ߬ሻ݀߬݀ݑሻݐሺݑ
ᇱ 

	
1
2
ሺ1 െ ݈ሻ‖ݑ‖

ଶ  

			
1
2
න න ݃ሺݐ െ ߬ሻหݑ௫ሺ߬ሻ െ ሻݐ௫ሺݑ

௧


 |ሻݐ௫ሺݑ

ଶ݀߬݀ݔԢ 

 ሺ1 െ ݈ሻ ቆ1 
ଵିߣ

2
ቇ‖ݑ‖

ଶ  

		ሺ݃ ל  ሺ25ሻ																																									ሻ,ݐሻሺݑ
 
and 
 

න න ݃ሺݐ െ ߬ሻ
௧



ݔ௫ሺ߬ሻ݀߬݀ݑሻݐ௧ሺݑ
ᇱ 

						
1
2
ሺ1 െ ݈ሻ‖ݑ௧‖

ଶ  ሺ1 െ ݈ሻ‖ݑ‖
ଶ  

      ሺ1 െ ݈ሻሺ݃ ל  ሺ26ሻ																																				ሻ.ݐሻሺݑ
 

With the same manner followed in Theorem 1 
and using (18), (19), (25) and (26) we deduce 
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ሻݖ෨ሺܧ  െ
ߛ
ߪ
 ሺ27ሻ																												ሻ,ݖ෨ᇱሺܧ

 
where  
 

ሻݖ෨ሺܧ ൌ න න ሺݑ௧ଶ  ଶ|ݑ|  ௧|ାଶݑ|
ோ

்


 

					|ݑ|ାଶሻ݀ݐ݀ݔ  න ሺ݃ ל ݐሻ݀ݐሻோሺݑ
்


,	 

 

ߪ ൌ min 	ሼ	ܽ െ ߳,
݈߳
2
, 1 െ ,ߟ߳ ߳൫1 െ ܿሺߟሻܥሚ൯ሽ	, 

 
and 
 

ߛ	 ൌ max 	ሼ		
2 െ ݈
2

,
ሺ3 െ 2݈ሻሺ1  ߳ሺିߣଵ  1ሻሻ

2
,

1
  2

 ,ሽ			ଵܯ,

 
where ܥሚ is a positive constant which depends on 
the domain ܴ௭ and ߟ is an arbitrary positive 
constant. We select 	ߟ such that ܿሺߟሻ ൏  ሚ. Thenܥ/1
by choosing  
 

߳ ൏ minሼିߟଵ, ܽሽ, 
 
(24) follows from (27). 
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