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Abstract

In this paper we introduce entire sequence spaces defined by a sequence of modulus functions F = (f;,). We study
some topological properties of these spaces and prove some inclusion relations.

Keywords: Modulus function; solid; monotone; entire sequences; paranormed space

1. Introduction

A modulus function is a function f :[0,00) —
[0, o0) such that
(1) f(x) = oifandonly if x = 0,
@ flx+y) <fx)+ fO)fordlx =0,y =0,
(3) f isincreasing,
(4) f iscontinuous from right at 0.

It follows that f must be continuous everywhere
on [0, o). The modulus function may be bounded

or unbounded. For example, if wetake f(x) = ﬁ
then f(x) is bounded. If f(x) = xP,0<p <1,
then the modulus function f(x) is unbounded.
Subsequently, modulus function has been discussed
in [Altin and Et, (2005); Altinok et. a (2008); Altin
(2006); Altin et. al (2006); Malkowsky and Savas
(2000); Rg and Sharma (2011); Raj and Sharma
(2011)].

Let X be a linear metric space. A function
p: X — R iscalled paranorm, if
(1) p(x) = 0,fordl x €X,

2 p(—x) = p(x),fordl x € X,

P px+y) < p(x) +py) fordlxy € X,

(4) if (1,,) isasequence of scalarswith A, — Aas
n — o and (x,) is a sequence of vectors with
p(x, —x) » 0 asn — oo, then p(1,,x,, —Ax) - 0
asn — oo,

A paranorm p for which p(x) = 0 impliesx =0
is caled total paranorm and the pair (X, p) iscaled
atotal paranormed space. It is well known that the
metric of any linear metric space is given by some
total paranorm (see Wilansky (1984), Theorem
10.4.2, p-183).
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Mursaleen and Noman (2011) introduced the
notion of A-convergent and A-bounded sequences as
follows:

Let 1 = (Ax)x=, beastrictly increasing sequence
of positive real numbers tending to infinity, i.e.
0< A< Ay <--and}, »oas k> oo,

We say that a sequence x = (x;) Ew is A-
convergent to the number L, called the A-limit of x,
if App(x) » Lasm — oo, where

m
1
Ap(x) = A_Z(Ak = Ak—1)Xg.
™ k=1

The sequence x = (x;) Ew is A-bounded if
SUpm|An(x)] < oo, It is well known that if
lim,, x,, = a inthe ordinary sense, then

1 m
lim <ﬂ (;(Ak — Ae—D)|xp — a|>> —o.

Thisimplies that
1 m
limlAn () = al = lim|— > (h = Ae-)Cs = @) = 0
™ k=1

which yields that lim,, A,, (x) =a and hence
x = (x;) Ew is A-convergent to a. For more
detailed study of these sequence spaces, see
Mursaleen, M., Noman, A.K. (2012), Mursaleen,
M., Noman, A.K. (2012) and Mursaeen, M.,
Karakaya, V., Polat, H., Simsek, N. (2011).

The space consisting of all those sequences x in

1
w such that f; (@) — 0 ask — oo for some

arbitrary fixed p > 0 is denoted by I+ and is known
as a gspace of entire sequences defined by a
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sequence of modulus functions. The space I is a
metric space with the metric

1
! - k
Ay = supefe | 2

For al x=(x) and y=(y) in I} (see
[Subramanian and Misra (2010)]).

A sequence space E is said to be solid or normal
if (apx;) € E whenever (x;,) €E and for all
sequences of scalars (a) with |ai| <1 (see
[Kamthan and Gupta (1981)]).

Let F = (fi) be a sequence of modulus functions
and X be locally convex Hausdorff topological
linear space whose topology is determined by a set
of continuous seminormsq. The symbol T'(X)
denotes the space of all entire sequences defined
over X. If p = (p,) be a bounded sequence of
positive real numbers, then we define the following
sequence spaces.

Pk
r(Ap,q) = {x eI (X): i Yk=1 [fk <q <7(k!IA;;(x)|)k>>] -

0Oasn — oo, for somep > 0;.

For p, = 1 for each k, we get

1
kA, 13
o2t

0Oasn — oo, for some p > 0.

Te(A, q) = {x € F(X):%

The following inequality will be used throughout
the paper. Let p = (py) be a sequence of positive
real numbers with 0 < p, <supp, =G, K =
max(1, 2¢71) then

lax + by|P* < K {|ay|Pk + |by|Pk} D

For al k and agb, € C. Also |ai|P* <
max(1, |a|%) foral a € C.

We examine some topological properties of our
newly defined sequence spaces and prove inclusion
relation between the spaces (A, p,q) and T:(A,

q).

2. Some properties of the spaces I'+(A, p,q) and
I:(A, q)

Theorem 2.1. Let F= (f;) be a sequence of
modulus functions and p = (p,) be a bounded
sequence of positive real numbers. Then the space
Ir(A,p,q) is a linear over the field of complex
numbers C.

Proof: Let x = (xx), y = (vi) € Ir(A,p,q) and
a,B € C. In order to prove the result, we need to
find some p; > 0 such that

1
1 Kk!|A 13
Lyn, [fk <q (MD
3

Since x = (x),y = (k) € T:(Ap,q), there
exist some positive real numbers p; and p, such
that

123

—>0asn— . ()]

r 1Pk
% | fe <q <(k!|A;(x)|)k>> > 0asn > . (3)
and

r . 1Pk
vl <q (M)) S0asn -, 4

Since F = (f;) isanon-decreasing function, q is
aseminorm, then

P
1
Ly, lf" <q <(k-|Ak(‘1;‘3+ ﬁy>|>k>>} <
1 1 1 1 pk
%ZQ:l [fk <q <|ali(kll’/:k(x)|)z+ |5|E(k!|p/:k(3’)|)z>>]
S0 that
1 Pr
1 (k! Ag(ax+ BY)DE
S " o
P3
1 1 Pk
1 (KA (DR (k! AR)DE
;Z’ﬁ:l[fk <q <|a| ACODE  [BLGIA) ))] _
P3 P3

1 . 1 1
Teke ps > 0 such that — = min {——, ——} and
by using inequality (1), we get

i)
n 7c'=1[fk<q<(kvmz(x>|>% (k'IAk(y)D% >]
%ZH&( (k'|Ak(x)|) )]
fk<q M))} }
[ ( (k'|1\k(x)|) >>

1 N Pk
=" kz Kl Z [f <q<(k' AL >>]
P2

- 0asn - o [byusing (3)and (4)].

123

<

+

+

:
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Hence : Pk
e A A

n i Pk P1

Zl ((k! lah (x) + ﬁAk(y)DE)
fil q - 0asn }
—~ pP3 p1>0meN;A
— 00,

This proves that [ (A, p, q) is alinear space. This
completes the proof of the theorem.

Theorem 2.2. Let F= (f;,) be a sequence of
modulus functions and p = (p,) be a bounded
sequence of positive real numbers. Tr(A,p,q) is a
paranormed space with paranorm defined by

Dk
1
glx) = il’lf{PpHm P SUPk» [fk (q <(k!|A’;(X)|)k>>} sLp>

0, m € N}, where H = max(1, supy py)-

Proof: Clearly g(x) =0, g(x) = g(—x) and
g(6) = 0, where 6 is the zero sequence of X. Let
(), ) € Te(A,p,q). Let py,p, >0 be such
that

Pk
k!'|A k
SUPgz1 | fr ‘I(—( | ;fX)D ) <1

and

KAL)
Supys1 | fi q(%) <1

Let p = p; + p,. Then by using Minkowski’s
inequality, we have

10\ TPk
( ((k!mk(xw)nk)ﬂ
fo o| R
X k! |A
< (,01:)' Pz) SUPk>1 [fk( ( l k(X)D )}

P1 (k' |Ak(J’)|)
+ (P1 n p2> SUPj=1 [fk( )

Hence

SUDk=1

pm
glx+y) < inf{(pl + p)H

N Pk
, (k! [ A, GO
s supies (el (=

<1, p,p2>0meEN

1O\ Pk
Pm k!'|A 3
+ inf{( P2)H i SUPkay [fk <q (%))] <1 p;

>0;meN,.

Thus we have g(x +y) < g(x) + g(y). Hence
g satisfiesthe triangle inequality

1 Pk
9(ux) = inf{(p)me: SUPjz1 [fk (q <M) } <1, p>0me N]

N Pk
= inf{(rlul)’% t SUDgsq [fk (q (M))} <1, r>0me N}.

where r = I%l' HenceT:(A,p,q) is a paranormed

space. This completes the proof of the theorem.

Theorem 2.3. Let F' = (f;)) and F' = (f;’) be
two sequences of modulus functions. Then

FF'(A,p,q)ﬂFp”(A.p.q) C Tpypr (A D, ).

Proof: Let x = (x;) € Tw(Ap, @) NI (A p, q).
Then there exist p, and p, such that

1 Dk
;:zl[fk’(q (—“‘"“;;m”"))] ~0asn—>o  (5)

and

1 Pk
- |ifk” <q <(k'|AZ(y)|)k>>:| - 0asn — oo, (6)

Since p > 0 such that — = min (— —) Then we

P1 P2
have

Pk
1
1 ’ " (k!|Ak () DE
I Yk=1 [fk + fe <Q< l:)x >>] =
Pk
(k”Ak(")D%
fila <7p )
1
(k! ()I)%
" KA,
k=1 |/« Q<;—x)
2

- 0asn - o[ byusing (5)and (6)].

Pk
e + £ ( (7(1( I (x)1) ))] —-0asn - o,

K|~ 3n, +

Pk

K |X
n

Then

]

3|?—‘
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Therefore  x = (x) € Ty (A,p,q). This
completes the proof of the theorem.

Theorem 2.4. Let 0 < p, < 7, and let {;—i} be
bounded. ThenT:(A,1,q) < TR(A, p, Q).

Proof: Let x = (x;) € I:(A,1,q). Then

T
k=1 |:fk <q (M)) —0asn — o, (7

dk

[ 1
1 (KA (x)DE
Let te = - Xi=1|fx Q(kT) and

== S < 7, < <
A f" Since p, < 1, we have 0 < A, <
k

1.Take0 < A < 4. Define

_ {tk,iftk21
Y= 0,if t, < 1

and

~ {O,iftkzl
Vie ™ Wt if te < 1

te = U+ U tF = ulk 4+ vk It foIIows that

A A A
wkr < w < ty, v <v}. Since t = u+

Ak Ak _ Ak
v, thent,* = t, + v,

1 k! |Ag (x %
2 ‘.k <( | k( )l) )
1 k' Ay (x
< _n Z fk < | k( )l) )

Tk

k=1
1\ in@DE) ) |
=2 | < p ))
k=1
1% kU|A % ‘
S;Z il |k(x)|)
k=1

<(k' A D
<(k' A D ))
But

% Xi=1 |:fk (q (M))} - 0asn— o (by (7).

:%Zn: fr
<1 p

)]
)

Tk

=
1l
=

Pk

1% k!|A %
;Z fx CI<7( | ;(X)D> - 0asn — oo,

Hence x = (x;) € Tx(A, p,q). From (7), we get
Ir(A,1,q) © T(A p,q). This completes the proof
of the theorem.

Theorem 2.5. (i) Let 0 < infp, < p, < 1. Then
Te(Ap,q) < k(A ),

(i) Let 1 < p, < suppg < . Then I(A, q) ©
FF(A'p' q)

Proof: (i) Letx = (x;,) € Tx(A,p,q). Then

2y, [fk (q <w>>

Since0 < infp, < p, <1,

)
( <k..Akm.)k>>]  vasno o ©

From (8) and (9), it follows that x = (x;) €
Ir(A, q). ThusTe(A,p,q) < Tr(A Q).
(ii) Let p, = 1 for each k and supp, < oo and let
x = (%) € I+(A, q). Then

i Yk=1 [fk (q <(k!|’\’;(x)|)k>>

Sincel < p, < supp, < oo, we have

s

Thus
1 Z o (wmen\
n k| q P :

This implies that x = (x;) € (A p, Q).
Therefore Tr(A,q) © (A, p,q). This completes
the proof of the theorem.

Pk
Theorem 26. Suppose - 7., [fk (q <W>>} <

P
- 0asn — oo. (8)

Zkl

—>0asn— o, (20)

p

|xk|%, thenT c T:(A p, Q).
Proof: Let x = (x;) € T. Thenwe have,

1
|xk|x = 0as k — oo. 1D
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. Pk
" 1
(k!mk(x)nk) < 1nh by

1yn
But = Xje=1 [ fx Q( o

our assumption it implies that

Pr

lz fil g M -0asn

- oo, [by (11)]
Thenx = (x;) € I+(A,p,q) andT < Tx(A p, Q).

Theorem 2.7. T:(A,p,q) issolid.

Proof: Let [xi | <|yx| ad let y=(y) €
Ir(A,p,q), because F = (f;,) isnon-decreasing

Dk
n

1 (k! A )DF
k|l 4d —p

n
k=1

Pk

1% (k! A )DF
< z kzllfk Q<T

Sincey = (yx) € Ir(Ap,q),

123

1
1 Z (k! [A D
— fil g ———— —-0asn
n p
k=1
— 00
and so that
Pk
1% (el 1A (O D
—Z fil g — e - 0asn
n p
k=1
— 00,

Therefore x = (x) € (A, p, Q).
Theorem 2.8. T:(A, p, q) is monotone.

Proof: Itistrivial soweomit it.
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