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Abstract— The problem of sparse signal reconstruction from the well-known Compressed Sensing
measurement is considered in this paper. The measured signal is assumed to be corrupted with
additive white Gaussian noise with zero mean and known variance. Based on detection theory, two
iterative algorithms are developed for detection and estimation of nonzero elements of sparse
signal. The principle of the proposed methods is based on applying composite multiple hypothesis
test to the underlying problem at each iteration. Simulation results show the satisfactory
performance of the proposed algorithms in sparse signal recovery. The proposed approach has the
potential of being applied to other models for noise and signal.
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1. INTRODUCTION

Sparse representation of signals has received considerable attention in the communication community in
recent years and has been applied to various fields such as image processing [1], wireless communication
and channel estimation [2-4], antenna beamforming [5] and radar signal processing [6-7]. Among all
related topics to sparse signal processing, Compressed Sensing (CS) has motivated much research
recently. Using far fewer samples derived from linear random projection of main data, one would be able
to recover the main sparse signal with high probability. To be more precise, according to basic CS theory
[8-9], if a signal has a sparse representation in an overcomplete basis W [12], it can be reconstructed from
a small number of measurements resulting from projection on a random basis @ that is incoherent with
W . Various reconstruction algorithms in literature are composed of two major categories [10-11]: convex
or non-convex optimization methods and greedy ones. The first approach relies on solution of the
optimization of a cost function which leads to more accurate results. Greedy methods [10] take advantage
of the speed of greedy algorithms. However, the former is more complex while the latter has less precise
results. Basis Pursuit (BP) and its noisy version called Basis Pursuit DeNoising (BPDN) are the examples
of the first approach [12] while Orthogonal Matching Pursuit (OMP) [13] and its derived modified
versions such as Stagewise OMP (StOMP) [14] and Regularized OMP (ROMP) [10] are some samples of
greedy methods.

In this paper we confront the problem of reconstructing sparse signals measured from CS approach
using detection theory. In particular, our basic method and its modified version are iterative ones which, at
each iteration, the reconstruction problem is formulated as a multiple composite hypothesis test and an
attempt is made to find the element of sparse signal, until the stopping criteria is satisfied. So it can be said
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102 H. Azad et al.

that our proposed methods are similar to some conventional methods such as OMP as both of them try to
find one element of sparse signal at each iteration. However, it should be mentioned that in algorithms
such as OMP, the estimated element of sparse signal and its corresponding column of basis, are subtracted
from the main signal in each iteration (i.e. the effect of detected column of @Y in measured data is
eliminated), while in our proposed methods, we do not subtract the estimated element. Instead, the
structure of assumed detection problem would be changed in such a way that at each new step compared
to previous steps, a better model is assumed for noise vector in detection problem. Also, in spite of
algorithms such as OMP which do not consider the noise and optimization methods which usually assume
additive noise with limited norm, in our methods, the statistical properties of the additive noise are
considered such that we are able to use various models of additive noise. Another main advantage of the
proposed algorithms is that they utilize a new approach based on detection theory which enables us to use
different detection approaches in our application. To the best of our knowledge there has been no
reference using this approach till now, although there are some references on detection of existence of
sparse signal in noise [15-16]. In such references, it has only been decided if there exists any sparse signal
in noise (a binary test to decide between noise only hypothesis vs. noise plus sparse signal) but there is no
method on estimation of sparse signal if it exists. In spite of this, in this paper the sparse signal's
reconstruction has been considered based on detection theory.

The rest of this paper is organized as follows. A brief review of basic CS theory is given in section 2
Then in section 3, the concepts of the proposed algorithm are explained. A modified version of the
proposed method is derived in Section 4. Section 5 presents the simulation results and finally, concluding
remarks are given in section 6.

2. THEORY OF COMPRESSED SENSING

Compressed Sensing was initially stated in [8-9]. According to basic theory of CS, let's assume the desired
signal x,, € R" has a k-sparse representation in a basis ¥ ,,, . In other words, if we write x as
x=¥Yxa,,, only k elements of a are nonzero, where k << N . The set of nonzero indices of nonzero
elements of a is called support of vector a which is usually assumed to be unknown a prior. Also, k is
called the sparsity level of a. This signal is measured through a measurement matrix @, . where
m < N, which results in a measured signal y,, . In other words, we have:

y=®xx=0%o=Ha
where H,, = ®¥Y (1)
H=[h, h, .. h,]

The main problem is estimating the desired signal x using measured data y . Since the number of
equations is less than that of unknown variables, in general form there is no unique solution for x . But
since x has a sparse representation in an known basis ¥ ., , the basic problem can be converted to the
problem of finding vector a so that it can be estimated based on the assumption of sparsity, and then use

x=¥xa.

Signal reconstruction under sparseness constraints can be formulated as an optimization problem of
£, -norm criterion which is unfortunately an NP-hard one. Due to the fact of not being numerically
feasible, alternative approaches have been proposed that can be divided into two main groups of greedy
algorithms and relaxed optimization ones. In greedy methods, one or more nonzero elements are estimated

IJST, Transactions of Electrical Engineering, Volume 37, Number E2 December 2013



Sparse signal reconstruction from compressed sensing... 103

in each iteration. Orthogonal Matching Pursuit (OMP) [13] and its modified versions such as Stagewise
OMP (StOMP) [14] and Regularized OMP (ROMP) [10] can be categorized into this group. The iterative
approach of greedy algorithms results in less computational complexity methods compared to that of the
optimization ones. The latter algorithms make use of some relaxation approaches to /¢, -norm optimization
[8] in order to convert the main problem to a convex one (The term ¢,-norm for a vector is simply the
number of its nonzero elements). The most famous member of this category is Basis Pursuit (BP) [12],
which results in an ¢, -norm criterion that can be solved using Linear Programming (LP). To guarantee
exact recovery of every k-sparse signal a from m compressed measurements y in BP algorithm, the
matrix @Y should satisfy the Restricted Isometry Property (RIP) as below:

Restricted Isometry Property [10]: A matrix @Y is said to satisfy the RIP of order k, if there exists a
constant ¢ such that for any k-sparse vector a we have:

15l <[@¥a, < 1+5)al, @)
It is shown that RIP is satisfied with high probability by random matrices with i.i.d. Gaussian or
Bernoulli elements.

In practical situations, the desired signal x is measured in the presence of additive noise n
we have:

o 1€
y=®x+n 3)
The additive noise has usually been modeled as a limited norm signal while in some references, white
Gaussian model has been assumed for the noise signal. Although the presence of noise converts the
problem to a new one, most recovery methods such as OMP do not exploit these new assumptions in their
formulation. But some relaxed optimization based methods, due to their special mathematical formulation,
change their optimization criteria so that they can be applied to the case of sparse signals corrupted with
limited norm noise. An example of such methods is BP DeNosing (BPDN) which is the noisy version of
the most famous BP.
In this paper, we consider the special case of white Gaussian noise with distribution n ~ N (0, o °I)
with known . In the next sections, we address the problem of reconstruction of x from noisy
measurement signal y .

3. SPARSE SIGNAL RECOVERY BASED ON DETECTION THEORY

As it was mentioned, the main concept of the proposed methods is based on extraction of one nonzero
element in each iteration. This approach is similar to the most famous OMP method in sparse signal
estimation. The main difference is that in OMP method the effect of estimated nonzero element is
subtracted from measured signal in each iteration. But in the proposed methods, a detection hypothesis test
should be solved in each iteration. Although we know that the signal x is composed of k£ >1 elements of
basis W, at first step it has been assumed that there is only one nonzero element in a; i.e. x is
constructed from one column of W¥. Based on this assumption, the resultant test has been solved and the
first nonzero element has been detected. Then, instead of subtraction of this element (similar to OMP), a
new hypothesis test has been applied in which the location of the first element has been considered based
on solution of the first step and the location of the second one is unknown. Finding the second index, the
test is modified to the problem of detecting the third index assuming the first two indices have been found
in the previous steps. The same procedure has been considered for finding the other elements. Note that
the number of nonzero elements (k) is unknown aprior, so that we cannot find these elements by solving
only one multiple hypothesis test. Instead, we have tried to detect the nonzero elements one by one in each
iteration.

December 2013 IJST, Transactions of Electrical Engineering, Volume 37, Number E2
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As it has been described, at first step suppose that there is only one nonzero element in a;i.e. X is
constructed from one column of ¥. So, the main problem of detecting the nonzero elements of a can be
modeled as selecting one of the following structures:

H,:y=h xa +n®

H,:y=h,xa, +n®

(4)

H,:y=h,xa, +n®
where h, is the ith column of H and «; denotes the ith element of @ in (1), respectively.

Assuming there is only one nonzero element in @, the noise vector n® has normal distribution
N(O,azlm); i.e. there is no signal component in n® (this model is approximately true for cases with
high SNR for one nonzero element and low SNR for the others).

Selecting one of these structures with unknown values of a,,a,,...,a, is equivalent to a composite
multiple hypothesis test [17] and the proper solution is Generalized Maximum Likelihood Rule (GMLR);

i.e. we should solve the following problem (assuming p(H,) :i/' i=12,...,N):

Ji=arg m_ax[p(Y|&ivHi )] i=12,.,N )

where @, is maximum likelihood estimation for o, :

1 1
p(y|ai,Hi):m><exp[—2 z(y_hiai)T(y_hiai):|
27[0'2)E o
. dp(y|ai’Hi)
da,

(6)
=0=a, = (hiThi)ilh'Ty

By replacing the ML estimation in (5), we have:

v =arg max{ply|a, H,)]

= jy=arg max[ln p(y | &11 Hl)]
= j, =arg max[—% In(275?)

1 n -
- 270‘2 (y - hiai )T (y - hiai )]

a, = (hfhi)_lhfy = j, =arg mlax[—% |n(27zaz)

yThi(hiThi)ilh:Ty] (7

y'y+

20° 20

= jy=arg max[% y'h,(b7h,) b y}
! o

Now since the location of the first nonzero element is known, we can search for the second one.
Similar to the assumptions of the first detection problem, and considering j, as the first nonzero element,
the first detection problem can be modified to the second one as follows:
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a.
— J (2
H:y=, hl]x{ l}rn
0y

Hy:y=|, hz]x[zﬁ}rn(z)

2

A1

a .
R 1 (2
H,,:y=h, hjl_l]xLC / }n @®)

a .
Hj1+1 y = [hjl hj1+l]x |:a " :|+ n(Z)

J1+l

iyl 2
Oy

Note that in the second detection problem, since one nonzero index of a is found in the previous
step, we should select one of the other N-1 indices (the first (N)- tuple hypothesis test changes to a (N-1)-
tuple one). If it is assumed that there is only two nonzero elements in @, the noise vector n® has normal
distribution N(O,azlm>. In this hypothesis test, a, and «;, (i=12,..,j,-1j,+1..,N) are all
assumed to be unknown.

Similar to the previous test, GMLR can be used to detect the second index. By using the same
procedure and assuming equal probable £, we have:

Jj, =arg m?x[p(y|[&h,&i]T,H,.)] i=12,..,N,i#j,

el T b Dl ]y ©

T[hh hl.]x

= j, =arg max[ 12 y
i 20

([h./a hi]T X [h,/l ht])il X[h./a hi]T xy]

Note that the second formulation in (8) is more accurate than the first one in (4) and represents a
better form of the main problem, since the assumption of being a normal vector represents n‘® better than
n®.

Finding the second index, the test is modified to the problem of detecting the third index assuming
the first two indices to be j, and j,. Similar procedure can be applied to the new problem to find the next
index, and then one should find the forth index, and so on. As a stopping criterion, C, should be
calculated and compared to predefined threshold as follows.

2

Cp :Hy_Hrp X&p

[, :set of detected indices upto iteration p
Hp imxp matrix composed of p columns (10)
of H corresponding to indicesinset T,
a, =(H§pHrp )‘1 xH] y
Once the sparse signal has been estimated, the desired vector x can be calculated using x = H x a,.
We call the proposed algorithm the Iterative Detection Based Compressed Sensing (IDBCS).
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A brief review of the proposed algorithm can be seen in Table I. Note that to solve sparse signal
reconstruction from CS measurements, the proposed approach can be used to develop various algorithms
for different statistical models of noise or signal. At last, it should be mentioned that as it is described in
appendix A, the matrix inversion of |H h[]T ><[Hr . hl.])f1 at step 2 can be achieved by a recursive
method using (Hr 1T xH 1)71 from the pfevious iteration which decreases the computational complexity
dramatically.

Table 1. Brief review of IDBCS

Initialize algorithmwith H,_, =®¥,I, =¢,p=0
1. p=p+1

2. ] 1
j=arg m:_a\x[za2 y [Hr,k1 h,.]x

(T TP ) S

i=12,.,N&ig¢l, ,
H, :mx (p —1) matrix composed of

(p-1) columns of H corresponding to indices
insetl", ,
h, :ith column of matrix H

3' l—‘p = Fp—l U {]}

2
Cp zHy_Hl'p Xup

~ -1
a‘p =(Hf:le"p) XHrpy
If Cp>threshold, go to step 1, else stop

5. = J
X Hrp xa,

4. MODIFICATION OF THE PROPOSED ALGORITHM

As mentioned in the previous section, the main concept of the proposed method is detecting only one
nonzero element at each iteration and simultaneously, trying to modify the detection problem formulation
for the next step. Let’s have an insight into the first step in (4). In this equation, it is assumed that there
exists only one nonzero element in a. So the noise vector n® in (4) has been modeled as a vector with
normal distribution N(O,azlm ); .. the mean value of this noise has been assumed to be zero. But, there
are some other nonzero elements that force the noise vector to have a nonzero mean. In other words, a
better model for the noise vector is to assume a nonzero mean normal distribution; i.e. n® in (4), should
be modeled as a vector with normal distribution N(H,O'Zlm). Although the assumed distribution can be
considered as a perfect one for the noise vector, the mean vector p is an unknown vector of length m. So
the number of unknown parameters would be m+1 (m elements of the mean vector p and one nonzero
element of @ which is «, ). It can be shown that such an assumption leads to a linear system of equations
with infinite solution in finding the ML estimation of p. Also, the trivial solution for ML estimator is
L =y, which results in maximization of a constant term for all hypotheses, which is meaningless. So,
instead of having a fully unknown mean vector we heuristically model the noise signal by a vector that has
a structured mean vector. For the first iteration, the mean of all columns of matrix H multiplied by an
unknown coefficient ﬂ(l) is considered as the noise mean. To be more precise, the noise vector n® is
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modeled as a vector with normal distribution N(u(l)d(l) o1, ) where d® is the mean of all columns of

matrix H. The term "structured" refers to assuming that the noise vector has a mean equal to mean of all
columns of matrix H. In other words, it has been assumed that the mean cannot be any vector in m-
dimensional space but instead it is equal to a known vector multiplied by an unknown coefficient.

With similar assumption to that of the previous section, the detection problem of (4) can be solved
using the modified noise model as follows:

Jj, =arg m?x[p(y|&,.,ﬁ(l),Hi)] i=12,..,.N (12)
where ¢, and 1" are maximum likelihood estimations for a, and 1. Let's first find the ML estimation
of g,'s:

1
plylo, u® H,)=———x
(272'0'2)E

1 T 12

exp[— ~ (vy-h,a, —x®d®) (y—h,a, - xPa® )} (12)
@
plylo,u® H,)
da =0=4,=(n/h,)"n](y - u"a®)

Now, by replacing the ML estimation of «,, after some mathematical manipulations, the ML
estimation of the second parameter which is ﬂ(l) can be calculated as follows:

dp(Yl&f:ﬂ(l)vHi)_oj o yrhi(hfh,.)flh,-rd(l) _yrd<1) (13)
dy(l) - o= d(l’Th,,(h,vTh,.)flh,.Td(l’ _do"qo

Finding the ML estimation of unknown parameters, the solution to the considered detection problem
is:
Jo =arg max{ply| @, a%, H, )

= j, =arg maX[ln p(y |, i, H, )]
; (14)
., arg el nf2ro)

20°

Solving the first detection problem, the location of the first nonzero element will be found. Then
similar to the previous section, we can search for the second one. The second detection problem would be
the same as (8) except that a non-zero mean noise model would be utilized in this section; i.e. the noise
vector n‘? is assumed to have a normal distribution of N(,u(z)d(z),azlm ) The vector d® denotes the
mean of all columns of matrix H except the detected column in the first iteration (hjl ).

Similar to the previous test, GMLR can be used to detect the second index. By using the same
procedure and assuming equal probable H,, we have:

Jj, =arg max[p(yl[&jl,&,.]T,ﬁ(z),H,. )] i=12,..,N,i#j,
[ h}_([h h [hfl hi])ilx[hjl hi]TX(y_ﬂ(z)d(z))
O A T L P P R O A T e
@ <, b Jx(b, b <, b b, b ] xd®@ —a®"q@
»

0.1
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= j, =arg mlax[—%ln(Znaz)

“ T R
_ 212 (y_[hj1 hi]x{ajl}_ﬁ(z)d(z)] [y_[hjl hi]x[ jl}_ﬁ(z)d(z)j]
o i .

1 1

(15)

>
>

Using a similar procedure, the algorithm should be continued until the stopping criteria of (10) is
satisfied. A brief review of this modified version of the proposed algorithm can be seen in Table 2. As it
will be seen in the computer simulation section, the performance of this modified method is better than
that of the previous one due to assuming nonzero mean for noise signal.

Table 2. Brief review of Modified IDBCS

Initialize algorithmwith H,_, =®Y¥Y, I, =¢,p =0
1. p=p+ 1

2 j=arg max[—%ln(Z;mz)

- T
_ l2 (y—[Hr h,.]x {aipl}_ﬁ(p)d(p)] (y—[Hr hi]x {aipl}—/}(”)d(m j]
20 rt a p-1 a

|:&2,'1 } = ([Hr,,,l h, ]T X [HF,A h, ])’1 x [HFH h, ]T « (y —/)(”)d(”))

YTX[HFH hi]X([Hr,H hi]TX[HFp—1 hi])ilx[HrH hi]rxd(p) ~y'a®”

~(p)

)T

a®’ x[HFH h, Jx ([Hr h, | X[HFM b, )’ X[HFM h, | xd® —a®’q®
i=12,.,N &iel,
Hr,,,l :mx(p—1) matrix composed of
(p-1) columns of H corresponding to indices
insetl’, ;
h; :ith column of matrix H

d” :mean of all columns of matrix H except the ones
corresponding toindicesinsetl’", ;

3' Fp = 1—‘p—l U {]}

2

C, =Hy—Hrp X0,

~ 1
a,= (H?pHrp y XHrpy
If Cy>threshold, go to step 1, else stop

5 x=H; xa,
)

5. ERROR PROBABILITY ANALYSIS

In this section, we derive a union bound for error probability of the assumed detection problem in IDBCS
method [18]. At first step, consider the special binary case with the following detector structure. Note that
this model can be considered as the binary form for the general M-ary detector at each iteration. In this
model, a, and a, are the vectors of unknown parameters which should be replaced by their maximum
likelihood estimation. Compared to general M-ary form in p th iteration, a, and @, would be vectors of
length p . So we have:
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H,:y=Hja,+n
H :y=Ha, +n

a,=(H'H,)"H y = j=arg r}lgi([—%ln(haz)

1 T 1 T T -1 T
- + H\H H ) H
7Y Yt 7Y J(HTH, ) Ry
— = 1 7 ( T Loyr | 1 7
j =arg max yH|\H H, )] H'y|=arg max| —y W,y
i=01| 252 AR ! i=01| 2 ! (16)
= j=arg r_r]%Ll.
1
Li = _zyTWiy
o
W, =H,(H'H,) H’
W, [ symmetric m x m matrix
W? =W, (idempotent)
To analyze the error probability, the decision rule can be rewritten as follows:

Hy Hy Hy H,

> > >
LI, 0= Ly (W,-W,)y " 0=yWy 0= 00

< (oa < < <

Hy H, Hy Hy
0=y Wy 17)
W=W, -W,

By utilizing this formulation, the error probability assuming that H, is the true hypothesis (i.e.
y =H,a, +n) would be calculated as follows:

0
Ijerrorl = J-_Oo fQ (Q)dQ (18)
The decision variable Q has a quadratic form. To find its probability density function fQ (), the
following theorem can be used.
Theorem 1: Let z, , be a vector with normal distribution N(u,X) where X is a positive definite

matrix. Let A be a symmetric matrix and define b=z"Az. Let A4.(i =12,...,m) be the eigenvalues of
1 1
Y2AX? (or XA)and P be an orthogonal m x m matrix such that:

1 1
PT[ZZA)ZZ]P =diag(A, Ay, A,,) (19)

Finally, define U and & as:
1
u=[v,U,,.U,] =P"% ?(z—p)
1
g:[ l’é:m""’é:m]T :PTZ 2” (20)
The random variables U,'s are mutually independent and have standard normal distribution
(N(0,1)). Then b=z" Az can be expressed as b = Zﬂ[ U, +&).
Applying theorem 1 to our problem and assﬁ:rlning that /, is the true hypothesis, the decision
variable QO can be written as Q = Zﬂi (Ui + ¢, )2 where:

i=1
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y~NuX)
n=H,a,
Y =01

A, (i =12,...,m) :eigenvalues of (02 X W)

(21)

P is an mx m orthogonal matrix such that PT(G2 X W)P =diag(A, 2,,..., 4,,)

_P'(z-Hy0,)
O
B P'H,a,

v=[v,Uu,,..U,[

S A

Since the random variables U, 's are independent and have standard normal distribution, we can say
that QO is a linear combination of m independent random variables with non-central chi-square
distribution, all with one degree of freedom and noncentrality parameters ;2 (i=1,2,...,m ), respectively

[19].

Finally, the probability density function for such a random variable (Q) can be expressed as follows

[20-21]:

0.0 —(r+itr'+j)  (r+ivr'+j-2)

225w ¢

x exp[Q a (ﬁ’; — ﬂil )j x W(r+i—r'—j) (1-7'—j-7-i) (bQ)

2 2

1o(Q) =

6.0’ ~(rrive'+)) (c+ite'+j-2)

Syt ¢ o™

X exp(Q a (ﬂli -5 )] X W(r'+j—r—i) (1-r—i-z'-}) (_ bQ)

2 ' 2

for 0>0

(22)

for <0

To define the parameters of this equation, suppose that A, >0 for i=12,..,p, A, <0 for
i=p+lp+2..,p+e, and 4, =0 for i=p+e+1l..,m [21]. Note that some of A 's for
i=12,..., p may be equal. Let Ej,j =12,...,¢ denote the ¢ distinct positive eigenvalues among the A, 's
and let 7z, denote the multiplicity of 7 (in other words the number of A;'s which are equal to ¢,). By

similar definition for negative eigenvalues, we can write Q as follows:

Q:i/q’i(Ui +§i)2 =T-V
i1
t 7 t

T= iﬂ“[(Ui +&) :Zf_/Z(U_/,- +S )2 =207,

j=1 i=1 J=1

d, =Y ¢ , J=12,..,t
i=1

7 +w

V= f(_ﬂf)(Uf +&) = ti f_/Z(U_/,- +§_/,-)2 =20,

i=p+1 j=t+1 i=1 j=t+1
i
- 2 P
d, =Y ¢ J=t4L2 W
i=1
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Then for positive eigenvalues we have:
’ -7 B B ,
d=Yd, , =)= , ¢, =1-"= and B such that l——<1 (for j=12,.1)
= 2 ‘ t; t;
ei = airﬂ‘
(25)
y 5
g =e? | @ﬁ] (24)
i=12,...—> N
= 21 b x sz _,a,
by=ixfBx) g_J DT
A\ =1
And for negative eigenvalues we have:
t+w +w T. ﬂl ﬂ!
y= Zdj , T = Z—] , ¢y =1-"—and B suchthat[l-"—<1 (for j=t+1.,t+w)
Jj=t+l j=t+l 2 ' gj gj
a
H! J
J (2ﬂ7)7+j
=V t+w Ej
—e? H (25)
szZ,....—) i=ttl

+w

g

=t+1\ i=t+l

rj-1 1j
Cio ZT_/ci

The parameter b is defined as M and I'(x) represents the well known Gamma function. Also,
2

W, ,(x) denotes Whittaker's function, defined as follows:

(9= T2
F(E -b- a)
(2b)
1"(1 +b—a)
2 a

December 2013

o
X e? F(b a+§2b+1xj

[—bﬁij - 1
x zelel(—b—a+E,—2b+l;xj

(26)
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The density function of (22) is written based on the assumption that = and 7' both are not

nonnegative integers plus % The probability density function for the special case of 7 and 7" are both

o 1. L
nonnegative integers plus > is also given in [21].

By similar procedure, P

errory !

which denotes the error probability assuming that H, is the true
hypothesis (i.e. y = H,a, +n) can be calculated and finally, by assuming equal probable hypothesis (i.e.

P(H,)=P(H,)= %) we have:

p.=tp 1lp 27)

error 2 erroro 2 errorl
The exact expression for the total error probability in general M-ary case cannot be easily evaluated.
It includes the joint pdf of L,'s which, because of not being independent, cannot be written using the
marginal pdf of each variable. Instead, we can apply the well known union bound approach [18]. For the
pth iteration, suppose that 7, is the true hypothesis, so that the error probability can be written as:

P, =PlL,>L or..orL >L orL,>L or..orLy,,>L|H) (28)
Based on the theory of statistics, we have:
P(A4 or B) = P(4U B) < (P(4) + P(B)) (29)
Applying the inequality of (29) to error expression in (28), we can find a bound for P,
N-p+1
f)ermrl- < ZP(Lb > Li |H1) (30)
b=1

b#i

By writing similar expression for error probability in the case of assuming each of the other
hypothesis being the true one, the total error probability can be written as follows (for equal probable
1

hypothesis, i.e. P(H.,) = —):
w (H)) N-p +1)
N-p+1 1 N-p+l
P _—EP_xPH._——EP
error i=l C’I’I’OI,- ( 1 ) N l i=l errorl-

1 N-p+l 1 N-p+1N-p+1 (31)
P =——>»P < ——m— P(L,>L,|H,
error N—p+1 ; error; N—p+1 IZ::I ; ( b l| 1)

b#i

In this equation, P(L, > L, | H,) can be considered as the error probability of binary case assuming H,
is the true hypothesis which can be calculated using the results in (18) and (22).
For the modified IDBCS method, the probability density function of decision variable (L;) is so
complicated and is not theoretically tractable.

6. COMPUTER SIMULATION

To evaluate the performance of the proposed IDBCS algorithm and its modified version, we have
exploited the test models of [10]. In all cases here, "N" is selected to be 256 and number of trials is set to
be 1000. Also, basis matrix ¥ is assumed to be the identity matrix I, . For the first simulation, we use
the Gaussian measurement matrix. Noise vector is assumed to be white Gaussian and normalized to have a
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norm equal to 0.5. For each trial, a random @® and a random noise vector is used. In addition, we generate
the binary signals with a support uniformly selected at random similar to simulations in [10]. Table 3
shows the values of the probability of correctly detecting nonzero indices of vector a (Pg) versus various
values of sparsity level (k) and number of measurements (m). As it is expected, by increasing the number
of measurements, Py increases. Further, for greater values of k, more measurements should be used to
detect the nonzero elements correctly. Since the approach of the proposed methods is similar to greedy
ones (which one or more nonzero element would be estimated at each iteration), the results are compared
to those of two well-known greedy algorithms: OMP method [13] and also ROMP [10]. As it has been
claimed in [10], ROMP is the first algorithm to provide both benefits of optimization-based methods and
greedy ones. Also, OMP is known as a basic algorithm in greedy methods group. Note that since we have
simulated the noisy case, as it has been suggested in [10], the stopping criteria for ROMP has been
changed by allowing the algorithm iterates at most & times.

As it can be seen in this table and the forthcoming tables, the performance of this new approach is
slightly better than the OMP and ROMP results.

Table 3. Probability of correct detection of nonzero elements of sparse signal vs. various values of
sparsity level (k) and number of measurements (m) for Gaussian measurement matrix

OMP | ROMP | IDBCS | Modified IDBCS OMP | ROMP | IDBCS | Modified
IDBCS

m=5 0 0 0.001 0.128 m=5 0 0 0 0
m=25 | 0.83 | 0.62 0.919 0.97 m=25 |0 0 0 0

k=2 m=50 |1 0.992 1 1 k=12 m=50 [ 001 |O 0.06 0.099
m=75 |1 1 1 1 m=75 | 0.616 | 0.02 0.735 0.826
m=125 | 1 1 1 1 m=125 | 0.997 | 0.398 | 0.999 1
m=256 | 1 1 1 1 m=256 | 1 1 1 1
m=5 0 0 0 0 m=5 0 0 0 0
m=25 | 0.27 | 0.03 0.393 0.62 m=25 |0 0 0 0

k=4 m=50 | 0.989 | 0.498 | 0.986 0.998 K =20 m=50 |0 0 0 0
m=75 |1 0.886 1 1 m=75 |0.014 |0 0.055 0.093
m=125 | 1 1 1 1 m=125 | 0.941 | 0.188 | 0.964 0.967
m=256 | 1 1 1 1 m=256 | 1 1 1 1

Similar simulation has been applied to the Bernoulli measurement matrix and the results are
presented in Table 4. As it can be seen, the Bernoulli case needs a few more measurements to have a
similar Py as compared with Gaussian case, especially in greater values of k.

Table 4. Probability of correct detection of nonzero elements of sparse signal vs. Various values of sparsity
level (k) and number of measurements (m) for Bernoulli measurement matrix

OMP | ROMP | IDBCS | Modified IDBCS OMP [ ROMP | IDBCS | Modified
IDBCS

m5_[0 |0 0 0 m5_[0 |0 0 0
m=25 | 0.874 | 0.664 | 0.886 | 0916 m=25 [0 |0 0 0

koo M0 1 1 1 1 K= 1p | M=50_[0.087]0 0.043_ | 0.05
m=75 |1 |1 1 1 m=75 | 0708 | 0.04 | 0.718 | 0.748
m=125 [1 |1 1 1 m=125 |1 | 0526 |1 1
m=256 |1 |1 1 1 m=256 |1 |1 1 1
m5_[0 |0 0 0 m5_[0 |0 0 0
m=25 | 0.27 | 0.012 | 0.265 | 0.345 m=25 [0 |0 0 0

(=4 | M=50 | 09820516 |0.981 | 0981 Koo M0 [0 [0 0 0
m=75 |1 | 00802 |1 1 m=75_| 0.024 | 0 0.021 | 0.025
m=125 [1 |1 1 1 m=125 | 0942 | 0.203 | 0.945 | 0.045
m=256 |1 |1 1 1 m=256 |1 |1 1 1

Since the results for ROMP method show poorer performance than OMP, for incoming simulations,
only OMP method has been considered to compare with the proposed algorithms.

December 2013 IJST, Transactions of Electrical Engineering, Volume 37, Number E2




114 H. Azad et al.

The curves of required number of measurements to have a Py equal to 99% for various values of
sparsity level for Gaussian measurement matrix can be seen in Fig. 1. These curves show the required size
of measurement vector so that in 99% of trials, the indices of nonzero elements are detected correctly. As
it is expected, the greater the sparsity level, the higher the number of measurements needed.
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Fig. 1. Required number of measurements (m) to have a P4 equal to 99% for
various values of sparsity level (k)

Another parameter that affects the performance of reconstruction algorithms is the SNR of nonzero
elements of sparse vector a. To have a better insight to the effect of SNR, a simulation with the previous
conditions is performed, except that the noise vector is assumed to have normal distribution with zero
mean and o? =1. Also, the amplitude of nonzero elements is taken equal and assigned a value so that the
predetermined SNR is satisfied. The SNR for each nonzero element is defined as:

2
o |
SNR = —

2
O

(32)

The resulting values for Fix sparsity level equal to 12 and different number of measurements versus
various values of SNR can be seen in Tables 5 and 6. Also, for two values of m , the curves of probability
of detection vs. SNR can be seen in Figs. 2 and 3. As expected, increasing the SNR of nonzero elements
increases the probability of correctly detecting their indices.

Table 5. Probability of correct detection of nonzero elements of sparse signal vs. various values of SNR
and number of measurements (m) for Gaussian measurement matrix (k=12)

OMP | IDBCS | Modified IDBCS OMP | IDBCS | Modified IDBCS
SNR=-6dB | 0.000 | 0.000 0.050 SNR=-6dB | 0.009 | 0.013 0.091
SNR=1dB | 0.061 | 0.076 0.105 SNR=1dB 0.656 | 0.647 0.700
m =51 SNR=6dB | 0.138 | 0.151 0.162 m=71 SNR=6dB 0.758 | 0.771 0.811
SNR=11dB | 0.170 | 0.181 0.193 SNR=11dB | 0.799 | 0.815 0.847
SNR=14dB | 0.194 | 0.221 0.223 SNR=14dB | 0.839 | 0.842 0.849
SNR=16dB | 0.210 | 0.250 0.262 SNR=16dB | 0.853 | 0.847 0.856
SNR=-6dB | 0.000 | 0.000 0.026 SNR=-6dB | 0.033 | 0.036 0.103
SNR=1dB | 0.307 | 0.336 0.410 SNR=1dB 0.866 | 0.857 0.874
m =61 SNR=6dB | 0.502 | 0.511 0.538 m =81 SNR=6dB 0.924 | 0.930 0.968
SNR=11dB | 0.547 | 0.590 0.626 SNR=11dB | 0.941 | 0.947 0.956
SNR=14dB | 0.565 | 0.566 0.580 SNR=14dB | 0.949 | 0.948 0.951
SNR=16dB | 0.593 | 0.603 0.612 SNR=16dB | 0.951 | 0.950 0.968
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Table 6. Probability of correct detection of nonzero elements of sparse signal vs. various values of SNR and

number of measurements (m) for Bernoulli measurement matrix (k=12)

OMP | IDBCS | Modified IDBCS OMP | IDBCS | Modified IDBCS
SNR=-6dB | 0.000 | 0.000 0.007 SNR=-6dB | 0.002 | 0.003 0.025
SNR=1dB 0.031 | 0.027 0.085 SNR=1dB 0.522 | 0.535 0.543
m=51 SNR=6dB 0.084 | 0.064 0.067 m=71 SNR=6dB 0.649 | 0.658 0.675
SNR=11dB | 0.098 | 0.091 0.101 SNR=11dB | 0.714 | 0.731 0.755
SNR=14dB | 0.101 | 0.098 0.116 SNR=14dB | 0.738 | 0.737 0.756
SNR=16dB | 0.103 | 0.123 0.138 SNR=16dB | 0.741 | 0.744 0.755
SNR=-6dB | 0.000 | 0.000 0.027 SNR=-6dB | 0.021 | 0.032 0.035
SNR=1dB 0.217 | 0.236 0.289 SNR=1dB 0.767 | 0.776 0.831
m=61 SNR=6dB 0.357 | 0.346 0.371 m =81 SNR=6dB 0.884 | 0.879 0.885
SNR=11dB | 0.425 | 0.433 0.434 SNR=11dB | 0.891 | 0.884 0.903
SNR=14dB | 0.435 | 0.439 0.444 SNR=14dB | 0.900 | 0.903 0.918
SNR=16dB | 0.440 | 0.441 0.465 SNR=16dB | 0.907 | 0.912 0.925
Gaussian Measurement Matrix
0.9 ; : ‘ :
0.8~~~ :F 7777777777777777
R — b A
|
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Fig. 2. Probability of correct detection of nonzero elements of sparse signal vs. various values of SNR and
number of measurements (m=61 and 71) for Gaussian measurement matrix (k=12)
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Fig. 3. Probability of correct detection of nonzero elements of sparse signal vs. various values of SNR and
number of measurements (m=61 and 71) for Bernoulli measurement matrix (k=12)

The proposed detection methods can be compared with a complete detection theoretic approach at
least for small N. For example, for N=3 we have a 7-ary hypothesis test in which 3 hypotheses assume
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sparse signal of order one, 3 hypothesis assume order two (i.e. 011,101, and 110) and one hypothesis
assumes order 3. In order to run simulations for this test, the following values for N, m and k have been
considered.

Table 7. The simulation parameters for comparing the results of proposed method with
a complete detection theoretic approach

N=3, m=3, k=1

N=3, m=3, k=2

N=3, m=2, k=1

N=3, m=2, k=2

N=3, m=1, k=1

As mentioned in [17], since this problem is a nested one, the following maximization (which
represents a similar approach to GLRT in binary test) would always decide hypothesis with order 3 as the
true one (assuming equal probable hypothesis).

j=arg maxlp(y|éi,H,.)J =127 (33)

In this test, the vector 6,, represents the maximum likelihood estimation of the vector of unknown
nonzero elements under hypothesis #,. Also, by using nested test we mean the hypothesis with order 1
and 2 are subsets of the hypothesis with order 3. Instead of (34), the following maximization should be
done [17]:

j=arg max[ln p(y 0., Hi)— % In det(l(éf))} i=12,..,7 (34)
where I(.) denotes Fisher matrix. Using this approach, the simulation results would be as follows.

Table 8. The probability of correct detection of nonzero elements of sparse signal for simulations of
comparison of OMP and IDBCS with a complete detection theoretic approach

OMP IDBCS Complete Detection Theoretic Approach
N=3, m=3, k=1 1 1 0.816
N=3, m=3, k=2 1 1 0.918
N=3, m=2, k=1 0.628 0.638 0.015
N=3, m=2, k=2 0.316 0.395 0.02
N=3, m=1, k=1 0.317 0.346 0.014

Note that, as it is mentioned in the texts of detection theory, GLRT approach (and similarly the above
maximization) is not an optimum one. As it can be seen in simulation results, in this special problem,
OMP and IDBCS show better performance compared to GLRT approach.

In section 5, the union bound for error probability of IDBCS has been derived. To justify the derived
equations, the computer simulation results have been shown in this part. In order to run this simulation, we
assume a vector with sparsity level equal to 3 (k=3), N=256 and various values for number of
measurements (m). Also, we consider the final iteration in IDBCS and assume that the first 2 nonzero
elements have been correctly detected in previous steps. The number of trials has been set to 10000. In
each trial, the third index for nonzero element has been selected randomly and with equal probability from
indices other than the previous 2 indices. Then the IDBCS algorithm has been run and the detected index
has been compared to the true one. If these two indices were different, that trial has been marked as a trail
with error occurrence. Finally, the number of these kinds of trials divided by 10000 gives the total error
probability. The comparison between the simulation results and the union bound from theoretical equation
in (31) can be seen in Fig. 4.
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Fig. 4. Comparison between the analytical union bound for error probability with simulation
results in IDBCS algorithm for various values of number of measurements (m)
for Gaussian measurement matrix (k=3, N=256)

As can be concluded from the presented results, the performance of the proposed algorithms has
slightly better performance in comparison with OMP. The performance of these algorithms can be
improved by an estimation-confirmation approach for finding and estimating nonzero elements. Instead of
detecting one nonzero element in each step, although there is the possibility of existence of some other
nonzero elements in the noise term in the considered test, one can guess either the existence or non
existence of potential indices. In other words, the potential nonzero elements can be estimated using some
simple inaccurate approaches and then for confirmation step, the detection theory can be utilized for
selection between these probable indices. In such an algorithm, for the detection test, the possibility for the
noise vector not including signal terms would be higher (since nearly all the signal terms have been
extracted with high probability in the first step). Such an approach is our trend for future works. Although
in modified IDBCS, an attempt has been made for the deficiency in noise model to be covered by
assuming a mean vector for noise based on the mean of all signal terms.

In addition to comparison between performance of the proposed methods, OMP and ROMP in
detecting nonzero elements of sparse vector, in this part the computational load of algorithms has been
compared. For OMP method in each iteration, there is a sorting and selection through N elements,
multiplication by HWN and finally, a least squares problem is solved. These matrix manipulations can be
done in O(N), O(mN) and O(k*N) respectively [10]. So, the overall cost for OMP in each iteration is
of order O((k” + m)N) . Besides these operations, there is a regularization step in ROMP with total cost
of O(k) in each iteration. So the total cost of ROMP in each iteration is of order O((k* +m)N) similar
to OMP [10].

Based on Appendix 1 and Table 1, the computational load for calculating ([HF B hl.]T X [Hr . hl.])f1
of order 0(( ~1)* x ) The inner product of measured data y, and each column of Hnichan be
calculated and saved before running IDBCS method so that the terms y [H J can be substituted
using the results in saved memory. Other than these parts, the complexity for matrlx multiplications and
also sorting and selection in Table 1 is of order O(p + p) and O(N), respectively. Since m is the number
of measurement which is much greater than 1, the total complexity load for IDBCS can be written of order
O(N +m(p—1)*) where p denotes the iteration number. Assume that both OMP and IDBCS
algorithms iterate k times until all £ nonzero elements have been estimated, it can be said that the
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maximum computational load for IDBCS occurs in kth iteration and is of order O(N + m(k —1)?) . For
modified IDBCS, the equation for ;) can be written as shown below:

;[‘(p) = yT 8 ([HFH hf]x ([Hrpfl hi]T x [HFH hi])il X [Hr,,,1 hi]T —I)X a” (35)

ao” x([HrM h, |x ([Hr b x[HrM h )" [Hr ] —I)Xd(p)

Based on Appendix 1, the computational load for ([HFH hl.]T X [Hrﬂ hl.])f1 is of order O((p -1)° xm).
The matrix multiplication in ([Hr,,,l h,.]x ([Hrpi1 hi]T ><[Hrp71 h,.])flx[HrH h,]T —I) is of order
O(mp2 + mzp). Considering the vector-matrix multiplications in nominator and denominator of ), the
total complexity load for calculating z(”) is of order 0(mp2 +m’p+m® + m) which can be approximately
written as O(mp2 +m2p). Also, by substituting the ML estimation of nonzero elements, the term

_ R P NORE ; :
y [HF hl.]x ! wd in Table 2 can be written as follows:
p-1 a.

1

- ([Hrp,1 hi]x ([Hrl,,1 hi]T x [Hrp,1 hi])_l x [Hrp,l hi]T - I)X (y _ﬁ(p)d(p)) (36)

The first term has been calculated before, so that calculation of | y — [Hr . hi]x {aipi;l_ /jt(p)d(p)j only
includes a matrix-vector multiplication which can be calculated with orderp O(mz). Fiiia y, the criteria can
be calculated with order O(m) and sorting can be done with O(N). So for modified IDBCS, the
computational load would be of order O(N + mp® + pm?) in each iteration, so that maximum load for
modified algorithm is of order O(N + mk? + km?) .

7. CONCLUSION

Two new algorithms for reconstruction of sparse signals measured by compressed sensing have been
developed. The new approaches are based on detection theory. By applying composite multiple hypothesis
tests, the recovery problem has been solved based on an iterative method. It has been assumed that the
signal is corrupted with additive normal noise with known parameters. The union bound for the error
probability of one detector has been analytically calculated. Also, computer simulations have been
provided which show acceptable performance for the proposed methods in reconstruction of sparse
signals. Due to the general structure of the proposed approach, it can be developed for other noise models
with known or unknown parameters which are our trends for future research.
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this work financially.
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APPENDIX A: NOTE ON COMPUTATIONAL COMPLEXITY

The most computational load of the proposed algorithms at pth iteration is the matrix inversion of
([Hr . hA]’ X [Hr . h,.])_1 which is a matrix inversion of size px p. However, by utilizing the following lemma,

i

.. - . -1 . - - - - -
this inversion can be done using (H - T H, ) which is calculated in the previous iteration.
p-1 p-1
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Lemma 1: For proper dimensions of matrices, the following equality (inverse of partitioned matrix) can be proved if
all inverses exist [22]:

{A B}l_ (AT+A'BKCA™Y) (-A'BK)
C pD| (-KCA™) K
(A1)

K=(D-cAa'B)’

Now, let’s rewrite our matrix inversion problem as follows:

-1
R B I

Using lemma 1, we can write:
A= HT JH
T
B= Hr b, (A3)
C=h/H, .
D=h/h,

So after some mathematical manipulations, we have:

F, = ([Hrﬂ,l h1]7 X[ Hr b ]T {flz f22:|

where:.

-1
T 1 ( T 1.7 Ty, T T 1.7 T ( T Tl
f,= (HFMHFM) + HF,HHF,H) Hr,,,lhf x(h,. h, —h; Hrp,l (HF,HHFM) Hr,,,lhf] xh; HF,H HF,HHFM (A4)

=0 m ) H;Hh,, x [h{ h-h'H, (W B, J'H] b, Jfl

1
T T T T T T 1
f, = {h h; —h; H H H T H; ,.) xh; Hrp,l (HF,HHF,H

fzzz(hfh,.—th (HT H, THP ) ,j_l

If we define F_, = (H§ (H; 1)71 which has been calculated in (p —1)th iteration, and also G = F, H; h,

P

then we have:
f, =F,, +G><(hfh,. —h,.THrHG)'1 xG”

f, =-Gx[h’n, -n’H, G (A5)
£, =—07h, —n/H, G)'xG’
S = (hirhi —hiTHr,HG)il

The computational complexity of F, by calculating ([Hrpi1 h,-]f X [Hrp , h,»])_l and (A.5) is of order O(m’)

and O((p ~1)* x m) respectively. Since p is the iteration number (which is much less than m ), by using (A.5), the
computational complexity of F, dramatically decreases compared to calculation of \[H . L h ] x|H h, B
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