
IJST (2012) A1: 77-86 
Iranian Journal of Science & Technology 

http://www.shirazu.ac.ir/en 

 
Generalized fuzzy filters in ordered semigroups 

 
B. Davvaz1* and A. Khan2 

 
1Department of Mathematics, College of Sciences, Yazd University, Yazd, Iran 

2Department of Mathematics, Comsats Institute of Information Technology,  
Abbottabad 22060, Pakistan 

E-mails: davvaz@yazduni.ac.ir, azhar4set@yahoo.com 
 

Abstract 

Fuzzy semigroup theory concentrates on theoretical aspects, but also includes applications in the areas of fuzzy 
coding theory, fuzzy finite state machines, and fuzzy languages. In this paper, we introduce the concept of an 

,ߙ) ,ߙ fuzzy filter of an ordered semigroup ܵ, where-(ߚ ߚ א ሼא, ,ݍ שא ,ݍ רא ߙ ሽ withݍ רא്  Since the .ݍ

concept of (א, שא  fuzzy filter is an important and useful generalization of ordinary fuzzy filter, we discuss-(ݍ

some fundamental aspects of (א, שא ,א) fuzzy filters. An-(ݍ שא  fuzzy filter is a generalization of the existing-(ݍ

concept of a fuzzy filter. The concept of (א, שא  fuzzy filters is also introduced and some related properties are-(ݍ

investigated. The relationships among ordinary fuzzy filters, (א, שא ,א) fuzzy filters and-(ݍ שא  fuzzy filters-(ݍ

are discussed. We discuss the concept of (א, שא  fuzzy left (right and bi)-filters and provide some-(ݍ
characterization theorems. Finally, we extend the concept of a fuzzy subgroup with thresholds to the concept of a 
fuzzy left (right and bi)-filter with thresholds of		ܵ. 
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1. Introduction 

Mordeson et. al. in [1] presented an up-to-date 
account of fuzzy sub-semigroups and fuzzy ideals 
of a semigroup. The book concentrates on 
theoretical aspects, but also includes applications in 
the areas of fuzzy coding theory, fuzzy finite state 
machines, and fuzzy languages. Basic results on 
fuzzy subsets, semigroups, codes, finite state 
machines, and languages are reviewed and 
introduced, as well as certain fuzzy ideals of a 
semigroup and advanced characterizations and 
properties of fuzzy semigroups. The idea of a quasi-
coincidence of a fuzzy point with a fuzzy set, which 
is mentioned in [2, 3], played a vital role to 
generate some different types of fuzzy subgroups. It 
is worth pointing out that Bhakat and Das (see [2]) 
gave the concepts of (ߙ,  fuzzy subgroups by-(ߚ
using the " belongs to" relation (א) and " quasi-
coincident with" relation (q) between a fuzzy point 
and a fuzzy subgroup, and introduced the concept 
of an (א, ,א) ,q)-fuzzy subgroup. In particularשא א
 q)-fuzzy subgroup is an important and usefulש
generalization of Rosenfeld's fuzzy subgroup [4]. It 
is now natural to investigate a similar type of 
generalizations of the existing fuzzy subsystems of 
other algebraic structures. With this objective in 
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mind, Kuroki [5] introduced the notion of fuzzy bi-
ideals in semigroups. Jun and Song [6] discussed 
general forms of fuzzy interior ideals in semigroups 
[7, 8]. Kazanci and Yamak introduced the concept 
of a generalized fuzzy bi-ideal in semigroups [9] 
and gave some properties of fuzzy bi-ideals in 
terms of (א,  q)-fuzzy bi-ideals. Jun et al. [10]שא
gave the concept of a generalized fuzzy bi-ideal in 
ordered semigroups and characterized regular 
ordered semigroups in terms of this notion. Davvaz 
et al. used the idea of generalized fuzzy sets in 
several algebraic structures and introduced different 
generalized fuzzy subsystems [11-17]. In [18], Ma 
et al. introduced the concept of a generalized fuzzy 
filter of ܴ଴-algebra and provided some properties in 
terms of this notion, [19]. Many other researchers 
used the idea of generalized fuzzy sets and gave 
several characterizations results in different 
branches of algebra (see references). The concept of 
a fuzzy filter in ordered semigroups was first 
introduced by Kehayopulu and Tsingelis in [20], 
where some basic properties of fuzzy filters and 
prime fuzzy ideals were discussed. In mathematics, 
an ordered semigroup is a semigroup together with 
a partial order that is compatible with the 
semigroup operation. Ordered semigroups have 
many applications in the theory of sequential 
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machines, formal languages, computer arithmetics, 
design of fast adders and error-correcting codes. A 
theory of fuzzy generalized sets on ordered 
semigroups can be developed. Using the idea of a 
quasi-coincidence of a fuzzy point with a fuzzy set, 
the concept of ሺߙ,  ሻ-fuzzy filters in an orderedߚ
semigroup is introduced. Our aim in this paper, is to 
introduce and study the new sort of fuzzy filters, 
called ሺߙ, ,א) ሻ-fuzzy filters and to studyߚ שא -(ݍ
fuzzy filters, to provide different characterizations 
of filters of ordered semigroups in terms of (א, שא
,א) fuzzy filters, to extend our study in-(ݍ שא -(ݍ
fuzzy left (right) and (א, שא  fuzzy bi-filters and-(ݍ
to investigate different characterizations of left 
(right) and bi-filters of ordered semigroups in terms 
of (א, שא ,א) fuzzy left (right) and-(ݍ שא  fuzzy-(ݍ
bi-filters. Finally, we introduce the concepts of 
fuzzy left (right and bi) -filters with thresholds. 

2. Preliminaries 

By an ordered semigroup (or po-semigroup) we 
mean a structure ሺܵ,ڄ, ൑ሻ in which the following are 
satisfied:  
(OS1) ሺܵ,ڄሻ is a semigroup, 
(OS2) ሺܵ, ൑ሻ is a poset,  
(OS3) ܽ ൑ ܾ ՜ ݔܽ ൑ ܽݔ and ݔܾ ൑  for all ܾݔ
ܽ, ܾ, ݔ א ܵ. 

For a non-empty subset ܣ ك ܵ, we denote 
ሺܣሿ:ൌ ሼݐ א ݐ|ܵ ൑ ݄ for some ݄ א ܣ ሽ. Ifܣ ൌ ሼܽሽ, 
then we write ሺܽሿ instead of ሺሼܽሽሿ. For non-empty 
subsets ܣ, ܤ ك ܵ, we denote,  
 

ܤܣ ؔ ሼܾܽ		|		ܽ א ,ܣ ܾ א  .ሽܤ
 
Let ሺܵ,ڄ, ൑ሻ be an ordered semigroup. A nonempty 
subset ܣ of ܵ is called a subsemigroup of ܵ if 
ଶܣ ك   .ܣ
 
Definition 2.1. A non-empty subset ܨ of an ordered 
semigroup ܵ is called a filter of ܵ if it satisfies 
(i) (ܾ׊ א ܵሻሺܽ׊ א ܽ)(ܨ ൑ ܾ ՜ ܾ א   ,(ܨ
(ii) (ܽ׊, ܾ א ܵሻሺܽ, ܾ א ܨ ՜ ܾܽ א   ,ሻܨ
(iii) (ܽ׊, ܾ א ܵሻሺܾܽ א ܨ ՜ ܽ, ܾ א   .ሻܨ
 is called a left (resp. right) filter of ܵ if it satisfies ܨ
conditions (i), (ii) of Definition 2.1, and  
(iv) (ܽ׊, ܾ א ܵሻ(ܾܽ א ܨ ՜ ܽ א ܾ .ሺrespܨ א  .((ܨ
 ,is called a bi-filter of ܵ if it satisfies condition (i) ܨ
(ii) of Definition 2.1, and  
(v) (ܽ׊, ܾ א ܵሻሺܾܽܽ א ܨ ՜ ܽ א   .ሻܨ
Now, we recall some fuzzy logic concepts.  

A fuzzy subset ߤ from a universe ܺ is a function 
from ܺ into the unit closed interval ሾ0,1ሿ of real 
numbers, i.e., ߤ: ܺ ՜ 0,1ሿ. 
 
Definition 2.2. [20]. A fuzzy subset ߤ of an ordered 
semigroup ሺܵ,ڄ, ൑ሻ is called a fuzzy filter of ܵ if it 
satisfies 

(i) (ݔ׊, ݕ א ܵሻሺݔ ൑ ݕ ՜ ሻݔሺߤ ൑  ,(ሻݕሺߤ
(ii) (ݔ׊, ݕ א ܵሻሺߤሺݕݔሻ ൒minሼߤሺݔሻ,   ,(ሻሽݕሺߤ
(iii) (ݔ׊, ݕ א ܵሻሺminሼߤሺݔሻ, ሻሽݕሺߤ ൒   .(ሻݕݔሺߤ
 is called a fuzzy left (resp. right) filter of ܵ if it ߤ
satisfies condition (i) of Definition 2.2 and 
(iv) (ݔ׊, ݕ א ܵሻሺߤሺݕݔሻ ൒ ሻݕݔሺߤ .ሻሺrespݔሺߤ ൒
 .ሻሻݕሺߤ
 is called a fuzzy bi-filter of ܵ if it satisfies ߤ
conditions (i), (ii) of Definition 2.2 and  
(v) (ݔ׊, ݕ א ܵሻሺߤሺݔݕݔሻ ൒   .ሻሻݔሺߤ

Let ܵ be an ordered semigroup and ׎ ് ܨ ك ܵ. 
Then the characteristic function ߯ி of ܨ is defined 
by 
 

߯ி: ܵ ՜ 0,1ሿ, ݔ հ ቄ1		if	ݔ א ܨ
0		if	ݔ ב .ܨ

 
 

Clearly, a non-empty subset ܨ of ܵ is a filter if 
and only if the characteristic function ߯ி of ܨ is a 
fuzzy filter of ܵ.  

 fuzzy filters-(ࢼ,ࢻ) .3

In what follows let ܵ denote an ordered semigroup, 
and ߙ and ߚ denote any one of א, q, שא רא or ,ݍ  ݍ
unless otherwise specified. A fuzzy subset ߤ in a set 
ܵ of the form 
 

:ߤ ܵ ՜ 0,1ሿ,				ݕ հ ൜
ݐ if		ݕ ൌ ݔ
0 if		ݕ ്  ݔ

 
is said to be a fuzzy point with support ݔ and value ݐ 
and is denoted by ݔ௧. For a fuzzy point ݔ௧ and a 
fuzzy subset ߤ of a set ܵ, Pu and Liu [21] gave 
meaning to the symbol ݔ௧ߤߙ, where ߙ א ሼא, ,ݍ שא
,ݍ רא ௧ݔ ሽ. To say thatݍ א  ሻ means thatߤݍ௧ݔ .resp) ߤ
ሻݔሺߤ ൒ ሻݔሺߤ .resp) ݐ ൅ ݐ ൐ 1ሻ, and in this case, ݔ௧ 
is said to belong to (resp. be quasi-coincident with) 
a fuzzy subset ߤ. To say that ݔ௧  .resp) ߤqשא
௧ݔ רא ௧ݔ ሻ means thatߤݍ א ௧ݔ .resp) ߤݍ௧ݔ or ߤ א  ߤ
and ݔ௧qߤ). To say that ݔ௧ߤߙ means that ݔ௧ߤߙ does 
not hold. For a fuzzy subset ߤ of ܵ and ݐ א ሺ0,1ሿ, 
the crisp set ܷሺߤ; :ሻݐ ൌ ሼݔ א ሻݔሺߤ|ܵ ൒  ሽ is calledݐ
the level subset of ߤ.  

The proof of the following theorem is easy and so 
is omitted.  
 
Theorem 3.1. A fuzzy subset ߤ of ܵ is a fuzzy filter 
of ܵ if and only if each non-empty level subset 
ܷሺߤ; ݐ ሻ, for allݐ א ሺ0,1ሿ is a filter of ܵ, 
respectively.  
 
Example 3.2. Let ܵ ൌ ሼܽ, ܾ, ܿ, ݀, ݁, ݂ሽ be a set with 
the following multiplication table and order relation 
"൑":  
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.     a     b     c     d     e     f 
a    a     b     b     d     e     f 
b    b     b     b     b     b    b 
c    b     b     b     b     b    b 
d   d     b     b     d     e    f 
e    e     f      f     e     e     f 
f     f     f      f     f      f      f 

 
and 
 
൑:ൌ ሼሺܽ, ܽሻ, ሺܾ, ܾሻ, ሺܿ, ܿሻ, ሺ݀, ݀ሻ, ሺ݁, ݁ሻ, ሺ݂, ݂ሻ, 

 
	ሺܽ, ݀ሻ, ሺܽ, ݁ሻ, ሺ݀, ݁ሻ, ሺܾ, ݂ሻ, ሺܿ, ݂ሻ, ሺܿ, ݁ሻ, ሺ݂, ݁ሻሽ 

 
Then ሺܵ,ڄ, ൑ሻ is an ordered semigroup (see [22]). 
Filters of ܵ are ሼܽ, ݀, ݁ሽ and ܵ. Define a fuzzy 
subset ߤ: ܵ ՜ 0,1ሿ by  
 

ሺ݁ሻߤ ൌ 0.8, ሺ݀ሻߤ ൌ 0.7, ሺܽሻߤ ൌ 0.6 
 

ሺܾሻߤ ൌ ሺܿሻߤ				,0.4 ൌ ሺ݂ሻߤ				,0.3 ൌ 0.5. 
 
Then 
 

ܷሺߤ; :ሻݐ ൌ ൝
ܵ															if		0 ൏ ݐ ൑ 0.3
ሼܽ, ݀, ݁ሽ			if		0.5 ൏ ݐ ൑ 0.6
0.8		if															׎ ൏ ݐ ൑ 1.

 

 
By Theorem 3.1, ߤ is a fuzzy filter of ܵ. 
 
Theorem 3.3. Let ߤ be a fuzzy subset of S. Then 
ܷሺߤ; ݐ ሻ is a filter of S for allݐ א ሺ0.5,1ሿ if and only 
if ߤ satisfies the following conditions:  
(i) ሺݔ׊, ݕ א ܵ)(maxሼߤሺݕሻ,0.5ሽ ൒ ݔ ሻ withݔሺߤ ൑   ,ሻݕ
(ii) ሺݔ׊, ݕ א ܵ)(maxሼߤሺݔyሻ,0.5ሽ ൒minሼߤሺݔሻ,    ,ሻሽሻݕሺߤ
(iii) ሺݔ׊, ݕ א ܵ)(maxሼߤሺݔሻ, ሻ,0.5ሽݕሺߤ ൒   .ሻሻݕݔሺߤ
 
Proof: Assume that ܷሺߤ;  ሻ is a filter of ܵ for allݐ
ݐ א ሺ0.5,1ሿ. If there exist ݔ, ݕ א ܵ with ݔ ൑  such ݕ
that the condition (i) is not valid, that is,  
 
ሺݔ׌, ݕ א ܵ, ݔ ൑ ሻ,0.5ሽݕሺߤሻሺmaxሼݕ ൏ ሻݔሺߤ ൌ  ,ሻݎ

 
then ݎ א ሺ0.5,1ሿ, ݔ א ܷሺߤ; ሻݕሺߤ ሻ. Butݎ ൏  implies ݎ
ݕ ב ܷሺߤ;  ሻ, a contradiction. Hence condition (i) isݎ
valid. If there exist ݔ, ݕ א ܵ such that 
maxሼߤሺݕݔሻ,0.5ሽ ൏minሼߤሺݔሻ, ሻ,0.5ሽݕሺߤ ൌ  then ,ݏ
ݏ א ሺ0.5,1ሿ, ݔ, ݕ א ܷሺߤ; sሻ. But ߤሺݕݔሻ ൏  implies ݏ
ݕݔ ב ܷሺߤ;  ሻ, a contradiction. Hence condition (ii)ݏ
is valid. Also, if there exist ݔ, ݕ א ܵ such that 
max{ߤሺݔሻ, ሻ,0.5ሽݕሺߤ ൏ ሻݕݔሺߤ ൌ ݐ then ,ݐ א
ሺ0.5,1ሿ, ݕݔ א ܷሺ; ሻݔሺߤ ሻ. Butݐ ൏ ሻݕሺߤ and ݐ ൏  ݐ
imply ݔ ב ܷሺߤ; ݕ ሻ andݐ ב ܷሺߤ;   .ሻ, a contradictionݐ

Conversely, suppose that ߤ satisfies conditions 
(i), (ii) and (iii). Let ݔ, ݕ א ݔ ,ܵ ൑  be such that ݕ
ݔ א ܷሺߤ; ݐ ሻ for someݐ א ሺ0.5,1ሿ, then ߤሺݔሻ ൒  .ݐ
Since ݔ ൑   so it follows by condition (i) ݕ
 

maxሼߤሺݕሻ,0.5ሽ ൒ ሻݔሺߤ ൒ ݐ ൐ 0.5 

 
so that ߤሺݕሻ ൒ ݕ ,that is ,ݐ א ܷሺߤ; ,ݔ ሻ. Forݐ ݕ א
ܷሺߤ;   ሻ, we getݐ
 
maxሼߤሺݕݔሻ, 0.5ሽ ൒ minሼߤሺݔሻ, ሻሽݕሺߤ ൒ ݐ ൐ 0.5, 

 
and so ߤሺݕݔሻ ൒ ݕݔ It follows that .ݐ א ܷሺߤ;  ሻ. Forݐ
ݕݔ א ܷሺߤ; ,ሻݔሺߤሻ, we have maxሼݐ ሻ,0.5ሽݕሺߤ ൒
ሻݕݔሺߤ ൒ ݐ ൐ 0.5 and hence ߤሺݔሻ ൒ ,ݐ ሻݕሺߤ ൒  it ,ݐ
follows that ݔ, ݕ א ܷሺߤ; ;ߤሻ. Thus ܷሺݐ  ሻ is a filterݐ
of ܵ for all ݐ א ሺ0.5,1ሿ.  

The conditions (i)-(iii) of Definition 2.2, are 
equivalent to the following definition. 
 
Definition 3.4. A fuzzy subset ߤ of an ordered 
semigroup ܵ is called an (א,  fuzzy filter of ܵ if it-(א
satisfies: 
(i) (ݔ׊, ݕ א ܵሻሺݐ׊ א ሺ0,1ሿሻሺݔ ൑ ௧ݔ ,ݕ א ߤ ՜ ௧ݕ א  ,(ߤ
(ii) (ݔ׊, ݕ א ܵሻሺݐ׊, ݎ א ሺ0,1ሿሻሺݔ௧, ௥ݕ א ߤ ՜ ሺݕݔሻ୫୧୬ሼ௧,௥ሽ א   ,ሻߤ
(iii) (ݔ׊, ݕ א ܵሻሺݐ׊ א ሺ0,1ሿሻሺሺݕݔሻ௧ א ߤ ՜ ௧ݔ א ,ߤ ௧ݕ א   .ሻߤ
 

From Definition 3.4, we have the following 
theorem:  
 
Theorem 3.5. A fuzzy subset ߤ of ܵ is a fuzzy filter 
of S if and only if it satisfies the conditions (i), (ii) 
and (iii) of Definition 3.4.  
 
Proof: It is straightforward. 
 

Note that if ߤ is a fuzzy subset ܵ, defined by 
ሻݔሺߤ ൑ 0.5 for all ݔ א ܵ, then the set ሼߤ௧|ߤ௧ רא  ሽߤݍ
is empty. Therefore the case when ߙ ൌרא  is ݍ
omitted in Definition 3.6.  
 
Definition 3.6. A fuzzy subset ߤ of ܵ is called an 
,ߙ) ߙ fuzzy filter of ܵ, where-(ߚ רא്   if it satisfies ,ݍ
(i) (ݔ׊, ݕ א ݐ׊)(ܵ א ሺ0,1ሿሻሺݔ ൑ ,ݕ ߤߙ௧ݔ ՜   ,ሻߤߚ௧ݕ
(ii) (ݔ׊, ݕ א ,ݐ׊)(ܵ ݎ א ሺ0,1ሿሻሺݔ௧ߤߙ, ߤߙ௥ݕ ՜ ሺݕݔሻ୫୧୬ሼ௧,௥ሽߤߚሻ,  
(iii) (ݔ׊, ݕ א ݐ׊)(ܵ א ሺ0,1ሿሻሺሺݕݔሻ௧ߤߙ ՜ ,ߤߚ௧ݔ   .ሻߤߚ௧ݕ
 
Theorem 3.7. Let ߤ be a non-zero (ߙ,  fuzzy-(ߚ
filter of ܵ. Then the set ߤ଴:ൌ ሼݔ א ሻݔሺߤ		|		ܵ ൐ 0ሽ 
is a filter of ܵ.  
 
Proof: Let ݔ, ݕ א ݔ ,ܵ ൑ ݔ and ݕ א  ଴. Thenߤ
ሻݔሺߤ ൐ 0. Assume that ߤሺݕሻ ൌ 0. If ߙ א ሼא, שא  ,ሽݍ
then ݔఓሺ௫ሻߤߙ but ݕఓሺ௬ሻߤߚ for every ߚ א ሼא, ݍ שא

,ݍ רא  ߤߚଵݕ but ,ߤݍଵݔ ሽ, a contradiction. Note thatݍ
for every ߚ א ሼא, ݍ שא ,ݍ רא  .ሽ, a contradictionݍ
Hence ߤሺݕሻ ൐ 0, that is ݕ א ,ݔ ଴. Now letߤ ݕ א  .଴ߤ
Then ߤሺݔሻ ൐ 0 and ߤሺݕሻ ൐ 0. Assume that 
ሻݕݔሺߤ ൌ 0 and let ߙ א ሼא, שא  and ߤߙఓሺ௫ሻݔ ሽ, thenݍ

ߚ for every ߤߚሻ୫୧୬ሼఓሺ௫ሻ,ఓሺ௬ሻሽݕݔbut ሺ ߤߙఓሺ௬ሻݕ א ሼא
, ,ݍ שא ,ݍ רא  and ߤݍଵݔ ሽ, a contradiction. Note thatݍ
ሻ୫୧୬ሼଵ,ଵሽݕݔbut ሺ ߤݍଵݕ ൌ ሺݕݔሻଵߤߚ for every 
ߚ א ሼא, ,ݍ שא ,ݍ רא  ሽ, a contradiction. Henceݍ
ሻݕݔሺߤ ൐ 0, it follows that, ݕݔ א ݕݔ ଴. Letߤ א  .଴ߤ
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Then ߤሺݕݔሻ ൐ 0 and assume that ߤሺݔሻ ൌ 0 or 
ሻݕሺߤ ൌ 0. Let ߙ א ሼא, שא  but ߤߙሻఓሺ௫௬ሻݕݔሽ, then ሺݍ

ሺݔሻఓሺ௫ሻߤߚ or ሺݕሻఓሺ௬ሻߤߚ for every ߚ א ሼא, ,ݍ שא
,ݍ רא  but ,ߤݍሻଵݕݔሽ, a contradiction. Note that ሺݍ
ሺݔሻଵߤߚ or ሺݕሻଵߤߚ for every ߚ א ሼא, ,ݍ שא ,ݍ רא  ,ሽݍ
a contradiction. Hence ߤሺݔሻ ൐ 0 and ߤሺݕሻ ൐ 0 so 
ݔ א ݕ ଴ andߤ א  .ܵ ଴ is a filter ofߤ ଴. Thereforeߤ

,א) .4 שא  fuzzy filters-(ࢗ

Now, we introduce the concept of (א, שא  fuzzy-(ݍ
filters in ordered semigroups and we characterize 
filters of ordered semigroups in terms of (א, שא -(ݍ
fuzzy filters.  
 
Definition 4.1. A fuzzy subset ߤ of ܵ is called an 
,א) שא  fuzzy filter of ܵ if it satisfies-(ݍ
(i) (ݔ׊, ݕ א ݐ׊)(ܵ א ሺ0,1ሿሻሺݔ ൑ ,ݕ ௧ݔ א ߤ ՜ ௧ݕ שא   ,ሻߤݍ
(ii) (ݔ׊, ݕ א ,ݐ׊)(ܵ ݎ א ሺ0,1ሿሻሺݔ௧ א ,ߤ ௥ݕ א ߤ ՜ ሺݕݔሻ୫୧୬ሼ௧,௥ሽ א

ש  ,ሻߤݍ
(iii) (ݔ׊, ݕ א ݐ׊)(ܵ א ሺ0,1ሿሻሺሺݕݔሻ௧ א ߤ ՜ ௧ݔ שא ,ߤݍ ௧ݕ שא   .ሻߤݍ
 
Example 4.2. Consider the ordered semigroup as 
given in Example 3.2, and define a fuzzy subset ߤ 
by 
 

ሺ݁ሻߤ ൌ 0.8, ሺ݀ሻߤ ൌ 0.7, ሺܽሻߤ ൌ 0.6 
 

ሺܿሻߤ ൌ 0.4, ሺܾሻߤ ൌ 0.3, ሺ݂ሻߤ ൌ 0.45. 
 

Then ߤ is an (א, שא  fuzzy filter of ܵ. But-(ݍ
(i) ߤ is not an (א,   fuzzy filter of ܵ, since-(א
݀଴.଺଼ א andܿ଴.ଷ଼ߤ א butሺ݀ܿሻ୫୧୬ሼ଴.଺଼,଴.ଷ଼ሽߤ ൌ ܾ଴.ଷ଼ ב  .ߤ

(ii) ߤ is not a ሺݍ,  and ߤݍሻ-fuzzy filter of ܵ, since ݀଴.଺଼א
଴݂.଻଼ߤݍ but  

 
ሺ݂݀ሻ୫୧୬ሼ଴.଺଼,଴.଻଼ሽ ൌ ଴݂.଺଼ ב  .ߤ

 
(iii) ߤ is not an ሺא, ሻ-fuzzy filter of ܵ, since ܽ଴.ହ଼ݍ א  ߤ
and ଴݂.ଷ଼ א   but ߤ
 

ሺ݂ܽሻ୫୧୬ሼ଴.ହ଼,଴.ଷ଼ሽ ൌ ଴݂.ଷ଼ߤݍ. 
 

Theorem 4.3. A fuzzy subset ߤ of ܵ is an (א, שא -(ݍ
fuzzy filter of ܵ if and only if it satisfies the 
following conditions   
(i) ሺݔ׊, ݕ א ݔ)(ܵ ൑ ሻݕሺߤ ,ݕ ൒minሼߤሺݔሻ,0.5ሽ),  
(ii) ሺݔ׊, ݕ א ሻݕݔሺߤ)(ܵ ൒minሼߤሺݔሻ,   ,ሻ,0.5ሽሻݕሺߤ
(iii) ሺݔ׊, ݕ א ܵ)(min{ߤሺݔሻ, ሻሽݕሺߤ ൒minሼߤሺݕݔሻ,0.5ሽሻ.  
 
Proof: Let ߤ be an ሺא, שא  ሻ-fuzzy filter and letݍ
,ݔ ݕ א ܵ, ݔ ൑ ሻݔሺߤ If .ݕ ൌ 0, then 
ሻݕሺߤ ൒minሼߤሺݔሻ,0.5ሽ. Let ߤሺݔሻ ് 0 and assume, 
on the contrary, that ߤሺݕሻ ൏minሼߤሺݔሻ,0.5ሽ. Choose 
ݐ א ሺ0,1ሿ such that ߤሺݕሻ ൏ ݐ ൑minሼߤሺݔሻ,0.5ሽ. If 
ሻݔሺߤ ൏ 0.5, then ߤሺݕሻ ൏ ݐ ൑ ௧ݔ ሻ and soݔሺߤ א  ߤ
but ݕ௧ א ሻݔሺߤ a contradiction. If ,ߤ ൒ 0.5 then 
ሻݕሺߤ ൏ 0.5 and so ݔ଴.ହ א ଴.ହݕ but ߤ א  again a ,ߤ
contradiction. Hence ߤሺݕሻ ൒minሼߤሺݔሻ,0.5ሽ for all 

,ݔ ݔ with ݕ ൑ ,ݔ Let .ݕ ݕ א ܵ and if ߤሺݔሻ ൌ 0 or 
ሻݕሺߤ ൌ 0, then ߤሺݕݔሻ ൒minሼߤሺݔሻ, ሻݔሺߤ ሻ,0.5ሽ. Letݕሺߤ ് 0 and 

ሻݕሺߤ ് 0 and assume, on the contrary, that 
ሻݕݔሺߤ ൏minሼߤሺݔሻ, ݏ ሻ,0.5ሽ. Chooseݕሺߤ א ሺ0,1ሿ 
such that ߤሺݕݔሻ ൏ ݏ ൑minሼߤሺݔሻ,  ሻ,0.5ሽ ifݕሺߤ
minሼߤሺݔሻ, ሻሽݕሺߤ ൏ 0.5 then ߤሺݕݔሻ ൏ ݏ ൑minሼߤሺݔሻ,  ሻሽݕሺߤ
and ݔ௦, ௦ݕ א ሻ௦ݕݔbut ሺ ߤ א  a contradiction. Let ,ߤ
minሼߤሺݔሻ, ሻሽݕሺߤ ൒ 0.5, then ߤሺݕݔሻ ൏ 0.5 and 
,଴.ହݔ ଴.ହݕ א ሻ଴.ହݕݔbut ሺ ߤ א  .again a contradiction ,ߤ
Hence ߤሺݕݔሻ ൒minሼߤሺݔሻ, ,ݔ ሻ,0.5ሽ for allݕሺߤ ݕ א
ܵ. For ݔ, ݕ א ܵ, if ߤሺݕݔሻ ൌ 0, then minሼߤሺݔሻ, ሻሽݕሺߤ ൒
݉݅݊ሼߤሺݕݔሻ,0.5ሽ. Let ߤሺݕݔሻ ് 0 and assume, on the 
contrary, that minሼߤሺݔሻ, ሻሽݕሺߤ ൏minሼߤሺݕݔሻ,0.5ሽ. 
Choose ݎ א ሺ0,1ሿ such that minሼߤሺݔሻ, ሻሽݕሺߤ ൏ ݎ ൑

݉݅݊ሼߤሺݕݔሻ,0.5ሽ. If ߤሺݕݔሻ ൏ 0.5, then minሼߤሺݔሻ, ሻሽݕሺߤ ൏
ݎ ൑ ሻ௥ݕݔሻ and so ሺݕݔሺߤ א ௥ݔ but ߤ א ௥ݕ and ߤ א  a ,ߤ
contradiction. If ߤሺݕݔሻ ൒ 0.5 then ݉݅݊ሼߤሺݔሻ, ሻሽݕሺߤ ൏
0.5	and so ሺݕݔሻ଴.ହ א ଴.ହݔ but ߤ א ଴.ହݕ and ߤ א  again ,ߤ
a contradiction. Hence minሼߤሺݔሻ, ሻሽݕሺߤ ൒minሼߤሺݕݔሻ,0.5ሽ 
for all ݔ, ݕ א ܵ. 

Conversely, let ݔ, ݕ א ݔ ,ܵ ൑ ௧ݔ and ݕ א  for ߤ
some ݐ א ሺ0,1ሿ, then ߤሺݔሻ ൒  ,By hypothesis .ݐ
ሻݕሺߤ ൒ ሻݔሺߤ ൒ ሻݕሺߤ and ݐ ൒ ௧ݕ ,.i.e ,ݐ שא  Let .ߤݍ
,ݔ ݕ א ܵ and ݐ, ݎ א ሺ0,1ሿ be such that ݔ௧, ௥ݕ א  .ߤ
Then ߤሺݔሻ ൒ ሻݕሺߤ and ݐ ൒  and so ݎ
ሻݕݔሺߤ ൒minሼߤሺݔሻ, ሻ,0.5ሽݕሺߤ ൒minሼݐ, ,ݎ 0.5ሽ. If 
minሼݐ, ሽݎ ൑ 0.5 then ߤሺݕݔሻ ൒minሼݐ,  ሽ andݎ
ሺݕݔሻ୫୧୬ሼ௧,௥ሽ א ,ݐIf minሼ .ߤ ሽݎ ൐ 0.5 then 
ሻݕݔሺߤ ൅minሼݐ, ሽݎ ൐ 0.5 ൅ 0.5 ൌ 1 and so 
ሺݕݔሻ୫୧୬ሼ௧,௥ሽߤݍ. Hence ሺݕݔሻ୫୧୬ሼ௧,௥ሽ שא  For .ߤݍ
,ݔ ݕ א ܵ, and ሺݕݔሻ௧ א ݐ for some ߤ א ሺ0,1ሿ. Then 
minሼߤሺݔሻ, ሻሽݕሺߤ ൒minሼߤሺݕݔሻ,0.5ሽ ൒minሼݐ, 0.5ሽ. If 
ݐ ൑ 0.5 then minሼߤሺݔሻ, ሻሽݕሺߤ ൒ ,௧ݔ and so ݐ ௧ݕ א  .ߤ
If ݐ ൐ 0.5 then minሼߤሺݔሻ, ሻሽݕሺߤ ൅ ݐ ൐ 0.5 ൅ 0.5 ൌ
1 that is, ߤሺݔሻ ൅ ݐ ൐ 1 and ߤሺݕሻ ൅ ݐ ൐ 1, it follows 
that ݔ௧ߤݍ and ݕ௧ߤݍ. Therefore ݔ௧ שא  and ߤݍ
௧ݕ שא ,א) is an ߤ ,Consequently .ߤݍ שא  fuzzy-(ݍ
filter of ܵ.  
 
Remark 4.4. A fuzzy subset ߤ of an ordered 
semigroup ܵ is an (א, שא  fuzzy filter of ܵ if and-(ݍ
only if it satisfies conditions (i), (ii) and (iii) of 
Theorem 4.3.  
 
Remark 4.5. By the above remark every fuzzy 
filter of an ordered semigroup ܵ is an (א, שא -(ݍ
fuzzy filter of S. However, the converse is not true, 
in general.  
 
Example 4.6. Consider the ordered semigroup as 
given in Example 3.2, and define a fuzzy subset ߤ 
by  
 

ሺ݁ሻߤ ൌ 0.8, ሺ݀ሻߤ ൌ 0.7, ሺܽሻߤ ൌ 0.6 
 

ሺܾሻߤ ൌ 0.4, ሺܿሻߤ ൌ 0.3, ሺ݂ሻߤ ൌ 0.5. 
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Then ߤ is an ሺא, שא  is ߤ ሻ-fuzzy filter of ܵ. Butݍ
not an ሺߙ, ߙ ሻ-fuzzy filter of ܵ, whereߚ א ሼא, ,ݍ שא
ߚ ሽ andݍ א ሼא, ,ݍ שא ,ݍ רא  ሽ, as shown in Exampleݍ
4.2.  

Using Theorem 4.3, we have the following 
characterization of fuzzy filters of ordered 
semigroups.  
 
Theorem 4.7. Let ሺܵ,ڄ, ൑ሻ be an ordered semigroup 
and ׎ ് ܨ ك ܵ. Then ܨ is a filter of ܵ if and only if 
the characteristic function ߯ி of ܨ is an ሺא, שא -ሻݍ
fuzzy filter of S.  
 
Theorem 4.8. Let F be a filter of S and μ a fuzzy 
subset of S such that 
 

:ሻݔሺߤ ൌ ൜
൒ 0.5 if		ݔ א ܨ
0 if		ݔ א  .ܨ\ܵ

 
Then 
(a)  μ is a (q, שא    .ܵ ሻ-fuzzy filter ofݍ
(b) 		μ is an (א, שא   .ܵ ሻ-fuzzy filter ofݍ
 
Proof: (a) Let ݔ, ݕ א ݔ ,ܵ ൑ ݐ and ݕ א ሺ0,1ሿ be 
such that ݔ௧ߤݍ. Then ݔ א ݕ and ܨ ൒ ݔ א  implies ܨ
ݕ א ݐ If .ܨ ൑ 0.5 then ߤሺݕሻ ൒ 0.5 ൒  implies ݐ
ሻݕሺߤ ൒ ௧ݕ and so ݐ א ݐ If .ߤ ൐ 0.5 then ߤሺݕሻ ൅ ݐ ൐
0.5 ൅ 0.5 ൌ 1 and ݕ௧ߤݍ. Hence ݕ௧ שא  Let .ߤݍ
,ݔ ݕ א ܵ and ݐ, ݎ א ሺ0,1ሿ be such that ݔ௧ߤݍ and 
,ݔ Then .ߤݍ௥ݕ ݕ א ݕݔ and so ܨ א ,ݐ}If min .ܨ ሽݎ ൑
0.5 then ߤሺݕݔሻ ൒ 0.5 ൒min{ݐ,  ሽ and soݎ
ሻݕݔሺߤ ൒min{ݐ, ሻ୫୧୬ሼ௧,௥ሽݕݔሽ implies ሺݎ א  If .ߤ
minሼݐ, ሽݎ ൐ 0.5 then ߤሺݕݔሻ ൅minሼݐ, ሽݎ ൐ 0.5 ൅
0.5 ൌ 1 and so ሺݕݔሻ୫୧୬ሼ௧,௥ሽߤݍ. Hence 
ሺݕݔሻ୫୧୬ሼ௧,௥ሽ שא ,ݔ For .ߤݍ ݕ א ܵ and ሺݕݔሻ௧ߤݍ for 
some ݐ א ሺ0,1ሿ we have ݕݔ א ,ݔ then ܨ ݕ א  If .ܨ
ݐ ൑ 0.5 then min{ߤሺݔሻ, ሻሽݕሺߤ ൒ 0.5 ൒  and we ݐ
have ߤሺݔሻ ൒ ሻݕሺߤ and ݐ ൒ ,௧ݔ Hence .ݐ ௧ݕ א  If .ߤ
ݐ ൐ 0.5 then min{ߤሺݔሻ, ሻሽݕሺߤ ൅ ݐ ൐ 0.5 ൅ 0.5 ൌ 1 
that is ߤሺݔሻ ൅ ݐ ൐ 1 and ߤሺݕሻ ൅ ݐ ൐ 1, it follows 
that ݔ௧ߤݍ and ݕ௧ߤݍ. Hence ݔ௧ שא ௧ݕ and ߤݍ שא   .ߤݍ

(b) Let ݔ, ݕ א ݔ ,ܵ ൑ ݐ and ݕ א ሺ0,1ሿ be such that 
௧ݔ א ݔ Then .ߤ א ݕ and we have ܨ א ݐ If .ܨ ൑ 0.5 
then ߤሺݕሻ ൒ 0.5 ൒ ሻݕሺߤ implies ݐ ൒  and so ,ݐ
௧ݕ א ݐ If .ߤ ൐ 0.5 then ߤሺݕሻ ൅ ݐ ൐ 0.5 ൅ 0.5 ൌ 1 
and ݕ௧ߤݍ. Hence ݕ௧ שא ,ݔ Let .ߤݍ ݕ א ܵ and 
,ݐ ݎ א ሺ0,1ሿ be such that ݔ௧ א ௥ݕ and ߤ א  Then .ߤ
,ݔ ݕ א ݕݔ and we have ܨ א ,ݐ}If min .ܨ ሽݎ ൑ 0.5 
then ߤሺݕݔሻ ൒ 0.5 ൒minሼݐ,  ሽ and soݎ
ሻݕݔሺߤ ൒minሼݐ, ሻ୫୧୬ሼ௧,௥ሽݕݔሽ implies ሺݎ א  If .ߤ
minሼݐ, ሽݎ ൐ 0.5 then ߤሺݕݔሻ ൅minሼݐ, ሽݎ ൐ 0.5 ൅
0.5 ൌ 1 and so ሺݕݔሻ୫୧୬ሼ௧,௥ሽߤݍ. Hence 
ሺݕݔሻ୫୧୬ሼ௧,௥ሽ שא ,ݔ For .ߤݍ ݕ א ܵ and ሺݕݔሻ௧ א  for ߤ
some ݐ א ሺ0,1ሿ we have ݕݔ א ,ݔ then ܨ ݕ א  If .ܨ
ݐ ൑ 0.5 then minሼߤሺݔሻ, ሻሽݕሺߤ ൒ 0.5 ൒  and we ݐ
have ߤሺݔሻ ൒ ሻݕሺߤ and ݐ ൒ ,௧ݔ Hence .ݐ ௧ݕ א  If .ߤ
ݐ ൐ 0.5 then minሼߤሺݔሻ, ሻሽݕሺߤ ൅ ݐ ൐ 0.5 ൅ 0.5 ൌ 1, 

that is ߤሺݔሻ ൅ ݐ ൐ 1 and ߤሺݕሻ ൅ ݐ ൐ 1, it follows 
that ݔ௧ߤݍ and ݕ௧ߤݍ. Hence ݔ௧ שא ௧ݕ and ߤݍ שא  .ߤݍ

Note that in the above theorem, we impose a 
condition on the fuzzy subset ߤ. Without the 
condition 
 

:ሻݔሺߤ ൌ ൜
൒ 0.5 if		ݔ א ܨ
0 if		ݔ א  ,.ܨ\ܵ

 
,ݍmay not be a ሺ ߤ שא  fuzzy filter as given in-(ݍ
Example 4.2 (ii).  

In the following theorem we give a condition for 
an ሺא, שא ,אሻ-fuzzy filter to be an ሺݍ  ሻ-fuzzy filterא
of ܵ.  
 
Theorem 4.9. Let ߤ be an (א,  ܵ q)-fuzzy filter ofשא
such that ߤሺݔሻ ൏ 0.5 for all x א S. Then ߤ is an 
ሺא,  .ܵ ሻ-fuzzy filter ofא
 
Proof: Let ݔ, ݕ א ݔ ,ܵ ൑ ௧ݔ and ݕ א  for some ߤ
ݐ א ሺ0,1ሿ. Then ߤሺݔሻ ൒  and we have ݐ
ሻݕሺߤ ൒minሼߤሺݔሻ,0.5ሽ ൒minሼݐ, 0.5ሽ ൌ  Hence .ݐ
௧ݕ א ,ݔ Let .ߤ ݕ א ܵ and ݐ, ݎ א ሺ0,1ሿ be such that 
௧ݔ א ௥ݕ and ߤ א ሻݔሺߤ Then .ߤ ൒ ሻݕሺߤ and ݐ ൒  ݎ
and so ߤሺݕݔሻ ൒minሼߤሺݔሻ, ሻ,0.5ሽݕሺߤ ൒minሼݐ,  .ሽݎ
Hence ሺݕݔሻ୫୧୬ሼ௧,௥ሽ א ,ݔ Now, let .ߤ ݕ א ܵ and 
ݐ א ሺ0,1ሿ be such that ሺݕݔሻ௧ א ሻݕݔሺߤ Then .ߤ ൒  and ݐ
so minሼߤሺݔሻ, ሻݕሺߤ ൒minሼߤሺݕݔሻ,0.5ሽ ൒minሼݐ, 0.5ሽ ൌ
௧ݔ Hence .ݐ א ௧ݕ and ߤ א   .ߤ
 
Theorem 4.10. A fuzzy subset ߤ of ܵ is an 
ሺא, שא qሻ-fuzzy filter of ܵ if and only if the set 
ܷሺߤ; :ሻݐ ൌ ሼݔ א ሻݔሺߤ|ܵ ൒  ሽ is a filter of ܵ for allݐ
ݐ א ሺ0,0.5ሿ.  
 
Proof: Assume that ߤ is an (א, שא  fuzzy filter of-(ݍ
ܵ. Let ݔ, ݕ א ݔ ,ܵ ൑ ݐ and let ݕ א ሺ0,0.5ሿ be such 
that ݔ א ܷሺߤ; ሻݔሺߤ ሻ. Thenݐ ൒  and it follows from ݐ
Theorem 4.3 (i) that  
 

ሻݕሺߤ ൒ minሼߤሺݔሻ,0.5ሽ ൒ minሼݐ, 0.5ሽ ൌ  ݐ
 

and so ݕ א ܷሺߤ; ,ݔ ሻ. Letݐ ݕ א ܷሺߤ;  ሻ for someݐ
ݐ א ሺ0,0.5ሿ. Then ߤሺݔሻ ൒ ሻݕሺߤ and ݐ ൒  From .ݐ
Theorem 4.3 (ii), it follows that  
 
ሻݕݔሺߤ ൒ minሼߤሺݔሻ, ሻ,0.5ሽݕሺߤ ൒ minሼݐ, 0.5ሽ ൌ  ,ݐ

 
and so ݕݔ א ܷሺߤ; ݕݔ ሻ. Now, letݐ א ܷሺߤ;  ሻ for someݐ
ݐ א ሺ0,0.5ሿ. Then ߤሺݕݔሻ ൒ ,ሻݔሺߤand so, minሼ ݐ ሻሽݕሺߤ ൒
݉݅݊ሼߤሺݕݔሻ,0.5ሽ ൌ ሻݔሺߤ ,.i.e ,ݐ ൒ ሻሽݕሺߤ and ,ݐ ൒  It .ݐ
follows that ݔ, ݕ א ܷሺߤ;  ሻ. Conversely, let for allݐ
ݐ א ሺ0,0.5ሿ the set ܷሺߤ; :ሻݐ ൌ ሼݔ א ሻݔሺߤ|ܵ ൒  ሽ be aݐ
filter of ܵ. If there exist ݔ, ݕ א ݔ ,ܵ ൑  such that ݕ
ሻݕሺߤ ൏minሼߤሺݔሻ,0.5ሽ, then we can choose ݐ א
ሺ0,0.5ሻ such that ߤሺݕሻ ൏ ݐ ൑minሼߤሺݔሻ,0.5ሽ, then 
௧ݔ א ௧ݕ but ߤ ב  a contradiction. Hence ,ߤ
μሺݕሻ ൒minሼߤሺݔሻ,0.5ሽ for all ݔ, ݕ א ܵ with ݔ ൑  If .ݕ
there exist ݔ, ݕ א ܵ such that  
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ሻݕݔሺߤ ൏ ݉݅݊ሼߤሺݔሻ,  .ሻ,0.5ሽݕሺߤ

 
We can choose ݏ א ሺ0,0.5ሿ such that ߤሺݕݔሻ ൏
ݏ ൑minሼߤሺݔሻ, ,ݔ ሻ,0.5ሽ. Thenݕሺߤ ݕ א ܷሺߤ;  ሻ butݏ
ݕݔ ב ܷሺߤ;  ሻ, a contradiction. Henceݏ
ሻݕݔሺߤ ൒minሼߤሺݔሻ, ,ݔ ሻ,0.5ሽ for allݕሺߤ ݕ א ܵ. 
Finally, if there exist ݔ, ݕ א ܵ such that 
min{ߤሺݔሻ, ሻሽݕሺߤ ൏ ,ሻݔሺߤ}ሻ, then minݕݔሺߤ ሻሽݕሺߤ ൏
ݎ ൑ ݎ ሻ for someݕݔሺߤ א ሺ0,0.5ሿ. Thus ݕݔ א
ܷሺߤ; ,ݔ ሻ butݎ ݕ ב ܷሺߤ; ;ߤሻ. Since ܷሺݎ  ሻ is a filterݎ
of ܵ, and ݕݔ א ܷሺߤ; ,ݔ ሻ thenݎ ݕ א ܷሺߤ;  ሻ, aݎ
contradiction. Hence 
minሼߤሺݔሻ, ሻሽݕሺߤ ൒minሼߤሺݕݔሻ,0.5ሽ for all ݔ, ݕ א ܵ. 

For any fuzzy subset ߤ of an ordered semigroup ܵ 
and ݐ א ሺ0,1ሿ, we consider the following two 
subsets  

 
ܳሺߤ; :ሻݐ ൌ ሼݔ א :ሿ௧ߤሽandሾߤݍ௧ݔ|ܵ ൌ ሼݔ א ௧ݔ|ܵ

שא  .ሽߤݍ
 
It is clear that ሾߤሿ௧ ൌ ܷሺߤ; ሻݐ ׫ ܳሺߤ;   .ሻݐ
 
Theorem 4.11. A fuzzy subset ߤ of ܵ is an (א, שא
ݐ fuzzy filter of ܵ if and only if for all-(ݍ א ሺ0,1ሿ 
ሾߤሿ௧ሺ്   .ܵ ሻ is a filter of׎
 
Proof: Assume that ߤ is an (א, שא  fuzzy filter of-(ݍ
ܵ and let ݐ א ሺ0,1ሿ be such that ሾߤሿ௧ ്  Let .׎
,ݔ ݕ א ݔ ,ܵ ൑ ݔ and ݕ א ሻݔሺߤ ሿ௧. Thenߤ ൒  or ݐ
ሻݔሺߤ ൅ ݐ ൐ 1. Since ߤ is an (א, שא  fuzzy filter-(ݍ
and ݔ ൑ ሻݕሺߤ we have ,ݕ ൒minሼߤሺݔሻ,0.5ሽ. We 
consider the cases: 
(i) ߤሺݔሻ ൒   ,ݐ
(ii) ߤሺݔሻ ൅ ݐ ൐ 1.  
(i) If ݐ ൐ 0.5, then ߤሺݕሻ ൒minሼߤሺݔሻ,0.5ሽ ൌ 0.5 and 
ሻݕሺߤ ൅ ݐ ൐ 0.5 ൅ 0.5 ൌ 1. Hence ݕ௧ߤݍ. If ݐ ൑ 0.5 
then ߤሺݕሻ ൒minሼߤሺݔሻ, 0.5ሽ ൒ ௧ݕ and so ,ݐ א  ,.i.e ,ߤ
ݕ א ܷሺߤ; ሻݐ ك ݕ ሿ௧. It follows thatߤ א  .ሿ௧ߤ
(ii) ߤሺݔሻ ൅ ݐ ൐ 1. If ݐ ൐ 0.5, then ߤሺݕሻ ൒ ݉݅݊ሼߤሺݔሻ,0.5ሽ ൒
݉݅݊ሼ1 െ ,ݐ 0.5ሽ ൌ 1 െ ሻݕሺߤ ,that is ,ݐ ൅ ݐ ൐ 1 and hence 
ݕ ,.i.e ,ߤݍ௧ݕ א ܳሺߤ; ሻݐ ك ݐ ሿ௧. Ifߤ ൑ 0.5 then 
ሻݕሺߤ ൒minሼߤሺݔሻ,0.5ሽ ൒minሼ1 െ ,ݐ 0.5ሽ ൌ 0.5 ൒  and so ݐ
௧ݕ א ݕ hence ,ߤ א  ሿ௧. Thus in both cases, we haveߤ
ݕ א ,ݔ ሿ௧. Letߤ ݕ א ሻݔሺߤ ሿ௧. Thenߤ ൒ t or ߤሺݔሻ ൅
ݐ ൐ 1, and ߤሺݕሻ ൒ ሻݕሺߤ or ݐ ൅ ݐ ൐ 1. We consider 
the cases: 
(i)  ߤሺݔሻ ൒ ሻݕሺߤ and ݐ ൒  ,ݐ
(ii) ߤሺݔሻ ൒ ሻݕሺߤ and ݐ ൅ ݐ ൐ 1, 
(iii)  ߤሺݔሻ ൅ ݐ ൐ 1 and ߤሺݕሻ ൒  ,ݐ
(iv) ߤሺݔሻ ൅ ݐ ൐ 1 and ߤሺݕሻ ൅ ݐ ൐ 1. 

For case (i), from Theorem 4.3 (ii), we have  
 

ሻݕݔሺߤ ൒ minሼߤሺݔሻ, ሻ,0.5ሽݕሺߤ ൒ minሼݐ, 0.5ሽ

ൌ ൜
0.5			if		ݐ ൐ 0.5,
ݐ		if							ݐ ൑ 0.5, 

 
and so ߤሺݕݔሻ ൅ ݐ ൐ 0.5 ൅ 0.5 ൌ 1, i.e., ሺݕݔሻ௧ߤݍ or 
ሺݕݔሻ௧ א ݕݔ ,Therefore .ߤ א ܷሺߤ; ሻݐ ׫ ܳሺߤ; ሻݐ ൌ

ሾߤሿ௧. For the case (ii), assume that ݐ ൐ 0.5. Then 
1 െ ݐ ൏ 0.5. If minሼߤሺݕሻ,0.5ሽ ൑  ሻ, thenݔሺߤ
ሻݕݔሺߤ ൒minሼߤሺݕሻ,0.5ሽ ൐ 1 െ  and if ,ݐ
minሼߤሺݕሻ,0.5ሽ ൐ ሻݕݔሺߤ ሻ, thenݔሺߤ ൒ ሻݔሺߤ ൒  .ݐ
Hence ݕݔ א ܷሺߤ; ሻݐ ׫ ܳሺߤ; ሻݐ ൌ ሾߤሿ௧ for ݐ ൐ 0.5. 
Suppose that ݐ ൑ 0.5. Then 1 െ ݐ ൒ 0.5. If 
minሼߤሺݔሻ,0.5ሽ ൑  ሻ, thenݕሺߤ
 

ሻݕݔሺߤ ൒ minሼߤሺݔሻ,0.5ሽ ൒  ,ݐ
 

and if minሼߤሺݔሻ,0.5ሽ ൐ ሻݕݔሺߤ ሻ, thenݕሺߤ ൒
ሻݕሺߤ ൐ 1 െ ݕݔ Thus .ݐ א ܷሺߤ; ሻݐ ׫ ܳሺߤ; ሻݐ ൌ ሾߤሿ௧ 
for ݐ ൑ 0.5. For the case (iii), we have the same 
discussion as in case (ii). For case (iv), if ݐ ൐ 0.5 
then 1 െ ݐ ൏ 0.5. Hence 
 

ሻݕݔሺߤ ൒ minሼߤሺݔሻ,  ሻ,0.5ሽݕሺߤ

ൌ ൜
0.5 ൐ 1 െ ,ሻݔሺߤminሼ		if							ݐ ሻሽݕሺߤ ൒ 0.5,
minሼߤሺݔሻ, ሻሽݕሺߤ ൐ 1 െ ,ሻݔሺߤminሼ		if							ݐ ሻሽݕሺߤ ൏ 0.5,

 

 
and so ݕݔ א ܳሺߤ; ሻݐ ك ݐ ሿ௧. Ifߤ ൑ 0.5, then 
1 െ ݐ ൒ 0.5. Thus  
 

ሻݕݔሺߤ ൒ minሼߤሺݔሻ,  ሻ,0.5ሽݕሺߤ

ൌ ൜
0.5 ൒ ,ሻݔሺߤminሼ		if														ݐ ሻሽݕሺߤ ൒ 0.5,
minሼߤሺݔሻ, ሻሽݕሺߤ ൐ 1 െ ,ሻݔሺߤminሼ			if				ݐ ሻሽݕሺߤ ൏ 0.5,

 

 
which implies that ݕݔ א ܷሺߤ; ሻݐ ׫ ܳሺߤ; ሻݐ ൌ ሾߤሿ௧. 
Let ݕݔ א ሻݕݔሺߤ ሿ௧. Thenߤ ൒ ሻݕݔሺߤ or ݐ ൅ ݐ ൐ 1. 
Assume that ߤሺݕݔሻ ൒   Then .ݐ
 
minሼߤሺݔሻ, ሻሽݕሺߤ ൒ minሼμሺݕݔሻ,0.5ሽ ൒ minሼݐ, 0.5ሽ 

ൌ ൜
ݐ		if																										ݐ ൑ 0.5,
0.5 ൐ 1 െ ݐ		if						ݐ ൐ 0.5, 

 
so that ݔ, ݕ א ܷሺߤ; ሻݐ ׫ ܳሺߤ; ሻݐ ൌ ሾߤሿ௧. Suppose 
that ߤሺݕݔሻ ൅ ݐ ൐ 1. If ݐ ൐ 0.5, then  
 

minሼߤሺݔሻ, ሻሽݕሺߤ ൒ minሼߤሺݕݔሻ,0.5ሽ

ൌ ൜
0.5 ൐ 1 െ ሻݕݔሺߤ		if						ݐ ൒ 0.5,
ሻݕݔሺߤ ൐ 1 െ ሻݕݔሺߤ		if	ݐ ൏ 0.5,

 

 
and thus ݔ, ݕ א ܳሺߤ; ሻݐ ك ݐ ሿ௧. Ifߤ ൑ 0.5, then  
 
minሼߤሺݔሻ, ሻሽݕሺߤ ൒ minሼߤሺݕݔሻ,0.5ሽ ൌ 0.5 ൒  ݐ

 
and so ݔ, ݕ א ܷሺߤ; ሻݐ ك  ሿ௧ is aߤሿ௧. Consequently, ሾߤ
filter of ܵ.  

Conversely, suppose that for all ݐ א ሺ0,1ሿ, the set 
ሾߤሿ௧ሺ് ,଴ݔ ሻ is a filter of ܵ. If there exist׎ ଴ݕ א ܵ 
with ݔ଴ ൑ ଴ሻݕሺߤ ଴ such thatݕ ൏minሼߤሺݔ଴ሻ,0.5ሽ, 
then ߤሺݕ଴ሻ ൏ ଴ݐ ൑minሼߤሺݔ଴ሻ,0.5ሽ for some 
଴ݐ א ሺ0,0.5ሿ. It follows that ݔ଴ א ܷሺߤ; ଴ሻݐ ك  ,ሿ௧బߤ
and so ݔ଴ א ଴ሻݔሺߤ ሿ௧బ. Thusߤ ൒ ଴ሻݔሺߤ ଴ orݐ ൅ ଴ݐ ൐
1. Since ݕ଴ ൒ ଴ݔ א ଴ݐ ሿ௧బ and forߤ א ሺ0.0.5ሿ, ሾߤሿ௧బ 
is a filter, we have ݕ଴ א ଴ሻݕሺߤ ሿ௧బ. Henceߤ ൒  ଴ orݐ
଴ሻݕሺߤ ൅ ଴ݐ ൐ 1, a contradiction. Thus ߤሺݕሻ ൒

݉݅݊ሼߤሺݔሻ,0.5ሽ for all ݔ, ݔ with ݕ ൑  If there exist .ݕ
ܽ, ܾ א ܵ such that ߤሺܾܽሻ ൏minሼߤሺܽሻ,  ሺܾሻ,0.5ሽ. Thenߤ
ሺܾܽሻߤ ൏ ଵݐ ൑minሼߤሺܽሻ,  ሺܾሻ,0.5ሽ for someߤ
ଵݐ א ሺ0,0.5ሿ. Hence ܽ, ܾ א ܷሺߤ; ଵሻݐ ك  ሿ௧భ and soߤ
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ܾܽ א ሺܾܽሻߤ ሿ௧భ. Thusߤ ൒ ሺܾܽሻߤ ଵ orݐ ൅ ଵݐ ൐ 1, a 
contradiction. So ߤሺݕݔሻ ൒minሼߤሺݔሻ,  ሻ,0.5ሽ for allݕሺߤ
,ݔ ݕ א ܵ. Finally, if there exist ܿ, ݀ א ܵ such that 
minሼߤሺܿሻ, ሺ݀ሻሽߤ ൏ ሼߤሺܿ݀ሻ,0.5ሽ, then minሼߤሺܿሻ, ሺ݀ሻሽߤ ൏ ଶݐ ൑

ሼߤሺܿ݀ሻ,0.5ሽ for some ݐଶ א ሺ0,0.5ሿ. Hence ܿ݀ א
ܷሺߤ; ଶሻݐ ك ݀ܿ ሿ௧మ. It follows thatߤ א  ሿ௧మ and henceߤ
ܿ, ݀ א ሺܿሻߤ ሿ௧మ. Thusߤ ൒ ሺܿሻߤ ଶ orݐ ൅ ଶݐ ൐ 1 and 
ሺ݀ሻߤ ൒ ሺ݀ሻߤ ଶ orݐ ൅ ଶݐ ൐ 1, a contradiction. Thus 
minሼߤሺݔሻ, ሻሽݕሺߤ ൒minሼߤሺݕݔሻ,0.5ሽ for all ݔ, ݕ א ܵ. 
Thus ߤ is a fuzzy filter of ܵ.  

Let ߤ be a fuzzy subset of ܵ and ܬ ൌ ሼݐ		|		ݐ א
ሺ0,1ሿ and ߤ௧ሺ് ܬ ሻ is a filter of ܵሽ. When׎ ൌ ሺ0,1ሿ, 
 is an ordinary filter of the ordered semigroup S ߤ
(Theorem 3.1). When ܬ ൌ ሺ0,0.5ሿ, then ߤ is an 
ሺא, שא   .ሻ-fuzzy filter of ܵ (Theorem 4.10)ݍ

Consider ܬ ൌ ሼݐ|ݐ א ሺ0,1ሿ and ߤ௧ሺ്  ሻ is a filter׎
of ܵሽ. In the following, we give the answer of the 
questions:  
(1) If ܬ ൌ ሺ0.5,1ሿ, what kind of fuzzy filters of ܵ 

will be ߤ?  
(2) If ܬ ൌ ሺݎ, ,ݎሿ, ሺݏ ݏ א ሺ0,1ሿሻ, will ߤ be a kind of 

fuzzy filter of ܵ or not? 
 
Definition 4.12. A fuzzy subset ߤ of ܵ is called an 
ሺא, שא  ሻ-fuzzy filter of ܵ if it satisfies theݍ
following assertions:  
ሺFiሻ							ሺݔ׊, ݕ א ܵሻሺݐ׊ א ሺ0,1ሿሻሺݕ௧ א ߤ ՜ ௧ݔ שא
ݔ with ߤݍ ൑   ,ሻݕ
ሺFiiሻ						ሺݔ׊, ݕ א ܵሻሺݐ׊, ݎ א
ሺ0,1ሿሻሺሺݕݔሻ୫୧୬ሼ௧,௥ሽ א ߤ ՜ ௧ݔ שא ௥ݕ or ߤݍ שא  ,ሻߤݍ
ሺFiiiሻ					ሺݔ׊, ݕ א ܵሻሺݐ׊ א ሺ0,1ሿሻሺݔ௧ א ,ߤ ௧ݕ א ߤ ՜
ሺݕݔሻ௧ שא   .ሻߤݍ
 
Example 4.13. Consider the ordered semigroup as 
given in Example 3.2 and define a fuzzy subset ߤ as 
follows:  
 
ሺ݁ሻߤ ൌ 0.6, ሺ݀ሻߤ ൌ 0.5, ሺܽሻߤ ൌ 0.4,		 

 
ሺܾሻߤ ൌ 0.2, ሺܿሻߤ ൌ 0.3, ሺ݂ሻߤ ൌ 0.35. 

 
Then 
 

ܷሺߤ; ሻݐ ൌ ൝
ܵ if		0 ൏ ݐ ൑ 0.2
ሼܽ, ݀, ݁ሽ if		0.35 ൏ ݐ ൑ 0.4
׎ if		0.6 ൏ .ݐ

 

 
Then ߤ is an ሺא, שא   .ܵ ሻ-fuzzy filter ofݍ
 
Theorem 4.14. A fuzzy subset ߤ of ܵ is an 
ሺא, שא  ሻ-fuzzy filter of ܵ if and only if it satisfiesݍ
the following conditions: 
(Fiv) (ݔ׊, ݕ א ܵ) (maxሼߤሺݕሻ,0.5ሽ ൒   ,(ሻݔሺߤ
(Fv) (ݔ׊, ݕ א ܵ) (maxሼߤሺݕݔሻ,0.5ሽ ൒minሼߤሺݔሻ,   ,(ሻሽݕሺߤ
(Fvi) (ݔ׊, ݕ א ܵ) (maxሼߤሺݔሻ, ሻ,0.5ሽݕሺߤ ൒   .ሻሻݕݔሺߤ
 
Proof: (Fi)՜(Fiv). Let ݔ, ݕ א ݔ ,ܵ ൑  be such that ݕ

maxሼߤሺݕሻ, 0.5ሽ ൏ ሻݔሺߤ ൌ ݐ Then .ݐ א ሺ0.5,1ሿ, 
௧ݕ א ௧ݔ but ߤ א  Then .ߤݍ௧ݔ By (Fi), we have .ߤ
ݐ ൑ ݐ ሻ andݔሺߤ ൅ ሻݔሺߤ ൑ 1, which implies ݐ ൑ 0.5, 
contradiction. Hence (Fiv) is valid.  

(Fiv)՜ ሺFiሻ. Let ݕ௧ א ሻݕሺߤ then ߤ ൏  If (a) .ݐ
ሻݕሺߤ ൒ ሻݔሺߤ ሻ, thenݔሺߤ ൏ ௧ݔ and so ,ݐ א  Thus .ߤ
௧ݔ שא ሻݕሺߤ If (b) .ߤݍ ൏  ሻ, then by (Fiv) weݔሺߤ
have 0.5 ൒ ௧ݔ ሻ. Puttingݔሺߤ א ݐ then ,ߤ ൑ ሻݔሺߤ ൑
0.5. It follows that ݔ௧ שא   .ߤݍ
(Fii)՜(Fv). If there exist ݔ, ݕ א ܵ such that  
 

maxሼߤሺݕݔሻ,0.5ሽ ൏ ݉݅݊ሼߤሺݔሻ, ሻሽݕሺߤ ൌ  ,ݏ
 
then ݏ א ሺ0.5,1ሿ, ሺݕݔሻ௦ א ௦ݔ but ߤ א ,ߤ ௦ݕ א  By .ߤ
(Fii), we have ݔ௦ߤݍ or ݕ௦ߤݍ. Then ሺݏ ൑  ሻ andݔሺߤ
ݏ ൅ ሻݔሺߤ ൑ 1ሻ or ሺݏ ൑ ݏ ሻ andݕሺߤ ൅ ሻݕሺߤ ൑ 1ሻ, 
which implies ݏ ൑ 0.5, contradiction. Hence (Fv) is 
valid.  

(Fv)՜(Fii). Let ሺݕݔሻ୫୧୬ሼ௧,௥ሽ א ሻݕݔሺߤ then ߤ ൏minሼݐ,  ሽ. (a) Ifݎ
ሻݕݔሺߤ ൒minሼߤሺݔሻ, ,ሻݔሺߤሻሽ, then minሼݕሺߤ ሻሽݕሺߤ ൏minሼݐ,  ሽ andݎ

so ߤሺݔሻ ൏ ሻݕሺߤ or ݐ ൏ ௧ݔ It follows that .ݎ א  or ߤ
௥ݕ א ௧ݔ Thus .ߤ שא ௥ݕ or ߤݍ שא ሻݕݔሺߤ If (b) .ߤݍ ൏
݉݅݊ሼߤሺݔሻ, ሻሽ then by (Fv), 0.5ݕሺߤ ൒minሼߤሺݔሻ,  ሻሽ. Letݕሺߤ
௧ݔ א ௥ݕ or ߤ א ݐ then ,ߤ ൑ ሻݔሺߤ ൑ 0.5 or ݎ ൑
ሻݕሺߤ ൑ 0.5. It follows that ݔ௧ߤݍ or ݕ௥ߤݍ. Thus 
௧ݔ שא ௥ݕ or ߤݍ שא   .ߤݍ
(Fiii)՜(Fvi). If there exist ݔ, ݕ א ܵ such that  
 

maxሼߤሺݔሻ, ሻ,0.5ሽݕሺߤ ൏ ሻݕݔሺߤ ൌ  ,ݎ
 
then ݎ א ሺ0.5,1ሿ, ݔ௥ א ,ߤ ௥ݕ א ሻ௥ݕݔbut ሺ ߤ א  By .ߤ
(Fiii), we have ሺݕݔሻ௥ߤݍ. Then ݎ ൑  ሻ andݕݔሺߤ
ݎ ൅ ሻݕݔሺߤ ൑ 1, which implies ݎ ൑ 0.5, 
contradiction. Hence (Fvi) is valid.  

(Fvi)՜(Fiii). Let ݔ௧ א ௧ݕ and ߤ א  then ,ߤ
ሻݔሺߤ ൏ ሻݕሺߤ and ݐ ൏ ,ሻݔሺߤthat is minሼ ,ݐ ሻሽݕሺߤ ൏
,ሻݔሺߤIf minሼ (a) .ݐ ሻሽݕሺߤ ൒ ሻݕݔሺߤ ሻ, thenݕݔሺߤ ൏  ݐ
and so ሺݕݔሻ௧ א ሻ௧ݕݔIt follows that ሺ .ߤ שא  (b) .ߤݍ
If minሼߤሺݔሻ, ሻሽݕሺߤ ൏  ,ሻ, then by (Fvi)ݕݔሺߤ
0.5 ൒ ሻ௧ݕݔሻ. Let ሺݕݔሺߤ א ݐ then ,ߤ ൑ ሻݕݔሺߤ ൑ 0.5. 
It follows that ሺݕݔሻ௧ߤݍ. Thus ሺݕݔሻ௧ שא   .ߤݍ
 
Lemma 4.15. Let ߤ be fuzzy subset of ܵ. Then 
ܷሺߤ; ሻሺ്ݐ  ሻ is a filter of S if and only if it satisfies׎
the conditions (Fiv)-(Fvi) of Theorem 4.14. 
 
Theorem 4.16. A fuzzy subset ߤ of ܵ is an (א, שא
;ߤfuzzy filter of ܵ if and only if ܷሺ-(ݍ ሻሺ്ݐ  ሻ is a׎
filter of ܵ for all ݐ א ሺ0.5,1ሿ.    
 
Proof: Follows from Theorem 4.14 and Lemma 
4.15.  

In [23], Yuan, Zhang and Ren gave the definition 
of a fuzzy subgroup with thresholds, which is a 
generalization of Rosenfeld's fuzzy subgroup, and 
Bhakat and Das's fuzzy subgroup. Based on [23], 
we can extend the concept of a fuzzy subgroup with 
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thresholds to the concept of a fuzzy filter with 
thresholds as follows:  
 
Definition 4.17. Let ݎ, ݏ א 0,1ሿ and ݎ ൏  be ߤ Let .ݏ
a fuzzy subset of an ordered semigroup ܵ. Then ߤ is 
called a fuzzy filter with thresholds ሺݎ,  ሻ of ܵ if itݏ
satisfies the following assertions:   
(i) (ݔ׊, ݕ א ܵሻሺݔ ൑ ,ሻݕሺߤmaxሼ ,ݕ ሽݎ ൒minሼߤሺݔሻ,   ,(ሽݏ
(ii) (ݔ׊, ݕ א ܵሻሺmaxሼߤሺݕݔሻ, ሽݎ ൒minሼߤሺݔሻ, ,ሻݕሺߤ   ,ሽሻݏ
(iii) (ݔ׊, ݕ א ܵሻሺmaxሼߤሺݔሻ, ,ሻݕሺߤ ሽݎ ൒minሼߤሺݕݔሻ,   .ሽሻݏ

If ߤ is a fuzzy filter of ܵ with thresholds of ܵ, then 
we can conclude that ߤ is an ordinary fuzzy filter 
when ݎ ൌ 0, ݏ ൌ 1 and ߤ is an ሺא, שא  ሻ-fuzzyݍ
filter when ݎ ൌ 0, ݏ ൌ 0.5. Now, we characterize 
fuzzy filters with thresholds ሺݎ,  ሿ of ܵ, by theirݏ
level filters. 
 
Theorem 4.18. A fuzzy subset ߤ of an ordered 
semigroup ܵ is a fuzzy filter with thresholds ሺݎ,  ሻݏ
of ܵ if and only if ߤ௧ሺ്  ሻ is a filter of ܵ for all׎
ݐ א ሺݎ,   .ሿݏ
 
Proof: Let ߤ be a fuzzy filter with thresholds of ܵ 
and ݐ א ሺݎ, ,ݔ ሿ. Letݏ ݕ א ܵ with ݔ ൑ ݔ Let .ݕ א  ,௧ߤ
then ߤሺݔሻ ൒  and from (i) of Definition 4.17, it ݐ
follows that  
 
maxሼߤሺݕሻ, ሽݎ ൒ minሼߤሺݔሻ, ሽݏ ൒ minሼݐ, ሽݏ ൒ ݐ ൐  ,ݎ
 
so ߤሺݕሻ ൒ ݕ ,and hence ݐ א ,ݔ ௧. Letߤ ݕ א  ௧, thenߤ
ሻݔሺߤ ൒ ,ݐ ሻݕሺߤ ൒  ,and by (ii) of Definition 4.17 ݐ
we have  
 
maxሼߤሺݕݔሻ, ሽݎ ൒ minሼߤሺݔሻ, ,ሻݕሺߤ ሽݏ ൒ minሼݐ, ሽݏ ൒  ,ݐ

 
and hence ߤሺݕݔሻ ൒ ݕݔ implies that ݐ א  ௧. Forߤ
ݕݔ א ሻݕݔሺߤ ௧, we haveߤ ൒  and by (iii) of ݐ
Definition 4.17, it follows that  
 
maxሼߤሺݔሻ, ,ሻݕሺߤ ሽݎ ൒ minሼߤሺݕݔሻ, ሽݏ ൒ minሼݐ, ሽݏ

൒ ݐ ൐  ,ݎ
 
and so ߤሺݔሻ ൒ ,ݐ ሻݕሺߤ ൒ ,ݔ ,that is ,ݐ ݕ א  .௧ߤ
Conversely, let ߤ be a fuzzy subset of ܵ such that 
௧ሺ്ߤ ݐ ሻ is a filter of ܵ for all׎ א ሺݎ,  ሿ. If thereݏ
exist ݔ, ݕ א ܵ with ݔ ൑   such that ݕ
 

maxሼߤሺݕሻ, ሽݎ ൏ ݉݅݊ሼߤሺݔሻ, ሽݏ ൌ  ,ݐ
 
then ݐ א ሺݎ, ሻݕሺߤ ,ሿݏ ൏ ݔ and ݐ א  ௧. Sinceߤ
ݕ ൒ ݔ א ݕ ௧ is a filter of ܵ, we haveߤ ௧ andߤ א  .௧ߤ
Then ߤሺݕሻ ൒  a contradiction. Hence ,ݐ
maxሼߤሺݕሻ, ሽݎ ൒minሼߤሺݔሻ, ,ݔ ሽ for allݏ ݕ א ܵ with 
ݔ ൑ ,ݔ If there exist .ݕ ݕ א ܵ such that  
 

maxሼߤሺݕݔሻ, ሽݎ ൏ ݉݅݊ሼߤሺݔሻ, ,ሻݕሺߤ ሽݏ ൌ  ,ݐ
 
then ݐ א ሺݎ, ሻݕݔሺߤ ,ሿݏ ൏ ,௧ݔ and ݐ ௧ݕ א  ௧ߤ Since .ߤ
is a filter of ܵ and ݔ௧, ௧ݕ א  we have ,ߤ
ሺݕݔሻ୫୧୬ሼ௧,௧ሽ ൌ ሺݕݔሻ௧ א ሻݕݔሺߤ then ,ߤ ൒  a ,ݐ

contradiction. Hence 
maxሼߤሺݕݔሻ, ሽݎ ൒minሼߤሺݔሻ, ,ሻݕሺߤ ,ݔ ሽ for allݏ ݕ א ܵ. 
In a similar way we can prove that 
maxሼߤሺݔሻ, ,ሻݕሺߤ ሽݎ ൒minሼߤሺݕݔሻ, ,ݔ ሽ for allݏ ݕ א ܵ. 
Therefore ߤ is a fuzzy filter of ܵ. 
 
Remark 4.19. (1) By Definition 4.17, we have the 
following conclusion: if μ is a fuzzy filter with 
thresholds ሺݎ,   :ሿ of ܵ, then we haveݏ
(i) ߤ is an ordinary fuzzy filter when ݎ ൌ ݏ ,0 ൌ 1;  
(ii) ߤ is an (א, שא ݎ fuzzy filter when-(ݍ ൌ 0, ݏ ൌ 0.5;   
(iii) ߤ is an (א, שא ݎ fuzzy filter when-(ݍ ൌ 0.5, ݏ ൌ 1.  
(2) By Definition 4.17, we can define other kinds of 
fuzzy filters of ܵ, such as fuzzy filter with 
thresholds ሺ0.5,0.6ሿ and ሺ0.4,0.8ሿ of ܵ, etc. 
(3) However, the fuzzy filters with thresholds of ܵ 
may not be an ordinary fuzzy filter, may not be an 
ሺא, שא ,אሻ-fuzzy filter, and may not be ሺݍ שא -ሻݍ
fuzzy filter, respectively, as shown in the following 
example: 
 
Example 4.20. Consider the ordered semigroup as 
given in Example 3.2 and define a fuzzy subset ߤ as 
follows:  
 

ሺ݁ሻߤ ൌ 0.8, ሺ݀ሻߤ ൌ 0.7, ሺܽሻߤ ൌ 0.6 
 

ሺܾሻߤ ൌ 0.4, ሺܿሻߤ ൌ 0.3, ሺ݂ሻߤ ൌ 0.5. 
 

Then 
 

ܷሺߤ; ሻݐ ൌ

ە
ۖ
۔

ۖ
ۓ
ܵ if		0 ൏ ݐ ൑ 0.3
ሼܽ, ݀, ݁ሽ if		0.5 ൏ ݐ ൑ 0.6
ሼܽ, ݀, ݁, ݂ሽ if		0.4 ൏ ݐ ൑ 0.5
ሼܽ, ݀, ݁, ݂, ܾሽ if		0.3 ൏ ݐ ൑ 0.4
׎ if		0.8 ൏ .ݐ

 

 
Thus, ߤ is a fuzzy filter with thresholds ሺ0.5,0.6ሿ 

of ܵ. But ߤ are neither a fuzzy filter and (א, שא -(ݍ
fuzzy filter nor an (א, שא   .ܵ fuzzy filter of-(ݍ

,א) .5 שא  fuzzy left(right) filters-(ࢗ

Definition 5.1. A fuzzy subset  of ܵ is called an 
,א) שא  fuzzy left (resp. right) filter of ܵ if it-(ݍ
satisfies  
(i) ሺݔ׊, ݕ א ܵሻሺݐ׊ א ሺ0,1ሿሻሺݔ ൑ ,ݕ ௧ݔ א ߤ ՜ ௧ݕ א

ש   ,(ߤݍ
(ii) ሺݔ׊, ݕ א ܵሻሺݐ׊, ݎ א ሺ0,1ሿሻሺݔ௧ א ,ߤ ௥ݕ א ߤ ՜

ሺݕݔሻ୫୧୬ሼ௧,௥ሽ שא   ,ሻߤݍ
(iii) (ݔ׊, ݕ א ܵሻሺݐ׊ א ሺ0,1ሿሻሺݔ௧ א ߤ ՜ ሺݕݔሻ௧ שא

ሻ௧ݔݕሺresp. ሺߤݍ שא   .ሻሻߤݍ
,אis called an ሺ ߤ שא  ሻ-fuzzy bi-filter of ܵ if itݍ
satisfies conditions (i) and (ii) of Definition 5.1, and  
(i) ሺݔ׊, ݕ א ܵሻሺݐ׊ א ሺ0,1ሿሻሺݔ௧ א ߤ ՜ ሺݔݕݔሻ௧ שא   .ሻߤݍ
 
Example 5.2. Consider a set ܵ ൌ ሼܽ, ܾ, ܿ, ݀, ݁, ݂ሽ 
with the following multiplication table and order 
relation "൑" 
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.         a     b     c     d     e     f 
a       b      c     d     d     d  d 
b       c     d     d     d     d    d 
c       d     d     d     d     d    d 
d       d     d     d     d     d    d 
e       e     e     e     e     e    e 

                    f       f     f      f      f     f     f 
 
and 
 
൑ؔ ሼሺܽ, ܽሻ, ሺܾ, ܾሻ, ሺܿ, ܿሻ, ሺ݀, ݀ሻ, ሺ݁, ݁ሻ, ሺ݂, ݂ሻ, ሺܽ, ݀ሻ, ሺܾ, ݀ሻ, ሺܿ, ݀ሻ, 

ሺ݀, ݁ሻ, ሺ݀, ݂ሻ, ሺܽ, ݁ሻ, ሺܾ, ݁ሻ, ሺܿ, ݁ሻ, ሺܽ, ݂ሻ, ሺܾ, ݂ሻ, ሺܿ, ݂ሻሽ. 
 
Then ሺܵ,ڄ, ൑ሻ is an ordered semigroup (see [17]). 
Left filters of ܵ are ሼ݁, ݂ሽ and ܵ. Define a fuzzy 
subset ߤ: ܵ ՜ 0,1ሿ by: 
 

ሺܽሻߤ ൌ ሺܾሻߤ ൌ ሺܿሻߤ ൌ ሺ݀ሻߤ ൌ 0.3
ሺ݁ሻߤ ൌ 0.7,
ሺ݂ሻߤ ൌ 0.5

 

 
Then 
 

ܷሺߤ; :ሻݐ ൌ ൝
ܵ if			0 ൏ ݐ ൑ 0.3
ሼ݁, ݂ሽ if			0.3 ൏ ݐ ൑ 0.5
׎ if			0.7 ൏ ݐ ൑ 1.

 

 
Then ߤ is an (א, שא   .ܵ fuzzy left filter of-(ݍ
 
Theorem 5.3. For a fuzzy subset ߤ of ܵ, the 
conditions (i)-(iii) respectively, of Definition 5.1, 
are equivalent to the following conditions:   
(i) (ݔ׊, ݕ א ሻݕሺߤ)(ܵ ൒minሼߤሺݔሻ,0.5ሽ),   
(ii) (ݔ׊, ݕ א ሻݕݔሺߤ)(ܵ ൒minሼߤሺݔሻ,   ,(ሻ,0.5ሽݕሺߤ
(iii) (ݔ׊, ݕ א ሻݕݔሺߤ)(ܵ ൒minሼߤሺݔሻ,0.5ሽሺresp. 

ሻݕݔሺߤ ൒minሼߤሺݕሻ,0.5ሽ)).  
 
Proof: The proof follows from Theorem 4.3. 
 
Theorem 5.4. For a fuzzy subset ߤ of ܵ, the 
conditions (i)-(ii), and (iv) respectively, of 
Definition 5.1, are equivalent to the following 
conditions:  
(L1) (ݔ׊, ݕ א ሻݕሺߤ)(ܵ ൒minሼߤሺݔሻ,0.5ሽ),  
(L2) (ݔ׊, ݕ א ሻݕݔሺߤ)(ܵ ൒minሼߤሺݔሻ,   ,(ሻ,0.5ሽݕሺߤ
(L3) (ݔ׊, ݕ א ሻݔݕݔሺߤ)(ܵ ൒minሼߤሺݔሻ,0.5ሽ).  
 
Proof: The proof of ሺL1ሻ ՞ ሺiሻ and ሺL2ሻ ՞ ሺiiሻ 
follows from Theorem 4.3. 
ሺL3ሻ ՜ ሺiiiሻ. Let ݔ, ݕ א ܵ. If ߤሺݔሻ ൌ 0, then 

ሻݔݕݔሺߤ ൒minሼߤሺݔሻ,0.5ሽ. Let ߤሺݔሻ ് 0 and assume 
on the contrary that ߤሺݔݕݔሻ ൏minሼߤሺݔሻ,0.5ሽ. 
Choose ݐ א ሺ0,1ሿ such that ߤሺݔݕݔሻ ൏ ݐ ൑minሼߤሺݔሻ,0.5ሽ. If 
ሻݔሺߤ ൏ 0.5, then ߤሺݔݕݔሻ ൏ ݐ ൑  ሻ and soݔሺߤ
௧ݔ א ሻ௧ݔݕݔbut ሺ ,ߤ א ሻݔሺߤ a contradiction. If ,ߤ ൒

0.5 then ߤሺݔݕݔሻ ൏ 0.5 and so ݔ଴.ହ א  but ߤ
ሺݔݕݔሻ଴.ହ א  again a contradiction. Hence ,ߤ
ሻݔݕݔሺߤ ൒minሼߤሺݔሻ,0.5ሽ for all ݔ, ݕ א ܵ.  
(iii)՜ ሺL3ሻ. Let ݔ, ݕ א ܵ and ݐ א ሺ0,1ሿ be such that 
௧ݔ א ሻݔሺߤ Then .ߤ ൒  and by (iii) we have ,ݐ
ሻݔݕݔሺߤ ൒minሼߤሺݔሻ,0.5ሽ ൒minሼݐ, 0.5ሽ. If ݐ ൑ 0.5, 
then ߤሺݔݕݔሻ ൒ ሻ௧ݔݕݔi.e., ሺ ,ݐ א ݐ If .ߤ ൐ 0.5, then 
ሻݔݕݔሺߤ ൅ ݐ ൐ 0.5 ൅ 0.5 ൌ 1, i.e., ߤሺݔݕݔሻ ൅ ݐ ൐ 1 
and so ሺݔݕݔሻ௧ߤݍ. Therefore, ሺݔݕݔሻ௧ שא   .ߤݍ
 
Theorem 5.5. A fuzzy subset ߤ of an ordered 
semigroup ܵ is an (א, שא  fuzzy bi-filter of ܵ if-(ݍ
and only if it satisfies conditions (L1)-(L3) of 
Theorem 5.4.  
 
Theorem 5.6. Let ܨ be a bi-filter of ܵ and ߤ be a 
fuzzy subset of ܵ such that  
 

:ሻݔሺߤ ൌ ൜
൒ 0.5 if		ݔ א ܨ
0 if		ݔ א  .ܨ\ܵ

 
Then 
(a) ߤ is a (q, שא   .ܵ ሻ-fuzzy bi-filter ofݍ
(b) ߤ is an (א, שא   .ܵ ሻ-fuzzy bi-filter ofݍ
 
Proof: The proof follows from Theorem 4.8.    
 
Theorem 5.7. Let ߤ be an (א,  q)-fuzzy bi-filterשא
of ܵ such that ߤሺݔሻ ൏ 0.5 for all ݔ א ܵ. Then ߤ is 
an ሺא,   .ܵ ሻ-fuzzy bi-filter ofא
 
Proof: It is straightforward.  
 
Theorem 5.8. A fuzzy subset ߤ of ܵ is an ሺא, שא
qሻ-fuzzy bi-filter of ܵ if and only if the set 
ܷሺߤ; ሻሺ്ݐ ݐ ሻ is a bi-filter of ܵ for all׎ א ሺ0,0.5ሿ. 
 
Proof. It is straightforward.  
 
Theorem 5.9. For a fuzzy subset μ of S, the 
following assertions are equivalent:  
(i) ߤ is an (א, שא  .ܵ fuzzy bi-filter of-(ݍ
(ii) (ݐ׊ א ሺ0,1ሿሻሺሾߤሿ௧ ് ׎ ՜   .(ܵ ሿ௧ is a bi-filter ofߤ
 
Proof: The proof follows from Theorem 4.11.  
 
Definition 5.10. Let ݎ, ݏ א 0,1ሿ and ݎ ൏  be ߤ Let .ݏ
a fuzzy subset of an ordered semigroup ܵ. Then ߤ is 
called a fuzzy left(right) filter with thresholds ሺݎ,  ሻݏ
of ܵ if it satisfies the following assertions:   
(i) (ݔ׊, ݕ א ܵሻሺݔ ൑ ,ሻݕሺߤmaxሼ ,ݕ ሽݎ ൒minሼߤሺݔሻ,  ,(ሽݏ
(ii) (ݔ׊, ݕ א ܵሻሺmaxሼߤሺݕݔሻ, ሽݎ ൒minሼߤሺݔሻ, ,ሻݕሺߤ  ,ሽሻݏ
(iii) (ݔ׊, ݕ א ܵሻሺmaxሼߤሺݕݔሻ, ሽݎ ൒minሼߤሺݔሻ,  .ሽሺrespݏ

maxሼߤሺݕݔሻ, ሽݎ ൒minሼߤሺݕሻ,   .ሽሻሻݏ
 
If ߤ is a fuzzy filter with thresholds ሺݎ,  ሻ of ܵ, thenݏ
we can conclude that ߤ is an ordinary fuzzy bi-filter 
when ݎ ൌ 0, ݏ ൌ 1 and ߤ is an (א, שא  fuzzy left-(ݍ
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(right) filter when ݎ ൌ 0, ݏ ൌ 0.5. Now, we 
characterize fuzzy left (right) filters with thresholds 
by their level left (right) filters.  
 
Theorem 5.11. A fuzzy subset ߤ of an ordered 
semigroup S is a fuzzy left(right) filter with 
thresholds ሺݎ, ௧ሺ്ߤ ሻ of S if and only ifݏ  ሻ is a left׎
(right) filter of ܵ for all ݐ א ሺݎ,   .ሿݏ
 
Proof: The proof follows from Theorem 4.18.  
 
Definition 5.12. Let ݎ, ݏ א 0,1ሿ and ݎ ൏  be ߤ Let .ݏ
a fuzzy subset of an ordered semigroup ܵ. Then ߤ is 
called a fuzzy bi-filter with thresholds ሺݎ,  ሻ of ܵ ifݏ
it satisfies the following assertions: 
(i) (ݔ׊, ݕ א ܵሻሺݔ ൑ ,ሻݕሺߤmaxሼ ,ݕ ሽݎ ൒minሼߤሺݔሻ,   ,ሽሻݏ
(ii) (ݔ׊, ݕ א ܵሻሺmaxሼߤሺݕݔሻ, ሽݎ ൒minሼߤሺݔሻ, ,ሻݕሺߤ   ,ሽሻݏ
(iii) (ݔ׊, ݕ א ܵሻሺmaxሼߤሺݔݕݔሻ, ሽݎ ൒minሼߤሺݔሻ,   .ሽሻݏ
 
If ߤ is a fuzzy filter with thresholds ሺݎ,  ሻ of ܵ, thenݏ
we can conclude that ߤ is an ordinary fuzzy filter 
when ݎ ൌ 0, ݏ ൌ 1 and ߤ is an (א, שא -fuzzy bi-(ݍ
filter when ݎ ൌ 0, ݏ ൌ 0.5. Now, we characterize 
fuzzy bi-filters with thresholds by their level bi-
filters. 
 
Theorem 5.13. A fuzzy subset μ of an ordered 
semigroup ܵ is a fuzzy bi-filter with thresholds 
ሺݎ, ௧ሺ്ߤ ሻ of ܵ if and only ifݏ  ܵ ሻ is a bi-filter of׎
for all ݐ א ሺݎ,  .ሿݏ
 
Proof: The proof follows from Theorem 4.18. 
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