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Abstract 

In this paper we introduce entire sequence spaces defined by a sequence of modulus functions ԋ ൌ ሺ ௞݂ሻ. We study 
some topological properties of these spaces and prove some inclusion relations. 
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1. Introduction 

A modulus function is a function ݂ ׷ ሾ0,∞ሻ ՜
	ሾ0,∞ሻ such that  
(1) ݂ሺݔሻ ൌ 	0 if and only if ݔ ൌ 0, 
(2) ݂ሺݔ ൅ ሻݕ 		൑ ݂ሺݔሻ ൅ 	݂ሺݕሻfor all ݔ	 ൒ 0, 	ݕ ൒ 0, 
(3) ݂ is increasing, 
(4) ݂ is continuous from right at 0. 

It follows that ݂ must be continuous everywhere 
on ሾ0,∞ሻ. The modulus function may be bounded 
or unbounded. For example, if we take ݂ሺݔሻ ൌ 	

௫

௫ାଵ
, 

then ݂ሺݔሻ is bounded. If ݂ሺݔሻ ൌ ,௣ݔ	 0 ൏ ݌ ൏ 1, 
then the modulus function ݂ሺݔሻ is unbounded. 
Subsequently, modulus function has been discussed 
in [Altin and Et, (2005); Altinok et. al (2008); Altin 
(2006); Altin et. al (2006); Malkowsky and Savas 
(2000); Raj and Sharma (2011); Raj and Sharma 
(2011)]. 

Let ܺ be a linear metric space. A function 
	ܺ	:݌ ՜ Թ	 is called paranorm, if 
ሻݔሺ݌	 (1) 	൒ 	0, for all ݔ	 א ܺ, 
ሻݔሺെ݌	 (2) 	ൌ ݔ ሻ, for allݔሺ݌	 א 	ܺ, 
ݔሺ݌ (3) ൅ ሻݕ 	൑ ሻݔሺ݌	 ൅ ,ݔ ሻ, for allݕሺ݌ 	ݕ א 	ܺ, 
(4) if (ߣ௡) is a sequence of scalars with ߣ௡ 		՜  as ߣ	
݊	 ՜ ∞ and ሺݔ௡ሻ is a sequence of vectors with 
௡ݔሺ݌ െ ሻݔ ՜ 0 as ݊ ՜ ∞, then ݌ሺߣ௡ݔ௡ െ ሻݔߣ ՜ 0 
as ݊ ՜ ∞. 

A paranorm ݌ for which ݌ሺݔሻ ൌ 0 implies ݔ ൌ 0 
is called total paranorm and the pair ሺܺ,  ሻ is called݌
a total paranormed space. It is well known that the 
metric of any linear metric space is given by some 
total paranorm (see Wilansky (1984), Theorem 
10.4.2, p-183).  
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Mursaleen and Noman (2011) introduced the 
notion of ߣ-convergent and ߣ-bounded sequences as 
follows: 

Let ߣ ൌ 	 ሺߣ௞ሻ௞ୀଵ
ஶ  be a strictly increasing sequence 

of positive real numbers tending to infinity, i.e. 
0 ൏ ଴ߣ	 ൏ ଵߣ	 ൏ ௞ߣ and ڮ 	՜ ∞ as 	݇ ՜ 	∞.  

We say that a sequence ݔ ൌ ሺݔ௞ሻ א -ߣ is ݓ
convergent to the number ܮ, called the ߣ-limit of ݔ, 
if Λ௠ሺݔሻ ՜ 	݉ as	ܮ ՜ ∞, where 
 

Λ௠ሺݔሻ ൌ 	
1
௠ߣ

෍ሺߣ௞ െ	ߣ௞ିଵሻݔ௞.

௠

௞ୀଵ

 

 
The sequence ݔ ൌ ሺݔ௞ሻ א  bounded if-ߣ is ݓ

|ሻݔ௠|Λ௠ሺ݌ݑݏ ൏ 	∞. It is well known that if 
lim௠ ௠ݔ ൌ ܽ in the ordinary sense, then 
 

lim
௠
ቌ
1
௠ߣ

൭෍ሺߣ௞ െ	ߣ௞ିଵሻ|ݔ௞ െ 	ܽ|

௠

௞ୀଵ

൱ቍ ൌ 0. 

 
This implies that 
 

lim
௠
|Λ୫ሺݔሻ െ 	ܽ| ൌ 	 lim

௠
|
1
௠ߣ

	෍ሺߣ௞ െ	ߣ௞ିଵሻሺݔ௞ െ 	ܽ

௠

௞ୀଵ

ሻ| ൌ 	0 

 
which yields that lim௠ Λ௠	ሺݔሻ ൌ ܽ and hence 
ݔ ൌ ሺݔ௞ሻ א  convergent to ܽ. For more-ߣ is ݓ
detailed study of these sequence spaces, see 
Mursaleen, M., Noman, A.K. (2012), Mursaleen, 
M., Noman, A.K. (2012) and Mursaleen, M., 
Karakaya, V., Polat, H., Simsek, N. (2011). 

The space consisting of all those sequences ݔ in 

such that ௞݂ ݓ 	ቆ
ሺ௞!|௫ೖ|ሻ

భ
ೖ

ఘ
ቇ 	՜ 0 as ݇	 ՜ ∞ for some 

arbitrary fixed ߩ ൐ 0 is denoted by Γԋ and is known 
as a space of entire sequences defined by a 
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sequence of modulus functions. The space Γԋ is a 
metric space with the metric 
 

݀ሺݔ, ሻݕ ൌ 	 ௞݌ݑݏ ௞݂ 	ቌ
ሺ݇! 	௞ݔ| െ	ݕ௞|ሻ

భ
ೖ

ߩ
ቍ 

 
For all ݔ ൌ ሺݔ௞ሻ and ݕ ൌ ሺݕ௞ሻ in Γԋ (see 

[Subramanian and Misra (2010)]). 
A sequence space ܧ is said to be solid or normal 

if ሺߙ௞ݔ௞ሻ א	 ௞ሻݔwhenever ሺ ܧ א  and for all ܧ
sequences of scalars ሺߙ௞ሻ with |ߙ௞| ൑ 1 (see 
[Kamthan and Gupta (1981)]). 

Let ԋ ൌ ሺf୩ሻ be a sequence of modulus functions 
and ܺ be locally convex Hausdorff topological 
linear space whose topology is determined by a set 
of continuous seminorms	ݍ. The symbol Γሺܺሻ 
denotes the space of all entire sequences defined 
over	ܺ. If ݌ ൌ ሺ݌௞ሻ be a bounded sequence of 
positive real numbers, then we define the following 
sequence spaces: 
 

ΓԋሺΛ, ,݌ ሻݍ ൌ 	ቐݔ	߳	Γሺܺሻ:	
ଵ

௡
	∑ ቎ ௞݂ ቌݍ ቆ

ሺ௞!|ஃೖሺ௫ሻ|ሻ
భ
ೖ

ఘ
ቇቍ቏

௣ೖ

௡
௞ୀଵ 	՜

݊	ݏܽ	0 ՜ ∞, ߩ	݁݉݋ݏ	ݎ݋݂ ൐ 0ቑ. 

 
For ݌௞ ൌ 	1 for each k, we get 

 

ΓԋሺΛ, ሻݍ ൌ 	 ൝ݔ	߳	Γሺܺሻ:	
ଵ

௡
	∑ ௞݂ ൭ݍ ቆ

ሺ௞!|ஃೖሺ௫ሻ|ሻ
భ
ೖ

ఘ
ቇ൱௡

௞ୀଵ 	՜

݊	ݏܽ	0 ՜ ∞, ߩ	݁݉݋ݏ	ݎ݋݂ ൐ 0ൡ. 

 
The following inequality will be used throughout 

the paper. Let ݌ ൌ ሺ݌௞ሻ be a sequence of positive 
real numbers with 0	 ൑ ௞݌	 ൑ sup݌௞ ൌ ܭ			,ܩ ൌ
maxሺ1,			2ீିଵሻ then 
 
|ܽ௞ ൅	ܾ௞|௣ೖ ൑ ሼ|ܽ௞|௣ೖ	ܭ ൅ |ܾ௞|௣ೖሽ														         (1) 
 
For all ݇ and ܽ௞, ܾ௞ א	 	ԧ. Also |ܽ௞|௣ೖ 	൑
maxሺ1, |ܽ|ீሻ for all ܽ א ԧ. 

We examine some topological properties of our 
newly defined sequence spaces and prove inclusion 
relation between the spaces ΓԋሺΛ, ,݌ ,ሻ and ΓԋሺΛݍ
 .ሻݍ

2. Some properties of the spaces ડԋሺ઩, ,࢖  ሻ andࢗ
ડԋሺ઩,  ሻࢗ

Theorem 2.1. Let ԋ ൌ 	 ሺ ௞݂ሻ be a sequence of 
modulus functions and ݌ ൌ 	 ሺ݌௞ሻ be a bounded 
sequence of positive real numbers. Then the space 
ΓԋሺΛ, ,݌   is a linear over the field of complex	ሻݍ
numbers	ԧ. 
 

Proof: Let ݔ ൌ 	 ሺݔ௞ሻ, ݕ ൌ 	 ሺݕ௞ሻ א	 	 ΓԋሺΛ, ,݌  ሻ andݍ
,ߙ 	ߚ א ԧ. In order to prove the result, we need to 
find some ߩଷ ൐ 0 such that 
 

ଵ

௡
	∑ ቎ ௞݂ ቌݍ ቆ

ሺ௞!|ஃೖሺఈ௫ାఉ௬ሻ|ሻ
భ
ೖ

ఘయ
ቇቍ቏

௣ೖ

௡
௞ୀଵ 	՜ ݊	ݏܽ	0 ՜ ∞.	         (2) 

 
Since ݔ ൌ 	 ሺݔ௞ሻ, ݕ ൌ 	 ሺݕ௞ሻ א	 	 ΓԋሺΛ, ,݌   there	ሻ,ݍ

exist some positive real numbers ߩଵ and ߩଶ such 
that 
 

ଵ

௡
	∑ ቎ ௞݂ ቌݍ ቆ

ሺ௞!|ஃೖሺ௫ሻ|ሻ
భ
ೖ

ఘభ
ቇቍ቏

௣ೖ

௡
௞ୀଵ 	՜ ݊	ݏܽ	0 ՜ ∞.				             (3) 

 
and 
 

ଵ

௡
	∑ ቎ ௞݂ ቌݍ ቆ

ሺ௞!|ஃೖሺ௬ሻ|ሻ
భ
ೖ

ఘమ
ቇቍ቏

௣ೖ

௡
௞ୀଵ 	՜ ݊	ݏܽ	0 ՜ ∞.		              (4) 

 
Since ԋ ൌ 	 ሺ ௞݂ሻ is a non-decreasing function, ݍ is 

a seminorm, then 
 

ଵ

௡
	∑ ቎ ௞݂ ቌݍ ቆ

ሺ௞!|ஃೖሺఈ௫ା	ఉ௬ሻ|ሻ
భ
ೖ

ఘయ
ቇቍ቏

௣ೖ

	൑௡
௞ୀଵ

	
ଵ

௡
	∑ ቎ ௞݂ ቌݍ ቆ

|ఈ|
భ
ೖሺ௞!|ஃೖሺ௫ሻ|ሻ

భ
ೖ

ఘయ
൅	

|ఉ|
భ
ೖሺ௞!|ஃೖሺ௬ሻ|ሻ

భ
ೖ

ఘయ
ቇቍ቏

௣ೖ

௡
௞ୀଵ   

 
so that 
 

ଵ

௡
	∑ ൥ ௞݂ ൭ݍ ቆ

ሺ௞!|ஃೖሺఈ௫ା	ఉ௬ሻ|ሻ
భ
ೖ

ఘయ
ቇ൱൩

௣ೖ

	൑௡
௞ୀଵ

	
ଵ

௡
	∑ ൥ ௞݂ ൭ݍ ቆ

|ఈ|ሺ௞!|ஃೖሺ௫ሻ|ሻ
భ
ೖ

ఘయ
൅	

|ఉ|ሺ௞!|ஃೖሺ௬ሻ|ሻ
భ
ೖ

ఘయ
ቇ൱൩

௣ೖ
௡
௞ୀଵ . 

 

Take ߩଷ ൐ 0 such that 
ଵ

ఘయ
ൌ min ቄ

ଵ

|ఈ|ఘభ
,

ଵ

|ఉ|ఘమ
ቅ and 

by using inequality (1), we get 
 

ଵ

௡
	∑ ቎ ௞݂ ቌݍ ቆ

ሺ௞!|ஃೖሺఈ௫ାఉ௬ሻ|ሻ
భ
ೖ

ఘయ
ቇቍ቏

௣ೖ

௡
௞ୀଵ ൑

		
ଵ

௡
	∑ ቎ ௞݂ ቌݍ ቆ

ሺ௞!|ஃೖሺ௫ሻ|ሻ
భ
ೖ

ఘభ
൅ 	

ሺ௞!|ஃೖሺ௬ሻ|ሻ
భ
ೖ

ఘమ
ቇቍ቏

௣ೖ

௡
௞ୀଵ 	  

൑		
1
݊
	෍቎቎ ௞݂ ቌݍ ൭

ሺ݇! |Λ௞ሺݔሻ|ሻ
భ
ೖ

ଵߩ
൱ቍ቏

௣ೖ௡

௞ୀଵ

൅	቎ ௞݂ ቌݍ ൭
ሺ݇! |Λ௞ሺݕሻ|ሻ

భ
ೖ

ଶߩ
൱ቍ቏

௣ೖ

቏

൑ ܭ
1
݊
	෍

቎ ௞݂ ቌݍ ൭
ሺ݇! |Λ௞ሺݔሻ|ሻ

భ
ೖ

ଵߩ
൱ቍ቏

௣ೖ

൅	

ܭ
1
݊
	෍቎ ௞݂ ቌݍ ൭

ሺ݇! |Λ௞ሺݕሻ|ሻ
భ
ೖ

ଶߩ
൱ቍ቏

௣ೖ௡

௞ୀଵ

՜ 	݊	ݏܽ	0 ՜ 	∞		ሾ	ܾݕ	݃݊݅ݏݑ	ሺ3ሻܽ݊݀	ሺ4ሻሿ.

௡

௞ୀଵ
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Hence 
 

	෍ ൦ ௞݂ ൮ݍ ቌ
ሺ݇! ሻݔΛ௞ሺߙ| ൅ ሻ|ሻݕΛ௞ሺߚ	

భ
ೖ

ଷߩ
ቍ൲൪

௣ೖ
௡

௞ୀଵ

՜ 	݊	ݏܽ	0

՜ ∞. 
 

This proves that ΓԋሺΛ, ,݌  ሻ is a linear space. Thisݍ
completes the proof of the theorem. 
 
Theorem 2.2. Let ԋ ൌ 	 ሺ ௞݂ሻ be a sequence of 
modulus functions and ݌ ൌ 	 ሺ݌௞ሻ be a bounded 
sequence of positive real numbers. ΓԋሺΛ, ,݌  ሻ is aݍ
paranormed space with paranorm defined by  
 

݃ሺݔሻ ൌ inf ቐߩ
೛೘
ಹ ׷ 	 ௞ஹଵ݌ݑݏ 	቎ ௞݂ ቌݍ ቆ

ሺ௞!|ஃೖሺ௫ሻ|ሻ
భ
ೖ

ఘ
ቇቍ቏

௣ೖ

൑ 1, ߩ ൐

0, ݉ א Գቑ ܪ	݁ݎ݄݁ݓ, ൌ maxሺ1,   .௞ሻ݌	௞݌ݑݏ

 
Proof: Clearly ݃ሺݔሻ 	൒ 0, ݃ሺݔሻ ൌ 	݃ሺെݔሻ and 
݃ሺߠሻ ൌ 	0, where ߠ is the zero sequence of ܺ. Let 
ሺݔ௞ሻ, ሺݕ௞ሻ א	 	 ΓԋሺΛ, ,݌ ,ଵߩ ሻ. Letݍ ଶߩ ൐ 0 be such 
that 
 

௞ஹଵ݌ݑݏ ൦ ௞݂ ൮ݍ ቌ
ሺ݇! |Λ௞ሺݔሻ|ሻ

భ
ೖ

ଵߩ
ቍ൲൪

௣ೖ

൑ 1	 

 
and 
 

௞ஹଵ݌ݑݏ ൦ ௞݂ ൮ݍ ቌ
ሺ݇! |Λ௞ሺݕሻ|ሻ

భ
ೖ

ଶߩ
ቍ൲൪

௣ೖ

൑ 1.	 

 
Let ߩ ൌ ଵߩ	 ൅	ߩଶ. Then by using Minkowski’s 

inequality, we have 
 

௞ஹଵ݌ݑݏ 	቎ ௞݂ ቌݍ ൭
ሺ݇! |Λ௞ሺݔ ൅ ሻ|ሻݕ

భ
ೖ

ߩ
൱ቍ቏

௣ೖ

൑ 	 ൬
ଵߩ

ଵߩ ൅	ߩଶ
൰	݌ݑݏ௞ஹଵ ቎ ௞݂ ቌݍ ൭

ሺ݇! |Λ௞ሺݔሻ|ሻ
భ
ೖ

ଵߩ
൱ቍ቏

௣ೖ

൅	൬
ଵߩ

ଵߩ ൅	ߩଶ
൰	݌ݑݏ௞ஹଵ ቎ ௞݂ ቌݍ ൭

ሺ݇! |Λ௞ሺݕሻ|ሻ
భ
ೖ

ଶߩ
൱ቍ቏

௣ೖ

൑ 1. 

 
Hence  
 

݃ሺݔ ൅ ሻݕ ൑ 	 inf ቐሺߩଵ ൅	ߩଶሻ
೛೘
ಹ

׷ 	 ௞ஹଵ݌ݑݏ 	቎ ௞݂ ቌݍ ൭
ሺ݇! |Λ௞ሺݔሻ|ሻ

భ
ೖ

ଵߩ ൅	ߩଶ
൱ቍ቏

௣ೖ

൑ 1, ,ଵߩ ଶߩ ൐ 0;݉ א Գቑ 

൑	 inf ቐሺߩଵሻ
೛೘
ಹ ׷ 	 ௞ஹଵ݌ݑݏ 	቎ ௞݂ ቌݍ ൭

ሺ݇! |Λ௞ሺݔሻ|ሻ
భ
ೖ

ଵߩ
൱ቍ቏

௣ೖ

൑ 1,

ଵߩ ൐ 0;݉ א Գቑߣ	 

൅	inf ቐሺ	ߩଶሻ
೛೘
ಹ ׷ 	 ௞ஹଵ݌ݑݏ 	቎ ௞݂ ቌݍ ൭

ሺ݇! |Λ௞ሺݕሻ|ሻ
భ
ೖ

ଶߩ	
൱ቍ቏

௣ೖ

൑ ଶߩ			,1

൐ 0;݉ א Գቑ. 

 
Thus we have ݃ሺݔ ൅ ሻݕ ൑ ݃ሺݔሻ ൅ 	݃ሺݕሻ. Hence 

݃ satisfies the triangle inequality 
 

݃ሺݔߤሻ ൌ inf ቐሺߩሻ
೛೘
ಹ ׷ 	 ௞ஹଵ݌ݑݏ 	቎ ௞݂ ቌݍ ൭

ሺ݇! ሻ|ሻݔΛ௞ሺߤ|
భ
ೖ

ߩ
൱ቍ቏

௣ೖ

൑ 1, ߩ ൐ 0;݉ א Գቑ 

ൌ inf ቐሺߤ|ݎ|ሻ
೛೘
ಹ ׷ 	 ௞ஹଵ݌ݑݏ 	቎ ௞݂ ቌݍ ൭

ሺ݇! |Λ௞ሺݔሻ|ሻ
భ
ೖ

ݎ
൱ቍ቏

௣ೖ

൑ 1, ݎ ൐ 0;݉ א Գቑ, 

 
where ݎ ൌ 	

ఘ

|ఒ|
. Hence	ΓԋሺΛ, ,݌  ሻ is a paranormedݍ

space. This completes the proof of the theorem. 
 
Theorem 2.3. Let ԋᇱ ൌ 	 ሺ ௞݂

ᇱሻ and ԋᇱᇱ ൌ 	 ሺ ௞݂
ᇱᇱሻ be 

two sequences of modulus functions. Then 
 

ΓԋᇲሺΛ, ,݌ ,ሻሩΓԋᇲᇲሺΛݍ ,݌ ሻݍ ك	 	 Γԋᇲାԋᇲᇲ	ሺΛ, ,݌  .ሻݍ

 
Proof: Let ݔ ൌ ሺݔ௞ሻ א ΓԋᇲሺΛ, ,݌ ,ΓԋᇲᇲሺΛځሻݍ ,݌  .ሻݍ
Then there exist ߩଵ and ߩଶ such that  
 

ଵ

௡
	∑ ൥ ௞݂

ᇱ ൭ݍ ቆ
ሺ௞!|ஃೖሺ௫ሻ|ሻ

భ
ೖ

ఘభ
ቇ൱൩

௣ೖ
௡
௞ୀଵ 	՜ ݊	ݏܽ	0 ՜ ∞				    (5) 

 
and 
 

ଵ

௡
	∑ ൥ ௞݂

ᇱᇱ ൭ݍ ቆ
ሺ௞!|ஃೖሺ௬ሻ|ሻ

భ
ೖ

ఘమ
ቇ൱൩

௣ೖ
௡
௞ୀଵ 	՜ ݊	ݏܽ	0 ՜ ∞.		     (6) 

 

Since ߩ ൐ 0 such that 
ଵ

ఘ
ൌ min ቀ

ଵ

ఘభ
,
ଵ

ఘమ
ቁ . Then we 

have 
 

ଵ

௡
	∑ ቎ ௞݂

ᇱ ൅	 ௞݂
ᇱᇱ ቌݍ ቆ

ሺ௞!|ஃೖሺ௫ሻ|ሻ
భ
ೖ

ఘ
ቇቍ቏

௣ೖ

௡
௞ୀଵ ൑

	ܭ ቎
ଵ

௡
	∑ ቎ ௞݂

ᇱ ቌݍ ቆ
ሺ௞!|ஃೖሺ௫ሻ|ሻ

భ
ೖ

ఘభ
ቇቍ቏

௣ೖ

௡
௞ୀଵ ቏ ൅

	ܭ	 ቎
ଵ

௡
	∑ ቎ ௞݂

ᇱᇱ ቌݍ ቆ
ሺ௞!|ஃೖሺ௫ሻ|ሻ

భ
ೖ

ఘమ
ቇቍ቏

௣ೖ

௡
௞ୀଵ ቏	  

 
						՜ 	݊	ݏܽ	0 ՜ ∞	ሾ	ܾݕ	݃݊݅ݏݑ	ሺ5ሻܽ݊݀	ሺ6ሻሿ. 

 
Then 
 

1
݊
	෍቎ሺ ௞݂

ᇱ ൅	 ௞݂
ᇱᇱሻ ቌݍ ൭

ሺ݇! |Λ௞ሺݔሻ|ሻ
భ
ೖ

ߩ
൱ቍ቏

௣ೖ

՜ 	݊	ݏܽ	0 ՜ ∞	.

௡

௞ୀଵ

 

 



 
 

IJST (2014) 38A2: 105-109                                                                                                                                                                              108 
 

Therefore ݔ ൌ ሺݔ௞ሻ א	 Γԋᇲାԋᇲᇲ	ሺΛ, ,݌  ሻ. Thisݍ
completes the proof of the theorem. 
 

Theorem 2.4. Let 0	 ൑ ௞݌	 	൑ 	 ௞ and let ቄݎ
௥ೖ
௣ೖ
ቅ be 

bounded. Then	ΓԋሺΛ, r, qሻ ؿ	 	 ΓԋሺΛ, p, qሻ. 
 
Proof: Let ݔ ൌ ሺݔ௞ሻ א ΓԋሺΛ, r, qሻ. Then 
 

ଵ

௡
	∑ ቎ ௞݂ ቌݍ ቆ

ሺ௞!|ஃೖሺ௫ሻ|ሻ
భ
ೖ

ఘ
ቇቍ቏

௥ೖ

௡
௞ୀଵ 	՜ ݊	ݏܽ	0 ՜ ∞.							           (7) 

 

Let ݐ௞ ൌ 	
ଵ

௡
	∑ ቎ ௞݂ ቌݍ ቆ

ሺ௞!|ஃೖሺ௫ሻ|ሻ
భ
ೖ

ఘ
ቇቍ቏

௤ೖ

௡
௞ୀଵ and 

௞ߣ ൌ 	
௣ೖ
௥ೖ
. Since ݌௞ 	൑ 	 	௞, we have 0ݎ ൑ 	 ௞ߣ ൑

1.	Take 0 ൏ ߣ	 ൏  ௞. Defineߣ	
 

௞ݑ ൌ 	 ൜
,௞ݐ ௞ݐ	݂݅ ൒ 1
0, ௞ݐ	݂݅ ൏ 1	 

 
and 
 

௞ݒ ൌ 	 ൜
0, ௞ݐ	݂݅ ൒ 1
,௞ݐ ௞ݐ	݂݅ ൏ 1	 

 
௞ݐ ൌ ௞ݑ	 ൅	ݒ௞, ௞ݐ

ఒೖ ൌ ௞ݑ	
ఒೖ ൅	ݒ௞

ఒೖ. It follows that 

௞ݑ
ఒೖ 	൑ ௞ݑ	 ൑ 	 ,௞ݐ ௞ݒ

ఒೖ 	൑ ௞ݒ
ఒ. Since ݐ௞

ఒೖ ൌ ௞ݑ	
ఒೖ ൅

௞ݒ	
ఒೖ,	 then ݐ௞

ఒೖ ൌ 	 ௞ݐ ൅	ݒ௞
ఒೖ 

 

1
݊
	෍ ൦ ௞݂ ൮ݍ ቌ

ሺ݇! |Λ௞ሺݔሻ|ሻ
భ
ೖ

ߩ
ቍ൲

௥ೖ

൪

ఒೖ
௡

௞ୀଵ

൑ 	
1
݊
	෍ ൦ ௞݂ ൮ݍ ቌ

ሺ݇! |Λ௞ሺݔሻ|ሻ
భ
ೖ

ߩ
ቍ൲൪

௥ೖ
௡

௞ୀଵ

 

֜
1
݊
	෍ ൦ ௞݂ ൮ݍ ቌ

ሺ݇! |Λ௞ሺݔሻ|ሻ
భ
ೖ

ߩ
ቍ൲

௥ೖ

൪

೛ೖ
ೝೖ௡

௞ୀଵ

൑ 	
1
݊
	෍ ൦ ௞݂ ൮ݍ ቌ

ሺ݇! |Λ௞ሺݔሻ|ሻ
భ
ೖ

ߩ
ቍ൲൪

௥ೖ
௡

௞ୀଵ

 

֜
1
݊
	෍ ൦ ௞݂ ൮ݍ ቌ

ሺ݇! |Λ௞ሺݔሻ|ሻ
భ
ೖ

ߩ
ቍ൲൪

௣ೖ

	

௡

௞ୀଵ

൑ 	
1
݊
	෍ ൦ ௞݂ ൮ݍ ቌ

ሺ݇! |Λ௞ሺݔሻ|ሻ
భ
ೖ

ߩ
ቍ൲൪

௥ೖ
௡

௞ୀଵ

. 

 
But 

ଵ

௡
	∑ ቎ ௞݂ ቌݍ ቆ

ሺ௞!|ஃೖሺ௫ሻ|ሻ
భ
ೖ

ఘ
ቇቍ቏

௥ೖ

௡
௞ୀଵ 	՜ ݊	ݏܽ	0 ՜ ∞		ሺܾݕ	ሺ7ሻሻ.								 

 

Therefore 
 

1
݊
	෍ ൦ ௞݂ ൮ݍ ቌ

ሺ݇! |Λ௞ሺݔሻ|ሻ
భ
ೖ

ߩ
ቍ൲൪

௣ೖ
௡

௞ୀଵ

	՜ ݊	ݏܽ	0 ՜ ∞.								 

 
Hence ݔ ൌ ሺݔ௞ሻ א	 	 ΓԋሺΛ, p, qሻ. From (7), we get 

ΓԋሺΛ, r, qሻ ؿ	 	ΓԋሺΛ, p, qሻ. This completes the proof 
of the theorem. 
 
Theorem 2.5. (i) Let 0 ൏ inf ௞݌ ൑ ௞݌	 ൑ 1. Then 
ΓԋሺΛ, p, qሻ ؿ	 	 ΓԋሺΛ, qሻ, 
(ii) Let 1	 ൑ ௞݌	 ൑ sup݌௞ ൏ 	∞. Then ΓԋሺΛ, qሻ ؿ	
	ΓԋሺΛ, p, qሻ. 
 
Proof: (i) Let ݔ ൌ ሺݔ௞ሻ א	 	 ΓԋሺΛ, p, qሻ. Then  
 

ଵ

௡
	∑ ൥ ௞݂ ൭ݍ ቆ

ሺ௞!|ஃೖሺ௫ሻ|ሻ
భ
ೖ

ఘ
ቇ൱൩

௣ೖ
௡
௞ୀଵ 	՜ ݊	ݏܽ	0 ՜ ∞.		       (8) 

 
Since 0 ൏ inf ௞݌ 	൑ ௞݌	 	൑ 1, 

 

ଵ

௡
	∑ ቎ ௞݂ ቌݍ ቆ

ሺ௞!|ஃೖሺ௫ሻ|ሻ
భ
ೖ

ఘ
ቇቍ቏௡

௞ୀଵ ൑

ଵ

௡
	∑ ቎ ௞݂ ቌݍ ቆ

ሺ௞!|ஃೖሺ௫ሻ|ሻ
భ
ೖ

ఘ
ቇቍ቏

௣ೖ

௡
௞ୀଵ ՜ ݊	ݏܽ	0 ՜ ∞.	                     (9) 

 
From (8) and (9), it follows that ݔ ൌ ሺݔ௞ሻ א	

	ΓԋሺΛ, qሻ. Thus ΓԋሺΛ, p, qሻ ؿ	 	 ΓԋሺΛ, qሻ. 
(ii) Let ݌௞ ൒ 1 for each ݇ and sup ௞݌ ൏ 	∞ and let 
ݔ ൌ ሺݔ௞ሻ א	 	 ΓԋሺΛ, qሻ. Then  
 

ଵ

௡
	∑ ቎ ௞݂ ቌݍ ቆ

ሺ௞!|ஃೖሺ௫ሻ|ሻ
భ
ೖ

ఘ
ቇቍ቏௡

௞ୀଵ ՜ ݊	ݏܽ	0 ՜ ∞.		                (10) 

 
Since 1	 ൑ ௞݌ ൑ sup݌௞ ൏ 	∞, we have 

 

1
݊
	෍ ൦ ௞݂ ൮ݍ ቌ

ሺ݇! |Λ௞ሺݔሻ|ሻ
భ
ೖ

ߩ
ቍ൲൪

௣ೖ

൑ 	
1
݊
	෍ ൦ ௞݂ ൮ݍ ቌ

ሺ݇! |Λ௞ሺݔሻ|ሻ
భ
ೖ

ߩ
ቍ൲൪

௡

௞ୀଵ

.

௡

௞ୀଵ

 

 
Thus 
 

1
݊
	෍ ൦ ௞݂ ൮ݍ ቌ

ሺ݇! |Λ௞ሺݔሻ|ሻ
భ
ೖ

ߩ
ቍ൲൪

௣ೖ
௡

௞ୀଵ

	՜ ݊	ݏܽ	0 ՜ ∞.								 

 
This implies that ݔ ൌ ሺݔ௞ሻ א	 	 ΓԋሺΛ, p, qሻ. 

Therefore ΓԋሺΛ, qሻ ؿ	 	 ΓԋሺΛ, p, qሻ. This completes 
the proof of the theorem. 

Theorem 2.6. Suppose 
ଵ

௡
	∑ ቎ ௞݂ ቌݍ ቆ

ሺ௞!|ஃೖሺ௫ሻ|ሻ
భ
ೖ

ఘ
ቇቍ቏

௣ೖ

௡
௞ୀଵ ൑

|௞ݔ|	
భ
ೖ, then Γ ؿ 	ΓԋሺΛ, p, qሻ. 

 
Proof: Let ݔ ൌ ሺݔ௞ሻ א	 	Γ. Then we have, 
 

|௞ݔ|
భ
ೖ 	՜ ݇	ݏܽ	0 ՜ ∞.				                                      (11) 
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But 
ଵ

௡
	∑ ቎ ௞݂ ቌݍ ቆ

ሺ௞!|ஃೖሺ௫ሻ|ሻ
భ
ೖ

ఘ
ቇቍ቏

௣ೖ

௡
௞ୀଵ ൑ 	 |௞ݔ|

భ
ೖ, by 

our assumption it implies that  
 

1
݊
	෍ ൦ ௞݂ ൮ݍ ቌ

ሺ݇! |Λ௞ሺݔሻ|ሻ
భ
ೖ

ߩ
ቍ൲൪

௣ೖ
௡

௞ୀଵ

	՜ ݊	ݏܽ	0

՜ ∞.																																	ሾܾݕ	ሺ11ሻሿ							 
 

Then ݔ ൌ ሺݔ௞ሻ א	 	 ΓԋሺΛ, p, qሻ and Γ ؿ 	ΓԋሺΛ, p, qሻ. 
 
Theorem 2.7. 		ΓԋሺΛ, p, qሻ is solid. 
 
Proof: Let |ݔ௞| ൑ ݕ ௞| and letݕ| ൌ ሺݕ௞ሻ א	
	ΓԋሺΛ, p, qሻ, because ԋ ൌ 	 ሺ ௞݂ሻ	is non-decreasing 
 

1
݊
	෍ ൦ ௞݂ ൮ݍ ቌ

ሺ݇! |Λ௞ሺݔሻ|ሻ
భ
ೖ

ߩ
ቍ൲൪

௣ೖ
௡

௞ୀଵ

൑ 	
1
݊
	෍ ൦ ௞݂ ൮ݍ ቌ

ሺ݇! |Λ௞ሺݕሻ|ሻ
భ
ೖ

ߩ
ቍ൲൪

௣ೖ

.

௡

௞ୀଵ

 

 
Since ݕ ൌ ሺݕ௞ሻ א	 	 ΓԋሺΛ, p, qሻ, 

 

1
݊
	෍ ൦ ௞݂ ൮ݍ ቌ

ሺ݇! |Λ௞ሺݕሻ|ሻ
భ
ೖ

ߩ
ቍ൲൪

௣ೖ

՜ ݊	ݏܽ	0

௡

௞ୀଵ

՜ ∞																																	 
 
and so that 
 

1
݊
	෍ ൦ ௞݂ ൮ݍ ቌ

ሺ݇! |Λ௞ሺݔሻ|ሻ
భ
ೖ

ߩ
ቍ൲൪

௣ೖ

՜ ݊	ݏܽ	0

௡

௞ୀଵ

՜ ∞.																																	 
 
Therefore ݔ ൌ ሺݔ௞ሻ א	 	 ΓԋሺΛ, p, qሻ. 
 
Theorem 2.8. ΓԋሺΛ, p, qሻ is monotone. 
 
Proof: It is trivial so we omit it. 
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