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Abstract 

In this paper we have generalized the concepts of  q, -fuzzy ideals,  q, -fuzzy quasi-ideals and 

 q, -fuzzy bi-ideals by introducing the concepts of  kq, -fuzzy ideals,  kq, -fuzzy quasi-

ideals and  kq, -fuzzy bi-ideals in ternary semigroups and several related properties are investigated. 

Different characterizations of regular and weakly regular ternary semigroups by the properties of these ideals are 
given. 
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1. Introduction 

Ternary semigroups were introduced by Lehmer [1] 
in 1932. In [2] Sioson developed the ideal theory of 
ternary semigroups. He also introduced the notion 
of regular ternary semigroups and characterized 
regular ternary semigroups by the properties of 
their quasi-ideals. Dixit and Dewan in [3] discussed 
the quasi-ideals and bi-ideals in ternary semigroups. 
Properties of ideals in regular ternary semigroups 
and n -ary semigroups are studied in [4]. 
Applications of ideals to the divisibility theory in 
ternary and n -ary semigroups and rings can be 
found in [5]. The fundamental concept of fuzzy set 
introduced by Zadeh in his seminal paper [6] in 
1965, laid the foundation of fuzzy set theory. 
Extensive applications of fuzzy set theory have 
been found in various fields such as economics, 
computer science, control engineering, expert 
system, information sciences, coding theory, 
operation research, robotics and many others. The 
fuzzification of algebraic structures was initiated by 
Rosenfeld in his pioneering paper [7] in 1971, 
where he introduced the notion of fuzzy subgroup 
of a group. The literature on fuzzy set theory has 
grown rapidly. Kuroki initiated the study of fuzzy 
semigroups (see [8-11]). A systematic exposition of 
fuzzy semigroups by Mordeson et al. appeared in [12], 
where theoretical results on fuzzy semigroups and its 
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applications in fuzzy coding, fuzzy finite state 
machines and fuzzy languages can be found. Murali 
[13] proposed the definition of fuzzy point 
belonging to a fuzzy subset under a natural 
equivalence on fuzzy subsets. Pu and Liu in [14] 
introduced the idea of quasi-coincidence of a fuzzy 
point with a fuzzy set. It is worth mentioning that 
Bhakat in [15] and Bhakat and Das (see [16-18]) 

introduced the concept of   , -fuzzy subgroup 

by using ‘belongs to’ and ‘quasi-coincident with’ 
between a fuzzy point and a fuzzy subset and 

introduced the concepts of  q, -fuzzy 

normal, quasinormal, maximal subgroup and 

 q, -fuzzy subgroup. In fact  q, -

fuzzy subgroup is an important generalization of 
Rosenfeld's fuzzy subgroup. Many researchers used 
these concepts to generalize some concepts of 
algebra (see [19, 20]). Davvaz in [21] discussed 

 q, -fuzzy subnear rings and ideals. The 

present authors in [22] introduced   , -fuzzy 

ideals in ternary semigroups, where they 
characterized regular ternary semigroups by the 
properties of these ideals. Generalizing the concept 
of quasi-coincidence of a fuzzy point with a fuzzy 

set, Jun in [23] defined  kq, -fuzzy 

subalgebras in BCK/BCI-algebras. In [24] Jun et al. 

discussed  kq, -fuzzy h -ideals and 

 kq, -fuzzy k -ideals of a hemiring. Jun et 
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al. in [25] introduced the notion of  kq, -

fuzzy filters in BL-algebra. Shabir et al. in [26] 
characterized different classes of semigroups by 

 kq, -fuzzy ideals and  kq, -fuzzy 

bi-ideals. Recently, Shabir and Mahmood in [27] 

defined  kq, -fuzzy h -subhemirings, 

 kq, -fuzzy h -bi-ideals of a hemiring, 

where they characterized h -hemiregular and h -
intra hemiregular hemirings by the properties of 

their  kq, -fuzzy h -ideals. 

In the present paper we introduce the concepts of 

 kq, -fuzzy ideals,  kq, -fuzzy quasi-

ideals and  kq, -fuzzy generalized bi-ideals 

in ternary semigroups. We also investigated some 
related properties of ternary semigroups. We have 
characterized regular and weakly regular ternary 

semigroups by the properties of their  kq, -

fuzzy left (right, lateral) ideals,  kq, -fuzzy 

quasi-ideals,  kq, -fuzzy bi-ideals and 

 kq, -fuzzy generalized bi-ideals. 

2. Preliminaries 

A ternary semigroup is an algebraic structure 
    ,S  such that S  is a non-empty set and 

  SS 3:   a ternary operation satisfying the 

following associative law: 

        cdeabebcdadeabc )(  for all 

Sedcba ,,,, . For simplicity we write  abc  

as ‘abc’ and consider the ternary operation     as 

‘·’. A non-empty subset A  of a ternary semigroup 
S  is called a ternary subsemigroup of S  if 

AAAA  . By a left (right, lateral) ideal of a 

ternary semigroup S  we mean a non-empty subset 

A  of S  such that ASSA   ),( ASASAASS  . 

If a non-empty subset A  of S  is a left and right 

ideal of S , then it is called a two sided ideal of S . 

If a non-empty subset A  of a ternary semigroup S  

is a left, right and lateral ideal of S , then it is 

called an ideal of S .  A non-empty subset A  of a 

ternary semigroup S  is called a quasi-ideal of S  if 
ASSASASASS   and ASSASSASSASS  . 

A  is called a bi-ideal of S  if it is a ternary 

subsemigroup of S  and AASASA  . A non-

empty subset A  of a ternary semigroup S  is 

called a generalized bi-ideal of S  if 

AASASA  . It is clear that every left (right, 

lateral) ideal of S  is a quasi-ideal, every quasi-
ideal is a bi-ideal and every bi-ideal is a generalized 
bi-ideal of S . An element a of a ternary 

semigroup S  is called regular if there exists an 
element Sx  such that aaxa  . A ternary 

semigroup S  is called regular if every element of 

S  is regular.  
 
Theorem 1. [2] A ternary semigroup S  is regular 
if and only if RMLLMR   for every 
right ideal R , every lateral ideal M  and every left 
ideal L  of S . 
 
Theorem 2. [28] The following conditions on a 
ternary semigroup S  are equivalent: 

(1) S  is regular; 

(2) BBSBSB   for every bi-ideal B  of S ; 

(3) QQSQSQ   for every quasi-ideal Q  of S . 

 
Theorem 3. [28] A ternary semigroup S  is regular 

if and only if RSLLR   for every right ideal 

R  and every left ideal L  of S . 

If ,SA   then the characteristic function of A  is 

a function AC  of S  into  1,0  defined by: 
 

 








. if 0

 if 1

Ax

Ax
xCA  

 
A fuzzy subset f  of a universe X is a function 

from X  into the unit closed interval  1,0 , that is, 

 1,0: Xf . A fuzzy subset f  in a universe 

X of the form: 
 

 








xy

xyt
yf

 if             0

 if    ]1,0(
 

 
is said to be a fuzzy point with support x  and value 

t  and is denoted by tx . For a fuzzy point tx   and 

fuzzy set f in a set X , Pu and Liu [14] introduced 

the symbol fxt , where  qqq  ,,, . 

A fuzzy point tx  is said to belong to (resp. be 

quasi-coincident with) a fuzzy set f  written 

fxt   (resp. )qfxt  if   txf   resp. 

(   )1 txf  and in this case, qfxt   (resp. 

)qfxt   means that fxt   or qfxt  (resp. 
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fxt   and )qfxt . To say that fxt  means 

that fxt  does not hold. 

For any two fuzzy subsets f  and g , gf   

means    xgxf   for all Sx . The symbols 

gf   and gf   have the following meanings: 

      xgxfxgf   and 

      xgxfxgf   for all Sx . 

Let gf ,  and h  be three fuzzy subsets of a 

ternary semigroup S . The product hgf   is a 

fuzzy subset of S  defined by: 
 

  
      
















                                                     otherwise.          0         

such that 

 ,,exist   thereif 

xyza

Szyxzhygxf

ahgf
xyza


 

 
Let f  be a fuzzy subset of a ternary semigroup 

S . Then the set 

    txfSxtfU  :; , where 

 1,0t , is called a level subset of f . 

 
Definition 1. A fuzzy subset f  of a ternary 

semigroup S  is a fuzzy ternary subsemigroup of 

S  if        zfyfxfxyzf   for all 

Szyx ,, . 

 
Definition 2. A fuzzy subset f  of a ternary 

semigroup S  is a fuzzy left (right, lateral) ideal of  
S  if    zfxyzf          ),( yfxyzfxfxyzf   

for all Szyx ,, . 

 
Definition 3. A fuzzy subset f of a ternary 

semigroup S   is called a fuzzy generalized bi-ideal 

of S  if        zfyfxfxuyvzf   for 

all Szyxvu ,,,, , and is called a fuzzy bi-ideal 

of S  if it is both fuzzy ternary subsemigroup and 

fuzzy generalized bi-ideal of S . 

3.  kq, -fuzzy ideals 

Throughout this paper S  will denote a ternary 

semigroup and k  be an arbitrary element of )1,0[  

unless otherwise specified. 

In [23], Jun defined fqx kt  if   ,1 ktxf  

fqx kt   if fxt   or fqx kt . 

 

Definition 4. A fuzzy subset f of a ternary 

semigroup S  is called an  kq, -fuzzy 

ternary subsemigroup of S if: 

 1T  for all Szyx ,,  and ],1,0(,, srt  fxt  , 

fyr  , fzs   implies     fqxyz ksrt ,,min
. 

 
Definition 5. A fuzzy subset f  of a ternary 

semigroup S  is called an  kq, -fuzzy left 

(right, lateral) ideal of S  if: 
 2T  for all Szyx ,,  and ]1,0(t , fzt   

implies   fqxyz kt  (   fqzxy kt  ,   fqxzy kt  ). 

 
Definition 6. A fuzzy subset f  of a ternary 

semigroup S  is called an  kq, -fuzzy two 

sided ideal of S  if it is both  kq, -fuzzy left 

ideal and  , kq -fuzzy right ideal of S . A 

fuzzy subset f of a ternary semigroup S is called 

an  kq, -fuzzy ideal of S  if it is an 

 kq, -fuzzy left ideal,  kq, -fuzzy 

right ideal and  kq, -fuzzy lateral ideal of 

S . 
 
Remark 1. Every fuzzy left (right, lateral) ideal of 

a ternary semigroup S  is an  kq, -fuzzy left 

(right, lateral) ideal of S , but the converse is not 
true. 
 

Remark 2. Every  q, -fuzzy ternary 

subsemigroup (left ideal, right ideal, lateral ideal) 

of a ternary semigroup S  is an  kq, -fuzzy 

ternary subsemigroup (left ideal, right ideal, lateral 
ideal) of S , but the converse is not true. 
 
Example 1. Consider the ternary semigroup 

 dcbaS ,,, , with the ternary operation 

  xxyz   for all Szyx ,, . Define a fuzzy 

subset f  of S  by: 
 
  ,7.0af    ,6.0bf    8.0cf ,   55.0df . 

 
Then simple calculations show that f  is an 

 kq, -fuzzy left ideal of S  for 2.0k , but 

not a fuzzy left ideal of S ,  because    afdbaf  . 
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Example 2. Consider  iiS ,0, , where S  is a 

ternary semigroup under the usual multiplication of 
complex numbers. Define a fuzzy subset f  of S  

by: 
 

  ,35.0 if    ,7.0if    8.00 f . 
 

Then we have 
 

   
 



















     .18.0  if      

    8.07.0  if   0

   7.035.0  if  ,0

      35.0  if   

;

t

t

ti

tS

tfU



 

 
Then simple calculations show that f  is an 

 kq, -fuzzy ternary subsemigroup of S  for 

3.0k , but not an  q, -fuzzy ternary 

subsemigroup of S  because fi 7.0  but 

  fqiii 7.0 . 

 

Theorem 4. Let A  be a ternary subsemigroup (left 
ideal, right ideal, lateral ideal) of a ternary 

semigroup S  and  qq  ,, . Then the 

fuzzy subset f  of S  defined by: 
 

 


 




otherwise,    0    

    if  2
1 Ax

xf
k

 

 
is an   kq, -fuzzy ternary subsemigroup 

(left ideal, right ideal, lateral ideal) of S . 
 
Proof: Let A  be a ternary subsemigroup of S . 

(1) If  . Let Szyx ,,  and ]1,0(,, srt  

be such that ,fxt   fyr  , fz s  . Then 

  ,0 txf   ,0 ryf   0 szf . 

Thus   2
1 kxf  ,   2

1 kyf  ,   2
1 kzf  . This 

implies that Azyx ,, . Since A  is a ternary 

subsemigroup of S  so, Axyz . Hence 

  2
1 kxyzf  . 

If   2
1,,min ksrt  , then    srtxyzf k ,,min2

1   . 

This implies that     fxyz srt ,,min .  

If   2
1,,min ksrt  , then 

    1,,min 2
1

2
1   kksrtxyzf kk  

and so     fqxyz ksrt ,,min . Hence f  is an 

 kq, -fuzzy ternary subsemigroup of S . 

(2) If q . Let Szyx ,,  and ]1,0(,, srt  

be such that ,qfxt qfyr , qfzs . Then, 

  1 txf ,   1 ryf ,   1 szf . So 

Azyx ,, . Since A  is a ternary subsemigroup 

of S  so, Axyz . Thus   2
1 kxyzf  . 

If   2
1,,min ksrt  , then 

   srtxyzf k ,,min2
1   . So     fxyz srt ,,min . 

If   2
1,,min ksrt  , then 

   min , , 1f xyz t r s k   . So     fqxyz ksrt ,,min
. 

Hence f  is a  kqq , -fuzzy ternary 

subsemigroup of S . 

(3) If q , let Szyx ,,  and 

]1,0(,, srt  be such that 

,qfxt  qfyr  , qfzs  . 

This implies that fxt   or qfxt , fyr   or 

yrqf , fz s   or qfzs . 

If qfxt , fyr  , qfzs . This implies that 

  1 txf ,   ryf  ,   1 szf . This 

implies that Azyx ,, . Since A  is a ternary 

subsemigroup of S , Axyz . This implies that 

  2
1 kxyzf  . Similarly for the other cases. 

Analogous to (1) and (2) we obtain 

    fqxyz ksrt ,,min . Therefore, f  is an 

 kqq  , -fuzzy ternary subsemigroup of S . 

 
Corollary 1. [22] Let A  be a ternary 
subsemigroup (left ideal, right ideal, lateral ideal, 

ideal) of S , and  qq  ,, . Then the fuzzy 

subset f of S  defined by: 
 

 


 


otherwise,   0

      if  2
1 Ax

xf  

 
is an  q, -fuzzy ternary subsemigroup (left 

ideal, right ideal, lateral ideal, ideal) of S . 
 
Theorem 5. Let f be a fuzzy subset of a ternary 

semigroup S . Then f  is an  kq, -fuzzy 

ternary subsemigroup of S  if and only 

if,         2
1,,,min kzfyfxfxyzf  . 
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Proof: Suppose f is an  kq, -fuzzy ternary 

subsemigroup of S . On the contrary, assume that 
there exist Szyx ,,  such that 

        2
1,,,min kzfyfxfxyzf   . 

Choose ]1,0(t  such that 

        2
1,,,min kzfyfxftxyzf  . 

Then 

fxt  , fyt  , fzt  . But   txyzf    fxyz t  

and   12
1

2
1   kktxyzf kk . So 

      fqxyzfqxyz ktkttt ,,min
. Which is a 

contradiction. Hence,         2
1,,,min kzfyfxfxyzf   . 

Conversely, assume that 

        2
1,,,min kzfyfxfxyzf  . Let 

fxt  , fyr  , fz s   for all ]1,0(,, srt . 

Then   txf  ,   ryf  ,   szf  . Now, 

          2
1

2
1 ,,,min,,,min kk srtzfyfxfxyzf   . 

If   2
1,,min ksrt  , then 

   srtxyzf ,,min . So     fxyz srt ,,min . 

If   2
1,,min ksrt  , then 

    1,,min 2
1

2
1   kksrtxyzf kk . This 

implies that     fqxyz ksrt ,,min
. Hence f  is an 

 kq, -fuzzy ternary subsemigroup of S . 

Taking 0k  in Theorem 5, we have the 
following corollary. 
 
Corollary 2. [22] Let f  be a fuzzy subset of a 

ternary semigroup S . Then f  is an  q, -

fuzzy ternary subsemigroup of S  if and only if, 

        5.0,,,min zfyfxfxyzf  . 

 
Theorem 6. A fuzzy subset f  of a ternary 

semigroup S  is an  kq, -fuzzy ternary 

subsemigroup of S  if and only if the level subset 

  tfU ;  is a ternary subsemigroup of S  for 

all ],0( 2
1 kt  . 

 
Proof: Suppose f  is an  kq, -fuzzy ternary 

subsemigroup of S  and  tfUzyx ;,,   for some 

],0( 2
1 kt  . Then   txf  ,   tyf  ,   tzf  . By 

Theorem 5,            ttzfyfxfxyzf kk  
2

1
2

1 ,min,,,min . 

So   txyzf  . This implies that  tfUxyz ; . 

Hence  tfU ;  is a ternary subsemigroup of S . 

Conversely, assume that   tfU ;  is a ternary 

subsemigroup of S  for all ],0( 2
1 kt  . Suppose, 

on the contrary, that there exist Szyx ,,  such that 

        2
1,,,min kzfyfxfxyzf  . Choose ],0( 2

1 kt   

such that         2
1,,,min kzfyfxftxyzf  . 

Then  tfUzyx ;,,  , but  tfUxyz ; , which is 

a contradiction. Thus         2
1,,,min kzfyfxfxyzf  . 

Hence f  is an  kq, -fuzzy ternary 

subsemigroup of S . 

Taking 0k  in Theorem 6, we have the 
following corollary. 
 
Corollary 3. [22] A fuzzy subset f  of a ternary 

semigroup S  is an  q, -fuzzy ternary 

subsemigroup of S  if and only if the level subset 

  tfU ;  is a ternary subsemigroup of S , for 

all ]5.0,0(t . 

 
Theorem 7. A fuzzy subset f  of a ternary 

semigroup S  is an  kq, -fuzzy left (right, 

lateral) ideal of S  if and only if 

    2
1,min kzfxyzf    

          2
1

2
1 ,min,,min kk yfxyzfxfxyzf   , 

for all Szyx ,, . 

 

Proof: Suppose f  is an  kq, -fuzzy left 

ideal of S . Suppose, on the contrary, that there 
exist Szyx ,,  such that     2

1,min kzfxyzf  . 

Choose ]1,0(t  such that     2
1,min kzftxyzf  . 

Then fzt   but   fxyz t . Also, 

  12
1

2
1   kktxyzf kk . This implies that 

  fqxyz kt  , which contradicts the hypothesis. 

Hence     2
1,min kzfxyzf  . 

Conversely, assume that     2
1,min kzfxyzf  . 

Let Szyx ,,  and ]1,0(t  be such that 

fzt  . Then   tzf  . This implies that 

      2
1

2
1 ,min,min kk tzfxyzf   . 

If 2
1 kt  , then   2

1 kxyzf  . So 

  12
1

2
1   kktxyzf kk . This implies 

that   fqxyz kt . 

If 2
1 kt  , then   .txyzf   This implies that 
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  fxyz t  . Thus   fqxyz kt  . Hence f  is 

an  kq, -fuzzy left ideal of S . 

 
Corollary 4. A fuzzy subset f  of a ternary 

semigroup S  is an  kq, -fuzzy ideal of S  

if and only if     2
1,min kzfxyzf  , 

    2
1,min kxfxyzf  , and     2

1,min kyfxyzf  . 

If we take 0k  in Theorem 7, we obtain the 
following corollary. 
 
Corollary 5. [22] A fuzzy subset f  of a ternary 

semigroup S  is an  q, -fuzzy left (right, 

lateral) ideal of S  if and only if 

    
    
    

f xyz min f x ,o.5 ,
f xyz min f z ,0.5

f xyz min f y ,o.5

 
   

. 

 
Theorem 8. A fuzzy subset f  of a ternary 

semigroup S  is an  kq, -fuzzy left (right, 

lateral) ideal of S  if and only if   tfU ;  is a 

left (right, lateral) ideal of S . 
 
Proof: The proof is similar to the proof of Theorem 
6. 
 

Theorem 9. If f  is an  kq, -fuzzy left 

ideal, g  an  kq, -fuzzy lateral ideal and h  

an  kq, -fuzzy right ideal of a ternary 

semigroup S , then hgf   is an  kq, -

fuzzy two sided ideal of S . 
 
Proof: The proof is straightforward. 
 
Lemma 1. The intersection of any family of 

 kq, -fuzzy left (right, lateral) ideals of a 

ternary semigroup S  is an  kq, -fuzzy left 

(right, lateral) ideal of S . 
 

Proof: Let   Iiif   be a family of  kq, -

fuzzy left ideals of a ternary semigroup S  and 

Szyx ,, . Then,     xyzfxyzf i
Ii

i
Ii






 


. 

Since each if  is an  kq, -fuzzy left ideal 

of S ,     2
1 k

ii zfxyzf   for all Ii . Thus, 

       2
1 k

i
Ii

i
Ii

i
Ii

zfxyzfxyzf 








    

    .2
1

2
1 k

i
Ii

k
i

Ii
zfzf 












 





    

Hence, i
Ii

f


 is an  kq, -fuzzy left ideal 

of S . 
In a similar fashion we can prove the following 

lemma. 
 
Lemma 2. The union of any family of 

 kq, -fuzzy left (right, lateral) ideals of a 

ternary semigroup S  is an  kq, -fuzzy left 

(right, lateral) ideal of S . 
 

Definition 7. An  kq, -fuzzy ternary 

subsemigroup f  of a ternary semigroup S  is 

called an  kq, -fuzzy bi-ideal of S  if for all 

Szyxvu ,,,,  and ]1,0(,, srt  the following 

condition holds: 

 3T  fxt  , fyr  , and fz s   implies 

    fqxuyvz ksrt ,,min . 

 
Theorem 10. Let B  be a bi-ideal of a ternary 

semigroup S  and  qq  ,, . Then the 

fuzzy subset f  of S  defined by: 

 
1

2   if 

0   otherwise,

k x B
f x

 
 


 

 
is an  kq, -fuzzy bi-ideal of S . 

 
Proof: The proof is similar to the proof of Theorem 
4. 
 
Theorem 11. A fuzzy subset f  of a ternary 

semigroup S  is an  kq, -fuzzy bi-ideal of 

S  if and only if it satisfies the following 
conditions: 

(1)         2
1,,,min kzfyfxfxyzf    

(2)         2
1,,,min kzfyfxfxuyvzf   for 

all Szyxvu ,,,,  and )1,0[k . 

 
Proof: The proof is similar to the proof of Theorem 
5. 
 
Theorem 12. A fuzzy subset f  of a ternary 

semigroup S  is an  kq, -fuzzy bi-ideal of 

S  if and only if   tfU ;  is a bi-ideal of S  
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for all ],0( 2

1 kt  . 

 
Proof: The proof is similar to the proof of Theorem 
6. 
 
Definition 8. A fuzzy subset f  of a ternary 

semigroup S  is called an  kq, -fuzzy 

generalized bi-ideal of S  if and only if  3T  

holds. 
 
Theorem 13. Let G  be a generalized bi-ideal of a 

ternary semigroup S  and  qq  ,, . Then 

the fuzzy subset f  of S  defined by: 
 

 


 




otherwise,   0

 if  2
1 Gx

xf
k

 

 
is an  kq, -fuzzy generalized bi-ideal of 

S . 
 
Proof: The proof is similar to the proof of Theorem 
4. 
 
Theorem 14. A fuzzy subset f  of a ternary 

semigroup S  is an  kq, -fuzzy generalized 

bi-ideal of S  if and only if it satisfies the following 
condition: 

 4T          2
1,,,min kzfyfxfxuyvzf   

for all Szyxvu ,,,,  and )1,0[k . 

 
Proof: The proof is similar to the proof of Theorem 
5. 
 
Theorem 15. A fuzzy subset f  of a ternary 

semigroup S  is an  kq, -fuzzy generalized 

bi-ideal of S  if and only if   tfU ;  is a 

generalized bi-ideal of S  for all ],0( 2
1 kt  . 

 
Proof: The proof is similar to the proof of Theorem 
6. 
 
Definition 9. A fuzzy subset f  of a ternary 

semigroup S  is an  kq, -fuzzy quasi-ideal 

of S  if it satisfies: 

            1 k
2

(1) f x min f x , f x , f x ,  S S S S S S      ;  

             2
1,,,min2 kxfxfxfxf   SSSSSSSS , 

where S  is the fuzzy subset of S  mapping every 

element of S  on 1. 
 

Theorem 16. Let f  be an  kq, -fuzzy 

quasi-ideal of a ternary semigroup S . Then the set 

  0:0  xfSxf  is a quasi-ideal of S . 

 
Proof: We show that 0000 fSSfSSfSSf   

and 0000 fSSfSSSSfSSf  . 

Let SSfSSfSSfa 000  . This implies 

that 0SSfa , SSfa 0  and SSfa 0 . Thus 

there exist 0,, fzyx   and 

Stttsss 321321 ,,,,,  such that ,11txsa   

,22 ytsa   .33 ztsa   

Now, 
 
         

       zfzfts

rfqpaf
pqra






33 SS
SSSS 

 

 
This implies that     zfaf SS . 

Similarly,     yfaf SS   and 

    xfaf SS  , so 
 

          

     

1
min , , ,

2

1
min , , , 0.

2

k
f a f a f a f a

k
f x f y f z

   
 

   
 

     S S S S S S  

 
This implies that 0fa . 

Thus, 0000 fSSfSSfSSf  . 

Again, let SSfSSSSfSSfa 000  . Then 

0SSfa  and SSSSfa 0 and SSfa 0 . Thus 

11txsa  , 4422 tystsa  , ztsa 33  for some 

Sttttsssszyx 43214321 ,,,,,,,,,, . For 

3 3a s t z  and ,11txsa   discussed above. 

Now, 
 
           2

1,,,min kafafafaf   SSSSSSSS , 
 
and by the above arguments 

    zfaf SS ,     xfaf SS  . 

Now, 
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Now, 
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This implies that 0fa . Hence 

0000 fSSfSSSSfSSf  . 

Therefore, 0f  is a quasi-ideal of S . 

 
Lemma 3. A non-empty subset Q  of a ternary 

semigroup S  is a quasi-ideal of S  if and only if 

the characteristic function QC , of Q , is an 

 kq, -fuzzy quasi-ideal of S . 

 
Proof: The proof is straightforward. 
In a similar fashion we can prove the following 
lemma. 
 
Lemma 4. A non-empty subset A  of a ternary 
semigroup S  is a left (right, lateral, two sided) 

ideal of S  if and only if the characteristic function 

AC , of A , is an  kq, -fuzzy left (right, 

lateral, two sided) ideal of S . 
 

Theorem 17. Every  kq, -fuzzy left (right, 

lateral) ideal of a ternary semigroup S  is an 

 kq, -fuzzy quasi-ideal of .S  

 
Proof: The proof is straightforward. 
 
Remark 3. The converse of the above theorem 
does not hold in general. 
 
Example 3. Let 
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00
S

be a ternary semigroup under ternary matrix 

multiplication. Then 


























00

10
,

00

00
Q  be 

the quasi-ideal of S   which is neither left, nor right 

nor a lateral ideal of S (see [3]). Then by Lemma 3, 

QC  is an  kq, -fuzzy quasi-ideal of S  and 

QC  is neither  kq, -fuzzy left ideal, nor 

 kq, -fuzzy right, nor an  kq, -fuzzy 

lateral ideal of S . 
 

Theorem 18. Every  kq, -fuzzy quasi-ideal 

of a ternary semigroup S  is an  kq, -fuzzy 

bi-ideal of S . 
 

Proof: Suppose f  is an  kq, -fuzzy quasi-

ideal of S  and ,,vu Szyx ,, . 

Now, 
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So         2
1,,,min kzfyfxfxyzf  . 

Also,  
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This implies that 

        2
1,,,min kzfyfxfxuyvzf  . 

Therefore, f  is an  kq, -fuzzy bi-ideal of 

S . 
 

4. Regular Ternary Semigroups 

In this section we characterize regular ternary 
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semigroups by the properties of their  kq, -

fuzzy ideals,  kq, -fuzzy quasi-ideals, 

 kq, -fuzzy bi-ideals. 

 
Definition 10. Let gf ,  and h  be fuzzy subsets of 

a ternary semigroup S . We define the fuzzy 

subsets kf , gf k , gf k , and 

hgf kk   as follows: 

(1)     2
1 k

k xfxf    

(2)       2
1 k

k xgfxgf    

(3)      2
1)( k

k xgfxgf   , 

(4)       2
1 k

kk xhgfxhgf    for 

all Sx . 
 
Lemma 5. Let gf ,  and h  be fuzzy subsets of a 

ternary semigroup S . Then the following hold: 

(1) kkk gfgf  ;  

(2) kkk gfgf  ;  

(3) kkkkk hgfhgf   . 

 

Theorem 19. Let f  be an  kq, -fuzzy 

ternary subsemigroup of a ternary semigroup S . 

Then kf  is an  kq, -fuzzy ternary 

subsemigroup of S . 
 

Proof: Assume that f  is an  kq, -fuzzy 

ternary subsemigroup of a ternary semigroup S  

and Szyx ,, . Then 
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This shows that kf  is an  kq, -fuzzy 

ternary subsemigroup of S . 
 

Theorem 20. Let f  be an  kq, -fuzzy bi-

ideal of a ternary semigroup S . Then kf  is an 

 kq, -fuzzy bi-ideal of S . 

 
Proof: Let Szyxvu ,,,, . Then 
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Also, kf  is an  kq, -fuzzy ternary 

subsemigroup of S  by Theorem 19. 

Therefore, kf  is an  kq, -fuzzy bi-ideal 

of S . 
In a similar fashion we can prove the following 

theorems. 
 

Theorem 21. Let f  be an  kq, -fuzzy left 

(right, lateral) ideal of a ternary semigroup S . 

Then kf  is an  kq, -fuzzy left (right, 

lateral) ideal of S . 
 

Theorem 22. Let f  be an  kq, -fuzzy 

quasi-ideal of a ternary semigroup S . Then kf  is 

an  kq, -fuzzy quasi-ideal of S . 

 
Lemma 6. Let A , B , and C  be non-empty 

subsets of a ternary semigroup S . Then the 
following hold: 

(1)    kBABkA CCC   ; 

(2)    kBABkA CCC   ; 

(3)  kABCckBkA CCCC )(  , where AC  is 

the characteristic function of A . 
 
Lemma 7. A non-empty subset A  of a ternary 
semigroup S  is a left (right, lateral, two sided) 

ideal of S  if and only if  kAC  is an  kq, -

fuzzy left (right, lateral, two sided) ideal of S . 
 
Proof: Let A  be a left ideal of S . Then by 

Theorem 4,  kAC  is an  kq, -fuzzy left 

ideal of S . 

Conversely, assume that  kAC  is an 

 kq, -fuzzy left ideal of S . Let Az . 

Then     2
1 k

kA zC  . This implies that 

 kACz k 
2

1 . 

Since  kAC  is an  kq, -fuzzy left ideal of 

,S so    kAk Cqxyz k 
2

1 . This implies that 



 
 

IJST (2012) A3 (Special issue-Mathematics): 1-12   404 
 

   kACxyz k 
2

1  or    kAk Cqxyz k
2

1 . Thus 

    2
1 k

kA xyzC   or     12
1   kxyzC k

kA . 

If     12
1   kxyzC k

kA
, then     2

1 k
kA xyzC  . 

Thus     2
1 k

kA xyzC  . Hence     2
1 k

kA xyzC  . 

This implies that Axyz . Hence A  is a left ideal 

of S . 
 

Definition 11. An  kq, -fuzzy ideal f  of 

S  is called idempotent if kkk ffff  . 

 
Lemma 8. Let Q  be a non-empty subset of a 

ternary semigroup S . Then Q  is a quasi-ideal of 

S  if and only if  
kQC  is an  kq, -fuzzy 

quasi-ideal of S . 
 
Proof: The proof is similar to the proof of Lemma 
7. 

Next we show that if f  is an  kq, -fuzzy 

left (right) ideal of S , then kf  is a fuzzy left 

(right) ideal of S . 
 

Proposition 1. Let f  be an  kq, -fuzzy left 

(right) ideal of a ternary semigroup S . Then kf  is 

a fuzzy left (right) ideal of S . 
 

Proof: Let f  be an  kq, -fuzzy left ideal of 

a ternary semigroup S . Then for all Szyx ,,  

we have     2
1 kzfxyzf  . This implies that 

    2
1

2
1

2
1 kkk zfxyzf   . So    zfxyzf kk  . 

Hence kf  is a fuzzy left ideal of S . 

Similarly, if f  is an  kq, -fuzzy right 

ideal of S , then kf  is a fuzzy right ideal of S . 

Next we show that every fuzzy left ideal of S  is 

not of the form kf  for some  kq, -fuzzy left 

ideal f  of S . 

 

Example 4. Let  dcbaS ,,, , and   axyz   

for all Szyx ,, . Then S  is a ternary 

semigroup. Define a fuzzy subset f  of S  by: 

  ,1af        2
1,, kdfcfbf  . Then f  is a 

fuzzy left ideal of S  for all )1,0[k , but this is 

not of the form kf  for some  kq, -fuzzy left 

ideal f  of S . 

 

Lemma 9. Let f  be an  kq, -fuzzy right 

ideal and g  an  kq, -fuzzy left ideal of S . 

Then gfgf kkk  S . 

 
Proof: Let f  be an  kq, -fuzzy right ideal 

and g  an  kq, -fuzzy left ideal of S  and 

Sa . Consider,       2
1 k

kk agfagf   SS   

          2
1

2
1 k

lmna

k

lmna
nglfngmlf 











 





  S

      agflmnglmnf k
k

lmna






  


2

1 . 

This implies that gfgf kkk  S . 

 
Theorem 23. For a ternary semigroup S , the 
following conditions are equivalent: 
(1) S  is regular; 

(2) hgfhgf kkkk   for every 

 kq, -fuzzy right ideal f , every 

 kq, -fuzzy lateral ideal g  and every 

 kq, -fuzzy left ideal h  of S . 

 

Proof:    21  : Let f  be an  kq, -

fuzzy right ideal, g  an  kq, -fuzzy lateral 

ideal and h  an  kq, -fuzzy left ideal of S  

and Sa . Then, 
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So hgfhgf kkkk  . 

Now, since S  is regular, for any Sa  there 

exists Sx  such that  axaxaaxaa  . 

Now, 
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This implies that 

hgfhgf kkkk  . Hence 

hgfhgf kkkk  . 

   12  : Let R , M  and L  be the right ideal, 

lateral ideal and left ideal of S , respectively. Then 

by Lemma 4, RC , MC  and LC  are  kq, -

fuzzy right ideal,  kq, -fuzzy lateral ideal 

and  kq, -fuzzy left ideal of S , 

respectively. Thus by hypothesis, 

 
    .

R k M k L R k M k L

R M L RMLk k

C C C C C C

C C 

  



 
 

Thus RMLLMR  . Hence by Theorem 
1, S  is regular. 
 
Theorem 24. The following conditions are 
equivalent for a ternary semigroup S : 

(1) S  is regular; 

(2) gfgf kkk  S  for every 

 kq, -fuzzy right ideal f  and every 

 kq, -fuzzy left ideal g  of S . 

 
Proof: The proof follows from Theorem 3 and 
Theorem 23. 
 
Theorem 25. For a ternary semigroup S , the 
following conditions are equivalent: 
(1) S  is regular; 

(2) ffff kkkkk  SS  for every 

 kq, -fuzzy generalized bi-ideal f  of S ; 

(3) ffff kkkkk  SS  for every 

 kq, -fuzzy bi-ideal f  of S ; 

(4) ffff kkkkk  SS  for every 

 kq, -fuzzy quasi-ideal f  of S . 

 

Proof:    21  : Let f  be an  kq, -

fuzzy generalized bi-ideal of S  and Sa . Since 

S  is regular, so there exists Sx  such that 
.axaxaaxaa   Now, 
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This implies that kkkkk ffff  SS  . 

Since f  is an  kq, -fuzzy generalized bi-

ideal of S ,  
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Thus kkkkk ffff  SS . Hence 

ffff kkkkk  SS . 

     432   Straightforward, because every 

 kq, -fuzzy quasi-ideal is an  kq, -

fuzzy bi-ideal and every  kq, -fuzzy bi-ideal 

is an  kq, -fuzzy generalized bi-ideal of S . 

   14  : Let Q  be any quasi-ideal of S . Then 

by Lemma 3, QC  is an  kq, -fuzzy quasi-

ideal of S . Thus by hypothesis 

   QkSkQkSkQkQ CCCCCC  . 

This implies that    
kQSQSQkQ CC  . Thus 

QSQSQQ  . Hence by Theorem 2, S  is 

regular. 
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Theorem 26. For a ternary semigroup S , the 
following conditions are equivalent: 
(1) S  is regular; 

(2) gfgf kkk  S  for every 

 kq, -fuzzy quasi-ideal f  and every 

 kq, -fuzzy left ideal g  of S ; 

(3) gfgf kkk  S  for every 

 kq, -fuzzy bi-ideal f  and every 

 kq, -fuzzy left ideal g  of S ; 

(4) gfgf kkk  S  for every 

 kq, -fuzzy generalized bi-ideal f  and 

every  kq, -fuzzy left ideal g  of S . 

 

Proof:    41  : Let f  be an  kq, -

fuzzy generalized bi-ideal and g  an  kq, -

fuzzy left ideal of S . Since S  is regular, so for 

any Sa  there exists Sx  such that 
axaa  . Now, 
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rgqpf
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This implies that gfgf kkk  S . 

     234   Straightforward. 

   12   Let f  be an  kq, -fuzzy right 

ideal and g  an  kq, -fuzzy left ideal of S , 

since every  kq, -fuzzy right ideal is an 

 kq, -fuzzy quasi-ideal of S . Therefore, 

gfgf kkk  S . Also by Lemma 9, 

gfgf kkk  S . Thus 

gfgf kkk  S . 

Hence by Theorem 24 S  is regular. 
 
Theorem 27. The following conditions are 
equivalent for a ternary semigroup S : 

(1) S  is regular; 

(2)    fggfgf kkkkk  SS   

for every  kq, -fuzzy generalized bi-ideals 

f  and g  of S ; 

(3)    fggfgf kkkkk  SS   

for every  kq, -fuzzy bi-ideals f  and g  of 

S ; 

(4)    fggfgf kkkkk  SS   

for every  kq, -fuzzy bi-ideal f  and every 

 kq, -fuzzy quasi-ideal g  of S ; 

(5)    fggfgf kkkkk  SS   

for every  kq, -fuzzy bi-ideal f  and every 

 kq, -fuzzy left ideal g  of S ; 

(6)    fggfgf kkkkk  SS   

for every  , kq -fuzzy quasi-ideal f  and 

every  kq, -fuzzy left ideal g  of S ; 

(7)    fggfgf kkkkk  SS   

for every  kq, -fuzzy right ideal f  and 

every  kq, -fuzzy left ideal g  of S . 

 

Proof:    21  : Let f  and g  are  kq, -

fuzzy generalized bi-ideals of S  and Sa . Since 

S  is regular, so there exists Sx  such that 
axaa  . Now, 
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Thus gfgf kkk  S . Also, 
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S
Thus, fggf kkk  S . Therefore, 

   fggfgf kkkkk  SS  . 

It is clear that            765432  . 
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   17  : Let    fggfgf kkkkk  SS   

for every  kq, -fuzzy right ideal f  and 

every  kq, -fuzzy left ideal g  of S . Now, 

 7  implies      gffggfgf kkkkkkk  SSS   

and by Lemma 9,   gfgf kkk  S . 

Consequently,  gfgf kkk  S . Thus by 

Theorem 24, S  is regular. 
 
Theorem 28. The following assertions are 
equivalent for a ternary semigroup S : 

(1) S  is regular; 

(2)  gfgf kkk  S  for every 

 kq, -fuzzy generalized bi-ideal f  and 

every  kq, -fuzzy left ideal g  of S ; 

(3)  gfgf kkk  S  for every 

 kq, -fuzzy bi-ideal f  and every 

 kq, -fuzzy left ideal g  of S ; 

(4)  gfgf kkk  S  for every 

 kq, -fuzzy quasi-ideal f  and every 

 kq, -fuzzy left ideal g  of S ; 

(5)  gfgf kkk  S  for every 

 kq, -fuzzy right ideal f  and every 

 kq, -fuzzy bi-ideal g  of S ; 

(6)  gfgf kkk  S  for every 

 kq, -fuzzy right ideal f  and every 

 kq, -fuzzy quasi-ideal g  of S . 

 
Proof:    21  : Assume that f  is an 

 kq, -fuzzy generalized bi-ideal and g  an 

 kq, -fuzzy left ideal of S . Since S  is 

regular, so for any Sa  there exists Sx  such 
that axaa  , and 
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This implies that gfgf kkk  S . 

It is clear that      432  . 

   14  : Suppose that gfgf kkk  S  

for every  , kq -fuzzy quasi-ideal f  and 

every  kq, -fuzzy left ideal g  of S . Let h  

be any  kq, -fuzzy right ideal of S . Take 

hf  , then by  4 , ghgh kkk  S  and 

by Lemma 9, ghgh kkk  S . Thus 

ghgh kkk  S . Therefore, by Theorem 

24, S  is regular. 

   51  : Let f  be an  kq, -fuzzy right 

ideal and g  an  kq, -fuzzy bi-ideal of S . 

Since S  is regular, so for any Sa  there exists 

Sx  such that axaa  , and 
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Thus gfgf kkk  S . 

It is clear that    65  . 

   16  : Suppose that gfgf kkk  S  

for every  kq, -fuzzy right ideal f  and 

every  kq, -fuzzy quasi-ideal g  of S . Let 

h  be any  kq, -fuzzy left ideal of S . Take 

gh  , then by  6 , hfhf kkk  S  and 

by Lemma 9, hfhf kkk  S . Thus 

hfhf kkk  S . Therefore, by Theorem 

24, S  is regular. 

5. Weakly regular Ternary Semigroups 

In this section we characterize right weakly regular 
ternary semigroups by the properties of their 

 kq, -fuzzy right ideals,  kq, -fuzzy 

two sided ideals and  kq, -fuzzy generalized 

bi-ideals. 
 
Definition 12. [28] A ternary semigroup S  is said 
to be right (resp. left) weakly regular, if 

 3xSSx    3 resp. SSxx  for all Sx . 

 
Example 5. Let X  be a countably infinite set and 
let S  be the set of one-one maps XX :  
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with the property that  XX    is infinite. Then 

S  is a ternary semigroup with respect to the 
composition of functions, that is, for S ,, , 

  .       

This ternary semigroup is not regular but right 
weakly regular. 
 
Lemma 10. [28] A ternary semigroup S  is right 
weakly regular if and only if RIIIR  , for 
every right ideal R  and every two sided ideal I  of 
S . 
 
Theorem 29. For a ternary semigroup S , the 
following assertions are equivalent: 
(1) S  is right weakly regular; 

(2) ggfgf kkk   for every  kq, -

fuzzy right ideal f  and every  kq, -fuzzy 

two sided ideal g  of S . 
 

Proof:    21  : Let f  be an  kq, -fuzzy 

right ideal and g  an  kq, -fuzzy two sided 

ideal of S  and Sa . Then 
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1 . This implies 

that gfggf kkk   . 

Now, to show  gf k  ggf kk  . Let 

Sa . Since S  is right weakly regular so there 

exist 1 2 3 1 2 3s , s , s , t , t , t S  such that    332211 tastastasa  . 

Thus  
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This implies that  gf k  k kf g g  . Thus 

ggfgf kkk   . 

   12   Let R  be the right ideal and I  two 

sided ideal of S . Then by Lemma 4, RC  and IC  

are  kq, -fuzzy right ideal and  kq, -

fuzzy two sided ideal of S , respectively. Thus by 
hypothesis 
 

    .kRIIkIR

IkIkRIkR

CC

CCCCC







 

 
This implies that RIIIR  . Thus by Lemma 
10, S  is right weakly regular. 
The proof of the following theorem is 
straightforward and hence omitted. 
 
Theorem 30. For a ternary semigroup S , the 
following assertions are equivalent: 
(1) S  is right weakly regular; 

(2) Each  kq, -fuzzy right ideal f  of S  is 

idempotent. 
 
Theorem 31. For a ternary semigroup S , the 
following assertions are equivalent: 
(1) S  is right weakly regular; 

(2) hgfhgf kkkk   for every 

 kq, -fuzzy bi-ideal f , every  kq, -

fuzzy two sided ideal g  and every  kq, -

fuzzy right ideal h  of S ; 

(3) hgfhgf kkkk   for every 

 kq, -fuzzy quasi-ideal f , every 

 kq, -fuzzy two sided ideal g  and every 

 kq, -fuzzy right ideal h  of S . 

 

Proof:    21  : Let f  be an  kq, -fuzzy 

bi-ideal, g  an  kq, -fuzzy two sided ideal 

and h  an  kq, -fuzzy right ideal of S . Let 

Sa . Since S  is right weakly regular, for each 
Sa  there exist Stttsss 321321 ,,,,,  such that 

      332211332211 tastastsatastastasa  . 

Consider 
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This implies that hgfhgf kkkk  . 

   32  : Straightforward, because every 

 kq, -fuzzy quasi-ideal is an  kq, -

fuzzy bi-ideal of S . 

   13  : Let f  be an  kq, -fuzzy right 

ideal and g  an  kq, -fuzzy two sided ideal 

of S . Take gh  . Since every  kq, -

fuzzy right ideal is also  kq, -fuzzy quasi-

ideal. Thus by hypothesis ggfggf kkkk  . 

This implies that ggfgf kkk   and 

ggf kk  gf k  is straightforward. Thus 

 gf k ggf kk  . Therefore, by Theorem 

29, S  is right weakly regular. 
 
Theorem 32. For a ternary semigroup S , the 
following assertions are equivalent: 
(1) S  is right weakly regular; 

(2) ggfgf kkk   for every 

 kq, -fuzzy generalized bi-ideal f  and 

every  kq, -fuzzy two sided ideal g  of S ; 

(3) ggfgf kkk   for every 

 kq, -fuzzy bi-ideal f  and every 

 kq, -fuzzy two sided ideal g  of S ; 

(4) ggfgf kkk   for every 

 kq, -fuzzy quasi-ideal f  and every 

 kq, -fuzzy two sided ideal g  of S . 

 

Proof: Let f  be an  kq, -fuzzy generalized 

bi-ideal and g  an  kq, -fuzzy two sided 

ideal of S . Let Sa . Since S  is right weakly 
regular,  

      332211332211 tastastsatastastasa   

for some Stttsss 321321 ,,,,, . Consider, 
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This implies that k k kf g f g g    . 

     432  : Straightforward, because every 

 kq, -fuzzy quasi-ideal is an  kq, -

fuzzy bi-ideal and every  kq, -fuzzy bi-ideal 

is an  kq, -fuzzy generalized bi-ideal of S . 

   14  : Let f  be an  kq, -fuzzy right 

ideal and g  an  kq, -fuzzy two sided ideal 

of S . Since every  kq, -fuzzy right ideal is 

an  kq, -fuzzy quasi-ideal of S , thus by 

hypothesis 

ggfgf kkk   and ggf kk  gf k  

is straightforward. Hence ggfgf kkk  . 

Thus by Theorem 29, S  is right weakly regular. 

6. Conclusion 

In the study of fuzzy algebraic system, we notice 
that the (fuzzy) ideals with special properties 
always play a prominent role. 

In this paper we study  kq, -fuzzy left 

(right, lateral) ideals,  kq, -fuzzy quasi (bi-, 

generalized bi-) ideals of ternary semigroups and 
give several characterizations of regular and right 
weakly regular ternary semigroups in terms of these 
notions. 

We believe that the research along this direction 
can be continued, and in fact, some results in this 
paper have already constituted a foundation for 
further investigation concerning the further 
development of fuzzy ternary semigroups and their 
applications in other branches of algebra. In the 
future study of fuzzy ternary semigroups, perhaps 
the following topics are worth to be considered: 
(1) To characterize other classes of ternary 
semigroups by using this notion; 
(2) To apply this notion to some other algebraic 
structures; 
(3) To consider these results to some possible 
applications in computer sciences and information 
systems in the future. 
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