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Abstract

In this paper, the use of weighted pairwise likelihood instead of the full likelihood in estimating the parameters of
the multivariate AR(1) is investigated. A closed formula for typical elements of the Godambe information
(sandwich information) is presented. Some efficiency calculations are also given to discuss the feasibility and
computational advantages of the weighted pairwise likelihood approach relative to the full likelihood approach.
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1. Introduction

The multivariate autoregression model is an
essential and informative tool for describing the
dynamic behavior of the applied sciences, eg.
neurosciences, biomedical research, business,
economic, environmental, industrial and financial
time series, see Schelter et a. and therein references
for more examples and applications [1]. In
multivariate models, the standard likelihood-based
inference often involves high-dimensional integrals
which become more difficult to evauate when the
sample size increases, Xu [2] and Parner [3]. In the
case that the likelihood function is difficult to
evaluate or cannot be solved, certain methods based
on modifications of the likelihood are used by
several authors, eg. Besag [4, 5], Cox [6] and
Lindsay [7]. The conditiona Gaussian likelihood
procedure proposed by Hannan and Rissanen [8]
has been complemented by Salau [9] to investigate
the effects of different choices of order for
autoregressive approximation on the fully efficient
parameter estimates for ARMA  models.
Asymptotic quasi-likelihood has been advanced by
Heyde and Lin [10], Heyde [11] and Jung et al.
[12]. A quasi-maximum likelihood unit root test is
studied by Rothenberg and Stock [13] and
Carstensen [14], and the quasi-maximum likelihood
theory to simulate the likelihood ratio test is given
by Lee[15] and Ziegler [16]. Parameters estimation
by quasimaximum likelihood through the
optimization of a Gaussian log-likelihood function
isdiscussed in Bollerslev and Wooldridge [17],
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Newey and Steigerwald [18] and Rodrigues and
Rubia [19]. Maodified versions of the likelihood
function to find an approximate sufficient statistic
for the parameters of the vector-valued
(multivariate) ARMA models, in terms of the
periodogram are applied by Kharrati-Kopaei et al.
[20]. The pseudo-likelihood based estimation
procedure is aso used by many authors. The reader
is referred to Hu and Zhang [21] and the references
therein for a short discussion on this subject.

In recent years, the composite likelihood
approach (based on the likelihoods of low-
dimensional margina distributions) has received
much attention in statistical models. The pairwise
likelihood, given by Cox and Reid [22], takes the
bivariate margins to produce the pseudo-likelihood.
An excellent review on the composite likelihoods
with emphasis on some applications in genetic,
longitudinal data, survival analysis and spatia
statistics can be found in Varin [23]. Recently, Ng
et a. [24] have established the consistency and
asymptotic normality properties in a time series
model with alatent Gaussian autoregressive process
for various composite likelihood estimators. The
asymptotic properties of parwise likelihood
estimation procedures for linear time series models
are also studied by Davisand Yau [25].

Pairwise likelihood approach in estimating the
parameters of a multivariate AR(1) is studied by
Nematollahi and Kazemi [26]. They concentrate on
the maximum pairwise likelihood estimators
(MPLE) and specify its efficiency for the arbitrary
matrix of parameters of multivariate AR(1) model,
along the line of the equi-correlation normal matrix
example in Cox and Reid [22]. They have used
unweighted pairwise likelihood and by some
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tedious computations, it is shown that the efficiency
can be low, so that using weighted pairwise
likelihood-based inferences is recommended. In this
paper, we discuss the feasibility of the weighted
pairwise likelihood approach (Joe and Lee [27])
and discuss the computational advantages of
weighted pairwise likelihood relative to the full
likelihood approach. Practica advantages of the
weighted MPLE (WMPLE) to MLE are brought to
light and some efficiency calculations are
presented.

This paper is organized as follows: The pairwise
likelihood function for m-dimensional random
vector is introduced Section 2. In Section 3, we
consider the multivariate AR(1) models and
compute asymptotic variance of the parameters
based on the pairwise likelihood. Numerical studies
in Section 4 are in support of our derivations.

2. Preliminaries

Let Y = (v,

Yy )T be a M-dimensional
10+ 920 ' tm

random vector with joint density f(Yaﬂ)' where

0c® < R" j5 unknown parameter. There are a
number of situations where it is difficult to specify
the full M -dimensiona distribution in simple form
but it may be possible to specify some low-
dimensional distributions. Here we consider the
two-dimensional one, i.e., we concentrate on the

7jj

weighted bivariate densities f0y0) " for al
Lj=Lleami=j, nee Fiplid=1le.m,
are the suitable nonnegative weights.

The weighted pairwise likelihood (WPL) from a

single M-dimensional random vector Y is
constructed by

m-1 m

L (Yae): HHf(yi 1Y ’9)”” ,
i=1 j=i+1
see e.g. Cox and Ried [22]. If the true parameter
value 0, belongs to the interior of the compact

parameter space, then the weighted maximum
pairwise likelihood estimate (WMPLE) of 0,

denoted by @ is the solution of the composite
score function,

S¥0)=23 —mog[f(y;:j 2l 0.

i=1 j=i+l

Since the composite scoreis alinear combination of
valid likelihood score functions, then its

unbiasedness follows under wusua regularity
conditions.

We will present the weighted pairwise likelihood
(WPL) based on N (Mm-dimensional) random

vectors Y;,..., Y,, in Section 3. The information in

the composite score equation provided by N
observationsis given by

G(0)= 1,5 (0)K 5, (0 )3, (0),

_ Syl (0.y)

where J,,(0)= E( _) and K., (0)
is the variance of the composite score matrix given

_ T
by K,,(0)=E[S,,(0,y)S,,(0,y)']. The
standard theory for inference functions [28] can be
applied to derive the general asymptotic properties
of @ Under the theory of estimating equations and
the regularity conditions on the log-likelihood, it

can be shown that @ is consistent and
asymptotically normal distributed with asymptotic
mean 0, and variance matrix

G_l(e): J;vtl (O)Kwpl (B)J;vtl (9), D

which follows from the Taylor expansion to second
order. A proof can be found in Godambe [28]. See
also Zhao [29], Zhao and Joe [30] and Joe and Lee
[27] for more details.

In this paper, we consider a multivariate AR (1)
model which satisfies the difference equation

X =0X,,+Z, @

where @ is mMx M matrix and Z, is a sequence

of independent multivariate normal with zero mean

vector and covariance matrix X. We assume that
the process is causa in the sense that all

eigenvalues of @ are less than 1 in absolute value.
From the well-known Yule-Walker equations, we

have T'(h)=®I(h-1) for h=123,... and
veo(I'(0)) = (I - (® ® ®)) 'veo(X ) where the
" vec" notation for amatrix A= [al,az,...,an] is
defined by vec(A)=|al,a],...,a7] and

operator ® isthe Kronecker product.
Joe and Lee [27] studied the M-dimensional

Gaussian AR(1) model with mean 1., and
n°R(p),  where
R(p) =[p"]7ey with —1<p<1. They

covariance matrix
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obtained some efficiency results for the estimate of
one of the parameters assuming the other two to be
known, using the weighted pairwise likelihoods
with weights depending on lag. In this paper, we
study weighted pairwise likelihoods in a more
general case with the weights constructed based on
the autoregressive property of the time series and
considering the serial dependence within each
component series and interdependence between the
different component series. Using this kind of
weights, we will show that the loss of efficiency
compared to maximum likelihood estimation is
acceptable and balanced by the computational ease.

3. The weighted pairwise likelihood inferences
Let {X,,....X,} be a set of m-dimensiona
observations, where X, = (X X o0 X )r,
tl t2 tm
t=1,...,n. Following Nematollahi and Kazemi
[26], consider a MNx1 vector X constructed by

T

X=(xI,x],...XT)
= (X1 Xizreer X Xon Xpreeos Xom coo Xy X X0 ). ()

The vector-valued (multivariate) time series
{X;} having not only seria dependence within
each component series {X;}, but dso
interdependence between the different component
series { Xy} and { X}, i # | . According to the
autoregressive  property, each {X,} is aso
dependent on {X, ;}. So, we will consider the
weighted pairwise likelihood for X as

L (x0)= HHHHf

c (X\b‘xlc

(LI o) T

a=ll<b<c<m b,c=1 [xm‘x(ul)c]

(00, 0 e (4)
(va X(I+1)C‘e) '

where

(1, (=jl<b<c<mor(j=i+11<b,c<m)
Tiee =, otherwise.

Remark 1. Note that in order to use al of the
information in the time series, we have to write X
and L, (X,B) as above, since in the multivariate
time series the vector of observations at different
times are dependent and it is also dependent with

other observations. In (4), the first term is the
likelihood function of the observations within

the {X,} and the second term is the counterpart

between groups {X,} and {X,,,}, this is one
justification for considering the weights Tijoe 8S
given above. Another justification is the
autoregressive property.
Remark 2. The pairwise likelihood function
considered by Nematollahi and Kazemi [26] can be
easily derived by setting ©,., = 1, forall i, j,b
and C.

Now, suppose that {X,,t =1,2,...,n} is a set

of N mean-zero M-dimensional Gaussian time
series with covariance matrix

K(,j)= E(XiXI), then for a NM -dimensional

Gaussian vector X , we can say

LA )

Let

ijbe

M, (h) = |:7bb(0) ybc(h):|’

7oe(N) 7,(0)

then (5) can be written as
Xib
X,

Now, using (6) the logarithm of the weighted
pairwise likelihood function L, (x,0) reducesto

~ N (6)

0 .
[0] ’ Mbc(z - J) .

| (8) =log(L,, (x.0))

:"%Zn: 3 [logM,, (0) + {XL ()M, ()X, (a) |

a=11<b<c<m

- %i i IOg‘Mbc (_1)‘ + {X-tl;c (I)M;cl(_l)xbc (I)}, (7)

i=lb,c=1

where 0= (®,X) is the unknown parameter of

X
model, Xbc(a):(iabJ and Xbc(i):[x ® J

ac (i+1)c

Now let @ =g, ]rjzl and X = [aij ]szl and take

W =By, Wy = Pgy ey Wy = gy ooy Wy = Ormo

where g = mm+ (M(M+1)/2) is the number of
unknown parameters. Then using (7), we have
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ol ()79
SWI'J| (X’B) = |: as:,l }._11

22 (0) d
T (B)Z[E(_ awmlgml j:| )
k.l=1

and finally

3 Ay (8) 0l () q
Ko )= [E( M ):|k,lzl.

To compute the above quantities, first note

that
w0 13 3 [ Dol o))
a=11<b<c<m)|
n—1 m o _ -1
R o)L g ool o] @
i=1b,c=1 k
and then we have,

0,5 (0) 13 2logM,  (0) 2o

= 52 2 H—w‘ﬁf XL @) =01y, (a)
a=11<b<c<m|

0 log|My (1] Ty | M Ecl (9)

{ 3wk3wl + Xbc(l) awk bc

Now we can state the following theorem which
plays the main role in computing the asymptotic
variance-covariance matrix of the WMPLE.

nlm

=Xy

11bcl

Theorem 1. The typical (K,|)th element of the
matrices J,, (0) and K, (0) havetheform

Wp| (9)k| E[ Mkawl j
1 22logM,..(0) o (0)
Lzl } ( Mm«»ﬂ

Ozlog‘MbC %M —1 L
Owkaw Ow Bw - ) ’

nlm

HX Y

11bcl

(10)

and

a0 . (6)
Ko (0), = B[22

—z > z z tr[Nbck(O)Mbb (a, a)N (O)Mbb (a, a)]

a-th<c<ma ].’lsb <c <m

Z > ZZtr[NM(O)Mblgm (@i)N,. (—1)Mm (a,i')]

a—l]sb<c<m, =1b ¢ =1

nlm n

*t5 ZZZ Z tr[Nye, (= 1)M LG a)NM(O)M2T (i,a)]

‘“’c‘la =11<b <c <m
~1m n-1 m R (11)
+3 Z Y3 N (DM GEN, (oMU ),

i=1be=1;' 1) o' o1

respectively, where
Ny (h) = OM(h)/ow,

[rg =) (-
M© hh)= g . be iy
R P G

7 (=h) 7 (h=h'-1)
(=1 7 (- -1)]

bb cc

(h,h) = {

oryo] 7a@0 )
bbcc Cb.(h+1—h') 7cc-(h+1—hv) ’

7, (h=h) 7 .(h-h-1)
bbcc (h ) {cb' (h+1—h) }/cd (h—h) ]

Proof: The proof of (10) is simply done by using
the following fact. If E(X)=0, then
E(X"AX)=tr(AQ), where Q = E(XX)

To prove (11), at first note that,

E[(a1,(0)/ow, )1, (0)/ow )] = 7, + 70, + 715 + -+ 7y,

where the equations 7z, up to 77, can be divided
to 4 groups as below. Note that for the four
following  groups  (q,r) varies  in
{(0,0),(0,-1),(-1,0),(-1,-1)} according to S,
varying from 1 up to 4 for the first group, from 5 up
to 8 for the second group, from 9 up to 12 for the

third group and from 13 up to 16 for the forth
group, respectively.

Groupl: for 7, , $=1,2,3,4 wehave,

- (r)

r =3 YT YY) el ]

ibc-
|rbc

Group2: for 7, , S=5,6,7,8 we have,

ZZZZ{F'“"M“@‘} { My (r)}

'bcibc

Group3: for 7, , $=9,10,11,12 we have,

(f)

N

| bC,rbC

Group4: for 7, , $=13,14,15,16 we have,
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X5 ()R X, ). XL ()

=SS e

\qbc‘ b.c

+ tr[(aMm(q))Mbc (q)}t{(

)X .G )J

)M (f)}]

Note that in the al of the above groups, if

i q varies from 1 up to n-1 then both b,c vary from

lupto m and if i, varies from 1 to n then b
vary froml<b<c<m

For simplifying these expressions, we have to use
the following useful facts.

M 1t E(X)=0 then E(X"AX)=tr(AQ)
where Q = E(XXT)

1y 2 = tr (Vi) = tr((2) V) and o

(’}"09 1 -1 -1
—‘ —ulvesy)=vleyv)
Alsonotethat
6Iog‘V_1‘ _ é’log\V\
w0 w

(1) For simplifying 7,5,...77,5We have used the
following well-known result (Searle, [31]). Let
X, ~ N (0,C;) andCy = B(X,X] ) then,
Cov(XfAlZXZ,X§A34XI) = tr(A;,CyA4,Cyy + A1,C0,5,A4,Cy))
Using (1) and (I1) it can be easily shown that,
M+ =Ty + 7y =y +7, =1, +75 =0.

And also by using (1) and (1) we can have,

f(n)zz[alogMbc(q)} dlogM . - (1) |

be c

for s=9,10,11,12. If s=9 and (q,r) = (0,0) then
f(n) = n*, and if s=10,11 and (qr) < {(0,-1),(-1,0)}
then f(n)=n(n-1), and if s=12 and
(1) = (~1-1) then f(n)=(n—1)",

Recall Ny, (). MY . (hh): M (hh),ME. (hh)
and M (h h) asin Theorem 1 and using results (1),

(1M and (III)wehave,

XYY Y

a=11<b<c<my —11< <¢ <m

o chov( be(@)s l’.C.(a)) o, cov( bH(a) be(@ ))

+EZEZ

a 11<b<c<m,' 11<b <c <m

Blog‘M ” log M

L3 OM. a,a)]-7,,

==y Z 2 tr[Nbck(O)M

2 e1chees My =11<b <c <m

(a,a)N.

bb ¢ bc hl

Similarly for 7,,, 7,5, 7,5 We have,

T %Z 3 ZZtr[NM(O)M‘” @iIN_. (—1)M$;.(a,i‘)]—7zm,

a=llsb<csmyi' oy =1 bics
1"1 m n [ . (Z)T X . ]
200 2 Ny, (DM (,@)N, OMET (@) |-y,
1b,c=

i=1b,c=14 =n1<h <c <m

1 nl1mnl m @ @r g
ZZZ Ztr box COM (LN, JEDMET (L] -7y,
i=lbc=li' 5y ¢ =1

By simplifying the
Ty, Ty, .., 7Ty then (11) holds.

quantities

Remark 3. The asymptotic variance-covariance
matrix can now be derived, by using the relations
(10) and (11) via (1).

Remark 4. For 7, =1, for all I,j,C and b,

(10) and (11) reduce to the formulas obtained by
Nematollahi and Kazemi [26].

4. Simulation studies

In the following section we have conducted some
simulation studies to study the asymptotic relative
efficiency of the WMPLE with respect to the MLE
(ARE). The optimization method for the weighted
pairwise likelihood function is the quasi-Newton
method, with a relative tolerance of 107,
implemented by the fmincon function of the
software package Matlab 20093, v7.8. The fmincon
function is a numerical optimization routine,
including sequential quadratic programming
algorithm to solve for constrained optima.

This section consists of three parts. In the first
part, we assume that M= 2 and the variance-

covariance matrix X is known and is given by

1 71
= . The model (2) is then written as
g1 2

X X Z
|: t1:|:|:¢11 ¢12j||: t1,1:|+|: tl:|,t:1,...,n.
Xt2 ¢21 ¢22 Xt—1,2 Zt2
We compare the variance of WMPLE computed
by (3.8) and (11) with respect to MLE. We will
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study the relative efficiency of WPMLE with
respect to MLE in terms of ¢, by letting

¢, =0, =0,4,, =0.9 and ¢, varying in the
set 0.1,0.2,...,0.9.

The condition required for the existence of a
causal stationary solution of the multivariate AR(1)
is al the eigenvalues of @ are less than 1 in
absolute value, i.e., provided that

det(1 — z@) # 0, (12)

for all complex values of z, suchthat | z[<1. For

the case M= 2, this causality condition, which
ensure us the existence of a stationary solution of
the considered model can be written as

for al complex vaues of 2, such that | Z|<1. In
the first example, this condition reduces to
|4, 1<1 and |@,, |<1, which are satisfied for
?,=0,=0,0,, =09 and ¢, varying in the
st 0.1,0.2,...,0.9.

To compute the asymptotic variance of the MLE
of matrix of coefficients ® we use the matrix
Un(X® F(O)_l) , see Reinsel [32] and Shumway
and Stoffer [33] for more details.

In Table 1, for various values of ¢, the

asymptotic variance of the WMPLE (avar( 511)),

MLE (avar(¢311)), and ARE of the WMPLE with
respect to the MLE for n=100 are reported.

1-z -z
et( ¢11 ¢12 j £0,
-2¢, 1-7¢,
Table 1. The avar( 511), the avar( ¢?11) and the ARE for n=100

¢11 0.1 0.2 0.3 04 0.5 0.6 0.7 0.8 0.9

" 0.0175 0.0171 0.0165 0.0155 0.0141 0.0124 0.0103 0.0076 0.0042
avar(¢,,)

s 0.0226 0.0312 0.0339 0.0321 0.0268 0.0195 0.0143 0.0093 0.0044
avar(¢,,)
ARE 0.7716 0.5494 0.4864 0.4827 0.5291 0.6372 0.7205 0.8233 0.9613

The asymptotic variances of the WMPLE (511),
MLE (¢, ), and ARE of the WMPLE with respect

0.04

0.035 - —=-PL
0.03 1
00254 ,/ A

0.02 1 \
0.015 -
0.01 1 N
0.005 -

0 T

0 0.5

1

to the MLE for different values of ¢, are plotted in
Fig. 1.

1
0.9 -
0.8 1
0.7 -
0.6 1
0.5 -

04 I I I I I 1 I I I
0 0.10.20.30.40.50.60.70.80.9 1

——ARE
—y:']

/

Fig. 1. The asymptotic variances of the WMPLE (¢,;), MLE (¢, ) (Ieft)
and the relative efficiency of the WMPLE with respect to the MLE

(ARE) (right)for different values of ¢11
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As seen, the loss of efficiency is acceptable and
balanced by the computational ease, however, the
role of the values of N,M and ¢, in the value of
efficiency is crucial.

In the second part, given M=2 and the
variance-covariance matrix X considered in the
first part, we present a preliminary study on
performance of WMPLE in which al parametersin
the matrix of coefficients are unknown but we limit
atention tothecase ¢, = @,, and ¢, = @,,. The
causality condition given by (4.1) of the above

model, in this case, reduces to the following
constraints

|¢11 - ¢12 |< 1, | ¢11 + ¢12 |< 1

We simulate 500 multivariate time series of the

above AR(1) model with length n=1000. For
evaluating our estimator, we have reported the

asymptotic variance of WMPLE (avar(gll)), and

the asymptotic variance of the MLE (‘avar( ;le ).

In Table 2, for various values of ¢, and ¢, , the

sample means and standard errors of the WMPLE
and MLE are reported.

Table 2. Sample means and standard errors of the WMPLE and MLE of the parameters @, and @,

Parameters | Truevaues | Mean of WMPLE | Mean of MLE | SE of WMPLE | SE of MLE
(¢11, ¢12) (0,0) (.0063,.0114) (.0091,.0088) (.0352,.03) (.0346,0.0283)
Ay, ) | (75.08) (.7325,0624) | (.7417,.0503) | (.0279,.02) (.02,.02)
(#y.0,) | (75.15) (.7250,.1661) | (.7391,.1503) (.03,.02) (.0173,.0173)
N (.95,0) (.9417,0004) | (.9415,-.0014) | (.0084,.01) (.0082,.01)
(¢11, ¢12) (-.95,0) (-.9386,-.0012) | (-.9388,.0013) | (.0173,.0079) | (.0173,.0079)

As shown in Table 2, the WMPLE performs very
well.

In the third part, we simulate 500 multivariate
time series of the considered AR(1) model with
m= 3 and length N =500. We assume that the
variance-covariance matrix X is known and is

1 0.7 06
given by X=/10.7 1 05| The ARE is

06 05 1
studied by letting the matrix of parameters be

0.500 0.030 0.070
®=|0.030 0.600 0.030 |
0.070 0.030 0.500

Note that the condition required for the existence
of a causal stationary solution of the multivariate
AR(1) given by (4.1) is again satisfied for this
proposed @ . In the following table, the sample
means and standard errors of the WMPLE and
MLE for al parametersin @ including the ARE of
the WMPLE with respect to the MLE are reported.

As Table 3 shows, the loss of efficiency is
roughly more than one-half and acceptable.

As shown in Tables 1, 4.2 and 4.3 the WMPLE
has a good practical performance. It is consistent,
sufficiently accurate and acts as good as the MLE
for the large sample size.

5. Discussion

In this paper, we have shown how weighting can be
considered for inferences about the parameters in
the multivariate AR(1) time series. By using the
analytical and numerical computations, we showed
that where the unweighted pairwise likelihood does
poorly in efficiency and may be computationally
very slow, difficult and complicated, the weighted
pairwise likelihood is suggested as a practicaly
good choice.

It also seems that dimension parameter M is a
key variable here, which should be brought into
play, as m is the key variable in increasing the
computational complexity that might encourage one
to use pairwise.
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Table 3. Sample means, standard errors and ARE of the WMPLE with
respect to the MLE of the parameters of the matrix @
Parameters | Truevalues | Mean of WMPLE | Mean of MLE | SE of WMPLE | SEof MLE | ARE
¢11 0.500 0.415 0.474 0.2079 0.1400 0.4386
¢12 0.030 0.053 0.025 0.1810 0.1237 0.6830
¢13 0.070 0.106 0.069 0.1799 0.1164 0.6540
¢21 0.030 0.051 0.020 0.2145 0.1444 0.659
¢22 0.600 0.551 0.584 0.2331 0.1217 0.5220
¢23 0.030 0.0+4 0.025 0.2154 0.1118 0.5190
¢31 0.070 0.084 0.078 0.2006 0.1382 0.6889
¢32 0.030 0.015 0.019 0.1756 0.1248 0.7107
¢33 0.500 0.404 0.459 0.1917 0.1200 0.6259
a nearly integrated autoregressive model with
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