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Abstract

Let G = (V,E) be agraph with vertex set V = V(G) of order n and edge set E = E(G). A k -dominating set of G
isasubset S < V such that each vertex in V' \ S has at least k neighborsin S. If v is a vertex of a graph G, the
open k-neighborhood of v, denoted by Ny (v), istheset N, (v) = {(u €V : u#v and d(u, v) <k} N¢v] =
N, (v) U {v} isthe closed k-neighborhood of v. A function f : V — {—1, 1} isasigned distance-k-dominating
function of G, if for every vertex v €V, f(Ni[v]) = Xy e nypw) f (@) = 1. The signed distance-k-domination
number, denoted by y; s(G), is the minimum weight of a signed distance-k-dominating function of G. In this
paper, we give lower and upper bounds on y,, ; of graphs. Also, we determine the signed distance-k-domination
number of graph y, ;(G vV H) (the graph obtained from the disjoint union G + H by adding the edges {xy : x €

V(G), y e V(H)}) whenk > 2.
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1. Introduction

Let G = (V,E) be a graph with vertex set V =
V(G) of order n and edge set E = E(G). For a
subset S < V(G), we define N(S) = Ng(S) =
Uyes N(v). If v isavertex of agraph G, the open
k-neighborhood of v, denoted by N, (v), is the set
N(@w)={u€evV:u=+#v and du, v) <k}
N [v] = Ni(v) U {v} is the closed-k-neighborhood
of wv. &(G)= min{Nyw)|;v eV} and
A(6) = max {|Ne(v)]; v €V }.

A k-dominating set of G isasubset S € V such
that every vertex in V' \ S has at least k neighborsin
S. The k-domination number y; (G) is the minimum
cardinality among the k-dominating sets of G. A
subset S < V isatotal dominating set, if for every
vertex u € V there existsavertex v € S, such that
u isadjacent to v. Let G be a graph with no isolated
vertex. The total domination number y, (G) is the
minimum cardinality among the total dominating
setsof G.

A function f: V —{-1, 1} is a signed
distance-k-dominating function of G, if for every
vertex v €V, f(Ng[v]) = Xuen v f(w) = 1. The
signed distance-k-domination number, denoted
by Yk s(G), isthe minimum weight of asigned
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distance-k-dominating function on G. A signed
distance-1-dominating  function and  signed
distance-1-domination number y, ;(G) of agraph G
are identified with the usual signed dominating
function and signed domination number y,(G) of a
graph G [1].

Let k =2 be a positive integer. A subset
S € V(G) is a k —packing if for every pair of
vertices u, v € S, d(u,v) > k. The k -packing
number B, (G) isthe maximum cardinality of a k-
packing in G [2]. The joint of simple graphs G and
H, written G vV H, is the graph obtained from the
digoint union G + H by adding the edges {xy :
x €EV(G), y € V(H)} [3]. Let G be a graph of
order n with vertex sat {vy,v,,...,v,}. We
construct kth power G* of a graph G, by V(G*) =
V(G) and u and v are adjacent in G* if and only if
0<ds(u,v)<k.

2. Lower boundson y; (&)

Observation 1. Let G be a graph of order n, and k
be apositive integer. Then y; s (G) = ys (G¥).

Proof: Let f be a signed distance-k-dominating
function of G. It is easy to see that for every
v €V(G), Ni[v] = Nsk[v]. Hence f(N;k[v]) =
f(Ni[v]). Therefore f is a signed distance- k-
dominating function of G if and only if f isasigned



1JST (2012) A3 (Special issue-Mathematics): 1-12

368

distance dominating set of G*. Thus y,(G*) =
yk.s(G)-

Let G be a graph of order n, and k be a positive
integer. §(G*) = 8,(G) and A, (G*) = A (G).

Theorem 2. [4] For any graph G with & = 2,

31_j4],
2GE n({;H;J;).

As an immediate result from Observation 1 and
Theorem 2 we have.

Corollary 3. For any graph G with §, > 2,
o> a2
Yis( )_n(%).

Proposition 4. Let G be a graph of order n. Then
272 (G) —n <y (G).

Proof Let f be a minimum signed dominating
function of G. Let V; ={u €V : f(u) =1} and
Voo={u eV:f)=-1}. If V., =0, then the
proof is clear.

If v eV_, since f(Ng[v]) =1, then v has a
least two adjacent in V;. Therefore V; is a 2-
dominating set for G and |V;]| =vy,(G). Since
¥s(G) = [Vi] — |[V_1| and n=|V3| +|V_4], then
ys(G) = 2|V;] —n and finaly we have y,(G) =
2y,(G) —n.

Proposition 5. Let G be agraph of order n and with
no isolated vertex. Then 2y, (G) — n < y,(G).

Proof: The proof is similar to the Proposition 4.

3. Upper boundson y,, s(G)

Theorem 6. Let k be a positive integer. If G is a
simple graph of order n and minimum degree
6§ =2 and By IS @ maximum vaue of k + 1-
packing sets. Then y; <(G) < n — 244, and this
bound is sharp.

Proof: Let S be a k + 1-packing set with |S| =
Br+1- Wedefinef:V — {—1,1} by,

_( -lifves
f@)_t ifvev-—s.

It is easy to show that f(V(G)) =n— 2 Bysq-
Therefore, it is sufficient to show that f is a signed
distance-k-dominating function on G. Let v be a
vertex in S. Since § = 2, then |N,[v]| = 3 since S
isak + 1-packing set. Hence Ni[v] n S = {v},
and f(Ni[v]) = 1. Now let v beavertexinV —S.
There are two cases.

Casel N[v]nS #@. SinceS isak + 1 -packing
set in graph G, then |Ni[v] n S|=1 and let
Ni[v] n S = {w}. Otherwise let u be a vertex in
Ni[v] n S different from w. This shows that
d(w,u) <k + 1. This is a contradiction. Since
6 = 2 therefore f (N [v]) = 1.

Case 2. N[v]n S=0. If NyJv] nS =0, then
f(Ne[vD) = 1. Let NgJv] nS #@ and let
Ne[v] NS = {s1,8;,...,5. }. Since d(s;,s;) = k+
2, there exists a vertex v; on the v — s; path which
is distinct from the vertex v; on the v —s; path.
Thus there exist at least r distinct vertices in
Ni[v] — S. Suppose v; be a vertex in N, [v] such
that v; isadjacenttos; foreach1 <i <r.

Therefore, f(N[v]) = Xi f(v —s) + Xio, f(vy) +
f(v) = 1. And f is a signed-k-dominating function on
G with weight |V —-S|—|S|=n—-2p. Hence
Yies(G) S —2Bp41.

Now, we show that the bound is sharp. The desired
graph G will be the union p copies of C,. Then
Yks(G) =2p and Py, =p. Therefore y, (G) =
2p =4p —2p =n—2Bx4,. This completes the
proof.

Corollary 7. Let k be a positive integer. If G isa
simple graph of order n and minimum degree §
>2 and B4, is @ maximum value of k+1 -
packing sets, then

s <201 - L

[
Proof: By Theorem 6 and Corollary 3 the proof is
clear.

Theorem 8. Let G be a connected graph of order n.
Let L and S be the sets of vertices degree 1 (leaves)
and N (L) (support vertices) respectively. If D isa
maximum 2-packing set in G — (L U S), then y,(G)
< n — 2|D|, and this bound is sharp.

Proof: We define f:V(G) — {—1,1} by, f(v) =
—1ifveD

{1vvev—n

It is easy to show that f(V(G)) =n—2|D]|.
Therefore, it is sufficient to show that f is a signed
distance-2-dominating function on G. For each
vertex v € V(G), if v is a vertex in L then
f(NvD=22=21. Le v eV-({LnD), Iif
N[v] nD =@ then obvioudy f(N[v])=>1. If
N[vluD # @, since D is a 2-packing set in
G—(LUS) then [N[v]nD| =1, and let N[v] n
D = {w}. Otherwise if u be avertex in N[v] n D
different from w then d(u,w) < 2. This is a
contradiction. Since deg(v) = 2 then f(N[v]) =
2. Findly, if v €D, since deg(v) =2 and
N[v]nD = {v}then f(N[v]) = 1. Therefore f is
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a signed dominating function of G with weight
n —2|D|. Hencey, < n —2|D|.

Now, we show that the bound is sharp. Let
G=K 1 (n =2). Then y(G) =n and D = @.
Thusy,(G) =n —2|D]|.

In Theorem 6 the graph G can be a simple
disconnected graph of order n and §(G) = 1. Since
H,, H,,..., H,, are components of G, then y,(G) =
¥s(Hy) + ys(Hy)+... +ys(Hy). By asimilar reason
we can prove y,(G) <n— 2|D|, where L and S
are the sets of vertices of degree 1 and Ng(L)
respectively.

But there exists a natural question here. What
would happen if k > 17?7 We are going to answer
this question by concept of kth G* of the graph G.
Firstly, we have the following lemma.

Lemma 9. Let G be a simple graph of order n and
G* be the k™ power of the graph G. Then D ¢
V(G) is a maximum set of tk-packing vertices if
and only if D € V(G¥) is a maximum set of t-
packing vertices.

Proof: Since every edge in G* is equa to a path
with length I < k we have u and v, two verticesin
V(G*) such that there is no path between them with
length <t if and only if u and v are two vertices
in V(G) such that there is no path between them
with length | < tk. Thisshowsthat D € V(G*) isa
set of t-packing vertices if and only if D < V(G)
isaset of tk-packing vertices. Also, it is easy to see
that D € V(G*) is maximum if and only if D €
V(G) is maximum. This completes the proof.

Theorem 10. Let k > 2 be a positive integer. If G
is a simple graph and each component is order
n = 3, with minimum degree § =1 and S is a
maximum 2k-packing set, then y,(G) <n-—
2 Bak, Where B, = |S|, and thisbound is sharp.

Proof: Let G* be the kth power of the graph G. By
Observation 1 we have y; s(G) = y;(G*). Since
n > 3 then §(G*) > 2. Therefore, by Theorem 6
we have y;.(G) = ¥s(G¥) < n— B,(G¥). Finally
by Lemma9wehavey, (G) <n — 2 By (G) .

Now we show that the bound is sharp. The
desired graph G will be the union t copies of star
Ki,. Then ys(G)=t, n=3t, and B, =t.
Therefore y; s (G) =t = 3t — 2t = n — 2. This
completes the proof.

Observation 11. Let ¢ and H be two simple
graphs. If k > 2 then

Vk,s(G \% H)

(1 if V(@ +I|V(H)| is odd

N {2 if [V(G)|+|V(H)| is even.

Now we show that for any integer k we can find a
simple graph G such that y; (G) = k.

Theorem 12. For any integer k, there exists a
connected graph G withy, (G) = k.

Proof: We consider four cases.

Case 1. Let k < 0. We consider the star K 542
with vertices vy, vy, ..., V42 and central vertex
v. We add vertices u; (1 <i <2|k|+2) be
adjacent to v; and v;,; in modulo 2|k| + 2. Then
we add edges v;v; 1 (1 <i < 2|k| + 2) inmodulo
2|k| + 2. Finaly, we add vertices w; (1 <i <
|k| + 1) adjacent to vy;_; and v,; (Whenk = -3, G
isillustrated in Figure 1).
Wedefine f: V(G) — {1,—1} by,

1 if uef{v,v,...., Vojki+2}

-1 if €{upu,...., Ugpgaz} U (Wi, wy, ..o, Wiie1 -

f(u)={

In the following, we prove that f is a signed
dominating function of G. By symmetry it is
sufficient to show that f(N[u]) =1 foru € {v,v,,
up,wi}. f(N]) = f) + T2 f(v) = 21k +
3=>1.

f(N[1]) = f() + f(v1) + f(02) + f(Wzppep+2) +
fu) + f(uze2) + fw) =121

fN[w D) = fu) + f(v) + fvr)) =1 2
Lf(Nwi]) = f(v) + f(w) + f(w) =1 =2 1.
Therefore f is a signed dominating function of G
with weight
fVG)=1+2|k|+2—|k|-1-2]k|-2=
—|k| = k. Hencey,(G) = k.

On the other hand, let g be a minimum signed
dominating function on G such that y,(G) =
g (6)), we have, g(V(6)) = Tueve)g@) =
S gNTw]) + 2 gwy) + g() =
Y221y + 3 (—1) —1= |k| = k. Therefore
¥s (G) = k.

Ug

U7 g Uy

) o

g o

(25

Ug

Fig. 1. example of Theorem 12 for k = -3
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Case 2. If k = 0. We consider the Hajos graph Gy
(Fig. 2).
Wedefine f: V(G) — {1,—1} by,

1 if ve{u,uyus}

f = { =1 if veE{v,v,v3}.

It is easy to see that f is a signed dominating
function of Gy, with weight 0. Therefore y,(Gy) <
0. On the other hand, let g be a minimum signed
dominating function of G, such that y,(Gy) =
g(V(Gy)). We have, y; (Gu)=9gWV(Gn)) =
Zuevey 9@ = giN[u ) +glvg) =21-1=
0. Therefore, y; (Gy)= 0. Hencey, (Gy) = 0.

0

(15} 1o

U Us Us
Fig. 2. Hajous graph

Case 3. If k = 1. Obvioudly for the complete graph
Kany1 Wehaveys (Kpniq)=1.

Case 4. If k = 2. We consider the star K; ;4. It is
easy to see that y; (K x—1) = k. This completes the
proof.

References

[1] Xing, H., Sun, L. & Chen, X. (2006). On signed
distance- k -domination in graphs. Czechoslovak
Mathematical Journal, 56(1), 229-238

[2] Haynes, T. W., Hedetniemi, S. T. & Slater, P. J.
(1998). Fundamentals of Domination in Graphs. New
York, Marcel Dekker.

[3] West, D. B. (2001). Introduction to Graph Theory
(Second Edition). USA: Prentice Hall.

[4] Haas, R. & Wexler, T. B. (2002). Bounds on the
signed domination number of agraph. Electronic Notes
in Discrete Mathematics, 11, 742-750.



