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Abstract 

Let ࣛ be a Banach algebra and ܦ:ࣛ ՜ ࣛ a derivation. In this paper, it is proved, under certain conditions, that 
ሺࣛሻܦ ك  ሺࣛሻ is the Jacobson radical of ࣛ. Moreover, we prove that if ࣛ is unital and݀ܽݎ ሺࣛሻ, where݀ܽݎ
ࣛ:ܦ ՜ ࣛ is a continuous derivation, then ܦሺࣛሻ ك ⋂ ௉೎ሺࣛሻא࣪	 ࣪ ك ⋂ ெ೎ሺࣛሻאࣧ	 ࣧ ك ⋂ 	ఝא஍ࣛ

 ఝ, where ௖ܲሺࣛሻܯ

denotes the set of all primitive ideals such that 
ࣛ

࣪
 is commutative, ܯ௖ሺࣛሻ denotes the set of all maximal (modular) 

ideals such that 
஺

ࣧ
 is commutative, and Φࣛ is the set of all non-zero multiplicative linear functionals from ࣛ into 

ԧ. In addition, we present several results about the range of a derivation on algebras having the property (९). 
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1. Introduction 

Bounded derivations initiated in 1953 by Kaplansky 
and had its peak development around 1966-68 with 
the work by Kadison and Sakai, and was essentially 
finished in 1977-78 with work by Elliott, Akemann, 
and Pedersen, but the subject of bounded 
derivations from one algebra into another is still 
under development. 

General theory of unbounded derivations was 
started by Sakai, Powers, Helemkii, Sinai, and 
Robinson around 1974. Derivations appear in 
various branches of mathematics and physics. The 
study of derivation theory in operator algebras is 
motivated by questions in quantum physics and 
statistical mechanics (Bratteli, 1987; Bratteli, 
1997). Now, we are going to recall the definition of 
a derivation. Suppose that ࣛ is an algebra and ࣨ is 
an ࣛ-bimodule. A linear mapping ܦ:ࣛ ՜ ࣨ is 
called a derivation if ܦሺܾܽሻ ൌ ሺܽሻܾܦ ൅  ሺܾሻ forܦܽ
all ܽ, ܾ א ࣛ. Let us introduce the background of 
our investigation. In 1955, Singer and Wermer 
obtained a fundamental result which started 
investigation into the ranges of derivations on 
Banach algebras. The result states that every 
bounded derivation on a commutative Banach 
algebra maps into the Jacobson radical. In the same 
paper they conjectured that the assumption of 
boundedness is not necessary. In 1988, Thomas 
proved this conjecture. Indeed, he proved that every 
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derivation on a commutative Banach algebra maps 
into its Jacobson radical. Recall that the set ܼሺࣛሻ ൌ
ሼܽ א ࣛ				|				ܾܽ ൌ b׊				ܾܽ א ࣛሽ is named the center 

of ࣛ. By putting 
௓మሺࣛሻ

௓ሺࣛሻ
ൌ ܼሺ

ࣛ

௓ሺࣛሻ
ሻ, we have ܼଶሺࣛሻ ൌ

ሼܽ א ࣛ				|				ሾሾܽ, ܾሿ, ܿሿ ൌ ,ܾ		׊				0 ܿ א ࣛሽ, where 
ሾܽ, ܾሿ ൌ ܾܽ െ ܾܽ for ܽ, ܾ א ࣛ. In this study, it is 
proved that if ܦ:ࣛ ՜ ࣛ is a derivation and ܼଶሺࣛሻ ൌ
ࣛ, then ܦሺࣛሻ ك  .ሺࣛሻ݀ܽݎ

Suppose that ࣣ is a closed bi-ideal of ࣛ and 
ࣛ:ܦ ՜ ࣛ is a map. A pair ሺܦ, ࣣሻ is called a 
derivation generator if ሼܦሺܾܽሻ െ ሺܽሻܾܦ െ
,ܽ		|		ሺܾሻܦܽ ܾ א ࣛሽ ك ࣣ. In this article the 
following result is proved:  
Let ܦ be a linear mapping and ሺܦ, ࣣሻ be a 

derivation generator such that ܦሺࣣሻ ك ࣣ. If 
ࣛ

ࣣ
 is a 

commutative, semi-simple Banach algebra, then 
ሺࣛሻܦ ك ࣣ. By this result, we prove that ܦሺࣛሻ ك
⋂ ௉೎ሺࣛሻא࣪	 ࣪ ك ⋂ ெ೎ሺࣛሻאࣧ	 ࣧ ك ⋂ 	ఝא஍ࣛ  ఝ if ࣛ isܯ
unital and ܦ:ࣛ ՜ ࣛ is a continuous derivation, 
where ௖ܲሺࣛሻ denotes the set of all primitive ideals 

such that 
ࣛ

࣪
 is commutative, ܯ௖ሺࣛሻ denotes the set 

of all maximal (modular) ideals such that 
஺

ࣧ
 is 

commutative and Φࣛ is the set of all non-zero 
multiplicative linear functionals on ࣛ. Moreover, 
in this paper an ideal which is called zero prime is 
defined as follows:  

A bi-ideal ࣣ of ࣛ is called a zero prime ideal if 
ab=0 implies that a א ࣣ or b א ࣣ. 

Let ࣛ be a unital Banach algebra with the 
property ሺ९ሻ, which introduced in (Alaminos, 
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2009), and ࣣ is a closed zero prime ideal of ࣛ 
which is invariant under a linear mapping D:ࣛ ՜
ࣛ, and furthermore there exists a positive number 
N such that צ Dሺaሻ ൅ ࣣ ൑צ N צ a ൅ ࣣ  for all צ
a א ࣛ. If Dሺ1ሻ ൌ 0 then Dሺࣛሻ ك ࣣ. Bras෬ar and 
Mathieu (Bres෬ar, 1995) proved that every spectrally 
bounded derivation on a unital Banach algebra 
maps into the Jacobson radical. We recall that a 
linear mapping T:ࣛ ՜ ࣜ is called spectrally 
bounded if there is a constant M ൒ 0 such that 
rሺTሺaሻሻ ൑ Mrሺaሻ for all a א ࣛ, where rሺaሻ ൌ

lim୬՜ஶ צ a୬ צ
భ
౤ denotes the spectral radius of an 

element a and ࣜ is also a complex Banach algebra. 

2. Main results 

Throughout this paper ࣛ denotes a complex 
Banach algebra and Φࣛ denotes the set of all non-
zero multiplicative linear functionals on ࣛ. 
Moreover, Qሺࣛሻ is the set of all quasi-nilpotent 
elements of ࣛ, i.e. the set of elements a in ࣛ such 

that lim୬՜ஶ צ a୬ צ
భ
౤ൌ 0.  

It is well-known that Zሺࣛሻ, the center of ࣛ, is a 

closed subalgebra of ࣛ. We define 
Z౤శభሺࣛሻ

Z౤ሺࣛሻ
ൌ

Zሺ
ࣛ

Z౤ሺࣛሻ
ሻ for all positive integer n. It is clear that 

Z଴ሺࣛሻ ൌ ሼ0ሽ if and only if Zଵሺࣛሻ ൌ Zሺࣛሻ. If n = 
2, for example, we have  
  
Zଶሺࣛሻ

Zሺࣛሻ
 ൌ Z൬

ࣛ
Zሺࣛሻ

൰ 

 
ൌ ሼa ൅ Zሺࣛሻ |		ab െ ba א Zሺࣛሻ ׊ b

א ࣛሽ 

 
ൌ ሼa ൅ Zሺࣛሻ |		ሺab െ baሻc

ൌ cሺab
െ baሻ		׊		b, c א ࣛሽ 

 
ൌ ሼa ൅ Zሺࣛሻ |ൣሾa, bሿ, c൧ ൌ 0 
,b		׊ c א ࣛሽ. 

 
Hence, Zଶሺࣛሻ ൌ ሼa א ࣛ		|		ሾሾa, bሿ, cሿ ൌ

,b		׊		0 c א ࣛሽ. Moreover, if n = 3 then we have 
Zଷሺࣛሻ ൌ ሼa א ࣛ		|ሾሾሾa, bሿ, cሿ, dሿ ൌ ,b		׊		0 c, d א
ࣛሽ. Thus, by induction on n, we obtain that  
 
Z୬ሺࣛሻ ൌ ሼa א ࣛ		| ሾሾሾ. . . ሾᇣᇤᇥ

୬ି୲୧୫ୣୱ

a, aଵሿ, aଶሿ, aଷሿ, . . . , a୬ሿ

ൌ ,aଵ		׊		0 aଶ, aଷ, . . . , a୬ א ࣛሽ. 
 

Clearly, ሼ0ሽ ൌ Z଴ሺࣛሻ ك Zଵሺࣛሻ ك Zଶሺࣛሻ .ك . . ك
Z୬ሺࣛሻ .ك . . ك ࣛ and Z୬ሺ

ࣛ

Zౣሺࣛሻ
ሻ ൌ

Z౤శౣሺࣛሻ

Zౣሺࣛሻ
, where 

m, n א Գ and m ൑ n. Moreover, Zଶሺࣛሻ ൌ ࣛ if and 

only if Zሺ
ࣛ

Zሺࣛሻ
ሻ ൌ

ࣛ

Zሺࣛሻ
. It means that 

ࣛ

Zሺࣛሻ
 is 

commutative if and only if Zଶሺࣛሻ ൌ ࣛ.  
Recall that an algebra ࣛ is called semi-prime if 

aࣛa ൌ ሼ0ሽ implies that a = 0 for each a א ࣛ. 

Proposition 2.1. (i)Suppose that Qሺࣛሻ ൌ ሼ0ሽ. Then 
ࣛ is commutative if and only if ሾa, ሾa, bሿሿ ൌ 0 for 
all a, b א ࣛ.  
(ii) Suppose that ࣛ is a semi-prime Banach algebra. 
Then Z୬ሺࣛሻ ൌ Z୬ାଵሺࣛሻ for all n א Գ. Hence, ࣛ is 
commutative if and only if Z୬ሺࣛሻ ൌ ࣛ for some 
n א Գ.  
 
Proof: (i) Suppose that ࣛ is commutative. Clearly 
ሾa, ሾa, bሿሿ ൌ 0 for all a, b א ࣛ. Conversely, assume 
that ሾሾa, bሿ, aሿ ൌ 0 for all a, b א ࣛ. It follows from 
Proposition 18.13 of (Bonsall, 1973), that ሾa, bሿ א
Qሺࣛሻ for all a, b א ࣛ. Since Qሺࣛሻ ൌ ሼ0ሽ, ࣛ is 
commutative.  
(ii) We shall prove this part of the statement by 
induction on n. Suppose that a א Zଶሺࣛሻ, i.e. 
ሾa, bሿ א Zሺࣛሻ for all b א ࣛ. It follows from 
Lemma 3.1 of (Hejazian, 2005) that a א Zሺࣛሻ. So, 
Zଶሺࣛሻ ك Zሺࣛሻ and since Zሺࣛሻ ك Zଶሺࣛሻ, 
Zሺࣛሻ ൌ Zଶሺࣛሻ. Assume that a א Z୬ሺࣛሻ implies 
that a א Zሺࣛሻ. Let a א Z୬ାଵሺࣛሻ. Therefore, 
ሾሾ. . . ሾᇣᇤᇥ
୬ି୲୧୫ୣୱ

a, aଵሿ, aଶሿ, . . . , a୬ିଵሿ, a୬ሿ א Zሺࣛሻ for all 

aଵ, aଶ, aଷ, . . . , a୬ א ࣛ.  
Set b ൌ ሾሾ. . . ሾᇣᇤᇥ

ሺ୬ିଵሻି୲୧୫ୣୱ

a, aଵሿ, aଶሿ, . . . ሿ, a୬ିଵሿ. Hence, 

ሾb, a୬ሿ א Zሺࣛሻ for all a୬ א ࣛ. By the case n = 2, 
b א Zሺࣛሻ.  
It means that ሾሾ. . . ሾᇣᇤᇥ

ሺ୬ିଵሻି୲୧୫ୣୱ

a, aଵሿ, aଶሿ, . . . ሿ, a୬ିଵሿ א

Zሺࣛሻ. Thus, a א Z୬ሺࣛሻ. Induction hypothesis 
results in a א Zሺࣛሻ. Hence, Z୬ାଵሺࣛሻ ك Zሺࣛሻ ك
Z୬ାଵሺࣛሻ, so Z୬ሺࣛሻ ൌ Z୬ାଵሺࣛሻ for all n א ࣨ.  
Suppose that ࣛ is commutative. Clearly, Z୬ሺࣛሻ ൌ
ࣛ for all n א Գ. Conversely, assume that Z୬ሺࣛሻ ൌ
ࣛ for some positive integer n, so ࣛ ൌ Z୬ሺࣛሻ ൌ
Zሺࣛሻ. It is well-known that if Zሺࣛሻ ൌ ࣛ then ࣛ is 
commutative.  

Mathieu (2005) proved that the following result 
holds: 
 
Theorem 2.2. Let d be a derivation on a Banach 
algebra ࣛ. Then the following three conditions are 
equivalent: 
(i) ሾa, dሺaሻሿ א radሺࣛሻ for all a א ࣛ; 
(ii) d	is	spectrally bounded; 
(iii) dሺࣛሻ ك radሺࣛሻ, 
where ሾa, bሿ ൌ ab െ ba and radሺࣛሻ is denoted the 
Jacobson radical of ࣛ.  
 
Theorem 2.3. Suppose that D:ࣛ ՜ ࣛ is a 
derivation. If Zଶሺࣛሻ ൌ ࣛ then Dሺࣛሻ ك radሺࣛሻ.  
 
Proof: First of all, we define another product on ࣛ 

by the following form: a • b ൌ
ୟୠାୠୟ

ଶ
 ሺa, b א ࣛሻ. 

Clearly, a • b ൌ b • a, i.e. • is commutative. In 
addition, a • ሺb ൅ cሻ ൌ a • b ൅ a • c and ሺa ൅ bሻ •



 
 
 
113                     IJST (2014) 38A2: 111-115 

c ൌ a • c ൅ b • c for all a, b, c א ࣛ. Since Zଶሺࣛሻ ൌ
ࣛ, we have  
 
 a • ሺb • cሻ ൌ a • ሺ

ୠୡାୡୠ

ଶ
ሻ 

 ൌ
ୟୠୡାୟୡୠାୠୡୟାୡୠୟ

ସ
 

 ൌ
ୟୠୡାୡୠୟାୠୟୡାୡୟୠ

ସ
 

 ൌ ሺa • bሻ • c 
 
for all a, b, c א ࣛ. Let a and b be two arbitrary 

elements of ࣛ. Then צ a • b צൌצ
ୟୠାୠୟ

ଶ
צ൑צ a צצ

b  Therefore, ࣛ is a Banach algebra with the .צ
original norm and this new product. We denote this 
algebra by ሚࣛ. D is a derivation on ሚࣛ, because  
 
 Dሺa • bሻ ൌ Dሺ

ୟୠାୠୟ

ଶ
ሻ 

 ൌ
DሺୟሻୠାୟDሺୠሻାDሺୠሻୟାୠDሺୟሻ

ଶ
 

 ൌ
DሺୟሻୠାୠDሺୟሻ

ଶ
൅

ୟDሺୠሻାDሺୠሻୟ

ଶ
 

 ൌ Dሺaሻ • b ൅ a • Dሺbሻ. 
 

Since ሚࣛ is commutative Banach algebra, it 
follows from Theorem 4.4 of (Thomas, 1988) that 
Dሺ ሚࣛሻ ك radሺ ሚࣛሻ ൌ Qሺ ሚࣛሻ. Since a୬ in ሚࣛ is 
equivalent to a୬ in ࣛ, Qሺ ሚࣛሻ ൌ Qሺࣛሻ and thus, 
Dሺࣛሻ ك Qሺࣛሻ. It means that D is spectrally 
bounded and by using the Theorem 2.2 Dሺࣛሻ ك
radሺࣛሻ is obtained. 
 
Definition 2.4. Let σ:ࣛ ՜ ࣛ be a linear mapping. 
A linear mapping d:ࣛ ՜ ࣛ is called a σ െ
derivation if dሺabሻ ൌ dሺaሻσሺbሻ ൅ σሺaሻdሺbሻ for all 
a, b א ࣛ (for more details see (Hosseini et al., 
2011; Hosseini et al., 2013; Hosseini et al., 2011; 
Mirzavaziri and Moslehian, 2007; Mirzavaziri and 
Moslehian, 2006; Mirzavaziri, 2008). 
 
Definition 2.5. (Derivation Generator) Suppose that 
D:ࣛ ՜ ࣛ is a map and ࣣ is a closed bi-ideal of ࣛ. 
A pair ሺD, ࣣሻ is called a derivation generator if 
ሼDሺabሻ െ Dሺaሻb െ aDሺbሻ		|		a, b א ࣛሽ ك ࣣ.  
 
Example 2.6. Suppose that D:ࣛ ՜ ࣛ is a map and 
σ:ࣛ ՜ ࣛ is an endomorphism. It is well-known 
that kerሺσሻ is a closed bi-ideal of ࣛ. ሺD, kerሺσሻሻ is 
a derivation generator, whenever σD:ࣛ ՜ ࣛ is a 
σ-derivation. Since σDሺabሻ ൌ σDሺaሻσሺbሻ ൅
σሺaሻσDሺbሻ, ሼDሺabሻ െ Dሺaሻb െ aDሺbሻ		|, b א ࣛሽ ك
kerሺσሻ ك kerሺσሻ. Thus, ሺD, kerሺσሻሻ is a derivation 
generator. 
 
Example 2.7. Set ी ൌ ࣛ ൈࣛ. Then ी is a Banach 
algebra by the following action and norm: ሺa, bሻ ڄ
ሺc, dሻ ൌ ሺac, bdሻ and צ ሺa, bሻ צൌצ a צ ൅צ b  for all צ
a, b, c א ࣛ. We define D:ी ՜ ी by Dሺሺa, bሻሻ ൌ
ሺ0, b ൅ c଴ሻ, where c଴ is a fixed element of ࣛ. 

Obviously, D is a non-linear mapping. Assume that 
ࣣ ൌ ሼሺ0, aሻ		|		a א ࣛሽ. One can easily show that ࣣ is 
a closed bi-ideal of ी. We have  
Dሺሺa, bሻ ڄ ሺc, dሻሻ െ ሺa, bሻ ڄ Dሺሺc, dሻሻ െ Dሺሺa, bሻሻሺc, dሻ 
ൌ ሺ0, bd ൅ c଴ሻ െ 
ሺ0, bd ൅ bc଴ሻ െ ሺ0, bd ൅ c଴dሻ 
ൌ ሺ0, c଴ െ bc଴ െ bd െ c଴dሻ א ࣣ. 
Therefore, ሺD, ࣣሻ is a derivation generator.  
 
Remark 2.8. If D is a linear mapping, then ሺD, ࣣሻ is 

a derivation generator if and only if d:ࣛ ՜
ࣛ

ࣣ
 

defined by dሺaሻ ൌ Dሺaሻ ൅ ࣣ is a derivation. Let ࣛ 
be a unital algebra with unit 1. Since d is a 
derivation, dሺ1ሻ ൌ ࣣ, thus Dሺ1ሻ א ࣣ.  
 
Proposition 2.9. Suppose that ሺD, ࣣሻ is a derivation 
generator such that D is a linear mapping. If ࣣ is a 
bounded set in ࣛ then D is a derivation.  
 
Proof: Since ࣣ is bounded, there exists a positive 
number m such that צ x ൑צ m for all x א ࣣ. Hence, 
צ Dሺabሻ െ Dሺaሻb െ aDሺbሻ ൑צ m for all a, b א ࣛ. 
Let ε be an arbitrary positive number. We have 

צ Dሺ
ଶ୫

க
abሻ െ Dሺ

ଶ୫

க
aሻb െ

ଶ୫

க
aDሺbሻ ൑צ m. It 

implies that צ Dሺabሻ െ aDሺbሻ െ Dሺaሻb ൑צ
க

ଶ
൏ ε. 

Since ε was arbitrary, Dሺabሻ െ Dሺaሻb െ aDሺbሻ ൌ 0 
for all a, b א ࣛ and consequently D is a derivation.  
 
Theorem 2.10. Suppose that ሺD, ࣣሻ is a derivation 
generator such that D is a linear mapping and ࣣ is 

invariant under D. Furthermore, assume that 
ࣛ

ࣣ
 is a 

commutative, semi-simple Banach algebra. Then 
Dሺࣛሻ ك ࣣ.  
 

Proof: We define d:
ࣛ

ࣣ
՜

ࣛ

ࣣ
 by dሺa ൅ ࣣሻ ൌ Dሺaሻ ൅

ࣣ. If a ൅ ࣣ ൌ b ൅ ࣣ then a െ b א ࣣ. Since Dሺࣣሻ ك ࣣ, 
Dሺa െ bሻ א ࣣ. Hence, Dሺaሻ ൅ ࣣ ൌ Dሺbሻ ൅ ࣣ and it 
implies that d is well-defined. Clearly, d is a linear 
mapping. For convenience, we denote a ൅ ࣣ by a෤. 
Since ሺD, ࣣሻ is a derivation generator, ሼDሺabሻ െ
aDሺbሻ െ Dሺaሻb		|		a, b א ࣛሽ ك ࣣ. Thus dሺa෤b෨ሻ െ
a෤dሺb෨ሻ െ dሺa෤ሻb෨ ൌ Dሺabሻ െ aDሺbሻ െ Dሺaሻb ൅ ࣣ ൌ ࣣ 

for all a෤, b෨ א
ࣛ

ࣣ
. So, d is a derivation. By Theorem 

4.4. (Thomas, 1988), dሺ
ࣛ

ࣣ
ሻ ك radሺ

ࣛ

ࣣ
ሻ. Since 

ࣛ

ࣣ
 is 

semi-simple, dሺ
ࣛ

ࣣ
ሻ ൌ ሼࣣሽ and so, Dሺaሻ ൅ ࣣ ൌ ࣣ for 

all a א ࣛ. It implies that Dሺࣛሻ ك ࣣ.  
We will denote the kernel of φ א Φࣛ by M஦. 

 
Corollary 2.11. Let ࣛ be a unital Banach algebra 
and D:ࣛ ՜ ࣛ be a continuous derivation. Then 
Dሺࣛሻ ك ⋂ Pౙሺࣛሻא࣪	 ࣪ ك ⋂ Mౙሺࣛሻאࣧ	 ࣧ ك
⋂ 	஦א஍ࣛ M஦, where Mୡሺࣛሻ, Pୡሺࣛሻ and Φࣛ are the 
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symbols which introduced in the introduction. In 
particular, If ⋂ Pౙሺࣛሻא࣪	 ࣪ ൌ ሼ0ሽ, then D ؠ 0. 
 
Proof: Assume that ࣪ א Pୡሺࣛሻ. According to 
Theorem 6.2.3 (Dales, 2003), Dሺ࣪ሻ ك ࣪. Since 
ሺD, ࣪ሻ is a derivation generator, Theorem 2.10 
implies that Dሺࣛሻ ك ࣪ and so, Dሺࣛሻ ك
⋂ Pౙሺࣛሻא࣪	 ࣪, since ࣪ was an arbitrary element of 
Pୡሺࣛሻ. We know that if ࣛ is unital then every 
(maximal) ideal of ࣛ is a (maximal) modular ideal 
(Murphy, 1990). Moreover, it follows from 
Proposition 1.4.34 (iii) (Dales, 2000) that each 
maximal modular ideal in ࣛ is primitive. Thus, 
Mୡሺࣛሻ ك Pୡሺࣛሻ and it results that ⋂ Pౙሺࣛሻא࣪	 ࣪ ك
⋂ Mౙሺࣛሻאࣧ	 ࣧ. According to Proposition 3.1.2 
(Dales, 2003) M஦ is a maximal ideal of ࣛ for every 
φ א Φࣛ. Since φሺabሻ ൌ φሺaሻφሺbሻ ൌ φሺbሻφሺaሻ ൌ
φሺbaሻ for all a, b א ࣛ, it means that ab െ ba א
M஦. Thus, ሺa ൅ M஦ሻሺb ൅ M஦ሻ ൌ ሺb ൅ M஦ሻሺa ൅

M஦ሻ, i.e. 
ࣛ

Mಞ
 is a commutative Banach algebra. 

Thus, ሼM஦		|		φ א Φࣛሽ ك Mୡሺࣛሻ. We have  
 
 ⋂ Pౙሺࣛሻא࣪	 ࣪ ك ⋂ Mౙሺࣛሻאࣧ	 ࣧ ك
⋂ 	஦א஍ࣛ M஦ 
 
and it causes that Dሺࣛሻ ك ⋂ Pౙሺࣛሻא࣪	 ࣪ ك
⋂ Mౙሺࣛሻאࣧ	 ࣧ ك ⋂ 	஦א஍ࣛ M஦.  
 
Definition 2.12. Let Ԅ:ࣛ ൈࣛ ՜ ࣲ, where ࣲ is a 
Banach space, be a bilinear map. We say that Ԅ 
preserves zero product if 		ab ൌ 0 then Ԅሺa, bሻ ൌ
0		for	all		a, b א ࣛ			ሺBଵሻ. 
 
Definition 2.13. A Banach algebra ࣛ has the 
property ሺ९ሻ if for every continuous bilinear map 
Ԅ:ࣛ ൈࣛ ՜ ࣲ, where ࣲ is an arbitrary Banach 
space, ሺBଵሻ implies that Ԅሺab, cሻ ൌ Ԅሺa, bcሻ for all 
a, b, c א ࣛ (for more details see (Alaminos, 2009).  
We say that a proper bi-ideal ࣣ is pre-prime if 
ab א ࣣ implies that a א ࣣ or b א ࣣ. It is clear that if 

ࣣ is a pre-prime ideal of ࣛ then 
A

ࣣ
 is a domain. 

Obviously, every pre-prime ideal is zero prime. 
According to Proposition 1.3.46 (i) (Dales, 2000), 
every prime ideal of a commutative algebra is zero 
prime. Moreover, if ࣛ is a domain then every ideal 
in ࣛ is a zero prime ideal. In fact, ࣛ is domain if 
and only if ࣣ ൌ ሼ0ሽ is a zero prime ideal. Set 
PPሺࣛሻ ൌ ሼࣣ ك ࣛ	 ׷ 		ࣣ		is		a		pre െ prime		idealሽ 
and 
ԽPሺࣛሻ ൌ ሼࣣ ك ࣛ	 ׷ 		ࣣ		is		a		zero		prime		idealሽ. 
Clearly, PPሺࣛሻ ك ԽPሺࣛሻ. So,  
 
 ⋂ ԽPሺࣛሻאࣣ	 ࣣ ك ⋂ PPሺࣛሻאࣣ	 ࣣ. 
 

Definition 2.14. A bilinear map Ԅ:ࣛ ൈࣛ ՜ ࣨ is 
called a left two variables derivation if Ԅሺab, cሻ ൌ
Ԅሺa, cሻb ൅ aԄሺb, cሻ for all a, b, c א ࣛ. Similarly, Ԅ 
is called a right two variables derivation whenever 
Ԅሺa, bcሻ ൌ Ԅሺa, bሻc ൅ bԄሺa, cሻ for all a, b, c א ࣛ. 
A bilinear map Ԅ:ࣛ ൈࣛ ՜ ࣨ is said to be a two 
variables derivation if it is a left as well as a right 
two variables derivation.  
 
Example 2.15. The bilinear map Ԅ:ࣛ ൈࣛ ՜ ࣛ 
which is defined by Ԅሺa, bሻ ൌ ሾa, bሿ ൌ ab െ ba is a 
two variables derivation.  
 
Remark 2.16. Suppose that ࣛ,ࣨ are unital and 
Ԅ:ࣛ ൈࣛ ՜ ࣨ is a left two variables derivation. 
We have Ԅሺ1, aሻ ൌ Ԅሺ1.1, aሻ ൌ 1Ԅሺ1, aሻ ൅
Ԅሺ1, aሻ1, so Ԅሺ1, aሻ ൌ 0. Similarly, if Ԅ is a right 
two variables derivation, then Ԅሺa, 1ሻ ൌ 0. Clearly, 
if Ԅሺab, cሻ ൌ Ԅሺa, bcሻ for all a, b, c א ࣛ then 
Ԅሺa, bሻ ൌ Ԅሺ1a, bሻ ൌ Ԅሺ1, abሻ ൌ 0 and it means 
that Ԅ is identically zero. 
 
Proposition 2.17. Suppose that ࣛ has an 
approximate identity and ࣣ is a closed zero prime 
ideal of ࣛ. If ࣛ has the property (९) then ሾa, bሿ א ࣣ 

for all a, b א ࣛ, i.e. 
ࣛ

ࣣ
 is commutative. In particular, 

if ⋂ ԽPሺࣛሻאࣣ	 ࣣ ൌ ሼ0ሽ then ࣛ is commutative.  

Proof: We define a bilinear map Ԅ:ࣛ ൈࣛ ՜
ࣛ

ࣣ
 by 

Ԅሺa, bሻ ൌ ሾa, bሿ ൅ ࣣ. Clearly, Ԅ preserves zero 
product, furthermore, it is a continuous two 
variables derivation. According to Remark 2.16, Ԅ 
is identically zero. Hence, ሾa, bሿ א ࣣ for all a, b א
ࣛ.  
 
Proposition 2.18. Suppose that ࣛ is a unital 
domain with the property (९). Then every 
continuous linear mapping T:ࣛ ՜ ࣛ is a 
centralizer, i.e. Tሺabሻ ൌ Tሺaሻb ൌ aTሺbሻ for all 
a, b א ࣛ. In particular, if Tሺ1ሻ ൌ 0 then T ؠ 0.  
 
Proof: We define a bilinear map Ԅ:ࣛ ൈࣛ ՜ ࣛ 
by Ԅሺa, bሻ ൌ Tሺaሻb (a, b א ࣛ) which is clearly 
continuous. If ab ൌ 0 then a ൌ 0 or b ൌ 0, since ࣛ 
is a domain. It implies that Ԅሺa, bሻ ൌ 0 and hence 
Ԅ preserves zero product. By the hypothesis, ࣛ has 
the property (९) and so, Ԅሺab, cሻ ൌ Ԅሺa, bcሻ for all 
a, b, c א ࣛ. If we put c ൌ 1, then Tሺabሻ1 ൌ Tሺaሻb. 
Using the same strategy, we can observe that 
Tሺabሻ ൌ aTሺbሻ which means that T is a centralizer. 
Obviously, if Tሺ1ሻ ൌ 0 then T ؠ 0.  
 
Theorem 2.19. Suppose that ࣛ is a unital Banach 
algebra with the property ሺ९ሻ. Let D:ࣛ ՜ ࣛ be a 
linear mapping and ࣣ be a closed zero prime ideal 
of ࣛ which is invariant under D. If Dሺ1ሻ	א ࣣ	and 
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there exists a positive number N such that צ Dሺaሻ ൅
ࣣ ൑צ N צ a ൅ ࣣ for all a צ א ࣛ then Dሺࣛሻ ك ࣣ.  
 

Proof: We define Ԅ:ࣛ ൈࣛ ՜
ࣛ

ࣣ
 by Ԅሺa, bሻ ൌ

Dሺaሻb ൅ ࣣ ሺa, b א ࣛሻ. Obviously, Ԅ is a 
continuous bilinear map. Assume that ab = 0 then 
a א ࣣ or b א ࣣ. If a א ࣣ, then Dሺaሻ א ࣣ, since ࣣ is 
invariant under D. Hence, Ԅሺa, bሻ ൌ Dሺaሻb ൅ ࣣ ൌ ࣣ 
and if b א ࣣ then Ԅሺa, bሻ ൌ Dሺaሻb ൅ ࣣ ൌ ࣣ. So, Ԅ 
preserves zero product. Since ࣛ has the property 
ሺ९ሻ, Ԅሺab, cሻ ൌ Ԅሺa, bcሻ for all a, b, c א ࣛ. Hence, 
Ԅሺa, 1ሻ ൌ Ԅሺ1a, 1ሻ ൌ Ԅሺ1, aሻ. It implies that 
Dሺaሻ ൅ ࣣ ൌ ࣣ for all a א ࣛ. It means that Dሺaሻ א ࣣ 
and so, Dሺࣛሻ ك ࣣ.  
 
Corollary 2.20. Suppose that ࣛ is a unital domain 
with the property ሺ९ሻ. If D:ࣛ ՜ ࣛ is a continuous 
derivation then D is identically zero.  
 
Proof: Set ࣣ ൌ ሼ0ሽ. Then ࣣ is a closed zero prime 
ideal. Previous theorem gives the result. Moreover, 
we can obtain this result by using Proposition 2.18.  
 
Theorem 2.21. Let ࣨ be a unital Banach ࣛ-
bimodule, where ࣛ has the property (९) and let 
D:ࣛ ՜ ࣨ be a linear mapping for which צ
Dሺabሻ െ Dሺaሻb െ aDሺbሻ ൑צ m צ a צצ b  for some צ
positive number m. If ab = 0 implies that Dሺaሻb ൅
aDሺbሻ ൌ 0 then D is a derivation if and only if 
Dሺ1ሻ ൌ 0.  
 
Proof: Let D be a derivation. It is routine to show 
that Dሺ1ሻ ൌ 0. Conversely, assume that Dሺ1ሻ ൌ 0. 
We define Ԅ:ࣛ ൈࣛ ՜ ࣨ by Ԅሺa, bሻ ൌ Dሺabሻ െ
Dሺaሻb െ aDሺbሻ (a, b א ࣛ). Obviously, Ԅ is a 
continuous bilinear map. If ab ൌ 0, then it follows 
from the hypothesis that Ԅሺa, bሻ ൌ Dሺabሻ െ
aDሺbሻ െ Dሺaሻb ൌ 0, i.e. Ԅ preserves zero product. 
Since ࣛ has the property (९), Ԅሺab, cሻ ൌ Ԅሺa, bcሻ 
for all a, b, c א ࣛ. Hence, Ԅሺa, bሻ ൌ Ԅሺ1a, bሻ ൌ
Ԅሺ1, abሻ ൌ Dሺabሻ െ Dሺ1ሻab െ 1Dሺabሻ ൌ 0 for all 
a, b א ࣛ as a consequence Dሺabሻ ൌ Dሺaሻb ൅
aDሺbሻ. So, D is a derivation.  
We present an example about an algebra which is a 
domain with the property ሺ९ሻ. Suppose that ࣛ has 
the property ሺ९ሻ and ࣣ א PPሺࣛሻ. By [(Alaminos, 

2009), Proposition 2.4] 
ࣛ

ࣣ
 has the property ሺ९ሻ. It is 

easy to see that 
ࣛ

ࣣ
 is also a domain. 
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