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Abstract

In this paper, we prove a common fixed point theorem for six mappings (two set valued and four single valued
mappings) without assuming compatibility and continuity of any mapping on non complete metric spaces. To
prove the theorem, we use a non compatible condition, that is, weak commutativity of type (KB). We show that
completeness of the whole space is not necessary for the existence and uniqueness of common fixed point, and
give an example to support our theorem. Also, we prove a common fixed point theorem for two self mappings and
two sequences set-valued mappings by the same weaker conditions. Our results improve, extend and generalizes

the corresponding results given by many authors.
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1. Introduction

Fixed point theorems for hybrid pair of set and
single valued mappings have numerous applications
in science and engineering (e.g. [1-6]). Sessa [7]
introduced the concept of weakly commuting maps.
Jungck [8] defined the notion of compatible maps
in order to generalize the concept of weak
commutativity and showed that weakly commuting
mappings are compatible but the converse is not
true. On the other hand, Jungck and Rhoades [9, 10]
defined the concept of compatibility and weak
compatibility between a set valued mapping and a
single valued mapping. Most of the fixed point
theorems existing in the mathematical literature
deal with compatible and continuous mappings. So
it would be natural to ask: what about the mappings
which are not compatible and continuous? Banach
fixed point theorem has many applications but
suffers from one drawback, the definition requires
the continuity of the function. It has been known
from the paper of Kannan [11] that there exist maps
that have a discontinuity in the domain but have a
fixed point. These observations motivated several
authors to prove fixed point theorems for non
compatible, discontinuous mappings. Pant [12-15]
initiated the study of non compatible maps and
introduced point wise R- weak commutativity of
mappings in [12]. He also showed that point wise
R-weak commutativity is a necessity, hence minimal
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condition for the existence of a common fixed point
of contractive type maps [13]. Pathak, Cho and
Kang [16] introduced the concept of R- weakly
commuting mappings of type A and showed that
they are not compatible. Recently, Kubiaczyk and
Deshpande [17] extended the notion of R-weakly
commuting mappings of type A in the settings of
hybrid pair of mappings and defined weakly
commuting mappings of type (KB). Some common
fixed point theorems have been proved by using
this new concept of weakly commuting mappings
of type (KB) ([17-19]). In this paper, we prove
common fixed point theorems for hybrid pairs of
set and single valued mappings by using a non
compatible condition, that is, weak commutativity
of type (KB) on metric spaces. We show that the
completeness of the whole space can be replaced by
a weaker condition. Our results improve, extend
and generalize the results of Fisher [20], Sastry and
Naidu [21], Ahmed [22], Sharma, Deshpande and
Pathak [19].

2. Basic Preliminaries

In the sequel, (X,d) denotes a metric space and
B(X) isthe set of al nonempty bounded subsets
of X .Asin[22, 23] we define.

o0(A B) =sup{d(a,b):ac AbeB},

D(A B) =inf{d(a,b):ac AbeB}.
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If A={a} we denote o(a,B),D(a,B) for
O0(A,B) and D(A, B) respectively. If A={a}
and B={b}, one can deduce that
0(A,B)=D(AB)=d(a,b). 1t follows
immediately from the definition of 0 (A, B) that,
0(A/B)=6(B,A)>0,6(A,B)=0 iff
A=B={a},5(AB)<5(AC)+5(C,B),5(A A) = diamA
foral A B,CeB(X).

Definition 2.1. [23] A sequence { A4} of non

empty subset of X is said to be convergent to a
subset A of X if
(i) Each point a € A is the limit of a convergent

sequence { @} where {a,} € Aforal ne N,

(ii) for arbitrary & >0, there exists an integral
M>0 such tha A, < A, for N>m where
A, denotes the set of al points X e X for which

there exists a point a € A depending on X, such
that d(X,a) <&. A issaid to be the limit of the

sequence { A} -

Lemma2.1.[23] If { Ay} and { B} are sequence
in B(X) convergingto A and B respectively in
B(X), then the sequence {S5(A,,Bp)}
convergesto 6(A, B) .

Lemma 2.2. [23] Let {A,} be a sequence in
B(X) and ye X such that S(A,,Yy)—0.
Then the sequence { A} converges to the set{ y}
in B(X).

Definition 2.2. [23] The mappings | : X — X and
F:X —B(X) are weakly commuting if |Fxe B(X)
and  S§(FIx, IFX) < max{s(Ix, Fx),diamFx} for all
xe X.

Note that, if F isa single valued mapping then the
set {IFX} consists of a single point. Therefore,
diamFx=0 for al Xe X and above
inequality reduces to the well known condition
given by Sessa [7]. Two commuting mappings F

and | are weakly commuting but the converse is
not true as shown in [23].

Definition 2.3. [23] The mappings | : X — X
and F:X —>B(X) ae O -compatible if

limy 0.0 (FIXn, IFX,) =0 whenever {X,} is
a sequence in X such that
IFx, € B(X),Fxq = {t},Ix, > t, for some
tin X.

Definition 2.4. [10] The mappings | : X —» X
and F: X — B(X) ae weakly compatible if
they commute at coincidence points. i.e. for each
point Ue X such that Fu={lu}, we have
Flu=IFu. Not that the equation Fu ={lu}

impliesthat FU issingleton.

Definition 2.5. [17] The mappings | : X — X
and F:X —>B(X) ae said to be weakly
commuting of type (KB) at X if there exists some
positive reall number R such that
O(11x, FIX) < RS(IX,FX). Here, | and F are
weakly commuting of type (KB) on X if the
above inequality holds for all X. If F is single

valued self mapping of X , this definition of weak
commutativity reduces to that of Pathak, Cho and
Kang [16].

Every O -compatible pair of hybrid maps is
weakly commuting of type (KB) but the converseis
not necessarily true. For examples, it can be seen in
[17, 19, 24].

3. Main Results

Now we can introduce our main theorems.

Theorem 3.1. Let S, R H and T be four self
mappings of a metric space (X,d) and
A B: X — B(X) set-valued mappings
satisfying the following conditions;

(1) UAX) = SR(X) and [JB(X) = TH(X),

(2) the pairs {ATH} and {B,SR} are weskly
commuting of type (KB) at coincidence points in

()3<) ,S(Ax, By) < max{cd(THx, SRy), cd(THx, Ax),
C3(SRy, By),aD(THx, By) + bD(SRy, Ax)}
foral X,y e X, where
Osc<1,a,b20,a+b<1,cmax{i,i} <1.
l-a 1l-b
Suppose that one of the mappings SR(X) and
TH(X) is complete subspace of X . Then
AB,SH,R and T have a unique common
fixed point.
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Proof: Let Xg € X be an arbitrary point in X .
By (1), there exists a point X3 € X such that
KX € AXg = Zy and for this point X; there
exists a point  XpoeX  such that

THXo € Bxg = Z1 and so on. Continuing in this
manner, we can define a sequence as follows:
SRX2n:1 € AXan = Zon, THX2n,2 € BXonia

=Z,0.,¥ Nn=012,..

For simplicity, we put Vi, =9(Zp,Zp41) for
n=0,12,.... By (3), wehave
Von = 8(Zon, Zong1) = 6(AXon, Bxong)
< max{cd(THX 2, SRX2n41), €3(THX 20, AX2n),
CS(SRXZnJrl: BX2n+1)v
aD(THXon, BXon 1) +BD(SRXon 41, Axon)}
< max{cd(Zzn1,Z2n),
CS(ZZn—l’ ZZn): 06(22n ’ ZZn+1)’
aD(Zon-1,Z2n+1) +PD(Z2n, Z2n)}
< max{CcVan_1,CVon, a(Von_1+Von)}

a
< maX{C,l—}VZn_l forne N.
—a
Similarly, one can show that
b
Voni1 < max{ c,ﬁ}VZn forne N.

b a
If we put = maxX{C,——.maxqyCc,——},
p = max{c,—}.max{c,
then by hypothesis it can be easily seen that
0< S <1. Sowe deduce that

Von < AVon_2 <..< f™NgVans1 < MNon1 <. < ™M
for ne N.
Put M =max{Vp,V4}. It follows from the

above inequality thet if Z, is an arbitrary point in
theset Z, for ne N, then we obtain

d(Zon: Zony1) < 6(Zon. Zon1) <A™,
d(Zons1:Zons2) < 8(Zonias Zons2) < P"M.
This implies that{z,} and any subsequence

thereof isa Cauchy sequencein X .
Now supposethat SR(X) is complete.

d(SRXom1, RXont1 < (Zom, Zop) < & for
m,n>ng,ng =1,2,3....

Therefore { SRXon,1} is a Cauchy sequence and
hence {SRXon11} > 2= Rve KR(X). But
THXop € BXopn_1 = Z2p-1 and hence, we have

d(THX2n, THXn11) < 8(Zon-1,Z2n) = Vona — 0.

Consequently, THo, — Z. Moreover, we have
forn=1,2,3...
8(AX2n,2) < 8(AXzn, THX2,)
+8(THX5p,,2) £ 8(Z2n,Zon-1) -
+d(THxX5,,2)
Therefore, 6 (AXop, Z) — 0. Similarly, it follows
that 0(BXop,2) — 0.
By (3), wehavefor n=1,2,3....
S3(AX,,, Bv) < max{cd(THx,,,SRv),
cd(THX5p,,AX25),C8(SRv, Bv),
aD(THXop, Bv) + bD(SRv, Axop)}

Since  d(THxopn, Bv) > 6(z,Bv),  when
THXo, = Z, wegetas N — ©
0(z,Bv) <max{c,a}o(z Bv),

which is a contradiction. Thus
Bv={z ={SRV}. But |JB(X)<=TH(X),
there exists ue X such that

{THU} =Bv={Z ={SRV} . Now if
Au # Bv,5(Au, Bv) # 0, then by (3), we obtain
8(Au, Bv) < max{cd(THu, SRv),c3(THu, Au),
C3(SRv, Bv),aD(THu, Bv) + bD(SRv, Au)}
As N — oo, we have
O0(Au,z) <maX{c,b}o(Au,z). This is a
contradiction. Thus we have
Au={THu} = Bv={Z ={SRV}.

Since Au={THu} and the pair { A, TH} is
weakly commuting of type (KB) at coincidence

points in X, we obtain
O(THTHu, ATHU) < R6(THuU, Au)  which
gives Az={THZ .

By (3), we get

0(Az,2) <5(Az,Bv)
< max{cd(THz,SRv),c3(THz,Az),
c3(SRv, Bv),aD(THz,Bv) + bD(SRv, Az)}
<max{c,a+b}o(Azz).

Here we reach a contradiction. Thus Az={2z} .
Consequently, we have Az={2z} ={THZ} .
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Similaly Bz={Z ={SRz} . Therefore, we
have Az={THz} ={Z = Bz={SRz .

Now, we prove that Rz= 2. In fact, by (3) it
follows that

0(Az,BRz2)
< max{cd(THz,SRRz),c5(THz,Az),
c3(SRRz,BRz),aD(THz,BRz) + bD(SRRz,Az)}
Since Bz={Z ={Rz and R: X —> X,
thus BRz={Rz}, SRRz=Rz.
Then, the above inequality becomes
d(z,Rz) <max{c,a+b}d(z,Rz). This is a
contradiction. Thus we have Rz=2. Hence
S=SRz=2z. Similally, we get Tz=Hz=12.
Thus
Az={Tz} ={HZ} ={z ={S4 ={Rz =Bz.
To prove uniqueness, let P another common
fixed pointof A/B,S;H,Rand T .
d(z p) <6(Az,Bp)
< max{cd(THz,SRp),cd(THz,Az),
cd(SRp, Bp),aD(THz, Bp) + bD(SRp,Az)}
<max{c,a+b}d(z p),
which is a contradiction, therefore Z= pP. Then
AB,SSH,R and T have a unique common

fixed point.
The following examplesillustrate Theorem 3.1

Example 3.1. Let X =[0,] be endowed with

the Euclidean metric d. Define
SSH,RT:X = X and A B: X = B(X) by
x8 x3
Ax =0, 6], Bx =[O0, 6],
X4 2
X=—+X +— Rx= X3
2 2
3
Tx = x* +6x%, Hx=x2.
X12 X3
Then THx=x6+6x3, S:\’X:7+X6+?

and
UA(X) =TH (X) =[JB(X) = SR(X) = X.

For any sequence X, in X, we have
THXx, -0 as X, >0, AXy > 0 asx, =0,

(xa +x3)°

S(ATHXx,, THAX,) = max{ 6

6 3
(%} +6(%j}—>0
THAX, € B(X), thus A ad TH ae

O compatible and so they are weakly commuting of
type (KB).Similarly, B and SR are ¢ compatible
and so they are weakly commuting of type (KB).
From the above, we have that
6 .3
X
5(Ax,By) = max{?%

as Xy — 0,

1x8 1

_ y
=ma{=——, =2
{3 2 3 2}
2
<max{= (x +6x3) yl +y + 2)}
g%max{(x6+6x3),[y—;2+y6+y—zsj,

12

(x5 +6x3)—(y7+y6 +y_23]’}
= max{%d(l’Hx, SRy),%&(I’Hx, Ax),%é(SRy, By)}

< max{%d(THx,SRy),%S(THx,Ax),%S(SRy, By),

é D(THx,By) + % D(SRy, Ax)}.

We see that Theorem 3.1 holds with
1 1
c=—,a==,b== and O is the unique
3 6 5
common fixed point for A,B,S,H,Rand T .
If we put R=H =1 (:the identity mapping)in
Theorem 3.1, we get the following:

Theorem 3.2. Let S and T be self mappings of a
metric space (X,d) and A,B: X — B(X) seat-
valued mappings satisfying the following
conditions:

(@) UA(X) = S(X) and UB(X) = T(X),

(2) the pairs {AT} and {B,S} are weakly
commuting of type (KB) at coincidence points in
X ’

3 8(AX, By) < max{cd(Tx,Sy),cd(Tx,Ax),

cd(Sy, By),aD(Tx, By) + bD(Sy, Ax)}
for all x,ye X, where

ogc<1,a,bzo,a+b<1,cmax{i,i} <1.
1-a 1-b

Suppose that one of the mappings S(X) and
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T(X) iscomplete subspaceof X . Then A, B, S
and T have aunique common fixed point.

Remark 3.1. Theorem 3.1 improves and
generalizes the results of Ahmed [22], Sharma,
Deshpande and Pathak [19].

If weput R=H =1 (:theidentity mapping) and
A=B,S=Tin Theorem 3.1, we get the
following:

Theorem 3.3. Let S be a self mapping of a metric
space (X,d) and A: X — B(X) a set-valued
mapping satisfying the following conditions:

@0 UACX) = S(X),

(2) the pair { A, S} is weakly commuting of type

(KB) at coincidence pointsin X,

3 3(AX,Ay) < max{cd(Sx, Sy), cd(Sx, Ax),
® c3(Sy,Ay),aD(Sx,Ay) + bD(Sy,Ax)}
for al X, ye X, where

a b

0<c<1,ab>0,a+b<1,cmaq } <1.

1-a'l-b
Suppose that S(X) is complete subspace of X .

Then A and S have a unique common fixed
point.

Remark 3.2. Theorem 3.3 improves and
generalizes the results of Fisher [20], Sastry and
Naidu [21].

Theorem 3.4. Let S be a self mapping of a metric
space (X,d) and A: X — B(X) a set-valued
mapping satisfying the following conditions:

@ UA"(X) = S™(X),
() the pairs { A", S™} are weakly commuting of
type (KB) at coincidence pointsin X,
3 3(A"X,A"y) < max{cd(S"x,S"y),
cd(S™x,A"x),c5(SMy, Ay),
aD(S™x, A"y) +bD(SMy, A"X)},
for all X, ye X, where

ogc<1,a,b20,a+b<1,cmax{i,i} <1l
1-a 1-b

Suppose that one of the mappings Sm(X) is

complete subspace of X . Then A and S have a
unique common fixed point.

Proof: If wesst A=B=A"and S=T=8",

in Theorem 31 A" and S™ have a unique
common fixed point in X . That is, there exists

ze X such tha A2 ={S"(2)}={3F.
since A"(Az) = A(A"2) = Az, it follows that
Az is a fixed point of A" and S™ and hence
Az = 7. Similarly, wehave Sz = 7.

Theorem 35. Let S and T be two self mappings
of a metric space (X,d) and two sequences set-

valued mappings A, Bj: X — B(X) for all
I, ] € N satisfying the following conditions:

(1) there exists g, joeN such that
UA, (X) < S(X) and UBj (X) = T(X) |
(2) the pairs{A; ,T} and {Bjo’s} are weakly

commuting of type (KB) at coincidence points in

X,
3 3(Aix,Bjy) < max{cd(Tx,Sy),
( ) CS(TX,AiX),CS(W,Bjy),

aD(Tx, Bj y)+bD(Sy, AX)},

forall X,y e X, where

0£c<1,a,b20,a+b<1,cmax{i,i}<1
l1-a 1-b

and if one of the mappings S(X) and T(X) isa

complete subspace of X . Then A,Bj , Sad T

have a unique common fixed point for all
i,j=1,2,....

Proof: By Theorem 3.1, the mappings
A—O,BJ-O,S and T for some ip, jo € N havea

unique common fixed point in X . That is, there
existsaunique point Z € X such that

{7 ={T74 ={Z = A-Oz: Bjoz.
Suppose that there exists | € N suchthat | #ig.
Then, we have

5(Az,2)=5(AzBj,2)

< max{cd(Tz,Sz),¢3(Tz,A2),¢3(Sz, B 2),
aD(Tz,B; 2) + bD(Sz,A2)}
<max{c,b}6(Az2),
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which is a contradiction. Hence, for all i € N, it
followsthat Az= z.

Similarly, for dl je N, we have Bjz=z.

Therefore, foral i, j € N, we have
Az=Bjz=z={Sg3 ={TZ.
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