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Abstract

In this paper the lowest order constrained variational (LOCV) method has been used for calculation of liquid 3He
along different isentropic paths employing the Aziz potential. Some thermodynamic properties such as energy per
particle, pressure, temperature, chemical potential, velocity of sound, adiabatic index and compressibility for
normal liquid 3He have been calculated. Our results indicate that the sound velocity is always less than the
velocity of light in vacuum (c) showing that all calculated equations of state obey the causality condition. Finally,
our calculations show that the adiabatic index is not constant and its value depends on both density and entropy of

the system.
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1. Introduction

Helium 3 is one of the two stable isotopes of helium
(3He and *He) [1]. The quantum natures of the
two isotopes of helium are qualitatively different.
“He atoms behave as an ideal Bose gas whose
properties are described by Bose-Einstein statistics,
while the 3He atoms behave as an ideal Fermi gas
with properties described by Fermi- Dirac statistics.
Liquid 3He changes from a classical to a quantum
liquid as it is cooled to the millikelvin region and it
forms a liquid having the lowest known boiling
point of 3.19 K and only solidifies under the
pressure of 3.45 Mpa.

Different many-body techniques have been used
for investigating the properties of liquid 3He.
These calculations are mainly based on the Green's
function Monte Carlo (GFMC) [2], FN-DMC,
DMC, VMC and EMC simulations [3-6], correlated
basis functions (CBF) [7, 8] and Fermi hyper-netted
chain (FHNC) [9-13]. In this article, we use the
lowest order constrained variational (LOCV)
method in the calculations for normal liquid 3He.

The LOCV method which is based on the cluster
expansion of the energy functional, has been
developed to study the bulk properties of the
quantal fluids [14-16].
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In our previous papers, by employing the LOCV
method, we have calculated some properties of the
normal and polarized liquid 3He at finite
temperature with the spin-independent correlation
function [17-19]. We have also studied polarized
liquid 3He with the spin-independent and spin-
dependent correlation function at zero temperature
[20-22]. These calculations have been also
extended for the normal and polarized liquid 3He
in the case of spin-dependent correlation function at
finite temperatures [23, 24].

The LOCV method has several advantages with
respect to the other many-body formalisms. This is
a fully self-consistent method and does not
introduce any free parameter to the calculations.
The crucial point in this method is the functional
minimization with respect to the two-body
correlation function subjected to the normalization
constraint which finally leads to the Euler-Lagrange
differential equation. The convergence of its results
has been shown by computing the three-body
cluster energy term [22, 25].

In this article, the LOCV method is used to
compute the thermodynamic properties of normal
liquid 3He along the isentropic paths with the spin-
independent correlation function employing the
Aziz potential.

2. Lowest Order Constrained Variational
Method
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We consider a system of N interacting 3He atoms.
For this system, the Fermi-Dirac distribution
function is [26].

1
eBlE(S,P)—u(SPI 11 M

n(k,S,p) =

In the above equation f = ﬁ, u is the chemical

B
potential, p is the number density and ¢ is the single
particle energy of a 3He atom. In our formalism,
the single particle energy, ,0f a 3He atom with

momentum k is approximately written as
h2k?2
ek, S,p) =5 -+ U(S, p). 2)

U(S,p) is the momentum independent single
particle potential. The chemical potential, y, and the
temperature, T, at any adopted values of the entropy
(S) and the number density (p), are determined by
applying the following constraints,

N:Zk n(k:S:p) (3)
S=—kgY {[1—nk,S, p)]in[1—nk,S, p)]+
n(k;S’p)lnn(k;S:p)}' (4)

These are implicit equations which can be solved
numerically.

To calculate the energy of this system we
consider up to the two-body term in the cluster
expansion of the energy functional [27],

E(S,p) = E(S,p) + Eo(S, p) ®)
where

Ey(S.p) = gy nlk,S, )k dk ©)
and

Ey(S,p) = 5 Xy (61w (12)]ij — ji) (7)

In the above equation, W (12) is

w(12) = le—z[Vf(lZ)]2 +f(A2)v(A2)f(12), (¥

where V' (12) is the two-body potential and f(12) is
the two-body correlation operator. After some
calculations, the following final expression for the
two body energy E, (S, p) has been derived.

Ey(S,p) L2 [ [(F (1)) +

ZFAV(]a?(r,S, pyridr, ©)
where
a%(r,S,p) = 1_§(@)2. (10)

In the above equation y (7, S, p) is as follows,

sinkr

T n(k, S, p)k2dk. (11)

1 o0
v(r,S,p) = =,

We impose the normalization constraint on the
two-body correlation function. This means that the
correlation function is required to heal to the Pauli
function f,(r, S, p) [25],

£, 5,0) = [1 =2 (2275 (12)

Now, we minimize E,(S,p) with respect to the
variation in the correlation function. This gives us
the following Euler- Lagrange differential equation

9"(5,p) — [5 22 + R V()]G (.5, p) = 0, (13)
where
9@, S,p) =f(,S,pa,S,p)- (14)

A is the Lagrange multiplier. In the above
equations, primes mean differentiation with respect
to r. The two-body correlation function is obtained
by numerically integrating Eq. (13), the energy per
particle of the system can be determined afterwards.
Now by calculating E(S, p), we can calculate the
thermodynamic properties of normal liquid 3He
along different isentropic paths.

3. Results and discussion

The internal energy per particle for the normal
liquid 3He as a function of density along six
different constant entropy paths (§ = 1.0, 1.5, 2.0,
2.3, 2.4, and 2.5 kg) has been shown in Fig. 1. In
this Fig., it is seen that for all densities, the internal
energy increases by increasing the entropy. It is
also shown that at high densities the difference
between the energies of different isentropic paths
decreases. We have found that the internal energy
shows a minimum at some entropies. Minimum
point in the plot of internal energy versus density
for any entropy, shows density where the system is
stable (equilibrium state). When liquid 3He is in
equilibrium state, the mean free path between the
He atoms is such that, these atoms are bound
together, due to the negative potential energy.
However, this minimum disappears for the
entropies greater than S; 2.3 kz. We can conclude
that for the entropy less than 2.3 kg, the system at
a certain density shows a bound state. Table 1
shows the internal energy at the minimum point
(saturation energy) and the corresponding density
(saturation density) at different entropies. This table
shows that the saturation energy increases by
increasing the entropy.
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Fig. 1. Internal energy per particle (E) for the normal
liquid 3He as a function of density (p) at § = 1.0, 1.5,
2.0,2.3,2.4and 2.5 kg

Table 1. The saturation energy (E,) and saturation
density (po) for the normal liquid 3He along different
isentropic paths

S(kg) po(A~®) Ey(K)
1.0 0.011 -1.016
1.5 0.011 -0.481
2.0 0.010 0.353

Figure 2 shows the temperature (T) of normal liquid

3He as a function of density for different values of
entropy. From this Fig. it is seen that the
temperature increases by increasing both density
and entropy. We can see that the rate of increasing
temperature versus density increases by increasing
the entropy.
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Fig. 2. Temperature (T) of normal liquid 3He as a
function of density (p) at S = 1.0, 1.5 and 2.0 kp

The chemical potential (1) of normal liquid 3He as
a function of density along three constant entropy
paths has been presented in Fig. 3. This Fig.
indicates that the chemical potential increases
(decreases) by increasing density (entropy).

p(A

Fig. 3. Chemical potential (1) of normal liquid 3He as a
function of density (p) at S = 1.0, 1.5 and 2.0kp

The pressure (P) can be obtained from the energy
per particle, E, using the following relation,
4 0E

P=p ol (15)
We have drawn our results for the pressure of
normal liquid 3He versus density at different
entropies in Fig. 4. In this Fig., it is seen that the
pressure is zero for the saturation density (stable
state), and nonzero everywhere else. We have
found that the pressure increases by increasing both
density and entropy. It is seen that at high densities,
the increasing of pressure by increasing the entropy
becomes faster. Our results show that as the entropy
increases, the equation of state of normal liquid
3He becomes stiffer.
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Fig. 4. Pressure (P) of normal liquid *He as a function of
density (p) at S = 1.0, 1.5 and 2.0 kjp

One of the interesting parameters in the isentropic
process, which checks the obeying -causality
condition by equations of state, is the velocity of
sound (V;). It can be expressed as

=[], (16)
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N . . .
where p’ = mT is the mass density and m is the

atomic mass of 3He atom [28]. In Fig. 5, we have
plotted Vg for normal liquid 3He as a function of
the density for S$ = 1.0, 1.5 and 2.0 kg. This Fig.
shows that the velocity of sound increases with
increasing both density and entropy. However, it is
seen that for densities less than about 0.023 A~3,
Vs for different values of entropies are nearly
identical.
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Fig. 5. Velocity of sound (}) in the normal liquid 3He as
a function of density (p) at S = 1.0, 1.5 and 2.0kp

Our results for the velocity of sound in the normal
liquid 3He versus pressure at different entropies
have been shown in Fig. 6. It is seen that the
velocity of sound increases by increasing the
pressure. Our results show that for a specific value
of pressure, I, decreases by increasing the entropy.
However, from both Figs. 5 and 6, we see that 1 is
always less than the velocity of light in vacuum (c).
Therefore, we can conclude that all calculated
equations of state obey the causality condition. In
Fig. 6, our results for the velocity of sound have
also been compared with the experimental results
[1]. These experimental results show V; as a
function of pressure at finite T = 0.1 K which is
relevant to low densities in our calculations. We
can see that in this range our results for velocity of
sound are in overall agreement with those of the
experiment [1].

200

Fig. 6. Velocity of sound (V;) in the normal liquid 3He as
a function of pressure (P) at S = 1.0, 1.5 and 2.0 kp.
The experimental results [1] (dashed dotted) have also
been given for comparison.

In Fig. 7, we have compared our results for the
velocity of sound in the normal liquid 3He versus
temperature with those of the experiment for
P = 0.1 MPa [29, 30]. We can see that there is an
overall agreement between our results and the
experimental data, especially at higher temperatures.
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Fig. 7. Velocity of sound (V;) in the normal liquid 3He as
a function of temperature (T) at P = 0.1 MPa. The
experimental results [29, 30] (dashed) have been shown
for comparison.

Another interesting parameter in the isentropic
calculations is the adiabatic index, I', which can be
calculated using the following equation:

apP

r=3), g

Figure 8 shows the adiabatic index for normal
liquid 3He as a function of density at S = 1.0, 1.5
and 2.0 kg. From this figure, it can be found that
unlike the ideal gas model, I' does not have a
constant value. We can conclude that this is due to
the interactions between the helium atoms in the
system. In this Fig. it can be seen that for densities
less than about 0.022A473, the adiabatic index
decreases by increasing both density and entropy.
However, for densities greater than about
0.022A73, the adiabatic index increases by
increasing both density and entropy. Note that as
the entropy increases, the minimum point of I'
decreases.
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Fig. 8. Adiabatic index (I') of normal liquid 3He as a
function of density (p) at S = 1.0, 1.5 and 2.0k
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The isentropic compressibility can be obtained from
the following relation,

ps =35y (18)

where V = % = % [30]. In Fig. 9, we have plotted

the isentropic compressibility of normal liquid 3He
as a function of the density for different values of
entropy. From this Fig. we can see that the
compressibility of normal liquid 3He decreases by
increasing the density. This Fig. shows that for a
certain value of density, the compressibility of
different entropies are nearly constant.
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Fig. 9. Isentropic compressibility (8s) of normal liquid
3He as a function of density (p) at S = 1.0, 1.5 and
2.0 kB

4. Summary and Conclusions

In this work, some thermodynamic properties of
liquid 3He along different isentropic paths using
the lowest order constrained variational (LOCV)
method were calculated. The Aziz potential was
employed in our calculations. It is seen that for all
densities, the internal energy increases by
increasing the entropy. We have found that the
minimum point of energy (saturation energy)
increases by increasing the entropy, and it
disappears for the entropies greater than about
2.3 kg. It can be concluded that for the entropies
less than about 2.3 kg, the system at a certain
density shows a bound state. We have shown that
the pressure and temperature of normal liquid 3He,
as well as the velocity of sound in normal liquid
3He increases by increasing both density and
entropy. It is shown that the velocity of sound in the
normal liquid 3He increases (decreases) by
increasing the pressure (entropy and temperature).
However, the velocity of sound is always less than
the velocity of light in vacuum (c). Therefore, we
can conclude that all calculated equations of state
obey the causality condition. Our results show that

the chemical potential increases by increasing
density and decreases by increasing entropy. Our
calculations indicate that in spite of the ideal gas
model, the adiabatic index does not have a constant
value; this is due to the interactions between helium
atoms in the system. We have indicated that for
densities less (greater) than about 0.022 A~3, the
adiabatic index decreases (increases) by increasing
both density and entropy. Finally, it is seen that the
compressibility of normal liquid 3He decreases by
increasing the density, and for a specific value of
density, the compressibility remains nearly constant
with increasing the entropy.

Acknowledgments

Financial support from the Shiraz University
research council is gratefully acknowledged.

References

[1] (a) Dobbs, E. R. (2000). Helium Three. Oxford
University Press. (b) Kenet, A. (1993). Experimental
Low-Temperature  Physics. Macmillan  Physical
Science Series. (c) Wilks, J. (1967). The Properties of
Liquid and Solid Helium. Oxford, Clarendon.

[2] Panoff, R. M. & Carlson, J. (1989). Fermion Monte
Carlo algorithms and liquid *He. Phys. Rev. Lett., 62,
1130.

[3] Casulleras, J. & Boronat, J. (2000). Progress in Monte
Carlo Calculations of Fermi Systems: Normal Liquid
*He. Phys. Rev. Lett., 84, 3121.

[4] Moroni, S., Senatore, G. & Fantoni, S. (1997).
Momentum distribution of liquid helium. Phys. Rev. B
55, 1040.

[5] Moroni, S., Fantoni, S. & Senatore, G. (1995). Euler
Monte Carlo calculations for liquid *He and *He. Phys.
Rev., B52, 13547.

[6] Vitiello, S. A., Schmidt, K. E. & Fantoni, S. (1997).
Possible equivalence of Feynman's backflow and spin-
dependent correlations. Phys. Rev., B55, 5647.

[7] Krotscheck, E. & Smith, R. A. (1983). Microscopic
determination of the self-energy of *He. Phys. Rev.,
B27, 4222.

[8] Fantoni, S., Pandharipande, V. R. & Schmidt, K. E.
(1982). Single-Particle Spectrum and Specific Heat of
Liquid *He. Phys. Rev. Lett., 48, 878.

[9] Krotscheck, E. J. (2000). Fermi-Hypernetted Chain
Theory for Liquid *He: A Reassessment. Low. Temp.
Phys. 119, 103.

[10] Arias de Saaverda, F. & Buendi, E. (1992). Effective
mass of one “He atom in liquid *He. Phys. Rev., B46,
13934.

[11] Takano, M. & Yamada, M. (1994). A Variational
Method for Infinite Fermion Systems with Central
Forces. Prog. Theor. Phys., 91, 1149.

[12] Viviani, M., Buendia, E., Fantoni, S. & Rosati, S.
(1988). Spin-dependent correlations in the ground state
of liquid *He. Phys. Rev., B38, 4523.

[13] Manousakis, E., Fantoni, S., Pandharipande, V. R. &
Usmani, Q. N. (1983). Microscopic calculations for
normal and polarized liquid *He. Phys. Rev. B28, 3770.



1JST (2012) A3: 225-230

230

[14] Owen, J. C., Bishop, R. F. & Irvine, J. M. (1976).
Constrained Variation in Jastrow method at high
density. Ann. Phys. (N.Y.), 102, 170.

[15] Owen, J. C., Bishop, R. F. & Irvine, J. M. (1976).
Model nuclear matter calculations with a new fermion
Lowest Order Constrained Variational method. Nucl.
Phys. A274, 108.

[16] Owen, J. C., Bishop, R. F. & Irvine, J. M. (1977). A
variational approach to nuclear matter with realistic
potentials. Nucl. Phys., A277, 45.

[17] Bordbar, G. H. & Hashemi, M. (2002). LOCV
Calculation of Thermodynamics Properties of Liquid
*He. Int. J. Theor. Phys., Group Theory and Nonlinear
Optics, 8, 251.

[18] Bordbar, G. H., Zebarjad, S. M. & Shojaei, F.
(2004). Critical Behavior of Liquid *He. Int. J. Theor.
Phys., 43, 1863.

[19] Bordbar, G. H., Karimi, M. J. & Vahedi, J. (2009).
Lowest order constrained variational calculation for
polarized liquid *He at finite temperaturelnt. J. Mod.
Phys., B23, 113.

[20] Bordbar, G. H., Zebarjad, S. M., Vahdani, M. R. &
Bigdeli, M. (2005). Spin polarized liquid *He. Int. J.
Mod. Phys., B19, 3379.

[21] Bordbar, G. H. & Karimi, M. J. (2009). LOCV
calculations for polarized liquid *He with the spin-
dependent correlation. Int. J. Mod. Phys., B23, 2373.

[22] Bordbar, G. H., Karimi, M. J. & Mohsenipour, S.
(2011). LOCV calculations for polarized liquid *He:
the effect of three-body cluster energy. Int. J. Mod.
Phys., B25, 2355.

[23] Bordbar, G. H. & Karimi, M. J. (2011). Variational
calculations for normal liquid *He at finite temperature
using the spin-dependent correlation functionInt. J.
Mod. Phys., B25, 4359.

[24] Bordbar, G. H., Karimi, M. J. & Poostfroush, A.
(2010).  Spin-spin  correlation effect on the
thermodynamic properties of the polarized liquid *He
at finite temperature. Eur. Phys. J., B73, 85.

[25] Bordbar, G. H. & Modarres, M. (1997). LOCV
calculation of nuclear matter with phenomenological
two-nucleon interaction operators. J. Phys. G: Nucl.
Phys., 23, 1631.

[26] Fetter, A. L. & Walecka, J. D.( 1971). Quantum
theory of many-body system New York, McGraw-Hill.

[27] Clark, J. W. (1979). Variational theory of nuclear
matter. Prog. Part. Nucl. Phys. 2, 89.

[28] Moran, M. J. & Shapiro, H. N. (2000).
Fundamentals of Engineering Thermodynamics. John
Wiley & Sons.

[29] Atkins, K. R. & Flicker, H. (1959). Velocity of
Sound in Liquid *He at High Pressures. Phys. Rev.,
116, 1063.

[30] Huang, Y., Chen, G., Wang, S. & Arp, V. J. (20006).
Equation of state for normal liquid helium-3 from 0.1
to 3.3157 K. Low Temp. Phys., 143(1).



