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Abstract 

Let ܩ ൌ ሺܸ, ܸ ሻ be a graph with vertex setܧ ൌ ܸሺܩሻ of order ݊ and edge set ܧ ൌ  ܩ ሻ. A ݇ -dominating set ofܩሺܧ
is a subset ܵ	 ك ܸ such that each vertex in ܸ	\	ܵ has at least ݇ neighbors in ܵ. If ݒ is a vertex of a graph ܩ, the 
open ݇-neighborhood of ݒ, denoted by ܰሺݒሻ, is the set ܰሺݒሻ ൌ 	 ሼݑ א ܸ  ݑ	 ് ,ݑሺ݀			݀݊ܽ			ݒ ሻݒ  ݇	ሽ. ܰሾݒሿ ൌ
ܰሺݒሻ  ሼݒሽ is the closed ݇-neighborhood of ݒ. A function ݂  	ܸ	 ื ሼെ1, 1ሽ is a signed distance-݇-dominating 

function of ܩ, if for every vertex ݒ	 א ܸ, ݂ሺ ܰሾݒሿሻ ൌ ∑ ݂ሺݑሻ௨	א	ேೖሾ௩ሿ  1. The signed distance-݇-domination 
number, denoted by ߛ,௦ሺܩሻ, is the minimum weight of a signed distance-݇-dominating function of ܩ. In this 
paper, we give lower and upper bounds on ߛ,௦ of graphs. Also, we determine the signed distance-݇-domination 
number of graph ߛ,௦ሺܩ	 ש ܩ ሻ (the graph obtained from the disjoint unionܪ	  ݕݔby adding the edges ሼ ܪ  	ݔ	 א
ܸሺܩሻ, 	ݕ א ܸሺܪሻሽ) when ݇	  2. 
 
Keywords: Signed distance-݇-dominating function; ݇th power of a graph 

 
1. Introduction 

Let ܩ ൌ ሺܸ, ܸ ሻ be a graph with vertex setܧ ൌ
ܸሺܩሻ of order ݊ and edge set ܧ ൌ  ሻ. For aܩሺܧ
subset ܵ	 ك 	ܸሺܩሻ, we define ܰሺܵሻ ൌ ீܰሺܵሻ ൌ
⋃ ܰሺݒሻ௩	אௌ . If ݒ is a vertex of a graph ܩ, the open 
݇-neighborhood of ݒ, denoted by ܰሺݒሻ, is the set 
ܰሺݒሻ ൌ 	 ሼݑ א ܸ  	ݑ	 ് ,ݑሺ݀			݀݊ܽ			ݒ ሻݒ 	 ݇	ሽ. 
ܰሾݒሿ ൌ ܰሺݒሻ  ሼݒሽ is the closed-݇-neighborhood 

of ߜ .ݒሺܩሻ ൌ 	݉݅݊	ሼ| ܰሺݒሻ|; 	ݒ	 א ܸ	ሽ and 
Δሺܩሻ ൌ |ሼ	ݔܽ݉	 ܰሺݒሻ|; 	ݒ	 א ܸ	ሽ.  

A ݇-dominating set of ܩ is a subset ܵ ك 	ܸ such 
that every vertex in ܸ	\	ܵ has at least ݇ neighbors in 
ܵ. The ݇-domination number ߛሺܩሻ is the minimum 
cardinality among the ݇-dominating sets of ܩ. A 
subset ܵ	 ك 	ܸ is a total dominating set, if for every 
vertex ݑ	 א ܸ there exists a vertex ݒ	 א ܵ, such that 
 be a graph with no isolated ܩ Let .ݒ is adjacent to ݑ
vertex. The total domination number ߛ௧ ሺܩሻ is the 
minimum cardinality among the total dominating 
sets of ܩ.  

A function f  	V	 ื ሼെ1, 1ሽ is a signed 
distance-݇-dominating function of G, if for every 
vertex v	 א V, fሺN୩ሾvሿሻ ൌ ∑ fሺuሻ୳	א	Nౡሾ୴ሿ  1. The 
signed distance-݇-domination number, denoted 
by γ୩,ୱሺGሻ, is the minimum weight of a signed  
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distance-݇-dominating function on ܩ. A signed 
distance-1-dominating function and signed 
distance-1-domination number ߛଵ,௦ሺܩሻ of a graph ܩ 
are identified with the usual signed dominating 
function and signed domination number ߛ௦ሺܩሻ of a 
graph [1] ܩ. 

Let ݇	  2 be a positive integer. A subset 
ܵ	 ك 	ܸሺܩሻ is a ݇ –packing if for every pair of 
vertices ݑ, 	ݒ א ܵ,			݀ሺݑ, ሻݒ 	 ݇. The ݇ -packing 
number ߚሺܩሻ	 is the maximum cardinality of a ݇-
packing in [2] ܩ. The joint of simple graphs ܩ and 
	ܩ written ,ܪ ש  is the graph obtained from the ,ܪ	
disjoint union ܩ  ݕݔby adding the edges ሼ ܪ 
	ݔ	 א ܸሺܩሻ, 	ݕ א ܸሺܪሻሽ [3]. Let ܩ be a graph of 
order ݊ with vertex set ሼݒଵ, ,ଶݒ . . . ,  ሽ. Weݒ
construct ݇th power ܩ of a graph ܩ, by ܸሺܩሻ ൌ
ܸሺܩሻ and ݑ and ݒ are adjacent in ܩ if and only if 
0 ൏ ݀ீሺݑ, ሻݒ  ݇. 

2. Lower bounds on ࢙,ࢽሺࡳሻ 

Observation 1. Let ܩ be a graph of order ݊, and ݇ 
be a positive integer. Then ߛ,௦ሺܩሻ = ߛ௦ ሺ	ܩሻ. 
 
Proof: Let ݂ be a signed distance-݇-dominating 
function of ܩ. It is easy to see that for every 
	ݒ א ܸሺܩሻ, ܰሾݒሿ ൌ 	ܰீೖሾݒሿ. Hence ݂ሺܰீೖሾݒሿሻ ൌ
݂ሺ ܰሾݒሿሻ. Therefore ݂ is a signed distance- ݇-
dominating function of ܩ if and only if ݂ is a signed 
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distance dominating set of ܩ. Thus ߛ௦ሺܩሻ ൌ
 .ሻܩ,௦ሺߛ

Let ܩ be a graph of order ݊, and ݇ be a positive 
integer. ߜሺܩሻ ൌ 	δሺܩሻ and Δሺܩሻ ൌ Δሺܩሻ. 
 
Theorem 2. [4] For any graph ܩ with 	ߜ	  2, 

ሻܩ௦ሺߛ  ݊ሺ
ቒ
ഃ
మ
ቓିቔ


మ
ቕାଵ

ቒ
ഃ
మ
ቓାቔ


మ
ቕାଵ
ሻ. 

As an immediate result from Observation 1 and 
Theorem 2 we have. 
 
Corollary 3. For any graph ܩ with δ  2, 

ሻܩ,௦ሺߛ  ݊ሺ

ಌೖ
మ ඈିቔ

ೖ
మ
ቕାଵ


ಌೖ
మ ඈାቔ

ೖ
మ
ቕାଵ
ሻ . 

 
Proposition 4. Let ܩ be a graph of order ݊. Then 
ሻܩሺ	ଶߛ	2 െ ݊	   .ሻܩሺ	௦ߛ
 
Proof Let ݂ be a minimum signed dominating 
function of ܩ. Let ଵܸ ൌ ሼݑ	 א ܸ  	݂ሺݑሻ ൌ 1	ሽ and 
ܸି ଵ ൌ ሼݑ	 א ܸ  ݂ሺݑሻ ൌ െ1	ሽ. If ܸି ଵ ൌ  then the ,
proof is clear. 

If ݒ	 א ܸି ଵ since ݂ሺ ீܰሾݒሿሻ  1, then ݒ has at 
least two adjacent in ଵܸ. Therefore ଵܸ is a 2-
dominating set for ܩ and | ଵܸ|   ሻ. Sinceܩଶሺߛ
ሻܩ௦ሺߛ ൌ | ଵܸ| െ |ܸି ଵ| and ݊ ൌ | ଵܸ| 	 |ܸି ଵ|, then 
ሻܩ௦ሺߛ ൌ 2| ଵܸ| െ ݊ and finally we have ߛ௦ሺܩሻ 
ሻܩଶሺߛ2 െ ݊. 
 
Proposition 5. Let ܩ be a graph of order ݊ and with 
no isolated vertex. Then 2 ߛ௧ሺܩሻ െ ݊   .ሻܩ௦ሺߛ
 
Proof: The proof is similar to the Proposition 4. 

3. Upper bounds on ࢙,ࢽሺࡳሻ 

Theorem 6. Let ݇ be a positive integer. If ܩ is a 
simple graph of order ݊ and minimum degree 
	δ  2 and ߚାଵ is a maximum value of ݇  1-
packing sets. Then ߛ,௦ሺܩሻ  ݊ െ  ାଵ, and thisߚ2
bound is sharp. 
 
Proof: Let ܵ be a ݇  1-packing set with |ܵ| ൌ
:݂ ାଵ. We defineߚ ܸ	 ื ሼെ1, 1ሽ by, 
 

݂ሺݒሻ ൌ ൜
െ1		݂݅	ݒ א ܵ

ݒ	݂݅			1 א ܸ െ ܵ. 
 
It is easy to show that ݂ሺܸሺܩሻሻ ൌ ݊ െ  .ାଵߚ	2

Therefore, it is sufficient to show that ݂ is a signed 
distance-݇-dominating function on ܩ. Let ݒ be a 
vertex in ܵ. Since 	ߜ  2, then | ܰሾݒሿ|  3 since ܵ 
is a ݇  1–packing set. Hence ܰሾݒሿ ת	 	ܵ ൌ	 ሼݒ	ሽ, 
and ݂ሺ ܰሾݒሿሻ 	 1. Now let ݒ be a vertex in ܸ െ ܵ. 
There are two cases. 
 

Case 1. ܰሾݒሿ ת ܵ ് ݇ Since ܵ is a .  1 -packing 
set in graph ܩ, then | ܰሾݒሿ ת	 	ܵ| ൌ 1 and let 
ܰሾݒሿ ܵ ת	 ൌ ሼݓሽ. Otherwise let ݑ be a vertex in 
ܰሾݒሿ ת	 	ܵ different from ݓ. This shows that 

݀ሺݓ, ሻݑ 	 ݇  1. This is a contradiction. Since 
ߜ	  2 therefore ݂ሺ ܰሾݒሿሻ 	 1. 
 
Case 2. ܰሾݒሿ ת 	ܵ ൌ ሿݒIf ܰሾ . ת	 ܵ ൌ  then ,
݂ሺ ܰሾݒሿሻ  1. Let ܰሾݒሿ ת	 ܵ	 ്  and let 
ܰሾݒሿ ת ܵ ൌ ሼݏଵ, ,ଶݏ . . . , ,ݏሽ. Since ݀ሺ	ݏ ሻݏ 	 	݇ 

2, there exists a vertex ݒ on the ݒ െ   path whichݏ
is distinct from the vertex ݒ on the ݒ െ  . pathݏ
Thus there exist at least ݎ distinct vertices in 
ܰሾݒሿ െ ܵ. Suppose ݒ be a vertex in ܰሾݒሿ such 

that ݒ is adjacent to ݏ for each 1	  ݅	   .ݎ
Therefore, ݂ሺ ܰሾݒሿሻ  ∑ fሺݒ െ ሻݏ


ୀଵ 	∑ fሺݒሻ


ୀଵ 

	݂ሺݒሻ 	ൌ 	1. And ݂ is a signed-݇-dominating function on 
ܸ| with weight ܩ െ ܵ| െ |ܵ| ൌ ݊ െ  ାଵ. Henceߚ	2
ሻܩ,௦ሺߛ  ݊ െ  .ାଵߚ2

Now, we show that the bound is sharp. The desired 
graph ܩ will be the union  copies of ܥସ. Then 
ሻܩ,௦ሺߛ ൌ ାଵߚ and 2 ൌ ሻܩ,௦ሺߛ Therefore . ൌ
	2 ൌ 4 െ 2 ൌ ݊ െ  ାଵ. This completes theߚ2
proof. 
 
Corollary 7. Let ݇ be a positive integer. If ܩ is a 
simple graph of order ݊ and minimum degree 	ߜ 
 2 and ߚାଵ is a maximum value of ݇  1 -
packing sets, then 
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Proof: By Theorem 6 and Corollary 3 the proof is 
clear. 
 
Theorem 8. Let ܩ be a connected graph of order ݊. 
Let ܮ and ܵ be the sets of vertices degree 1 (leaves) 
and ீܰሺܮሻ (support vertices) respectively. If ܦ is a 
maximum 2-packing set in ܩ െ ሺܮ   ሻܩ௦ሺߛ ሻ, thenܵ 
 ݊ െ  .and this bound is sharp ,|ܦ|2
 
Proof: We define ݂: ܸሺܩሻ 	ื ሼെ1, 1ሽ by, ݂ሺݒሻ ൌ

		൜
െ1		݂݅	ݒ א ܦ

ݒ	݂݅		1 א ܸ െ  .ܦ

It is easy to show that ݂ሺܸሺܩሻሻ ൌ ݊ െ  .|ܦ|	2
Therefore, it is sufficient to show that ݂ is a signed 
distance-2-dominating function on ܩ. For each 
vertex ݒ א ܸሺܩሻ, if ݒ is a vertex in ܮ then 
݂ሺܰሾݒሿሻ ൌ 2	  1. Let ݒ	 א ܸ െ ሺܮ ת  ሻ, ifܦ
ܰሾݒሿ ת	 ܦ ൌ ሿሻݒthen obviously ݂ሺܰሾ   1. If 
ܰሾݒሿ  ܦ ്  is a 2-packing set in ܦ since ,
ܩ െ ሺܮ  ܵሻ then |ܰሾݒሿ ת |ܦ ൌ 1, and let ܰሾݒሿ ת	
ܦ ൌ ሼݓሽ. Otherwise if ݑ be a vertex in ܰሾݒሿ ת	  ܦ	
different from ݓ then ݀ሺݓ,ݑሻ 	 2. This is a 
contradiction. Since ݀݁݃ሺݒሻ 	 2 then ݂ሺܰሾݒሿሻ 	
2. Finally, if ݒ	 א ሻݒsince ݀݁݃ሺ ,ܦ 	 2 and 
ܰሾݒሿ ת ܦ ൌ ሼݒ	ሽ then ݂ሺܰሾݒሿሻ 	 1. Therefore ݂ is 
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a signed dominating function of ܩ with weight 
݊ െ ௦ߛ Hence .|ܦ|2  ݊ െ  .|ܦ|2

Now, we show that the bound is sharp. Let 
ܩ ൌ 	ଵ,ିଵ ሺ݊ܭ  2ሻ. Then ߛ௦ሺܩሻ ൌ ݊ and ܦ ൌ  .
Thus ߛ௦ሺܩሻ ൌ ݊ െ  .|ܦ|2

In Theorem 6 the graph ܩ can be a simple 
disconnected graph of order ݊ and 	ߜሺܩሻ ൌ 1. Since 
ሻܩ௦ሺߛ then ,ܩ  are components ofܪ ,...,ଶܪ ,ଵܪ ൌ
ଵሻܪ௦ሺߛ  .ଶሻܪ௦ሺߛ . . ߛ௦ሺܪሻ. By a similar reason 
we can prove  ߛ௦ሺܩሻ 	 ݊ െ  ܵ and ܮ where ,|ܦ|2	
are the sets of vertices of degree 1 and ீܰሺܮሻ 
respectively. 

But there exists a natural question here. What 
would happen if ݇  1	? We are going to answer 
this question by concept of ݇th ܩ of the graph ܩ. 
Firstly, we have the following lemma. 
 
Lemma 9. Let ܩ be a simple graph of order n and 
ܦ Then .ܩ  be the ݇th power of the graphܩ ك
ܸሺܩሻ is a maximum set of ݇ݐ-packing vertices if 
and only if ܦ	 ك 	ܸሺܩሻ is a maximum set of ݐ-
packing vertices. 
 
Proof: Since every edge in ܩ is equal to a path 
with length ݈	  ݇ we have ݑ and ݒ, two vertices in 
ܸሺܩሻ such that there is no path between them with 
length ݈	   are two vertices ݒ and ݑ if and only if ݐ
in ܸሺܩሻ such that there is no path between them 
with length ݈  ܦ This shows that .݇ݐ ك ܸሺܩሻ is a 
set of ݐ-packing vertices if and only if ܦ	 ك 	ܸሺܩሻ 
is a set of ݇ݐ-packing vertices. Also, it is easy to see 
that ܦ ك ܸሺܩሻ is maximum if and only if ܦ	 ك
	ܸሺܩሻ is maximum. This completes the proof. 
 
Theorem 10. Let ݇	  2 be a positive integer. If ܩ 
is a simple graph and each component is order 
݊  3, with minimum degree 	ߜ ൌ 1 and ܵ is a 
maximum 2݇-packing set, then ߛ,௦ሺܩሻ  ݊ െ
ଶߚ ଶ, whereߚ	2 ൌ |ܵ|, and this bound is sharp. 
 
Proof: Let ܩ	be the ݇th power of the graph ܩ. By 
Observation 1 we have ߛ,௦ሺܩሻ ൌ  ሻ. Sinceܩ௦ሺߛ
݊	  3 then 	ߜሺܩሻ  2. Therefore, by Theorem 6 
we have ߛ,௦ሺܩሻ 	ൌ ሻܩ௦ሺߛ  ݊ െ  ሻ. Finallyܩଶሺߚ
by Lemma 9 we have ߛ,௦ሺܩሻ  ݊ െ  .	ሻܩଶ ሺߚ 2

Now we show that the bound is sharp. The 
desired graph ܩ will be the union ݐ copies of star 
ሻܩ,௦ሺߛ ଵ,ଶ. Thenܭ ൌ ݊ ,ݐ ൌ ଶ ൌߚ and ,ݐ3  .ݐ
Therefore ߛ,௦ሺܩሻ ൌ ݐ ൌ ݐ3 െ ݐ2 ൌ ݊ െ  ଶ. Thisߚ2
completes the proof. 
 
Observation 11. Let ܩ and ܪ be two simple 
graphs. If ݇	  2 then  

	ܩ,௦ሺߛ ש ሻܪ	

ൌ 		 ൜
1				݂݅			|ܸሺܩሻ|  |ܸሺܪሻ|			݅ݏ			݀݀
	2				݂݅			|ܸሺܩሻ|  |ܸሺܪሻ|		݅ݏ				݊݁ݒ݁.

 

 
Now we show that for any integer ݇ we can find a 

simple graph ܩ such that ߛ௦ ሺܩሻ ൌ ݇. 
 
Theorem 12. For any integer	݇, there exists a 
connected graph ܩ with ߛ௦ ሺܩሻ ൌ ݇. 
 
Proof: We consider four cases. 
 
Case 1. Let ݇ ൏ 	0. We consider the star ܭଵ,ଶ||ାଶ 
with vertices ݒଵ, ݒଶ, ....,	ݒ	ଶ||ାଶ and central vertex 
	 ሺ1ݑ We add vertices .ݒ  ݅	  2|݇|  2ሻ		be 
adjacent to ݒ and ݒାଵ in modulo 2|݇|  2. Then 
we add edges ݒݒାଵሺ1	  ݅	  2|݇|  2ሻ in modulo 
2|݇|  2. Finally, we add vertices ݓ ሺ1	  ݅	 
|݇|  1ሻ adjacent to ݒଶ୧ିଵ and ݒଶ୧ (when ݇ ൌ െ3, ܩ 
is illustrated in Figure 1). 

We define ݂: ܸሺܩሻ 	ื ሼ1,െ1ሽ by, 
 

݂ሺݑሻ ൌ ቊ
ݑ			݂݅				1 א ሼݒଵ, ,ଶݒ . . . . , ଶ||ାଶሽ	ݒ

	െ1		݂݅ א ൛ݑଵ, ,ଶݑ . . . . , ଶ||ାଶൟ	ݑ ,ଵݓ൛	 ,ଶݓ . . . . , .ൟ	|ାଵ|	ݓ
 

 
In the following, we prove that ݂ is a signed 

dominating function of ܩ. By symmetry it is 
sufficient to show that ݂ሺܰሾݑሿሻ 	 1 for ݑ	 א ሼݒ, ,ଵݒ
,ଵݑ ሿሻݒଵሽ. ݂ሺܰሾݓ ൌ ݂ሺݒሻ 	∑ ݂ሺݒሻ

ଶ||ାଶ
ୀଵ ൌ 2|݇| 

3	  1 . 
݂ሺܰሾݒଵሿሻ ൌ ݂ሺݒሻ  ݂ሺݒଵሻ  ݂ሺݒଶሻ  ݂ሺݒଶ||ାଶሻ 
݂ሺݑଵሻ  ݂ሺݑଶ||ାଶሻ  ݂ሺݓଵሻ ൌ 1  1. 
݂ሺܰሾݑଵሿሻ ൌ ݂ሺݑଵሻ  ݂ሺݒଵሻ  ݂ሺݒଶሻ ൌ 1	 
1.	݂ሺܰሾݓଵሿሻ ൌ ݂ሺݒଵሻ  ݂ሺݒଶሻ  ݂ሺݓଵሻ ൌ 1	  1. 
Therefore ݂ is a signed dominating function of ܩ 
with weight 
݂ሺܸሺܩሻሻ ൌ 1  2|݇|  2 െ |݇| െ 1 െ 2|݇| െ 2 ൌ
െ|݇| ൌ ݇. Hence ߛ௦ሺܩሻ  ݇. 

On the other hand, let ݃ be a minimum signed 
dominating function on ܩ such that ߛ௦ሺܩሻ ൌ
݃ሺܸሺܩሻሻ, we have, ݃൫ܸሺܩሻ൯ ൌ ∑ ݃ሺݑሻ௨	אሺீሻ ൌ

	∑ ݃ሺܰሾݑሿሻ
ଶ||ାଶ
ୀଵ 		 ∑ ݃ሺݓሻ

||ାଵ
ୀଵ  ݃ሺݒሻ 

∑ ሺ1ሻଶ||ାଶ
ୀଵ 			∑ ሺെ1ሻ||ାଵ

ୀଵ െ1= |݇| 	 ݇. Therefore 
ሻܩሺ	௦ߛ ൌ ݇. 
 

 
 

Fig. 1. example of Theorem 12 for ݇	 ൌ 	െ3	
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Case 2. If ݇ ൌ 0. We consider the Hajos graph ܩு 
(Fig. 2). 
We define ݂: ܸሺܩሻ 	ื ሼ1,െ1ሽ by, 
 

	݂ሺݑሻ ൌ 		 ൜
ݒ			݂݅				1 א ሼݑଵ, ,ଶݑ ଷሽ	ݑ

			െ1				݂݅			ݒ א ሼݒଵ, ,ଶݒ .ሽ	ଷ	ݒ
 

 
It is easy to see that f is a signed dominating 

function of ܩு, with weight 0. Therefore ߛ௦ሺܩுሻ 
0. On the other hand, let ݃ be a minimum signed 
dominating function of ܩு such that ߛ௦(ܩுሻ ൌ
݃ሺܸሺܩுሻሻ. We have, ߛ௦ (ܩு)ൌ ݃ሺܸሺܩுሻሻ ൌ
	∑ ݃ሺݑሻ୳	אVሺீಹሻ ൌ ݃ሺܰሾݑଵሿሻ  ݃ሺݒଷሻ 	 1 െ 1 ൌ
0. Therefore, ߛ௦ (ܩு) 0. Hence ߛ௦ ሺܩுሻ ൌ 0. 
 

 
 

Fig. 2. Hajous graph	
 
Case 3. If ݇ ൌ 1. Obviously for the complete graph 
 .1=(ଶାଵܭ) ௦ߛ ଶାଵ we haveܭ
 
Case 4. If ݇	  2. We consider the star ܭଵ,ିଵ. It is 
easy to see that ߛ௦ (ܭଵ,ିଵሻ ൌ ݇. This completes the 
proof. 
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