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Abstract

In this paper, the optima boundary control problem for distributed parabolic systems, involving second order
operator with an infinite number of variables, in which constant lags appear in the integral form both in the state
equations and in the boundary condition is considered. Some specific properties of the optimal control are

discussed.
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1. Introduction

Distributed parameters systems with delays can be
used to describe many phenomena in the real world.
As is well known, heat conduction, properties of
elastic-plastic material, fluid dynamics, diffusion-
reaction processes, the transmission of the signals at a
certain distance by using electric long lines, etc., al lie
within this area. The object that we are studying
(temperature, displacement, concentration, velocity,
etc.) isusualy referred to as the state.

During the last twenty years, equations with
deviating argument have been applied not only in
applied mathematics, physics and automatic control,
but also in some problems of economy and biology.
Currently, the theory of equations with deviating
arguments constitutes a very important subfield of
mathematical control theory.

Consequently, equations with deviating arguments
are widely applied in optima control problems of
distributed parameter system with time delays.

Various optimization problems associated with the
optimal control of distributed parabolic systems with
time delays appearing in the boundary conditions have
been studied recently by [1-10].

The necessary and sufficient conditions of
optimality for system consists of only one equation
and (N xnN) systems governed by different types of

partial differential equations defined on spaces of
functions of infinitely many variables are discussed in
[11-17] in which the argument of [18, 19] were used.
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Making use of the Dubovitskii-Milyutin Theorem
[20-24], [20], Kotarski et. a. have obtained
necessary and sufficient conditions of optimality for
similar systems governed by second order operator
with an infinite number of variables. The interest in
the study of this class of operators is stimulated by
problems in quantum field theory. In [21], quadratic
Pareto optimal control of parabolic equation with
state-control constraints and an infinite number of
variables was considered. In [22], time-optimal
control problem for parabolic equations with
control constraints and infinite number of variables
was studied. In [23], time-optimal control problem
for infinite order parabolic equation with control
constraints was formulated. In [24], optimal control
problems of parabolic equations with an infinite
number of variables and with equality constraints
were investigated. In all these papers the state
equations are in evolution equations.

In this paper, we consider the optimal control
problem for linear parabolic systems in which
constant time lags appear in an integral form both
in the state equations and in the Neumann boundary
conditions involving second order operator with an
infinite number of variables. Such an infinite
number of variables parabolic system can be treated
as a generalization of the mathematical model for a
plasma control process. The optima control is
characterized by the adjoint equations for different
type systems. Firstly, we study a system consisting
of only one equation, secondly the optimality
conditions for (2x2) coupled parabolic systems

are formulated. Finally, we extend the discussions
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to study the optimal control for (Nnxn) coupled

parabolic systems with time delay and state-control
constraints.

This paper is organized as follows. In section 2,
we introduce spaces of functions of infinitely many
variables. In section 3, we formulate the mixed
Neumann problem for parabolic operator with an
infinite number of variables and time lags. In
section 4, the boundary optimal control problem for
this case is formulated, then we give the necessary
and sufficient conditions for the control to be an
optimal. In section 5, we generalized the discussion
to two cases, the first case: The optimal control for
(2x2) coupled parabolic systems with infinite
number of variables is studied. The second case:
The optimal control for (N x n) coupled parabolic

systems with infinite number of variables was
formulated.

2. Sobolev spaces with infinite number of
variables

This section covers the basic notations, definitions
and properties, which are necessary to present this
work, see[11, 12, 13, 15, 25].

Let (P, (t)),-, be asequence of weights, fixed
in all that follows, such that;

0<p, (1) C"(R). [ p, )t =1

with respect to it we introduce on the region
R” =R'xR"'x..., the measure dp(x) by
setting,

dp(x) = p,(x,)dx, ® p,(X,)dx, ®...,

(R” 35X = (X, )iy, X, €RY).

on R” we construct the space
L*(R”,d p(x)) with respect to this measureii.e.,
L*(R”,dp(x)) is the space of quadratic
integrable functions on R”. We shall often set
L*(R”,d p(x)) = L*(R”).

It is a classical result that L*(R”) is a Hilbert
space for the scalar product

B 2 = [ BOOW () p(x).

We next consider a Sobolev space in the case of
an unbounded region. For functions which are
£ =1,2,... timescontinuously differentiable up to

the boundary I of R™ (I" is meant to be the

(R™)

boundary of the support of the measure d p(X))

and which vanish in a neighborhood of oo, we
introduce the scalar product

(¢’I//)W[(]RDO) = |aZ|<:I(D ¢’D W)LZ(Rw)’
where D “ is defined by

ler|
Da: aa a !
(0%,) 1 (Ox,) 2 -

o0
|a|:zai1
=

and the differentiation is taken in the sense of

generalized functions on R, and after the
completion, we obtain the Sobolev space

W “(R”). So in short, Sobolev space W *(R*)
is defined by:
W (R") ={¢|4,DpeL*(R")}.

As in the case of a bounded region, the space
W Y(R”) form the space with positive norm

. . We can construct the ace
Il e wt the
W *(R”*)=W*'(R”)) with negative norm
”'ll/\/_l(Rw) with respect to the space
W °(R*) = L*(R*) with zero norm ||. ||L2
then we have the following equipped,

(R*)

W (R") € L2(R™) W (R"),
161,z 2NN 2NN, e -

(R”)

Let L*(0,T W *(R*)) be the space of square
integrable measurable functions
t > ¢t)of ]0,T [>W (R”), where the
variable t denotes the time; t €]O,T [, T <oo.

This space is a Hilbert space with respect to the
scalar product

(¢’W)L2 dt,

oty = | GOWO)

and its dual isthe space L*(0,T W ~*(R™)).

Lee QcR” be a bounded, open set with
boundary I', which is a C” manifold of
dimension (n —1). Localy, Q is totaly on one

side of T and denote by W *(Q,R”,d p(x))
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(briefly W *(Q, R™)) the Sobolev space of vector
function y (X ) definedon Q.

The construction of the Cartesian product of n-
times to the above Hilbert spaces can be construct,
for example

W HQ,R?))" =W H(Q,R?)xW H(Q,R*) x---xW 1(Q, R”)

n-times

-[Iw @R,

with norm defined by:

n
190y = 2219 s

where § = (¢, .- ) = () is @ vector
functionand ¢ €W *(Q,R”).
Finally, we have the following chain:

(L*(OT WHQ,RM))" < (L*Q)" < (L*(OT W (QR"))",

where (L*(0,T W *(Q,R%)))" are the dual

spaces of (L?(0,T W *(Q,R*)))". The spaces
considered in this paper are assumed to be real.

3. Mixed Neumann problem for parabolic
system with time lags

The object of this section is to formulate the
following mixed initial boundary value problem for
the parabolic system with time lag which defines
the state of the system model, see [2-9, 13, 21-28]:

Zy_t+,4(t)y +[e(x )y (x.t ~hydh =u,

@8]

xeQ,te(0,T),he(ab),
y (X,t") =@y (x,t"), .
x e Q,t"e[-b,0),
y(x,0)=y,(X), xeQ, ©)
M:jbd(x,t)y(x,t—h)dh+v,

ov, a 4)

x el',t €(0,T),he(ab),

)= (x,t),

y(x,t) =¥, (x,t) -

x eI, t"e[-b,0),

where QQ and I" have the same properties as in
Section 2. We have

y=y(x,t;v), u=u(x,t), v=v(x,t),
Q=0x(0T), Q=0x[0T], Q,=Qx[-b,0)
2=I'x(0,T), Z,=Ix[-b,0),

« T is a specified positive number representing a
time horizon,
e Yy is a function defined on Q such that

QAxOT)>(x,t)>yXx,t)eR,

« u,v are functions defined on Q and X such
that Qx(0,T)>(x,t) >u(x,t)eR and
I'x(0,T)>(x,t) >v(x,t) e R, respectively,
« C isagivenrea C” function defined on C_Q (6
closureof Q ),

« d isagivenrea C” function definedon X ,

e h is atime delay such that h e(a,b) and
a>0,

« ®@,,¥, areinitia functions defined on Q, and
X, such that Qx[-b,0)>(x,t") > D, (x,t") R,
and I'x[-b,0)> (x,t") > ¥, (x,t") eR,
respectively.

The parabolic operator 8%+ A(t) in the state

equation (1) is a second order parabolic operator
with infinite number of variables and A(t), see
[11, 12, 20, 25], is given by:

A®)y (x) =( i £ O D +a0e) |y ()
i y () +a(x, D)y (),

(6)

where

D,y (x)= 2 yx), @

k( k’ 8

and q(X,t) isarea-valued function in X which
is a bounded and measurable on Q — R™, such
that q(X,t)>c,>1, c, is a constant. The
operator A(t) is a bounded second order self-
adjoint eliptic partial differential operator with an
infinite number of variables maps W *(Q, R*)
ontoW (Q,R*).

For this operator we define the hilinear form as
follows:
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Definition 3.1 For each t € (0,T ), we define a
family of bilinear formsonW *(Q,R”) by:

7ty . 4) = (AD)Y .9) . ygew (@Rr"), (@)

(@Rr®)’

where A(t) maps W?'(Q,R*) onto
W (Q,R™) and takes the above form. Then

7ty 4) =(AM)Y.4) .

Q,R”)

-(-2piy a0y .60 |

L2(Q.R™)

= [ 3D,y (D, 4()d p(x) + [ ax t)y (<)6(x)d p(x).
k=1

Lemma 3.1. The bilinear form 7z(t;y,¢) is
coerciveonW *(Q,R”) , that is

2ty V)2 AY [apey A>0 @

Proof: It iswell known that the ellipticity of A(t)
is sufficient for the coerciveness of 7z (t;y,4) on

WHQ,R”).

7(tigw) = jggokqﬁ(x)okw(x)dm [0 t#0)w )d .
Then

7(Gy.Y) =JQ§1|Dky(x)|2dp(x)+jﬂq(x,t)|y(x>|2dp(x)

+C, 1y (%) ||iz

22 Dy ) I, e,
k=1 '
=Y O 1 ey #o 1Y OV Iz g

2y O 1y ey = Y sy 420

(Q,R”)

Also we have:

vy,peWH(Q,R”)thefunctiont — z(t;y,d)is
continuougly differentiablein (0,T )and

zt;y.9) =zt 8,y). (10)

Equations (1)-(5) constitute a Neumann problem.
Then the left-hand side of the boundary condition
(4) may be written in the following form:

?(V_) =3 O,y ))cosinx,) =g(x ), (1D
=1

where isanormal derivativeat I", directed

ov,
towards the exterior of Q, cos(n,X,) is the

k —th direction cosine of n, with n being the
normal at I" exterior to QQ, and

g(.t) = [[d(x.)y (x.t ~h)dh+v (x.t),
x eT,t €(0,T),he(ab).

(12)

Remark 3.2. We shal apply the indication
g(x,t) appearing in (12) to prove the existence of

aunique solution for (1)-(5).

We shall formulate sufficient conditions for the
existence of a unique solution of the mixed initial-
boundary value problem (1)-(5) for the case where
the boundary control V is an element of the space

L*(Z) ie,v e L2(0T W °(Z,R”)) = L3(Z).
For this purpose, for any pair of real numbers
r,s>0, we introduce the Sobolev space

W "*(Q), see[19, p. 6], defined by
W Q) =L*(0T W' (@.R"))W*(0T;L3(Q,R"))(13)

which is a Hilbert space normed by

12
[E Iy ®) |l/2vf(Q,R°°) dt-+1ly |l12\/s(0,T ;LZ(Q,Rw))J (19

where W ° (O,T ;LZ(Q,R“’)) denotes  the
Sobolev space of order S of functions defined on
(0,T) andtaking valuesin L*(Q,R”).

The existence of a unique solution for the mixed
initial-boundary value problem (1)-(5) on the
cylinder Q can be proved using a constructive
method, i.e, first, solving (1)-(5) on the sub-
cylinder Q, andinturn on Q, , and so on, until the
procedure covers the whole cylinder Q . In this

way, the solution in the previous step determines
the next one.

For simplicity, we introduce the following
notation:

V2 ((-Daja), Q =QxE,,

. (15)
Zj =I'xE., ] =1,2,....

j ’

Using Theorem 15.2 of [19, p. 81], we can prove
the following lemma.

Lemma3.3. Let
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33 11
11 ! ’ 2
== W 24 —>W 2(%,). Thus elL(X,).
UEW 2 4(Q), Vv ELZ(Z) (16) (Ql) ( 1) yl |Zl ( 1)
Moreover, it is worth mentioning that the
11 assumption (17) follows from the fact that
few 24@Q,)), 17) 33 o
y, €W 24(@Q,) ad ueW 2 4(Q). Then,
where 33

£ =u(x.t)-[e(x )y, (x.t~h)dh,

1

Y,4(.(J —1)a) eW 2(Q,R"), (18)
of eLz(Zj), (19
where

g, (1) ='|':d ()Y, 4 (x.t —h)dh+v (x.t).

Then, there exists a wunique solution
33

y, €W 24(Q,) for the mixed initial-boundary
value problem (1), (4) and (18).

Proof: For | =1, the assumptions (17)-(19) are
fulfilled if we assume tha @, eW 2 Q,).
Yo €W %(Q,Rw) and ¥, el?(Z,). These
assumptions are sufficient to ensure the existence of
a unique solution y, W 2% (@Q,) . In order to

extend the result to Q,, we have to prove that
1

yl('!a) eW E(QiRm)’ Y1 |zle LZ(Zl) and
11
f,eW 2 4(Q,). First using Theorem 3.1 of
33
[19, p. 19] we can prove that Y, €W 24(Q,)
implies that the mapping t —> Yy, (,t) is
continuous from

3 1
[0,a] >W 4(Q,R”) cW 2(QQ,R™). Hence
1

yl(-,a)eWE(Q,R“)). Again, from Trace

Theorem of [19, p. 9], we can verify that
33

y, €W 24(Q,) implies that y, — Y, |, isa

linear, continuous mapping of

there exists a unique solution Yy, €W 24(Q,).

Finally, we can extend our result to any Q,,
j =3,4....

Theorem 34. Let Y., ®,, ¥,, V and U be
1 33

given with y, eW 2(Q,R”), &, W 24(@Q,),
11

Y, el?Z,),vel’X) anduecW 2 4(@Q).

Then, there exists a unique solution
33

y eW 24(Q) for the mixed initial-boundary
value problem (D-(5). Moreover,

1
y(, ja) eW 2(Q,R”) for j =1,2,....

4. Problem for mulation-optimization theorems

Now, we formulate the optimal control problem for
(2)-(5) in the context of the Theorem 3.4, that is

vel?().
Let us denote by U =L*(Z) the space of

controls. The time horizon T is fixed in our
problem.
The performance functional is given by

1) = Af [y (x,tw) -2, 1% pat + 2, (N )va et (20)

where 4, 20, and 4, +4,>0, z, is a given
dementin L*(Q); N isapositive linear operator

on L*(2) into L*(X).

Control constraints; We define the set of
admissible controls U ; such that

U, isclosed, convex subset of U =L*(Z).(21)

Let y(X,t;v) denote the solution of the mixed
initial-boundary value problem (1)-(5) at (X,t)
corresponding to agiven control V €U , . We note

from Theorem 3.4 that for any v eU_ the
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performance functional (20) is well-defined since

33
y)ew 24@Q) cL*@).

Making use of the Loins's scheme we shall derive
the necessary and sufficient conditions of
optimality for the optimization problem (1)-(5),
(20) and (21). The solving of the formulated
optimal control problem is equivalent to seeking a

v  eU_, suchthat

I )<I), VveU,.
From the Lion's scheme, Theorem 1.3 of [18, p.
10], it follows that for A, >0 a unique optimal

control V' exists. Moreover, V' is characterized by
the following condition

'V )V —v')>0 VvveU,. (22)

For the performance functional of form (20) the
relation (22) can be expressed as

Al () =z)ly ) -y @ )ld pct

(23)
+2,[Nv' @ —v')dTdt 20, Vv eU,,.

To simplify (23), we introduce the adjoint
equation, and for every Vv €U _,, we define the
adjoint variable p=p\V)=p(x,t;v) as the
solution of the following system

a%i") +_,4*(t)p(v)+J:C(X t+h)p(x.t+hyv)dh  (24)

=A(yW)-z,), xeQ,te(OT -b),

*6%7?)+A*(t)p(v)+'[:c(x t+h)p(x,t+hyv)dh (25)

=AlYyWV)-2z4), xeQ,te -bT -a),

ot +A"t)pW) = A4(y (v)—2z,), 0
xeQte( —aT),
p(x,Tv)=0, XxeQ, n
zpv(j*).(x 1) = Lbd (x,t +h)p(x,t +h;v)dh, )
x eT,t (0T —b),
ap_(v)(x t) =.[Hd(x t +h)p(x,t +h;v)dh
aVA* ' a ! ) ) ,(29)

xel,te( —b,T —-a),

op\v)
ov

A*

(x,t)=0, xel,te( —-aT), (30

where

PO (x )= Y., P ) cosin.x,). @

A'©PW) = (XDF+aX DPY). @)

As in the above section with a change of
variables, i.e. with reversed sense of time. i.e,

t'=T —t, for given z, €L?*@Q) and any
vV elL?(X), there exists a unique solution

33

p() eW 24(Q) for problem (24)-(30).

Remark 4.1. If T <b, then we consider (25) and
(299 on Qx(0,T —a) and I'x(0,T —a),
respectively.

The existence of a unique solution for the
problem (24)-(30) on the cylinder Qx (0,T ) can
be proved using a constructive method. It is easy to
notice that for given zZ, and U, the problem (24)-
(30) can be solved backwards in time starting from
t =T, i.e first solving (24)-(30) on the sub-
cylinder Q, and in turn on Q, , , etc. until the

procedure covers the whole cylinder Qx(0,T ).

For this purpose, we may apply Theorem 3.4 (with
an obvious change of variables).

Hence, using Theorem 3.4, the following result
can be proved.

Lemma 4.2. Let the hypothesis of Theorem 3.4 be
satisfied. Then for given z, € L*(Q,R”) and

any V €L?(X), there exists a unique solution
33

p() W 24(Q) for the adjoint problem (24)-
(30).

Now, we have the main result.
Theorem 4.3. For the problem (1)-(5) with the
performance  functiona  (20), Z, € L*Q),

A, > 0 and with constraints on controls (21), then

the optimal control Vv " exists and is characterized
by the following condition
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[Pty + 4NV ) ~v)dTat 20, v eU,,,(33)

where p(v") is the solution of the adjoint system
(24)-(30).

Proof: We simplify (23) using the adjoint equation
(24)-(30). For this purpose setting vV =V " in (24)-

AT ) -2y @ v)-y T v pdt = ] (-

+ 17 (e0at +hyp(x t + hv )by (x tiv) -y (x tv )ld et

(30), multiplying both sides of (24), (25) and (26)
by yW)—-y{'), then integrating over
Qx(0,T —b), Qx(T —b, T —-a) and
Qx(T —a,T), respectively, and then adding
both sides of (24)-(26), we get

PV L 4@ Ny W) -y & )d pct

(34)

LT o0kt +h)pOx t + hiv )Ty (x tv) -y (x,tv )l pd
= [ PT VOl (T ) -y (x.Tw)dp

LIPSy @)y M+ ] [ A OPY Y () -y 6Ol ok

#7770t mpGe.t + v ly (c.tv) — y (x v dhd pet

+j:::jnj:"c(x L +h)pO,t+hv )y (x,tv) -y (x,tv)ldhd pdt.

Then applying (27), the formula (34) can be expressed as

Al TV =2y Tv) -y (T v )ld pdt

T o 0 . T . . .
= [, [Py @) -y @Ol pet + [ [ AT OPE )y @) -y ¢ )1d et (35)

[0 [le0ct +yp0ct +h )y (x.tv) -y (x tv dhd pct

[T et +h)poxt +hiv )y (x.tv) -y (¢ v )ldhd pat.

Using (1), thefirst integral on the right-hand side of (35) can be rewritten as
mgp("*)g[y(v)—V(V*)]dpdt = [ [P )ADLY ) -y ¢ )ld pet
7] POt (el DIy (.t —hiv) =y (x,t —hiv " )Jdh)d ot
= {1 [ P& )ALy ) -y @ )d pet
—I;LJ:p(x v ie(x DIy (x,t —hv) -y (x,t —h;v')]ldhd pdt
={[ [P )AL @) -y " pt
—J:EIQP(X Lve(x D[y (x,t —hv) -y (x,t —h;v')]dtd pdh
= {1 P& AWMLY ) -y @) pet
LT Poct v )0t + )y () -y (vl d pdh
=—['[ PO ALY @) -y & ) ot
‘I:thp(x A Hhv et +h)y (x,tv) -y (x,t v )]dt'd pdh
L0t v et + Ly (x.t )~y (x v )l 'd o
—I:IQITT:bhp(X F+hvie(x t'+h)y (x,tv)—y(x,tv)dt'd pdh
=7 ] 6 IALY ) -y (O oot (36)
—J:IQI_th(X A +hv)e(x t +h)y (x,tv) -y (x,t'v)dt'd pdh
—I:Inﬂfbp(x A +hv)e(x t +h)y (x,tv) -y (x,tv)dt'd pdh

[ 0t i ek b+ ) (x.tv) -y (x tv )dt 'd poh,
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The second integral on the right-hand side of (35), in view of Green’s formula, can be expressed as
[ [A©OPV Ny -y@ et =] [ po)A®LY ¥) -y (v )d oot
+J'O J-rp(v*)(ay(v) _aY(V ))dth

Vi (37)

-I Lap(v )y @)y " )dTet.

Using the boundary condition (4), the second component on the right-hand side of (37) can be written as
T oy V) oyl _( vy [P . .
[ [pw WG, gy T = [ POt Y[ ODLy (0t =hiv) =y (x,t —hy*)ldh)d Tat

+_E Lp(x vV —v)dTdt

:EH:P(X-t:V*)d(x,t)[y(x t—hyv)-y(x,t—hy")dhdIdt

+[L [ pox tiv ) ~v)dTet

:f:jrj;p(x,t;v*)d x,O[y(x,t —hyv)-y(x,t —h;v")]ldt dT"dh

+[ [ px ") ~v )dT et

:f:frfhfhp(xv” hivi)d (x,t"+h)[y (x,tv) -y (x,t"v")ldt'd"dh
+_E Lp(x vV —v)dTdt

:f:frfhp(xi'+h:v*)d O, +h)[y (x,tv) -y (x,tv")]dt'd Tdh
+Lbfrﬂ?bp(x’t’+ hiv)d (x,t+h)[y (x,t'v) -y (x,t'v")ldt'dTdh
+f:frf::bhp(x,t'+h;v*)d (¢t +h)[y (x,t'v) -y (x,tv")]dt'dTdh
+[ [ px v ) ~v)dT et -
= [ [[° p0ct +hiv )d (.t + )y (x tv) —y (.t v )]dt'dTdh
+I:frﬂfbp(x,t’+ hiv™)d (x,t"+h)[y (x,t';v) -y (x,t"v")]dt'ddh
L 0t i) ()T () -y (x v Ol dah
+[, [ Ot ) ~v )dret.

The last component in (37) can be rewritten as

Hrap(v)[y(v) yo drd = [ jap(v)[y(v) Y )d et

(39)
ITT :Lap(v lyw)-ye) drdt+j jap(" Myw)-y @ )drt.

Substituting (38) and (39) into (37) and then (37) into (35), we obtain
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Af TV )=2)lyT W) -y T dpdt =] [ pGIAOLY @)~y )Id pct
[ [etat +h)poxt +hiv )y (x tv) —y (x tv)ldhd pot
[0 et + hyp(,t +hiv )y (x tv) -y (x.tv )dhd pet
-j:jgﬁ"c(x L Hh) POt +hyv )y (x,tv) -y (x,tv )]dhd pdt
[ pU)AOLY ) -y @ )d pet
] [t +h)p(x.t + v )y (x tiv) —y (x tv Ydhd et

+{ 7 [Fd 0+ RO+ vy (¢ tv) —y O v lh o ot

[0t +h)pxt+hiv Ly (,tv) -y (x tv)ldhd Tt

*f; LP(X v )V —v')dTdt

’IHI M[Y(X't§V)*y(X,t;v’)]drdt
o Jr GVA.

Tear Op’)
_J.T—h .[r ov,

T op)
_J.T -a.[r v,

[y (x,tv)—y(x,t;v)dIdt

(40)

[y (x,t;v) -y (x,t;v)]dTdt

+f; _hU:c(x t+h)pt+hv )y (x,tv) -y (x,tv)]dhd pdt

+.[TT::.L2J:4C(X t+h)p(x,t+hyv)yx,tv)-yx,tv)dhd pdt.

Afterwards, using the fact that
y(X,tv)=y(x,tv)=d,(x,t) for X €Q and
te[-b,0) and y(x,t"v)=y(x,t'v') =¥, (x,t)
for X eI" andt’ €[-b,0), we obtain

Af YT =z)ly T v) -y T v )dpat

=[ [ p@ ") ~v')drdt.

(41)

Substituting (41) into (23) gives (33).

Mathematical examples

Example 41 Let U =U =L*(), the case

where there are no constraints on the control. Thus
the maximum condition (33) is satisfied when

v =—4'N"pW’).
If N is the identity operator on L*(Z), then

33
from lemma4.2 it followsthat V. €W 24(Q).

Example 4.2. We can aso consider an analogous
optimal control problem where the performance
functional is given by

()= 4[ Ly (x.tv)-z,J?dTdt + 4, [ (NvvdTdt (42)

where Z, € L*(Z).

From Theorem 3.4 and the Trace Theorem of [19,

p. 9], for each v € L*(X), there exists a unique
33

solution Y (V) eW 24(Q) with y e L*(Z).

Thus, IA is well defined. Then, the optimal control
V' ischaracterized by

A& )=2)ly @) -y )drdt

* * (43)
+/12.[ZNV (v—v )dI'dt >0, VveU,.

We define the adjoint variable
p=pW)=p(X,t;v) asthe solution of the
equations

opv’) . .
— t
p + A (t)pl )
et +h)pex.t +hv )dh =0,

x eQ,t €(0,T —b),
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_opWv)
ot

+E’tc(x,t+h)p(x,t+h;v*)dh:o, (45)
xeQte( -b,T —a),

+ A (t)pW’)

_opv)
p ——+At)p") =0, 46)

xeQte -aT),

p(x,Tv)=0, xeQ,
(47)

apw’) _® o
v, (x,t)—jad(x,t+h)p(x,t+h,v )dh “8)

+A4(yW')-2z,), xel,te(0T -b),

DY) )= [ d et +Mpoct+hv ) g

8VA
+(yW)-2,), xelte -bT -a),

W)
T BN=AYE) 2 -

xelte( —aT).

As in the above section, we have the following
result.
Lemma 4.4. Let the hypothesis of Theorem 2.1 be
satisfied. Then, for given z, € L*(Z) and any

v eL?(Z), there exists a unique solution
33
pV’) eW 24(Q) to the adjoint problem (44)-
(50).
Using the adjoint equations (44)-(50) in this case,
the condition (43) can aso be written in the
following form

I;Ir(p(V*)Msz*)(v —v )dT'dt >0,
Vv el

The following result is now summarized.

Theorem 4.5. For the problem (1)-(5) with the
performance function (42) with Z, € L*(Z) and
A, >0, and with constraint (21), and with adjoint
equations (44)-(50), there exists a unique optimal

control V' which satisfies the maximum condition
(52).

Example 4.3.1f V € L*(Q) , we can also consider

an analogous optima control problem where the
performance functional is given by

) = Afly () -2, d pot + 4, (Nvvd ot (52)

where Z, € L*(Q).
From Theorem 3.4 and the Trace Theorem of [19,

p. 9], for each v € L?(Q), there exists a unique
33 "
solution Y (V) eW 24(Q). Thus, | is well

defined. Then, the optimal control V' s
characterized by

Af (Y6 -2y ) -y (¢ )ld et

(53)
+/12J‘QNV*(V -v')dpdt >0, VveU,

We define the adjoint variable
p=pW)=p(X,t;v) asthe solution of the
equations

‘%\/*)Jrﬂ*(t)ri(v*)ﬂ[:c(x,t+h)p(x,t+h;v*)dh (54)
:ﬂl(y(v*)_zd), x eQ,t (0T —hb),
_%\/*)Jrk(t)p(\/’)ﬁ[:c(x,t+h)p(x,t+h;v’)dh (55)

=A4(yW)-2z,), xeQte( -bT -a),

_apw)
EL A OPE) =40 )-2). (g5

xeQte( —-aT),

p(x,Tv)=0, xeQ,

(57)

apw’) _ o

v (x,1) _Ld(x,t +MPOE+hydh, o
x el',t e(O,T -b),

PV) o
T(x,t)_ja d(x,t+h)p(xt-+hv)dh, (s

¢
xelte -b,T -a),

a(;’(")(xt) 0, xel,te -aT). (60
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As in the above section, we have the following
result.

Lemma 4.6. Let the hypothesis of Theorem 3.4 be
satisfied. Then, for given z, € L*(Q) and any

v eL?*(Q), there exists a unique solution
33
plV’) eW 24(Q) to the adjoint problem (54)-
(60).
Using the adjoint equations (54)-(60) in this case,
the condition (53) can aso be written in the
following form

j;jg(p(v*)+22Nv*)(v ~v')d pdt >0, (
Vv eU,.

61)

The following result is now summarized.

Theorem 4.7. For the problem (1)-(5) with the
performance function (52) with z, € L*(Q) and

A, >0, and with constraint (21), and with adjoint
equations (54)-(60), there exists a unique optimal

control Vv~ which satisfies the maximum condition
(61).

5. Generalization

The optimal control problems presented here can be
extended to certain different cases. For example,

case 1. Optima control for (2x2) coupled

parabolic systems with time lags and infinite
number of variables and for case 2: Optimal control

for (NxN) coupled parabolic systems with time

lags and infinite number of variables. Such
extension can be applied to solving many control
problems in mechanical engineering.

5.1. Case 1: Optimal control for (2 x2) coupled

parabolic systems with time lags and infinite
number of variables

We can extend the discussions to study the
optimal control for (2x2) coupled parabolic

systems with time lags and infinite number of
variables. We consider the <case where

v =(,V,)eL’(Z)xL*(Z), the performance
functional is given by

)= S A[ Iy, () -2, Fd pet

+ﬂ,2jz(|\| v, v, dTdt),

(62)

where Z, =(Z,,,2,5) € (L’(@Q))* and N, isa
positive linear operator on L?(X) into L*(Z),
i =1,2.

The following results can now proved.

Theorem 5.1. Let Y,, ®,,'¥,, V and U be
1

given with Yo = (Yo1,Yoo) € W 2(Q,R™))?,

D, = ((Do,l’q)o,z) eWw 24 (QO))Z,\PO
= (‘Po,li‘Po,z) € (I—Z(Zo))2

11
V=) e (L)’ andu=(u,u,)eW 2 4Q)°%
Then, there exists a unique solution

33
y =(y,Y,) e W 24@Q))° for the following
mixed initial-boundary value problem:

%+(_§:Df+q(x,t)+1)y1

(63)
+I:c1(x,t)y1(x,t -h)dh-y, =u,, inQ,
Vo (NP2
?H kZ:;Dk +q(x,t)+1)y, (64)
+I:c2(x,t)y2(x,t—h)dh+y1:u2, inQ,
Yy (X thu) = Dy, (x,1),
Yo (X 1) = Dy, (x,t), (65)
X eQ,t'e[-b,0),
y,(x,0) = yO,l(X)1
Y2(x,0) =yg,(x), (66)

X eQ,

o7 Ibdl(x )y, (x,t —h)dh +v,,
ov, (67)

Yz = ['d,(x,t)y,(x t ~h)dh +v,, on,
ov, -
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Y. (X, thu) =W, (x,t),
Y (X tu) =W, (x,t), (69)
x el t"€[-b,0),

where

| w

3
4

y =y (xtv) = (Y, (6 tv), y,(xtv)) e W 24 Q)%

11
U=U(X,t) = (0G0, U, () e W 25 @Q))
v =V (x,1) = (1,0 W, (0) € (LE)Y,
C, ad d,, i =1,2, ae rel C” functions
defined on 6 and X, respectively, @, ;, and
W, ,. 1 =1,2, are initiad functions defined on
Q, and X, respectively.

Lemma 5.2. Let the hypothesis of Theorem 5.1 be
satisfied. Then for given

Zy =(2y4:24) € (L*@Q))? and any
vV =(,,V,) e (L))’ there exists a unique

33

solution pv)=(p,(v), p,v)) e W 24Q))?

for the adjoint problem:
op, (v d
- 37 +at )+ D)
k=1

+[76,(x.t +h)p,(x .t +h:v)ch (69)

+p,(v) =4y, (v)-2y),
X eQ,t e(0,T —-b),

- (3D a0 1D p,0)
e trhp,xt+hvyh-p) 70
=4y, () -24),
xeQ,te(0T -b),

; .
_%+(_ZDf+q(x,t)+l)pl(V)

k=1

+ e (.t +h)py(x,t +h:v)dh ()

+p, ) = 4, (y,(v) -zy),
xeQ,te( -b,T —-a),

apét(v)+( ZD2+q(x 0+Dp.()

+L C,(x,t +h)p,(x,t +h:v)dh (72)

—p.(v) = Ay, () -2,),
xeQ,te( -b,T -a),

- (D2 et ) + DR + ) (7

:ﬂi(yl(v) Zld)v X EQ,t G(T _avT )1

- (302 )+ D) - B (7

=Aly,V)-2,), XxXeQte -aT),

p,(Xx,Tv)=0, p,(x,T;v)=0, x eQ,(75)

PL) = 17, 0x,t -+ My pyx.t + hiv ),

ov .
A

PN gt +hyp,(x.t+hiv)ch, (7O
ov a

.
x el,t €(0,T —b),

L) = [, + ) py .t + hiv ), L{;(X 2

6vA* a Vi

o 77)
=L d,(x,t +h)p,(x,t +h;v)dh
xel,te( -b,T -a),
op(x,t) _ 0, op,(X,t) _ 0,

aVA* aVA* (78)
xelte —-aT).
Theorem  5.3. The optima  control

V=V () = g (x DX 1) € (LA(E)
is characterized by the following maximum
condition

[0 [ o)+ Ny 1, ~v))
H P, ")+ AN ¥;](, —v;))dTdt 20, (79)
Vv =,,v,) e (Uy )2’

where = p(x,tiv) = (p,(x,tv), p,(x,tiv)) € W 2%(Q))?

isthe adjoint state.

Theorem 5.4. For the problem (63)-(68) with the
performance function (62), with
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Z, =(2y,2,) € (L’@Q))? and 4,>0, and
with constraint: ({4, ) is closed, convex subset of
(L*(Z))?, and with adjoint equations (69)-(79),
then there exists a unique optima control
V=V (x ) = 05 (X DY) € (LA)?
which satisfies the maximum condition (79).

5.2. Case 2: Optimal control for (NxnN) coupled

parabolic systems with time lags and infinite
number of variables

We can extend the discussion to (nxn)
coupled parabolic systems. We consider the case

where  V =V, V,,...v,)e(L*(Z))", the
performance functional is given by

)= Y[ Iy, (¢ tv) -2, Fd pe

+4,[ (N, v, dTdt),

(80)

where Zy = (Zyy,Z5g 12y ) € (L2(@Q))" and
N, is a positive linear operator on L*(Z) into

L*(Z),i =1,2,...,n.
The following results can now proved.

Theorem55. Let y,, ©,,¥,,V and U be

D, = (D, Py, Dy ) €W 32'34(Q0))na
Vo= (\Po,l’lyo,zv--’\{’o,n) € (L2 (Zo))n '

V=W,V ..V, )e(L*Z)" ad

11
u=(U,U,,...,u)e@ 2 4@Q))". Then,
there exists a unique solution

Y = (Y1 Y Ya) €W 24@Q))" forthe

following mixed initial-boundary value problem:
forali =1,2,...,n wehave

oy, b
%w(t)yi +Lci (x.t)y (x,t =h)dh =u;, gy)

x eQ,t €(0,T), he(ab),

yi(xt) =0, ((x,t"), xeQ,t'e[-b,0),(82

Yi (Xao):)/i,o(x)’ X €, (83)

M:ﬁdi (x,)y, (x,t —h)dh +v.,

oV,
x el't €(0,T),he(ab),

(84)

yi (x,t) =", ((x,t), xel,t"e[-b,0),(85)

where
S(t)yi(x)=[—ZDE+Q(x,t)jyi (x)
i k=1 (86)
+yay,(x) Vi=12..,n,
=1
1, i>j;
%= -1, i<] S

The operator S(t) is (Nxn) matrix which
takes the form

YDZ4q+l -1 -1
2Pia (89)
1 SDZ+q+l - 1
s)= 2P+
1 1 —inJqurl
k=1

nxn

Also, we have

Yi =Y (X,tv),
ui Eui (X’t)’
v, =V, (X,1),

u=(u,u,,...,u,),

¢, ad d,, i=212..,n, ae red C”

|
functions defined on 6 and X, respectively, @, ,
and ¥, ,, 1 =1,2,...,n, are initial functions

defined on Q, and X, respectively.

Lemma 5.6. Let the hypothesis of Theorem 5.5 be
satisfied. Then for given

Zy =(Zyy1Zpgr-2Zg) €(LP@Q))" and any
V(X,t) = (v, (X, 1)V, (X, 1),....v, (X,1)) e (L3(Z)",
there exists a unique solution
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pl)=p(x,t;v)=(p,(x,t;v),

POV ) Py (X EV)) e WV 24Q))",

for the adjoint problem: for al i =1,2,...,n, we
have

_apr(V)J“s:‘(t)pi(\/)+J':ci (x,t +h)p, (x,t +h;v)dh
=AY, (V) ~24), X €Qte(OT -b),
76%M+S*(t)piw)+jz"c‘ (x,t +h)p, (x,t +h;v)dh
=AY V)-2,), xeQte -bT -a),

P s 0p 0= A0 0)-2,),

xeQte -aT),
p(x,TVv)=0 xeQ

PGy 1 = [(d, (x.t +h)p, (x,t +hyv)dh,
81/9* a

x el,t €(0,T -b),

PGy 1 =[d, (x.t +h)p, (x.t + hiv)dh,
avs. a

xelte -bT —a), (89)

M(x,t):o, xelte -aT).
avS«

Theorem  5.7. The optima  control
V=V (Xt) = W, (X)WL (X)), v (X)) € (LA(E)"
is characterized by the following maximum
condition

gj;jr([ P )+ AN V10, v )T >0 g
YV =WV, v,) e (Uy)",

where

v =V, V..V ) e (L))",

issthe optimal control and

Pl ) = p(x.tv’) = (R X tv),

33

P (X, V), P (X V) e W 24(Q))",
isthe adjoint state.

Theorem 5.8. For the problem (81)-(85) with the
performance function (80) with

Zy =(Zy4:Z5451Z0g) e(L*@Q)"  and
A, >0, and with constraint: (U,,)" is closed,

convex subset of (L*(Z))", and with adjoint

equations (89), then there exists a unique optimal
control

V=V (X, ) = (Vg (XL )V (X)), v (X)) e (L)
which satisfies the maximum condition (90).

Remark 5.9. In the case of performance functionals
((20), (42), (52), (62), (80)) with A4, >0 and

A, =0, the optimal control problem (with the

initial state given by a known function) reduces to
minimization of the functional on a closed and
convex subset in a Hilbert space. Then, the
optimization problem is equivalent to a quadratic
programming one, which can be solved by the use
of the well-known Gilbert algorithm.

6. Conclusions

The optimization problem presented in the paper
constitutes a generalization of the optimal boundary
control problem of a parabolic system with
Neumann boundary condition involving constant
time lag appearing both in the state equations and in
the boundary conditions considered in [2-7, 13, 14,
16, 17, 20, 28].

Also, the main result of the paper contains
necessary and sufficient conditions of optimality for
(nxn) parabolic systems involving second order

operator with infinite number of variables that give
characterization of optimal control (Theorem 5.8).
But it is easily seen that obtaining analytical
formulas for optimal control is very difficult. This
results from the fact that state equations (81)--(85),
adjoint equations (89) and minimum condition (90)
are mutually connected, which cause the usage of
derived conditions to be difficult. Therefore, we
must resign from the exact determination of the
optimal control and we are forced to use
approximation methods. It is also evident that by
modifying:

» the boundary conditions,

» the nature of the control (distributed, boundary),

* the nature of the observation,

« theinitial differential system,

an infinity of variations on the above problem is
possible to study with the help of [18] and
Dubovitskii-Milyutin  formalisms [21-24]. Those
problems need further investigations and form tasks
for future research. These ideas mentioned above
will be developed in forthcoming papers.
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