
IJST (2012) A3 (Special issue-Mathematics): 327-330 
Iranian Journal of Science & Technology 

http://www.shirazu.ac.ir/en 

 
On the theory of strips and Joachimsthal theorem  

in the Lorentz space ॷ࢔, ሺ࢔ ൐ 3ሻ 
 

A. Tutar* and O. Sener 
 

Ondokuz Mayıs University, Science and Arts Faculty, Department of Mathematics, 
55139, Atakum, Samsun, Turkey 

E-mails: atutar@omu.edu.tr & ondersener_55@hotmail.com 
 

Abstract 

In this study the theory of strips and Joachimsthal Theorem in ॷଷ are generalized to Lorentz space ॷ௡, ሺ݊ ൐ 3ሻ. 
Furthermore, the Joachimsthal Theorem is investigated when the strip is time-like and space-like. 
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1. Introduction 

The theory of strips and Joachimsthal Theorem in 
ॷଷ is studied in [1]. Also, in [2] the higher 
curvatures of a strip in ܧ௡ is studied. The behavior 
of curvature lines near a principal cycle common to 
two orthogonal surfaces, as a complement of 
Joachimsthal theorem, is studied in [3]. 
Furthermore Joachimsthal’s theorems in Euclidean 
spaces ܧ௡ are given in [4]. Using Cartan’s structure 
equations, Joachimsthal’s theorems in semi-
Euclidean spaces ܧజ௡ାଵ are studied in [5]. 

In this section, some basic concepts and 
definitions in the Lorentz ݊-space ॷ௡ are given. 
Թ௡ equipped with the Lorentzian inner product 
 

	〈ܺ, ܻ〉ॷ ൌ ෍ݔ௜ݕ௜ െ ௡ݕ௡ݔ

௡ିଵ

௜ୀଵ

																																						ሺ1ሻ 

 
is called ݊-dimensional Lorentz space and denoted 
by ॷ௡. 

In ॷ௡, a vector ܺ is said to be time-like if 
〈ܺ, ܺ〉 ൏ 0, space-like if 〈ܺ, ܺ〉 ൐ 0 or ܺ ൌ 0 and 
null if 〈ܺ, ܺ〉 ൌ 0 and ܺ ് 0. In addition, the norm 

of a vector ܺ א ॷ௡ is defined by ‖ܺ‖ ൌ ඥ|〈ܺ, ܺ〉| 
in [6]. 

Let ߙ be a curve in ॷ௡ and ߙᇱ be the velocity 
vector of ߙ, where ሺ	Ԣ	ሻ denotes the derivation with 
respect to the parameter ݏ. 

The curve ߙ is called  
time-like if 〈ߙᇱ, 〈ᇱߙ ൏ 0, 
space-like if 〈ߙᇱ, 〈ᇱߙ ൐ 0, 
null if 〈ߙᇱ, 〈ᇱߙ ൌ 0. 
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The bilinear function ݃: ܸ ൈ ܸ ՜ Թ is called a 
symmetric bilinear form on ܸ if ݃ሺݓ,ݒሻ ൌ ݃ሺݓ,  ሻ forݒ
every ݓ,ݒ א ܸ, where ܸ is finite dimensional real vector 
space. 

A symmetric bilinear form ݃ on a real vector 
space ܸ is 
i) positive definite provided it implies ݃ሺݒ, ሻݒ ൐
0, ݒ א ܸ, 
ii) negative definite provided it implies ݃ሺݒ, ሻݒ ൏
0, ݒ א ܸ, 
iii) nondegenerate provided ݃ሺݒ, ሻݓ ൌ 0 for all 
ݓ א ܸ implies ݒ ൌ 0 [6]. 

If ݃ is a symmetric bilinear form on ܸ, then the 
restriction ݃ሃௐൈௐ for any subspace ܹ of ܸ, 
denoted by ݃ሃௐ, is again symmetric and bilinear. 
The index ߥ of a symmetric bilinear form ݃ on ܸ is 
the largest integer that is the dimension of a 
subspace ܹ on which ݃ሃௐ is negative definite. 
Obviously, 0 ൑ ߥ ൑ dim	ሺܸሻ. 

Symmetric, bilinear and nondegenerate function 
 

݃ ׷ 	߯ሺܯሻ ൈ ߯ሺܯሻ ื  Թሻ,ܯஶሺܥ
 
is called a metric tensor on ܯ. If ݃ is a metric 
tensor with constant index on ܯ, the pair ሺܯ, ݃ሻ is 
called semi-Riemannian manifold. If dim	ሺܯሻ ൒ 2 
and ߥ ൌ 1, the pair ሺܯ, ݃ሻ is called a Lorentz 
manifold. 

Let ݆:ܯ ื	ॷ௡ be an inclusion transformation. If 
 is called the ܯ then ,ܯ ሺ݃ሻ is a metric tensor onכ݆
Lorentz submanifold. If dimሺܯሻ ൌ ݊ െ 1, the 
submanifold is called a hypersurface of ॷ௡. 

Let ܯ be a hypersurface in ॷ௡. It is called time-
like hypersurface if normal of ܯ is space-like 
(space-like hypersurface if normal of ܯ is time-
like). 
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Let ܯ be a time-like hypersurface in ॷ௡ and ߙ be 
a time-like curve on ܯ. The geometric shape which 
is constituted by points of curve ߙ and surface 
tangents at these points is called time-like surface 
strip along the given curve and is denoted by 
ሺܯ,ߙሻ. The strip ሺܯ,ߙሻ is called space-like surface 
strip if ܯ is space-like hypersurface and ߙ is a 
space-like curve. 

2. The Higher Curvatures of a Strip in ॷ࢔ 

Let ܯ be a hypersurface in ॷ௡ and ߙ be a curve 
given with the arc-parameter ݏ. Let ሼ ଵܸ, ଶܸ, …	, ௡ܸሽ 
be a Frenet ݊-frame at the point ߙሺݏሻ, taking 
ܼଵ ൌ ଵܸ and ࣠଴

ଵ be a set of orthonormal frame 
ሼܼଵ, ܼଶ,…	, ܼ௡ሽ at the point ߙሺݏሻ. Taking ܼ௡ a unit 
normal vector of ܯ at the point ߙሺݏሻ, 
ሼܼଵ, ܼଶ,…	, ܼ௡ିଵሽ is an orthonormal base of 
ெܶሺߙሺݏሻሻ. 
For vector fields ܼ௜ 

 

ܼ௜ ൌ෍ ௜݃௝
߲
௝ݔ߲

		 , 1 ൑ ݅, ݆ ൑ ݊	

௡

௝ୀଵ

 

 
may be written, where ݔ௜, 1 ൑ ݅ ൑ ݊, are coordinate 
functions in ॷ௡. We may write 
 
ܼ ൌ  (2)                                                                  ܧܩ
 
where ሾܼଵ		ܼଶ 	…		ܼ௡ሿ் ൌ ܼ, ሾ

డ

డ௫భ
		

డ

డ௫మ
	…		

డ

డ௫೙
ሿ் ൌ  ܧ

and ܩ א ఔܱሺ݊ሻ. If Eq. (2) is derivated with respect 
to the arc-parameter ݏ, then 
 

ܼ݀
ݏ݀

ൌ
ܩ݀
ݏ݀

 ܧ
 
is obtained. Moreover, since ܩ א ఔܱሺ݊ሻ, we may 
write 
 
ଵିܩܩ ൌ ሻߝ்ܩߝሺܩ ൌ  ,                                       (3)	௡ܫ
 
where ߝ is a sign matrix of ܩ. That is 
 

0

0

0

0

0

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0












 
 
 
 
 
 
 
 
 
 
 
 







     





, 

0

1 ,

1 , .
i

i

if Z space like

if Z time like


  
 

 

If Eq. (3) is derived with respect to ݏ, 
 

൬
ܩ݀
ݏ݀

ଵ൰ିܩ ൅ ߝ ൬
ܩ݀
ݏ݀

ଵ൰ିܩ
்

ߝ ൌ 0 
 
is obtained. If we denote 
 

ܩ݀
ݏ݀

ଵିܩ ൌ Ω 
 
we have 
 

Ω் ൌ െߝΩߝ. 
 

This shows that Ω is a semi anti-symmetric 
matrix. Then we may write 
 

ܼ݀
ݏ݀

ൌ Ωܼ. 
 

This expression can be written in the matrix form 
as follows: 
 

1
0 12 0 13 0 1( 1) 0 1 1

2
0 12 0 23 0 2( 1) 0 2 2

1
0 1( 1) 0 2( 1) 0 3( 1) 0 ( 1)

n
0 1 0 2 0 3 0 ( 1)

0

0

0

dZ 0 
ds






   



                                    





     




n n

n n

n
n n n n n

n n n n n

dZ t t t t Z
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dZ t t t t Z
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dZ t t t t
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t t t t

   

   

   

   

1

(4)



 
 
 
 
 
 
 
 
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
n

n

Z

Z

 
Here the functions 

 
௜௝ݐ ׷ ܫ ื Թ		, 1 ൑ ݅, ݆ ൑ ݊	 

 
are called higher curvature functions of the strip 
ሺܯ,ߙሻ and the real number ݐ௜௝ሺݏሻ א Թ is said to be 
higher curvature of ሺܯ,ߙሻ at the point ߙሺݏሻ for 
every ݏ א  is ߙ and ܯ If ܵ is the shape operator of .ܫ
a curvature line, we may write 
 

ܵሺܼଵሻ ൌ ݇ଵܼଵ		, 		݇ଵ א Թ	. 
 

Moreover, since 
 

ܵሺܼଵሻ ൌ െ
ܼ݀௡
ݏ݀

		, 
 

ଶ௡ݐ ൌ ଷ௡ݐ ൌ ڮ ൌ ሺ௡ିଵሻ௡ݐ ൌ 0 
 
is obtained from the matrix Ω. Then we can state 
the following theorem: 
 
Theorem 2.1. Let ሺܯ,ߙሻ be a strip in ॷ௡. If ߙ is a 
curvature strip, then for the higher curvature 
functions ݐ௜௝ ׷ ܫ ื Թ	, 1 ൑ ݅, ݆ ൑ ݊ , we have 
 

ଶ௡ݐ ൌ ଷ௡ݐ ൌ ڮ ൌ ሺ௡ିଵሻ௡ݐ ൌ 0. 
 

If ݐଶ௡ ൌ ଷ௡ݐ ൌ ڮ ൌ ሺ௡ିଵሻ௡ݐ ൌ 0 for the strip 
ሺܯ,ߙሻ in ॷ௡, the strip is said to be curvature strip. 
If we take ݊ ൌ 3, then ݐଶଷ equals 0. This shows that 
ሺܯ,ߙሻ is a curvature strip in ॷଷ. 
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Theorem 2.2. Let ܯଵ and ܯଶ be two time-like 
hypersurfaces in ॷ௡ and ߙ be a differentiable time-
like curve, where ߙሺܫሻ ؿ ଵܯ  ଶ. If time-likeܯת
strips ሺܯ,ߙଵሻ and ሺܯ,ߙଶሻ are curvature strips, then 
the angle between ሺܯ,ߙଵሻ and ሺܯ,ߙଶሻ is constant. 
 
Proof: Let ሼܼଵ, ܼଶ,…	, ܼ௡ିଵ, ܼ௡ሽ and 
ሼ ଵܺ, ܺଶ, …	, ܺ௡ିଵ, ܺ௡ሽ be vector field systems of the 
strips ሺܯ,ߙଵሻ and ሺܯ,ߙଶሻ, respectively. Let ݐ௜௝ and 
௜̅௝, 1ݐ ൑ ݅, ݆ ൑ ݊	 be higher curvature functions of 
ሺܯ,ߙଵሻ and ሺܯ,ߙଶሻ, respectively. In this case, from 
(4) 
 
ௗ௓೙
ௗ௦

ൌ െߝ଴ݐଵ௡ܼଵ			                                                  (5) 
 
and 
 
ௗ௑೙
ௗ௦

ൌ െߝ଴ݐଵ̅௡ ଵܺ		                                                  (6) 
 
are obtained. If ߠ is the angle between ሺܯ,ߙଵሻ and 
ሺܯ,ߙଶሻ, we can write 〈ܼ௡, 	ܺ௡〉 ൌ cos  If .(see [7]) ߠ
this expression is derived with respect to ݏ, 
 

〈
ܼ݀௡
ݏ݀

, 	ܺ௡〉 ൅ 〈ܼ௡,
݀ܺ௡
ݏ݀

〉 ൌ െsin ߠ
ߠ݀
ݏ݀

 
 
is obtained. If we use (5) and (6), 
 
െߝ଴ݐଵ௡〈ܼଵ, 	ܺ௡〉 െ ,ଵ̅௡〈ܼ௡ݐ଴ߝ 	 ଵܺ〉 ൌ െ sin ߠ

ௗఏ

ௗ௦
     (7) 

 
is obtained. Since ሼ ଵܸ, ଶܸ, …	 , ௡ܸሽ is Frenet ݊-frame 
at the point ߙሺݏሻ, we have ܼଵ ൌ ଵܸ and ଵܺ ൌ ଵܸ. 

Therefore, from (7) sin ߠ
ௗఏ

ௗ௦
ൌ 0 is obtained. If 

sin ߠ ൌ 0, then ߠ ൌ 0 or ߠ ൌ  This means that .ߨ
the time-like strips ሺܯ,ߙଵሻ and ሺܯ,ߙଶሻ are 

congruent. Then 
ௗఏ

ௗ௦
ൌ 0 is obtained. This shows 

that ߠ is constant. 
Now we express and prove the Theorem 2.2 in 

the case of the strips ሺܯ,ߙଵሻ and ሺܯ,ߙଶሻ being 
space-like. 
 
Theorem 2.3. Let ܯଵ and ܯଶ be two space-like 
hypersurfaces in ॷ௡ and ߙ be a differentiable space-
like curve, where ߙሺܫሻ ؿ ଵܯ  ଶ. If the space-likeܯת
strips ሺܯ,ߙଵሻ and ሺܯ,ߙଶሻ are curvature strips, then 
the angle between ሺܯ,ߙଵሻ and ሺܯ,ߙଶሻ is constant. 
 
Proof: Let ሼܼଵ, ܼଶ,…	, ܼ௡ିଵ, ܼ௡ሽ and 
ሼ ଵܺ, ܺଶ, …	, ܺ௡ିଵ, ܺ௡ሽ be vector field systems of the 
strips ሺܯ,ߙଵሻ and ሺܯ,ߙଶሻ, respectively. Let ݐ௜௝ and 
௜̅௝, 1ݐ ൑ ݅, ݆ ൑ ݊, be higher curvature functions of 
ሺܯ,ߙଵሻ and ሺܯ,ߙଶሻ, respectively. In this case, from 
(4)  
 

ௗ௓೙
ௗ௦

ൌ െߝ଴ݐଵ௡ܼଵ
ௗ௑೙
ௗ௦

ൌ െߝ଴ݐଵ̅௡ ଵܺ

ቑ                                                  (8) 

 
or 
 
ௗ௓೙
ௗ௦

ൌ െݐଵ௡ܼଵ
ௗ௑೙
ௗ௦

ൌ െݐଵ̅௡ ଵܺ

ቑ                                                     (9) 

 
are obtained. If ߠ is the angle between ሺܯ,ߙଵሻ and 
ሺܯ,ߙଶሻ, then we may write  
 

〈ܼ௡, 	ܺ௡〉 ൌ  ,ሾ7ሿሻ	ሺsee	ߠ݄ܿ
 
since ܼ௡ and ܺ௡ are unit time-like vectors. If this 
expression is derivated with respect to ݏ, 
 

〈
ܼ݀௡
ݏ݀

, 	ܺ௡〉 ൅ 〈ܼ௡,
݀ܺ௡
ݏ݀

〉 ൌ ߠ݄ݏ
ߠ݀
ݏ݀

 
 
is obtained. If we use equation (9), then 
 
െݐଵ௡〈ܼଵ, 	ܺ௡〉 െ ,ଵ̅௡〈ܼ௡ݐ 	 ଵܺ〉 ൌ ߠ݄ݏ

ௗఏ

ௗ௦
               (10) 

 
is obtained. Since ሼ ଵܸ, ଶܸ, …	 , ௡ܸሽ is Frenet ݊-frame 
at the point ߙሺݏሻ, we have ܼଵ ൌ ଵܸ and ଵܺ ൌ ଵܸ. 
Therefore, from (10) 
 
ௗఏ

ௗ௦
ߠ݄ݏ ൌ 0.                                                         (11) 

 
If ߠ݄ݏ ൌ 0, then ߠ ൌ 0. That means the space-like 
strips ሺܯ,ߙଵሻ and ሺܯ,ߙଶሻ are congruent. So 

ߠ݄ݏ ് 0. Hence 
ௗఏ

ௗ௦
ൌ 0. It is seen that ߠ is 

constant. 
 
Theorem 2.4. Let ܯଵ and ܯଶ be two hypersurfaces 
in ॷ௡. Let ߙ be a nonplanar time-like curve on ܯଵ 
and ߚ be any time-like curve on ܯଶ. Let ܲ be a 
hypersurface which is rolling along the curves ߙ 
and ߚ on ܯଵ and ܯଶ. If the time-like strips ሺܯ,ߙଵሻ 
and ሺܯ,ߚଶሻ are curvature strips, then the distance 
between the corresponding points is constant. 
 
Proof: Suppose that ߙ and ߚ are two curves with 
the arc-parameter ݏଵ and ݏଶ, respectively. Let 
ሼܼଵ, ܼଶ,…	, ܼ௡ିଵ, ܼ௡ሽ and ሼ ଵܺ, ܺଶ, …	, ܺ௡ିଵ, ܺ௡ሽ be 
strip vector field systems at the point ߙሺݏଵሻ and 
 ଵሻ andݏሺߙ ଶሻ, respectively. Since the pointsݏሺߚ
 ଵ andܯ ଶሻ are at the common tangent space ofݏሺߚ
ଵሻݏଶ, we may say ܸሺܯ א ெܶሺߙሺݏଵሻሻ , where ܸሺݏଵሻ 
is a unit vector on the line combining the points 
 ଶሻ. Therefore, we may writeݏሺߚ ଵሻ andݏሺߙ
 

ܸሺݏଵሻ ൌ ෍݄௜ܼ௜

௡ିଵ

௜ୀଵ

			,			݄௜ሺݏଵሻ א Թ.																								ሺ12ሻ 

 
Furthermore, we may write 
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ଶሻݏሺߚ ൌ ଵሻݏሺߙ ൅  ଵሻ                              (13)ݏଵሻVሺݏሺߣ
 

Since ሺܯ,ߙଵሻ and ሺܯ,ߚଶሻ are curvature strips, 
from (4) we may write 
 
ௗ௓೙
ௗ௦భ

ൌ െߝ଴ݐଵ௡ܼଵ
ௗ௑೙
ௗ௦మ

ൌ െߝ଴ݐଵ̅௡ ଵܺ

ቑ.		                                             (14) 

 
Since time-like hypersurfaces ܯଵ and ܯଶ have 

the common tangent space along ߙ and ߚ, the unit 
normal vector fields of ܯଵ and ܯଶ are the same. In 
this case, from (14) 
 

ଵݏଵ௡ܼଵ݀ݐ ൌ ଵ̅௡ݐ ଵܺ݀ݏଶ. 
 
can be written. If the norm of the two sides of the 
above equation is taken, since ଵܺ and ܼଵ are unit 
time-like vector fields 
 
ௗ௦భ
ௗ௦మ

ൌ
|௧భ̅೙|

|௧భ೙|
                                                            (15) 

 
is obtained. Let us denote 
 
|௧భ̅೙|

|௧భ೙|
ൌ ݇.                                                             (16) 

 
If Eq. (13) is derivated with respect to ݏଵ, and 

Eqs. (15) and (16) are kept in mind, then 
 

ଵܺ ൌ ܼ݇ଵ ൅ ݇
ௗఒ

ௗ௦భ
ܸሺݏଵሻ ൅ ଵሻݏሺߣ݇

ௗ௏

ௗ௦భ
		               (17) 

 
is obtained. If Eq. (12) is replaced in the last 
equation and we consider 〈 ଵܺ, 	ܺ௡〉 ൌ 0 and 
ܼ௡ ൌ ܺ௡, then 
 

෍ߝ଴݄௜ݐ௜௡ ൌ 0

௡ିଵ

௜ୀଵ

 

 
is obtained. Since ሺܯ,ߙଵሻ is curvature strip, we 
have ݐଶ௡ ൌ ଷ௡ݐ ൌ ڮ ൌ ሺ௡ିଵሻ௡ݐ ൌ 0. In this case, 
since ݐଵ௡ ് 0, from the last equation we have 
݄ଵሺݏଵሻ ൌ 0. If we consider Eq. (13), then 
 
〈ܼଵ, ܸሺݏଵሻ〉 ൌ 0                                                   (18) 
 
is obtained. Moreover, since ܼ௡ ൌ ܺ௡, ܼଵ and ଵܺ 
are linear dependent. Therefore we have 
 

〈 ଵܺ, ܸሺݏଵሻ〉 ൌ 0. 
 

If Eq. (17) is replaced in the last equation, then 
we obtain 
 

݇
ߣ݀
ଵݏ݀

ൌ 0. 

 
Since the curve ߙ isn’t planar, ݇ ് 0. This shows 

that ߣ is constant. 
 

Example 2.1. Let’s take the Lorentz sphere 
ܵ ൌ ሼߙሺݑ, ሻݒ ൌ ሺݑ݄ܿݎ cos ,ݒ ݑ݄ܿݎ	 sin ,ݒ :ሻݑ݄ݏݎ 0

൑ ݒ ൑ ,ߨ2 ݑ א Թሽ 
 
in ॷଷ. If Lorentz sphere ܵ is derived with respect to 
parameter ݑ, we obtain 
 

௨ߙ ൌ ሺݑ݄ݏݎ cos ,ݒ ݑ݄ݏݎ	 sin ,ݒ  .ሻݑ݄ܿݎ
 

If we compute geodesic curvature ݇௚ of the 
parameter curve ߙ௨, we find ݇௚ ൌ 0. Here ݇௚ ൌ
 ௨ is a geodesic curveߙ ଵଶ. Then we can say that theݐ
on ܵ. In this case the geodesic torsion ߬௚ of ߙ௨ is 
equal to the torsion ߬ of ߙ௨ and we compute ߬ ൌ 0. 
Since ߬௚ ൌ ߬, we obtain ߬௚ ൌ ଶଷݐ ൌ 0. This shows 
that the pair of ሺߙ௨, ܵሻ is a curvature strip. 

Now let us show this with a Fig. 
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