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Abstract

In this paper we have generalized the concepts of (E,E VQ)-fuzzy ideals, (E,E VQ)-fuzzy quasi-ideals and
(E, € VC]) -fuzzy bi-ideals by introducing the concepts of (e, € v, ) -fuzzy ideals, (E, € v(, ) -fuzzy quasi-

ideals and (E,E Vv )—fuzzy bi-ideals in ternary semigroups and several related properties are investigated.

Different characterizations of regular and weakly regular ternary semigroups by the properties of these ideals are
given.
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1. Introduction

Ternary semigroups were introduced by Lehmer [1]
in 1932. In [2] Sioson developed the ideal theory of
ternary semigroups. He also introduced the notion
of regular ternary semigroups and characterized
regular ternary semigroups by the properties of
their quasi-ideals. Dixit and Dewan in [3] discussed
the quasi-ideals and bi-ideals in ternary semigroups.
Properties of ideals in regular ternary semigroups
and N-ary semigroups are studied in [4].
Applications of ideals to the divisibility theory in
ternary and N-ary semigroups and rings can be
found in [5]. The fundamental concept of fuzzy set
introduced by Zadeh in his seminal paper [6] in
1965, laid the foundation of fuzzy set theory.
Extensive applications of fuzzy set theory have
been found in various fields such as economics,
computer science, control engineering, expert
system, information sciences, coding theory,
operation research, robotics and many others. The
fuzzification of algebraic structures was initiated by
Rosenfeld in his pioneering paper [7] in 1971,
where he introduced the notion of fuzzy subgroup
of a group. The literature on fuzzy set theory has
grown rapidly. Kuroki initiated the study of fuzzy
semigroups (see [8-11]). A systematic exposition of
fuzzy semigroups by Mordeson et al. appeared in [12],
where theoretical results on fuzzy semigroups and its
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applications in fuzzy coding, fuzzy finite state
machines and fuzzy languages can be found. Murali
[13] proposed the definition of fuzzy point
belonging to a fuzzy subset under a natural
equivalence on fuzzy subsets. Pu and Liu in [14]
introduced the idea of quasi-coincidence of a fuzzy
point with a fuzzy set. It is worth mentioning that
Bhakat in [15] and Bhakat and Das (see [16-18])
introduced the concept of (a, p ) -fuzzy subgroup
by using ‘belongs to’ and ‘quasi-coincident with’
between a fuzzy point and a fuzzy subset and
introduced the concepts of (E,E \/q)—fuzzy
normal, quasinormal, maximal subgroup and
(e,e Vq)—fuzzy subgroup. In fact (E,E VC])-
fuzzy subgroup is an important generalization of
Rosenfeld's fuzzy subgroup. Many researchers used
these concepts to generalize some concepts of
algebra (see [19, 20]). Davvaz in [21] discussed

€, \/q)-fuzzy subnear rings and ideals. The

present authors in [22] introduced (a, ﬂ)—fuzzy

ideals in ternary semigroups, where they
characterized regular ternary semigroups by the
properties of these ideals. Generalizing the concept
of quasi-coincidence of a fuzzy point with a fuzzy

set, Jun in [23] defined (e, € v(, ) -fuzzy
subalgebras in BCK/BCl-algebras. In [24] Jun et al.
discussed (E, € Vv, ) -fuzzy  h-ideals and

(E,E vqk)—fuzzy K -ideals of a hemiring. Jun et
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al. in [25] introduced the notion of (G,E \/qk)—

fuzzy filters in BL-algebra. Shabir et al. in [26]
characterized different classes of semigroups by

(e, € v(, )—fuzzy ideals and (E, € vQ, ) -fuzzy
bi-ideals. Recently, Shabir and Mahmood in [27]

defined (E, € v( ) -fuzzy h -subhemirings,

(E, € v(, )—fuzzy h-bi-ideals of a hemiring,
where they characterized h-hemiregular and h-
intra hemiregular hemirings by the properties of
their (e, € VvQ, ) -fuzzy h-ideals.

In the present paper we introduce the concepts of
(E, € v(, )—fuzzy ideals, (e, € v(, )—fuzzy quasi-

ideals and (E,E vQ, ) -fuzzy generalized bi-ideals

in ternary semigroups. We also investigated some
related properties of ternary semigroups. We have
characterized regular and weakly regular ternary

semigroups by the properties of their (E,e Vv, ) -
fuzzy left (right, lateral) ideals, (€, V(| )-fuzzy
quasi-ideals, (€,€vQ, )-fuzzy bi-ideals and

(E, € v(, )—fuzzy generalized bi-ideals.

2. Preliminaries

A ternary semigroup is an algebraic structure
(S,[ ]) such that S is a non-empty set and
[ ] : S > S a ternary operation satisfying the
following associative law:
[(abc)|de] = [a[bcd |e] = [ablcde]]  for il
a,b,c,d,ec S. For simplicity we write [abc]
as ‘abc’ and consider the ternary operation [ ] as
‘. A non-empty subset A of a ternary semigroup

S is called a ternary subsemigroup of S if
AAAc A. By a left (right, lateral) ideal of a

ternary semigroup S we mean a non-empty subset
A of S such that SSAc A (ASSc A SASc A).
If a non-empty subset A of S is a left and right
ideal of S, then it is called a two sided ideal of S.
If a non-empty subset A of a ternary semigroup S
is a left, right and lateral ideal of S, then it is
called an ideal of S. A non-empty subset A of a
ternary semigroup S is called a quasi-ideal of S if
ASSNSASNSSAc A and ASSN SSASS N SSAC A.
A is called a bi-ideal of S if it is a ternary
subsemigroup of S and ASASAc A. A non-
empty subset A of a ternary semigroup S is
called a generalized bi-ideal of S if

ASASAC A. 1t is clear that every left (right,

lateral) ideal of S is a quasi-ideal, every quasi-
ideal is a bi-ideal and every bi-ideal is a generalized
bi-ideal of S. An element aof a ternary

semigroup S s called regular if there exists an
element X€ S such that axa=a. A ternary
semigroup S is called regular if every element of
S is regular.

Theorem 1. [2] A ternary semigroup S is regular
if and only if RNM nL=RML for every
right ideal R, every lateral ideal M and every left
ideal L of S.

Theorem 2. [28] The following conditions on a
ternary semigroup S are equivalent:

(1) S is regular;

(2) BSBB = B for every bi-ideal B of S;

(3) QN = Q for every quasi-ideal Q of S.

Theorem 3. [28] A ternary semigroup S is regular
if and only if RN L = RS for every right ideal
R and every leftideal L of S.

If AC S, then the characteristic function of A is

a function C, of S into {0, 1} defined by:

Ca(x)

[lifxe A
|oif xg A

A fuzzy subset f of a universe X is a function
from X into the unit closed interval [0,1], that is,
f: X- [0, 1]. A fuzzy subset f in a universe
X of the form:

f(y):{t (0,11 ify=x

0 if y#X

is said to be a fuzzy point with support X and value
t and is denoted by X, . For a fuzzy point X, and
fuzzy set f inaset X , Pu and Liu [14] introduced
the symbol X, of , where a e {e,q,e vQ,e /\q}.
A fuzzy point X, is said to belong to (resp. be
quasi-coincident with) a fuzzy set f written
X €f (resp. Xxqf) if f(X)Zt resp.
( f(X)+t >1) and in this case, X, € v(f (resp.
X, € AQf) means that X, € f or X.Of (resp.
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X, € T and X Of). To say that X,@f means
that X,of does not hold.

For any two fuzzy subsets f and 9, f <@g
means f(x)< g(x) for all X€ S. The symbols
f Ag and f v g have the following meanings:

(f Ag)x)= F(x) A g(x) and
(f v g)(x): f(x)\/ g(x) forall Xe S.

Let f,g and h be three fuzzy subsets of a
ternary semigroup S. The product f o goh isa
fuzzy subset of S defined by:

v {f(x)A g(y)ah(z)} if thereexist x,y,ze S
a=xyz

(- goh)a)-

such that a = xyz
0 otherwise.

Let T be a fuzzy subset of a ternary semigroup
S. Then the set

U(f;t)z{XeS : f(X)Zt}, where
te [0,1], is called a level subset of f .

Definition 1. A fuzzy subset f of a ternary
semigroup S is a fuzzy ternary subsemigroup of
S it f(xyz)= f(X)A f(y)A f(2) for all
X, y,2€ S.

Definition 2. A fuzzy subset f of a ternary
semigroup S is a fuzzy left (right, lateral) ideal of

S if f(xyz)>f(z) (f(xyz)= f(x)f(xyz)> f(y)
forall X,y,Zz€ S.

Definition 3. A fuzzy subset f of a ternary
semigroup S is called a fuzzy generalized bi-ideal
of S if f(xuyvz)> f(X)A f(y)A f(2) for
all WV, X,Y,Z€ S, and is called a fuzzy bi-ideal

of S if it is both fuzzy ternary subsemigroup and
fuzzy generalized bi-ideal of S.

3. (e,e vqk)-fuzzy ideals

Throughout this paper S will denote a ternary
semigroup and K be an arbitrary element of [0,1)
unless otherwise specified.

In [23], Jun defined x,q, f if f(X)+t+k>1,

X evqfiftx ef orxq,f.

Definition 4. A fuzzy subset f of a ternary
semigroup S is called an (e,e qu)—fuzzy
ternary subsemigroup of Sif:

(Tl) forall X,y,ze S and t,r,se(0,1], x, € f,
yl’ € f 2 ZS € f lmphes (Xyz)min{t,r,s} € quf :

Definition 5. A fuzzy subset f of a ternary
semigroup S is called an (e,e vqk)-fuzzy left

(right, lateral) ideal of S if:
(T2) for all X,y,Z€S and te(0,1], zef

implies (xyz), € va, f ((2q), e va, f+ (xzy), e va, f)-

Definition 6. A fuzzy subset f of a ternary
semigroup S is called an (E,e qu)—fuzzy two
sided ideal of S ifit is both (€, V0, )-fuzzy left
ideal and (€,€ V0 )-fuzzy right ideal of S. A
fuzzy subset f of a ternary semigroup Sis called
an (€,€vq,)-fuzzy ideal of S if it is an
(e,e \/qk)-fuzzy left ideal, (E,e qu)—fuzzy
right ideal and (E,E \/qk)—fuzzy lateral ideal of
S.

Remark 1. Every fuzzy left (right, lateral) ideal of
a ternary semigroup S is an (E, € v(, ) -fuzzy left

(right, lateral) ideal of S, but the converse is not
true.

Remark 2. Every (E,E vq)-fuzzy ternary
subsemigroup (left ideal, right ideal, lateral ideal)
of a ternary semigroup S is an (e,e va, )—fuzzy

ternary subsemigroup (left ideal, right ideal, lateral
ideal) of S, but the converse is not true.

Example 1. Consider the ternary semigroup
S= {a, b, C,d}, with the ternary operation
[xyz]= X for all X,Y,Z€ S. Define a fuzzy
subset T of S by:

f(a)=0.7, f(b)=0.6, f(c)=0.8, f(d)=0.55.

Then simple calculations show that f is an
(e,e v, )-fuzzy left ideal of S for k=0.2, but
not a fuzzy left ideal of S, because f(dba)z f(a).
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Example 2. Consider S = {— 1,0, } ,where S isa
ternary semigroup under the usual multiplication of
complex numbers. Define a fuzzy subset f of S
by:

f(~i)=0.35, f(i)=0.7, f(0)=0.8.
Then we have

S if t<0.35
{0,i} if 0.35<t<0.7

{0} if 0.7<t<0.8
¢ if 0.8<t<1

U(f;t):

Then simple calculations show that f is an
(E,G \/qk)—fuzzy ternary subsemigroup of S for
k=0.3, but not an (E,E \/q)—fuzzy ternary

subsemigroup of S because 1,, € f but
(iii),,e~ qf .

Theorem 4. Let A be a ternary subsemigroup (left
ideal, right ideal, lateral ideal) of a ternary

semigroup S and ae{e,q,e \/q}. Then the
fuzzy subset f of S defined by:

f(x)=

>k if xe A
0 otherwise,

is an (a,e vqk)—fuzzy ternary subsemigroup
(left ideal, right ideal, lateral ideal) of S.

Proof: Let A be a ternary subsemigroup of S.

() If x=€.Let X,¥,Z€ S and t,r,5€(0,1]
be such that X, € f, y, € f, z,ef. Then
f(x)>t>0, f(y)>r>0, f(z)>s>0.
Thus f(X)Z%, f(y)Z%, f(Z)Z%. This
implies that X,Y,Z€ A. Since A is a ternary
subsemigroup of S so, Xyze A. Hence
f(xyz)2 5.

If min{t,r,s}< 5k, then f(xyz)>
This implies that (xyz)mm{t’r’s} ef.
If min{t,r,5}>%,then

f (xyz)+ min{t,r,s}+k > 5k + 5k 4 k> 1
and so (xyz)min{t,r’s}qkf . Hence f is an

(E, € v(, ) -fuzzy ternary subsemigroup of S.
QIfa=q.Let X,y,Z€ S and t,r,se(0,1]
be such that X0f,y.of , zgf. Then,
f(x)+t>1, f(y)+r>1, f(z)+s>1. so
X,¥,Z€ A. Since A is a ternary subsemigroup
of S so, Xyze A. Thus f(XyZ)Z%.

If min{t,r, s} < 5k then
f(XyZ)>1 2 min {t,r,S} SO (Xyz)min{t,r,s} € f :
If mm{t r,s } , then

( )+mln{ r S}+k>1 SO (Xyz)min{l,r‘s}qkf
Hence f is a (q, € v(, )-fuzzy ternary

subsemigroup of S.
3) If a=ev(q, let XVY,ZeS and

t,r,se(0,1] be such that
x, evaf,y, evgf, z, evgf .

This implies that X, € f or X, Of , y, € f or
yraf | z.ef orz,qf .

If xqf, y, € f, zqf. This implies that
f(x)+t>1, f(y)>r, f(z)+s>1. This
implies that X,Y,Z€ A. Since A is a ternary
subsemigroup of S, XyzZ € A. This implies that

f(XyZ)Z% Similarly for the other cases.
Analogous to (1) and (2) we obtain
(xyz)mm{t’r’s} g.f. Therefore, f is an

(e vQ,e vQ, ) -fuzzy ternary subsemigroup of S.

Corollary 1. [22] Let A be a ternary
subsemigroup (left ideal, right ideal, lateral ideal,

ideal) of S, and € {E, d,€ vq}. Then the fuzzy
subset f of S defined by:

1
f(x):{zz 1erA

0 otherwise,

is an (0{,6 Vq)—fuzzy ternary subsemigroup (left
ideal, right ideal, lateral ideal, ideal) of S.

Theorem 5. Let f be a fuzzy subset of a ternary
semigroupS. Then f is an (E,E \/qk)—fuzzy

ternary subsemigroup of S if and only

it f (xyz) = min{f (x). f (y). f (2). 5]
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Proof: Suppose f is an (e,e vqk)—fuzzy ternary

subsemigroup of S. On the contrary, assume that
there exist X,Y,2€ S such that

f (y2) < min{f (x). f(y). f ()55} .
Choose t € (0,1] such that

f(xyz) <t < min{f (x), f (y). f (2).55}-
Then

x ef,y ef,zef.Butfxr)<t= (xyz)ef
and  f(xyz)+t+k<ik+5kik=1. so

(Xyz)min{t,t,t}mk f= (XyZ)[ETZ{k f . Which is a

contradiction. Hence, f(xyz)> min{f (x), f (y), f(2),55%} -
Conversely, assume that

f(xyz)> min{f(x), f(y), f(2),55£}.  Let
xef,y ef,z ef forallt,r,se(0,1].
Then f(x)>t, f(y)>r, f(z)>s. Now,
f (xyz) > min{f (x), f (y), f(2).5¢} > min{t,r,s,5k} .
If min{t,r,sj< 15, then
f(xyz)z min{t,r,s}. So (Xyz)min{t,r’s} ef.
If min{t,r,s}> 5k, then
f(xyz)+min{t,r,s}+k>5k+ k4 k=1.  This
implies that (xyz)min{tqr,s}qkf. Hence f is an
(E, € v(, )—fuzzy ternary subsemigroup of S.

Taking K=0 in Theorem 5, we have the
following corollary.

Corollary 2. [22] Let f be a fuzzy subset of a
ternary semigroup S. Then f is an (g,evq)-

fuzzy ternary subsemigroup of S if and only if,
f (xyz) > min{f (x), f (y), f(z),0.5}.

Theorem 6. A fuzzy subset f of a ternary
semigroup S is an (E,E qu)-fuzzy ternary
subsemigroup of S if and only if the level subset
U (f ;t)(;t ¢) is a ternary subsemigroup of S for
all t € (0,55%].

Proof: Suppose f is an (e,evq,)-fuzzy ternary
subsemigroup of S and X, y,ZGU(f;t) for some
te(0,55%]. Then f(x)>t, f(y)>t, f(z)>t. By
Theorem 5, f(xyz)> minf (x), f(y). f (2.5} > mint, 5} =t
So f (xyz) > 1. This implies that Xyze U ( f ;t).
Hence U ( f ;t) is a ternary subsemigroup of S.

Conversely, assume that U (f ;t)(;t ¢) is a ternary
subsemigroup of S for all t € (0,55%]. Suppose,
on the contrary, that there exist x,y, ze S such that
f (xyz) < min{f (x), f (y), f (2), 5} Choose t e (0,5¢]
such that f(xyz) <t <min{f(x), f(y), f(z),55}.
Then x,y,ze U(f;t), but xyz ¢ U(f ;t), which is
a contradiction. Thus f(xyz)> min{f (x), f (y), f(2).55%}-
Hence f is an (e, e v, ) -fuzzy ternary

subsemigroup of S.

Taking K=0 in Theorem 6, we have the
following corollary.

Corollary 3. [22] A fuzzy subset f of a ternary
semigroup S is an (e,e vq)—fuzzy ternary
subsemigroup of S if and only if the level subset
U (f ;t)(¢ ¢5) is a ternary subsemigroup of S, for
all t €(0,0.5].

Theorem 7. A fuzzy subset f of a ternary
semigroup S is an (e,e vqk)—fuzzy left (right,
lateral) ideal of S if and only if
f(xyz)2 min{f (2). 5

(f (xy2)2 min{f (x). 55, f (xyz) = min{f (y)’5}).
forall X,¥,Z€ S.

Proof: Suppose f is an (E,e \/qk)—fuzzy left
ideal of S. Suppose, on the contrary, that there
exist x,y,ze S such that f(xyz)< min{f (Z),%}
Choose t € (0,1] such that f (xyz) <t <min{f (2,55}
Then 4, € f but (xyz)téf . Also,

f(xyz)+t +k <155¢+ 1555+ k=1. This implies that
(xyz)t mf , which contradicts the hypothesis.
Hence f (xyz) > min{f (Z),%}
Conversely, assume that f(xyz)> min{f (z),5%}.
Let X,¥,Z2€S and te(0,1] be such that
z,ef. Then f (Z) >1. This implies that
f(xyz)> min{f (z),'5¢} > min{t, 5}
Ifot>5k then  f(xyz)>5K.  sSo
f(xyz)+t +k>5E+ 5+ Kk=1. This implies
that (xyz), q, f .
If t <15, then f(XyZ)Z t. This implies that
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(xyz)t e f . Thus (xyz)t evq, f.Hence f is
an (E,E \/qk)—fuzzy left ideal of S.

Corollary 4. A fuzzy subset f of a ternary
semigroup S is an (E,E vqk)—fuzzy ideal of S
if and only if f(xyz)>min{f(z), 5%},
f(yz)> min{f (x). 5}, and f (xyz)> minf (y). 5}

If we take K =0 in Theorem 7, we obtain the
following corollary.

Corollary 5. [22] A fuzzy subset f of a ternary
semigroup S is an (e,e Vq)—fuzzy left (right,
lateral) ideal of S if and only if

) f (xyz)=min{f (x),05},
f (xyz )= min{f (z),O.S}[]c (xyz)>min{f (y),05] j

Theorem 8. A fuzzy subset f of a ternary
semigroup S is an (E,E \/qk)-fuzzy left (right,
lateral) ideal of S if and only if U (f;t)(# ¢) isa
left (right, lateral) ideal of S.

Proof: The proof is similar to the proof of Theorem
6.

Theorem 9. If f is an (e,e vqk)—fuzzy left
ideal, 9 an (E,E v, )—fuzzy lateral ideal and h
an (E,E \/qk)—fuzzy right ideal of a ternary
semigroup S, then f o goh isan (e,e \/qk)—
fuzzy two sided ideal of S.

Proof: The proofis straightforward.

Lemma 1. The intersection of any family of
(e,€ vQ, )-fuzzy left (right, lateral) ideals of a

ternary semigroup S is an (e,e vqk)-fuzzy left
(right, lateral) ideal of S.

Proof: Let {fi} be a family of (E,e vqk)-

fuzzy left ideals of a ternary semigroup S and

X,Y,Z€ S. Then, (i/e\l fi)(xyz): A (f.(xy2)).

Since each fi is an (E,E vqk)—fuzzy left ideal
of S, f, (XyZ)Z f, (Z)/\% for all 1 €| . Thus,

(71 Jo)= A (1,02) = A (121 12)

iel

Hence, A f, is an (E,E vqk)—fuzzy left ideal

iel
of S.

In a similar fashion we can prove the following
lemma.

Lemma 2. The union of any family of
(E,E vqk)—fuzzy left (right, lateral) ideals of a

ternary semigroup S is an (E,E \/qk)—ﬁJzzy left
(right, lateral) ideal of S.

Definition 7. An (E,E vqk)—fuzzy ternary
subsemigroup f of a ternary semigroup S is
called an (€, € vQ, )-fuzzy bi-ideal of S if for all

UV,X,¥,2€ S and t,r,se(0,1] the following
condition holds:

(T3) xef, yef,ad z,ef implies
(Xuyvz)min{t,r,s} € vqk f .

Theorem 10. Let B be a bi-ideal of a ternary
semigroup S and ae{e,q,e vq}. Then the

fuzzy subset f of S defined by:

>Lk ifxeB
f(x)=1- 2 "¢
0 otherwise,

isan (a,€vQ, )-fuzzy bi-ideal of S.

Proof: The proof is similar to the proof of Theorem
4.

Theorem 11. A fuzzy subset f of a ternary
semigroup S is an (E,e \/qk)—fuzzy bi-ideal of

S if and only if it satisfies the following
conditions:

() f(xyz)= min{f (x), f (y), f (2). 5}

@ f(xuyvz)> min{f(x), f(y), f(z).5} for
all WV, X,¥,Z€ S and Kk €[0,1).

Proof: The proof is similar to the proof of Theorem
5.

Theorem 12. A fuzzy subset f of a ternary
semigroup S is an (E,e \/qk)—fuzzy bi-ideal of
S ifand only if U(f;t)(# @) is a bi-ideal of S
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forall t € (0,55].

Proof: The proof is similar to the proof of Theorem
6.

Definition 8. A fuzzy subset f of a ternary
semigroup S is called an (E,E \/qk)-fuzzy

generalized bi-ideal of S if and only if (T3)
holds.

Theorem 13. Let G be a generalized bi-ideal of a
ternary semigroup S and a € {e, g, \/q}. Then
the fuzzy subset f of S defined by:

1k
f(x):{z 5 1fX§G

0 otherwise,

is an (0{,6 vqk)—fuzzy generalized bi-ideal of
S.

Proof: The proof is similar to the proof of Theorem
4.

Theorem 14. A fuzzy subset f of a ternary
semigroup S is an (G,E \/qk)-fuzzy generalized

bi-ideal of S if and only if it satisfies the following
condition:

(T4) f(xuyvz)> min{f (x), f(y), f (2). 5}
forall W,V,X,¥,Z€ S and K €[0,1).

Proof: The proof is similar to the proof of Theorem
5.

Theorem 15. A fuzzy subset f of a ternary
semigroup S is an (G,E \/qk)-fuzzy generalized
bi-ideal of S if and only if U(f;t)(=¢) is a
generalized bi-ideal of S forall t € (0,5].

Proof: The proof is similar to the proof of Theorem
6.

Definition 9. A fuzzy subset f of a ternary
semigroup S is an (E,E \/qk)-fuzzy quasi-ideal
of S ifit satisfies:

() f(x)=min{(foSoS)(x),(SefeS)(x),(SeSef)(x),55}5
(2) ()2 min{(f 0 SeS)(x).(Se Se f e SeS)(x)(SeSe f)(x). 15>
where S is the fuzzy subset of S mapping every

elementof S on 1.

Theorem 16. Let f be an (€ & vq, )-fuzzy

quasi-ideal of a ternary semigroup S. Then the set
f, = {X eS: f (X) > 0} is a quasi-ideal of S.

Proof: We show that S&, NS SN f,SSc f,
and S, NS, SSN f,SSc f,.

Let ae S, NS ;SN f;SS. This implies
that ae S, ae ;S and ae f;SS. Thus
XYy,ze f, and
S.,S,,S;,t,t,,t; €S such that a=Xxst,
a=s\,, a=s,Z2

Now,

(Se S f)(a)=

there exist

v (S(p)as(@)r f(r)
31 S(t,)~ f(2)=1(2)

)
This implies that (S So f)( )2 f(Z).
(a)> f

t
Similarly, (S ) )2 (y) and

(f oSeS)(a) f(x).so
f(a)Zmin{(foSoS)(a),( o f 0S)(a),(SeSe f)(a )%}
2min{f(x),f(y),f(z),%}>0.

This implies that a € f,,.

Thus, S, NS, SN f,.SSc f,.

Again, let ae€ S, NSF ;SSN f,;SS. Then
aeSY, and ae S¥;SSand ae f;SS. Thus
a=xst, a=st,ys,t,, a=s;t;Z for some
XY,25S,S,,S,S,,t,,t,,t,,t, €S. For

a=85Z and a= Xst,, discussed above.

Now,
f(a)>min{(f 0 SoS)(a),(SeSe f 0SoS)(a),(Se So f )(a), 5}

and by the above arguments

(SeSo f)(a)= f(z), (foSoS)(a)= f(x).

Now,
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(SeSo f 0S0S)(a)=

(L (55 1)(p)asia)asir)
(g, S0 1) S(a)nsir)|

(0, A (WA S(E)AS))
> S(5,)ASt,)n F(y)n S5, Sl )= ()

Now,
f(a)> min{(f 0SoS)(a),(SeSe f 0SeS)(a),(SoSe f)(a),%}
> min{ f(x), f(y), f (z)ﬂ}

2
>0 '.'f(x),f(y)f()>07k>0

This  implies that ~ae f,.  Hence
S, NS, SN f,SSc f,.

Therefore, f, is a quasi-ideal of S.

Lemma 3. A non-empty subset Q of a ternary
semigroup S is a quasi-ideal of S if and only if
the characteristic function CQ, of Q, is an

(E, € Vv(, )—fuzzy quasi-ideal of S.

Proof: The proofis straightforward.
In a similar fashion we can prove the following
lemma.

Lemma 4. A non-empty subset A of a ternary
semigroup S is a left (right, lateral, two sided)
ideal of S if and only if the characteristic function
C,, of A, is an (€,€VvQ,)-fuzzy left (right,

lateral, two sided) ideal of S.

Theorem 17. Every (€,€ vq, )-fuzzy left (right,

lateral) ideal of a ternary semigroup S is an
(E, € Vv(, )—fuzzy quasi-ideal of S.

Proof: The proofis straightforward.

Remark 3. The converse of the above theorem
does not hold in general.

Example 3. Let

-6 oo o} o) o} 1)

be a ternary semigroup under ternary matrix

Itiplication. Then Q = 0 001 b
multiplication. Then Q = 0 ollo o e

the quasi-ideal of S which is neither left, nor right
nor a lateral ideal of S(see [3]). Then by Lemma 3,
Cp is an (E,E v, )—fuzzy quasi-ideal of S and

Cy is neither (e,e v, ) -fuzzy left ideal, nor
(E,E vQ, ) -fuzzy right, nor an (E,e v, )—fuzzy
lateral ideal of S.

Theorem 18. Every (E,E vqk)-fuzzy quasi-ideal

of a ternary semigroup S is an (E,e v, )—fuzzy
bi-ideal of S.

Proof: Suppose f isan (E,E vqk)—fuzzy quasi-
ideal of S and U,V, X,Yy,Z€ S.

Now,
{(072)> (1 2S25)(52) (S f = S)092) (S 5o F)(w2)n 1=
[ [1@ASBIASE (P F(anSIF))
A, B0ASmA £ a1
> (1(x)AS(Y) S2) A (S0~ F(4)S(2) k

ASXASYA FR)AE = A F(y)n FR)A S

So f(xyz) > min{f (x). f (y). f (2).54}.
Also,

f(xuyvz)> (f 0 SoS)(xuywz) A (So So f o So S)(xuyvz)

A(SoSo f)(xuyvz)/\%

:( v {f(a)AS(b)AS(C)})

A[va{[wv& S(s )AS(s, ) f(%)jAS(S)AS(t)}]
A, BOASIA t|AE

> (1 (x) 2 Sluy) A S(2) A (S(X) A S(u) A F(y) A SV) A S(2)))
NS Sl F(@)a 1
— t (A F(Y)A F(2)n %
This implies that
f (xuyvz) > min{f (x), f (y), f (z),5}.
Therefore, f is an (E,E vqk)—fuzzy bi-ideal of
S.

4. Regular Ternary Semigroups

In this section we characterize regular ternary
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semigroups by the properties of their (G,E vQ, ) -
fuzzy ideals, (E,G v, ) -fuzzy quasi-ideals,

(e,€ vQ, )-fuzzy bi-ideals.

Definition 10. Let f, g and h be fuzzy subsets of
a ternary semigroup S. We define the fuzzy
subsets  f,, fA, 0, fv,0, and

f o, go, h asfollows:

M fi(x)=f(x)A

@ (1 )X)=(f £ )X)n e

3) (f v, g)( ):(f )( ) B
°cge

@ (fogo h)(x)=(f ogoh)(x)als for
all Xe S.

Lemma5. Let f,g and h be fuzzy subsets of a
ternary semigroup S. Then the following hold:

M) fAg="F A0

@ fveg="1 vo;

(3) fo,go, h="f o0g,oh,.

Theorem 19. Let f be an (E,E vqk)—ﬁlzzy

ternary subsemigroup of a ternary semigroup S.

Then fk is an (E,e vqk)—fuzzy ternary

subsemigroup of S.

Proof: Assume that f is an (E,e qu)-ﬁlzzy

ternary subsemigroup of a ternary semigroup S
and X,Y,Z€ S. Then

(1)092)= 162 5> min{ 10, £ 12D} o5
7m1n{f(x)A%,f(y)/\%, a2k %}
_ mm{ £ (x) £ (y), fk(z),%}

This shows that f, is an (E,E qu)-fuzzy

ternary subsemigroup of S.

Theorem 20. Let f be an (€, vQ, )-fuzzy bi-
ideal of a ternary semigroup S. Then fk is an

(e,€ vQ, )-fuzzy bi-ideal of S.

Proof: Let U,V,X,Y,Z€ S. Then

Also, fk is an (E,e vqk)—fuzzy ternary
subsemigroup of S by Theorem 19.

Therefore, f, is an (E,E qu)-fuzzy bi-ideal
of S.

In a similar fashion we can prove the following
theorems.

Theorem 21. Let f be an (e,e qu)—fuzzy left

(right, lateral) ideal of a ternary semigroup S.
Then f, is an (G,E \/qk)-fuzzy left (right,
lateral) ideal of S.

Theorem 22. Let f be an (€€ vQ, )-fuzzy
quasi-ideal of a ternary semigroup S. Then fk is

an (e, € Vv, ) -fuzzy quasi-ideal of S.

Lemma 6. Let A, B, and C be non-empty

subsets of a ternary semigroup S. Then the
following hold:

(1 (CA Ak CB)= (CAnB)k ;
(2) (CA Vi CB)= (CAuB)k ;
3) (Cpo Cgo Co) = (CABC )k’ where C, is

the characteristic function of A.

Lemma 7. A non-empty subset A of a ternary
semigroup S is a left (right, lateral, two sided)

ideal of S ifand only if (C,), isan (€, v, )-
fuzzy left (right, lateral, two sided) ideal of S.

Proof: Let A be a left ideal of S. Then by
Theorem 4, (CA)k is an (E,E vqk)-fuzzy left

ideal of S.

Conversely, assume that (C A)k is an
(E,E vqk)—fuzzy left ideal of S. Let Z€ A.
Then (C A)k (Z)z % This  implies that
Z € (C),-

Since (CA )k is an (E,E \/qk)—fuzzy left ideal of
S, so (xyz)% €Vvq, (CA)k . This implies that
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(yz)uc €(Cy), or (Xyz)% 0(Ca )y~ Thus
(CA)k XyZ)Z % or (CA)k(XyZ)—l—%—'— k>1.

This implies that XyZ € A. Hence A is a left ideal
of S.

Definition 11. An (E,e vqk)—fuzzy ideal f of
S is called idempotent if f o f o f= fk.

Lemma 8. Let Q be a non-empty subset of a
ternary semigroup S. Then Q is a quasi-ideal of
S if and only if (CQ )k is an (E,e qu)-ﬁlzzy
quasi-ideal of S.

Proof: The proof is similar to the proof of Lemma
7.

Next we show that if f is an (G,E vQ, ) -fuzzy
left (right) ideal of S, then f, is a fuzzy left
(right) ideal of S.

Proposition 1. Let f bean (€,e vq, )-fuzzy left
(right) ideal of a ternary semigroup S. Then fk is
a fuzzy left (right) ideal of S.

Proof: Let f bean (G,E vqk)-fuzzy left ideal of
a ternary semigroup S. Then for all X,¥,Z€ S
we have f(xyz) > f(Z)/\ LK This implies that
(2> 1 (2 Al So 1, (02)> 1,(2)
Hence f, isa fuzzy left ideal of S.

Similarly, if f is an (e,e qu)—fuzzy right
ideal of S, then f is a fuzzy right ideal of S.

Next we show that every fuzzy left ideal of S is
not of the form f, for some (e, € vq, ) -fuzzy left

ideal f of S.

Example 4. Let S={a,b,c,d}, and [xyz]=a
for all X,Y,Z€S. Then S is a ternary
semigroup. Define a fuzzy subset f of S by:

f(a)=1, f(b), f(c), f(d)>L5E. Then f isa
fuzzy left ideal of S for all K €[0,1), but this is
not of the form f, for some (e, € Vv(, ) -fuzzy left

ideal T of S.

Lemma 9. Let f be an (E,E vqk)—fuzzy right

ideal and 9 an (e,e vqk)-fuzzy left ideal of S.
Then fo,Se, g<f A, Q.

Proof: Let f be an (e vq,)-fuzzy right ideal

and 9 an (g,evq, )-fuzzy left ideal of S and
ae S. Consider, (fo,So.g)@)=(foSog)(a)atk

(L 10AsmAg)) (T o))
)

a=lmn

s(a_\l/mn f(Imn) A g(lmn)j/\%:(f Ay O

This implies that f o, So, g< f A, 0.

Theorem 23. For a ternary semigroup S, the
following conditions are equivalent:

(1) S is regular;

2 fa,ganh=fo go h for every

(e, € v(, ) -fuzzy  right ideal f, every
(e, € v, ) -fuzzy lateral ideal U and every
(e,€ vQ, )-fuzzy left ideal h of S.

Proof: (1)=(2): Let f be an (g,evq,)-
fuzzy right ideal, 9 an (e,e vqk)-fuzzy lateral

ideal and h an (e,e qu)-ﬁlzzy left ideal of S
and @€ S. Then,

1
< v (f(par)~ g(par) hlpar )a=—=
- f(a)/\g(a)/\h(a)/\%—
So fo,goe, h<f A, gna,h.
Now, since S is regular, for any a€ S there
exists X€ S such that a=axa=a(xax)a.
Now,
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(
=( v f(p)A g(q)Ah(r))Al_zk

(f(a) g(xax) h(a)) A %

\%

This implies that
fo,go ., h>f A, ga, h. Hence

f A A h="Fo, go N
(2):> (l): Let R, M and L be the right ideal,

lateral ideal and left ideal of S, respectively. Then
by Lemma 4, C;, C,, and C| are (e,e qu)—

fuzzy right ideal, (e,e qu)—fuzzy lateral ideal

and (e,e qu)—fuzzy left ideal of S,

respectively. Thus by hypothesis,
Cr A Cu ACL :(CR o, Gy ok CL)

(CRnM AL )k = (CRML )k .
Thus RNM N L =RML. Hence by Theorem
1, S is regular.

Theorem 24. The following conditions are
equivalent for a ternary semigroup S:

(1) S is regular;

) fA,g=Ffo,Se g for  every

(E, € v(, )—fuzzy right ideal f and every
(e,€ vQ, )-fuzzy left ideal 9 of S.

Proof: The proof follows from Theorem 3 and
Theorem 23.

Theorem 25. For a ternary semigroup S, the
following conditions are equivalent:

(1) S is regular;
2 f,=fo, So, fo, So f for every

(e,e \/qk)—fuzzy generalized bi-ideal f of S;
3) f,=Ffo, So, fo, So f for every
(e,€ vQ, )-fuzzy bi-ideal f of S;

4 f,=fo, So, fo, So f for every
(e,e \/qk)—fuzzy quasi-ideal f of S.

Proof: (1)=(2): Let f be an (g,evQ,)-
fuzzy generalized bi-ideal of S and a€ S. Since

S is regular, so there exists X&€ S such that
a = aXa = axaxa. Now,

(fors « @)=

foSf)()

v (fosof) Af(t))

(
-
{ As(s Af (n))}lzk
(ot
f

=

JASm)A f(AS(s )Af(t))A“

= ‘

s

> (f(a) nS(X)1 f@)nSX) F (@)A1

This implies that f o, So, fo, So, > f, .

Since f is an (e,e vqk)-fuzzy generalized bi-
ideal of S,

(fo,So, fo,So, f)@)=(foSofoSe f)(a)A%
:[a:vm(f 2Se £)(p)ASIV)A f(z)jA%
- [afm(pz\iw f(x)AS(u)a f(y)J/\S(V)A f(z)]Aﬂ
:[a%wzf(x)As(u)Af( YASWIA £z )j -k

:( Y f(x)/\f(Y)/\f(Z)jA% 2

a=Xuyvz

< v f(xuyvz)A%zf(a)/\l;sz(a).

a=xuyvz 2

Thus fo, So, fo, So, f <f, . Hence
f,=Ffo, So, fo, So f.
(2) = (3) = (4) Straightforward, because every
(e,e v, ) -fuzzy quasi-ideal is an (E, € v(, ) -
fuzzy bi-ideal and every (€, v, )-fuzzy bi-ideal
is an (E, € vQ, ) -fuzzy generalized bi-ideal of S.
(4) = (1): Let Q be any quasi-ideal of S. Then
by Lemma 3, C, is an (e,e \/qk)—fuzzy quasi-
ideal of S. Thus by hypothesis
(CQ)k :(CQ o, Cgop CQ o, Cgop CQ)'
This implies that (Cq ), = (Cqsosy), - Thus

Q=090Q. Hence by Theorem 2, S is

regular.
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Theorem 26. For a ternary semigroup S, the
following conditions are equivalent:

(1) S is regular;

() fA,g<fo,Sopg for  every
(e,e \/qk)—fuzzy quasi-ideal f and every
(e,e qu)—fuzzy leftideal 9 of S;

3) fA,g<fo,Sopg for  every
(e, € vq, ) -fuzzy bi-ideal f and every
(e,e v, )—fuzzy left ideal 9 of S;

4) fAcg<sfo, So g for  every
(E,e vqk)—fuzzy generalized bi-ideal f and
every (E,E \/qk)—fuzzy left ideal 9 of S.

Proof: (l):>(4): Let T be an (E,Gqu)'

fuzzy generalized bi-ideal and 9 an (G,E \/qk)-

fuzzy left ideal of S. Since S is regular, so for

any a€S there exists X€S such that
a = axa. Now,

(f o, Soy 0)(@)= (f oS0 g)(@)n =X

2

( Ag(r)j/\l_zk
—k
2

a»qﬁ—
~(fag)a)a 2=

(f Nk g)(a).

This implies that f o, So, g>f A, 0.
(4) = (3) = (2) Straightforward.
(2):> (l) Let T bean (E,e qu)—fuzzy right
ideal and 9 an (e,e \/qk)—fuzzy left ideal of S,
since every (E,E \/qk)—fuzzy right ideal is an
(e,e \/qk)—fuzzy quasi-ideal of S. Therefore,
fA,g<fo, Sopg. Also by Lemma 9,
fA,Q2fo, So, g.Thus
facg=1fe,Seopg.

Hence by Theorem 24 S is regular.
Theorem 27. The following conditions are
equivalent for a ternary semigroup S:

(1) S is regular;

(2) f/\kgg(f o Seo g)/\(goksok f)

for every (E,E qu)-fuzzy generalized bi-ideals
f and 9 of S;

3 far.g<(fo, So, g)a(go, So, f)
for every (E,e qu)—fuzzy bi-ideals f and 9 of
S;

@ A gg(f o Soy g)/\(goksok f)
for every (E, € v(, ) -fuzzy bi-ideal f and every
(E,E qu)-fuzzy quasi-ideal 9 of S;

S A gg(f o Soy g)/\(goksok f)
for every (e,e v, ) -fuzzy bi-ideal f and every
(e,e vqk)-fuzzy left ideal 9 of S;

© A gg(f o Soy g)/\(goksok f)
for every (E,E \/qk)—fuzzy quasi-ideal f and
every (E,e qu)-fuzzy left ideal 9 of S;

)T Y gg(f o Soy g)/\(goksok f)
for every (G,E vqk)-fuzzy right ideal f and
every (E,e vqk)-fuzzy left ideal 9 of S.

Proof: (1)= (2): Let f and 9 are (€, vq, )-

fuzzy generalized bi-ideals of S and @ € S. Since

S is regular, so there exists X€ S such that
a=axa. Now,

Thus f A, < fo, So, g. Also,

(g Sey F)(a)=(gese f)(a)A%

>(9(a)AS(X)A f(a)) A—==(T A g)(a).
Thus, f A 9<go, So, f.  Therefore,

f Ay gg(f o, So g)/\(gok Soy f)-
It is clear that (2):> (3):> (4):> (5):> (6):> (7)
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(7)=(1): Let f A, g<(fo, Se, g)n(ge,Soi )
for every (E, € vQ, ) -fuzzy right ideal f and
every (e,e V@, )-fuzzy left ideal 9 of S. Now,
(7) implies ¢ A< (fo, So, g)a(ge, Sey F)<(fo, Sop g)
and by Lemma 9, (fo,So, g)<fna,g.
Consequently, f A, g= (f o, So, g). Thus by
Theorem 24, S is regular.

Theorem 28. The following assertions are
equivalent for a ternary semigroup S:

(1) S is regular;

) f Ay gS(f o, So, g) for  every
(E,e v, )—fuzzy generalized bi-ideal f and
every (€,€ V(| )-fuzzy left ideal 9 of S;

3 A gS(f 0, So, g) for  every
(E, € v(, )—fuzzy bi-ideal  f and every
(e,€ vQ, )-fuzzy left ideal 9 of S;

@ A gS(f o, So, g) for  every
(e,e \/qk)—fuzzy quasi-ideal f and every
(e,e qu)—fuzzy leftideal 9 of S;

5) f A O< (f o, So, g) for  every
(e,e qu)—fuzzy right ideal f and every
(e,e v, )—fuzzy bi-ideal 9 of S;

(6) f Ay gS(f o, So, g) for  every
(e,e v, )—fuzzy right ideal f and every
(E, € v(q, )—fuzzy quasi-ideal 9 of S.

Pr oof: (l):> (2): Assume that f is an
(E,e vqk)—fuzzy generalized bi-ideal and 9 an

(e,e vqk)—fuzzy left ideal of S. Since S is

regular, so for any @ € S there exists X € S such
that & = axa, and

(1 2 Sy 9)(@)= ( oSo g)(a)n 2*

[ 1(PIrs@ng)af

2
> (f(a)As(¥)A gl@)r =K

1—
2
= (f Ag)a)n =5 = (1 n, 9)fa)

This implies that f A, g< fo, So, g.
It is clear that (2):> (3):> (4)
(4)= (1): Suppose that f A, g< fo, So, g

for every (e,e vqk)—fuzzy quasi-ideal f and

every (e,e qu)—fuzzy left ideal 9 of S. Let h
be any (e,e qu)-fuzzy right ideal of S. Take
f =h, then by (4), hA, g<ho, So, g and
by Lemma 9, ho,So, g<ha,g. Thus
hA, g=ho,So, g. Therefore, by Theorem
24, S is regular.

(l):> (5): Let f bean (E,E vqk)-fuzzy right
ideal and 9 an (e,e qu)—fuzzy bi-ideal of S.

Since S is regular, so for any & € S there exists
X € S such that @ = axa, and

(1o, S, @)= (FoSea)@n S <[ v t(pas(analn)| a5

2 a=par 2

> t@)asn gla)r S = (1) ngla)n K

2
=(f rco)@)
Thus f A, g< fo, So, g.

It is clear that (5):> (6)

(6)=(1): Suppose that f A, g<fo, So @
for every (e,e vqk)-fuzzy right ideal f and
every (E,E qu)—fuzzy quasi-ideal 9 of S. Let
h be any (E,E vy, )—fuzzy left ideal of S. Take
h =g, then by (6), fA,h<fo,So, hand
by Lemma 9, fo,So, h<f A h. Thus
f A, h="fo, So, h. Therefore, by Theorem
24, S is regular.

5. Weakly regular Ternary Semigroups

In this section we characterize right weakly regular
ternary semigroups by the properties of their
(e,e v, ) -fuzzy right ideals, (E, € v(, )—fuzzy
two sided ideals and (E, € vQ, ) -fuzzy generalized
bi-ideals.

Definition 12. [28] A ternary semigroup S is said
to be right (resp. left) weakly regular, if

Xe (XSS)3 (resp. Xe (SS()3) forall Xe S.

Example 5. Let X be a countably infinite set and
let S be the set of one-one maps & : X — X
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with the property that X — a(X) is infinite. Then

S is a ternary semigroup with respect to the
composition of functions, that is, for «,f,y € S,

[apy]=acpBoy.
This ternary semigroup is not regular but right
weakly regular.

Lemma 10. [28] A ternary semigroup S is right
weakly regular if and only if RN | =RIIl, for

every right ideal R and every two sided ideal | of
S.

Theorem 29. For a ternary semigroup S, the
following assertions are equivalent:

(1) S is right weakly regular;

2 fA,g=fo,go, g forevery (g,evq,)-
fuzzy right ideal f and every (E,E \/qk)-fuzzy

two sided ideal 9 of S.

Proof: (1)=(2): Let f be an (€,€vQ,)-fuzzy

right ideal and 9 an (G,E \/qk)—fuzzy two sided

ideal of S and a € S. Then
(fergocg)(a)=(fegog)(a)atss

(v T )n s @ g ()]as

a=pqr

< v (f(paidandpat)n < v (f(pajrdlpa)

acpar
<(f(a)ag(@)ask=(f A, g)(a). This implies
that f o, go, g<f A, Q0.

Now, to show f A, g< fo,Qgo, 0. Let
ae S. Since S is right weakly regular so there

exist $i»88,t,t,t:€S guch that - (astl )(asltz )(a%t)
Thus

(f np g)@)= (f 2 g)a)n 12K

2

= (f(@)r g(@)n ga)a =X

<(f(ast, )~ glas;t, ) glast, ))A%

< (av (f(x)Ag(y)a g(z))j/\ﬂ

2

This implies that f A, < fe, g g . Thus
fAag=fo,go 0.

(2):> (1) Let R be the right ideal and | two
sided ideal of S. Then by Lemma 4, C and C,
are (E, € v(, )—fuzzy right ideal and (E, € v(, ) -

fuzzy two sided ideal of S, respectively. Thus by
hypothesis

Cr A G =CgoC o, C
(CRmI )k = (CRII )k'

This implies that RN | = RIl . Thus by Lemma
10, S is right weakly regular.

The proof of the following theorem is
straightforward and hence omitted.

Theorem 30. For a ternary semigroup S, the
following assertions are equivalent:

(1) S is right weakly regular;

(2) Each (e,e \/qk)—fuzzy right ideal f of S is

idempotent.

Theorem 31. For a ternary semigroup S, the
following assertions are equivalent:

(1) S is right weakly regular;

2 fa.ga.h=Ffo, go h for every
(e,€ vQ, )-fuzzy bi-ideal T, every (€,€vQ,)-
fuzzy two sided ideal 9 and every (e,e vqk)-
fuzzy right ideal h of S;

3 fa.gah=Ffo, go h for every
(E,E qu)-fuzzy quasi-ideal f, every
(e,e vqk)-fuzzy two sided ideal 9 and every

(E,E vQ, ) -fuzzy right ideal h of S.

Proof: (1)=>(2): Let f bean (€,&vq,)-fuzzy
bi-ideal, 9 an (€, vq, )-fuzzy two sided ideal
and h an (e, € v(, ) -fuzzy right ideal of S. Let

ae S. Since S is right weakly regular, for each
ae S there exist §,5,,S,,t,,t,,t, €S such that

a= (asltl )(852'[2 )(as3t3 ) = a(slt1a52t2 )(aszts )

Consider
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(f A gAch(@)= (f Agah)ia)a’ "

= (f(a)r gla)ah@)n -

<(f(a)r glstast,)ahlast )a =K

( v (f(p)a g(Q)/\h(r))j/\ﬂ

a=pqr 2

= (fegeo)a)al =  =(f o, 9o (@)

This implies that f A, gA, h< fo, go, h.
(2)=0):
(e,e \/qk)—fuzzy quasi-ideal is an (G,E \/qk)-
fuzzy bi-ideal of S.

(3)=(1): Let f be an (E,E qu)-fuzzy right

Straightforward, because every

ideal and 9 an (e,e vqk)—fuzzy two sided ideal
of S. Take h=g. Since every (e,e vqk)—

fuzzy right ideal is also (e,e vqk)—fuzzy quasi-
ideal. Thus by hypothesis f AcOA g<Sfo, go, g-
This implies that f A, g<fo, go, g and
fo,ge,g<fa, g is straightforward. Thus
f A, g=fo, go, g. Therefore, by Theorem
29, S is right weakly regular.

Theorem 32. For a ternary semigroup S, the
following assertions are equivalent:

(1) S is right weakly regular;

Qf A, g<sfo, g0, 0 for every
(e,e va, )—fuzzy generalized bi-ideal f and
every (E, € Vvq, ) -fuzzy two sided ideal 9 of S;
3) fA,g<sfo,go, g for every
(e,e va, )—fuzzy bi-ideal f and every
(e,€ vQ, )-fuzzy two sided ideal § of S;

4) fA,g<fo,go, g for  every
(E,e Vv, )—fuzzy quasi-ideal f and every
(e,€ vQ, )-fuzzy two sided ideal § of S.

Proof: Let f bean (G,E V0, ) -fuzzy generalized

bi-ideal and 9 an (€,€ v, )-fuzzy two sided

ideal of S. Let a€ S. Since S is right weakly
regular,

a= (asltl )(asztz )(a53t3 ) = a(sltlasztz )(853'[3 )

for some S,S,,S,,t,t,,t;€S.  Consider,

(f ~c af@)=(f ~g)(@) a5 =(f(a) n gla)) A1
< (f(a)r g(sitias,t,)a g (as;ty))a 5
- ( v (f()Ag(m)a g(n)))A Lk

=(fegog)@)at=(f o go, g)(a).

This implies that frcgstorgocg .

(2) = (3) = (4): Straightforward, because every
(E,E vQ, ) -fuzzy quasi-ideal is an (e, € Vv(, ) -
fuzzy bi-ideal and every (€, v, )-fuzzy bi-ideal
is an (E, € Vv(, ) -fuzzy generalized bi-ideal of S.
(4):> (l): Let T be an (E,E qu)-fuzzy right
ideal and 9 an (e,e vqk)-fuzzy two sided ideal
of S. Since every (E,E v, ) -fuzzy right ideal is

an (e,e qu)—fuzzy quasi-ideal of S, thus by
hypothesis

frcgsfo ge,g and fo go, g<sfA, g
is straightforward. Hence f A, g=fo, go, Q.

Thus by Theorem 29, S is right weakly regular.

6. Conclusion

In the study of fuzzy algebraic system, we notice
that the (fuzzy) ideals with special properties
always play a prominent role.

In this paper we study (E,E vqk)—fuzzy left
(right, lateral) ideals, (e, € v(, ) -fuzzy quasi (bi-,

generalized bi-) ideals of ternary semigroups and
give several characterizations of regular and right
weakly regular ternary semigroups in terms of these
notions.

We believe that the research along this direction
can be continued, and in fact, some results in this
paper have already constituted a foundation for
further investigation concerning the further
development of fuzzy ternary semigroups and their
applications in other branches of algebra. In the
future study of fuzzy ternary semigroups, perhaps
the following topics are worth to be considered:

(1) To characterize other classes of ternary
semigroups by using this notion;

(2) To apply this notion to some other algebraic
structures;

(3) To consider these results to some possible
applications in computer sciences and information
systems in the future.
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