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Abstract 

In this paper, it was shown that	ଶD୬ሺ2ሻ, where n ൌ 2୫  1  5 and |πሺ2୬ିଵ  1ሻ| ൌ 1, and 	ଶD୬ሺ3ሻ, where 

n ൌ 2୫  1  9 is not prime and |πሺ
ଷషభାଵ

ଶ
ሻ| ൌ 1, are OD-characterizable. 
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1. Introduction 

Let ۵ be a finite group, ૈሺ۵ሻ the set of all prime 
divisors of its order and let ሺ۵ሻ be the spectrum 
of ۵, that is the set of its element orders. The prime 
graph ۵۹ሺ۵ሻ of ۵ is a simple graph with vertex set 
ૈሺ۵ሻ in which two distinct vertices ܘ and ܙ are 
joined by an edge (and written ܙ~ܘ) if and only if 
ܙܘ א ሺ۵ሻ. Denote by ܜሺ۵ሻ the number of 
connected components of ۵۹ሺ۵ሻ. The ܑ-th 
connected component is denoted by ૈܑ ൌ ૈܑሺ۵ሻ for 
each ܑ. If  א ૈሺ۵ሻ, then we assume that  א ૈ. 
For ܘ א ૈሺ۵ሻ, ܍܌ሺܘሻ ൌ |ሼܙ א ૈሺ۵ሻ|ܙ~ܘሽ| is 
called the degree of ܘ. If ૈሺ۵ሻ ൌ ሼܘ, ,ܘ . . . ,  ሽܓܘ
with ܘ ൏ ܘ ൏. . . ൏ we also define ۲ሺ۵ሻ ,ܓܘ ൌ
ሺ܍܌ሺܘሻ, ,ሻܘሺ܍܌ . . . ,  ሻሻ which is calledܓܘሺ܍܌
the degree pattern of ۵. It is clear that the order of 
۵ can be expressed as the product of the numbers 
,ܕ,ܕ . . . ሻܑܕሺ۵ሻ, where ૈሺܜܕ, ൌ ૈܑ,   ܑ 
ሺ۵ሻܜ ሺ۵ሻ. If the order of ۵ is even andܜ  , 
according to our notation ܕ,ܕ, . . .  ሺ۵ሻ are oddܜܕ,
numbers. The positive integers ܕ,ܕ, . . .  ሺ۵ሻܜܕ,
are called the order components of ۵ and ۱۽ሺ۵ሻ ൌ
ሼܕ,ܕ, . . .  ሺ۵ሻሽ is called the set of orderܜܕ,
components of ۵, and ܂ሺ۵ሻ ൌ ሼૈܑሺ۵ሻ|ܑ ൌ
, , . . . ,  ሺ۵ሻሽ is called the set of connectedܜ
components of ۵. set 
ષሺ۵ሻ ൌ ሼܘ א ૈሺ۵ሻ|܍܌ሺܘሻ ൌ ሽ and ષᇱሺ۵ሻ ൌ
ሼܘ א ૈሺ۵ሻ|܍܌ሺܘሻ ് ሽ. Clearly, ૈሺ۵ሻ ൌ
ષሺ۵ሻ  ષᇱሺ۵ሻ. Given a finite group ۻ, denote by 
 ሻ the number of isomorphism classes ofۻ۲ሺ۽ܐ
finite groups ۵ such that |۵| ൌ and ۲ሺ۵ሻ |ۻ| ൌ
۲ሺۻሻ. A finite group ۻ is called ܓ-fold OD-
characterizable if	۲۽ܐሺۻሻ ൌ  Usually a 1-fold .ܓ
 
*Corresponding author 
Received: 19 December 2012 / Accepted: 6 March 2013 

OD-characterizable group is simply called OD-
characterizable [1]. Also in [1], Darafsheh et.al 
proved that the sporadic simple groups, alternating 
groups ܘۯ, where ܘ and ܘ െ  are primes, and 
some simple groups of Lie type are OD-
characterizable, and ܁ሺሻ and ۽ૠሺሻ are -fold 
OD-characterizable groups. In [2], it has been 
proved that ۯ is -fold OD-characterizable. In 
[3], it has been proved that all simple groups whose 
orders are less than ૡ except ۯ and ܃ሺሻ are 
OD-characterizable. According to [4], ۰ܚሺሻ and 

is an odd prime and |ૈሺ ܚ ሺሻ, whereܚ۱
ିܚ


ሻ| ൌ  

and ۰ܖሺܙሻ, ,ܖ ሻ, for certainܙሺܖ۱  and the simple ,ܙ
groups ۰ሺሻ and ۱ሺሻ are -fold OD-
characterizable. In this paper, we prove that:  
 
Theorem A. Let ۵ be a finite group such that 
|۵| ൌ |۲ܖሺሻ| and ۲ሺ۵ሻ ൌ ۲ሺ۲ܖሺሻሻ, where 
ܖ ൌ ܕ     and |ૈሺିܖ  ሻ| ൌ . Then 
۵ ؆  .ሺሻܖ۲
 
Theorem B. Let ۵ be a finite group such that 
|۵| ൌ |۲ܖሺሻ| and ۲ሺ۵ሻ ൌ ۲ሺ۲ܖሺሻሻ, where 

ܖ ൌ ܕ    ૢ is not prime and |ૈሺ
ܖషା


ሻ| ൌ . 

Then ۵ ؆   .ሺሻܖ۲

2. Preliminary results 

If ܉ is a natural number, ܚ is an odd prime and 
ሺܚ, ሻ܉ ൌ , then by ܍ሺܚ,  ሻ we denote the smallest܉
natural number ܖ with ܖ܉ ؠ ሺ܌ܗܕ	ܚሻ. A prime ܚ 
with ܍ሺܚ, ሻ܉ ൌ  is called a primitive prime divisor ܖ
of ܖ܉ െ . We denote by ܖ܀ሺ܉ሻ the set of all the 
primitive prime divisors of ܖ܉ െ  and by ܖܚሺ܉ሻ 
every element of ܖ܀ሺ܉ሻ, and ܘܖ is ܘ-part of ܖ.  
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Lemma 2.1. (Zsigmondy ’s Theorem)[5]Let ܉ and 
 be integers greater than 1. There exists a prime ܖ
divisor ܘ of ܖ܉ െ  such that ܘ does not divide 
ܒ܉ െ  for all   ܒ ൏  except exactly in the ,ܖ
following cases: 
(i) ܖ ൌ , ܉ ൌ ܛ െ , where ܛ  ;  
(ii) ܖ ൌ , ܉ ൌ .  
By Zsigmondy’s Theorem,ܖ܀ሺ܉ሻ ് , unless 
܉ ൌ , ܖ ൌ  or ܖ ൌ  and 
܉ ൌ ܟ െ  for some natural number ܟ. Obviously 
by Fermat’s little theorem it follows that 
,ܚሺ܍ ܚ|ሻ܉ െ . Also, if ܕ܉ ؠ  (mod ܚ), then 
,ܚሺ܍  ሻ weܖby િሺ ,ܖ Also, for an integer .ܕ|ሻ܉
denote the following function: 
 

િሺܖሻ ൌ ቊ
					܌܌ܗ	ܛܑ	ܖ			ܖ
ܖ

 .܍ܛܑܟܚ܍ܐܜܗ			

 
Lemma 2.2. [6, 7] Let ۵ ൌ  ሻ be a finiteܙሺܖ۲
simple group of Lie type over a field of 
characteristic ܘ. Let ܚ and ܛ be odd primes and 
,ܚ ܛ א ૈሺ۵ሻ\ሼܘሽ. Put ܓ ൌ ,ܚሺ܍ ܔ ሻ andܙ ൌ ,ܛሺ܍  .ሻܙ
Then: 
(i) ܚ and ܘ are non-adjacent if and only if 
િሺ܍ሺܚ, ሻሻܙ  ܖ െ ; 
(ii) if   િሺܓሻ  િሺܔሻ, then ܚ and ܛ are non-
adjacent if and only if િሺܓሻ  િሺܔሻ  	ܖ െ
ሺ  ሺെሻܓାܔሻ and 

ܔ

ܓ
 is not an odd natural number;  

(iii) if ܘ ് , then ܚ and  are non-adjacent if and 
only if one of the following holds:   
1. િሺܓሻ ൌ ,and ሺ ܖ ܖܙ  ሻ ൌ ሺܖܙ  ሻ;  

2. િሺܓሻ ൌ
ܓ


ൌ ܖ െ , ܖ is odd and ܍ሺ, ሻܙ ൌ .  

 
Lemma 2.3. Let Mൌ2۲ܖሺܘሻ, where ܘ א ሼ, ሽ,

ܖ ൌ ܕ   and |ૈሺ
షାܖܘ

ሺ,ିܘሻ
ሻ| ൌ . Then ܍܌ሺܘሻ ൌ

|ૈሺۻሻ| െ ሺ   .ሻ|ሻܘሺܖ܀|
 
Proof: First assume that ܘ ൌ  and ܛ א ૈሺ۵ሻ\ሼሽ. 
Then by Table , we have ૈሺۻሻ ൌ ૈሺିܖ  ሻ 
and by Lemma 2.2(i), ܛ is non-adjacent to  if and 
only if ܛ א ሺሻܖ܀   ሻሺሻ. But sinceିܖሺ܀
ሻሺሻିܖሺ܀ ك ૈሺିܖ  ሻ, we have 
|ሻሺሻିܖሺ܀| ൌ . Therefore ܍܌ሺሻ ൌ |ૈሺۻሻ| െ
ሺ  ܘ ሺሻ|ሻ. Forܖ܀| ൌ , the same argument 
shows that ܍܌ሺሻ ൌ |ૈሺۻሻ| െ ሺ    .ሺሻ|ሻܖ܀|
 
Lemma 2.4. [8] Let ࡳ be either a Frobenius group 
or a -Frobenius group of even order. Then 
ሻࡳሺ࢚ ൌ .  
 
Lemma 2.5. [1] Let ࡳ and ࡹ be finite groups such 
that |ࡳ| ൌ ሻࡳሺࡰ and |ࡹ| ൌ  ሻ. In addition, weࡹሺࡰ
suppose one of the following conditions holds:   
(i) |ࢹᇱሺࡹሻ| ൌ ;  
(ii) |ࢹᇱሺࡹሻ| ൌ ;  

(iii) |ࢹᇱሺࡹሻ|   and there exists a vertex 
 א ሻሺࢍࢋࢊ ሻ such thatࡹሺ࣊  |ሻࡹᇱሺࢹ| െ .  
Then ࡻሺࡳሻ ൌ   .ሻࡹሺࡻ
 
Lemma 2.6. [8, 9] Let ࡳ be a finite group with 
ሻࡳሺ࢚  . Then one of the following holds:   
(i) ࡳ is a Frobenius or a -Frobenius group;  
(ii) ࡳ has a normal series  ٳ ࡴ ٲ ࡷ ٳ  such that ࡳ

 and ࡴ
ࡳ

ࡷ
 are ࣊-groups and 

ࡷ

ࡴ
 is a non-abelian finite 

simple group. Moreover, ࡴ is nilpotent, |
۵

ࡷ
| divides 

ሺ࢚࢛ࡻ|
ࡷ

ࡴ
ሻ| and every odd order component of ࡳ is an 

odd order component of 
ࡷ

ࡴ
. 

 
Lemma 2.7. [10] Let  and  be primes and 
,  . Then: 
(i) the only solution of the diophantine equation 
 െ  ൌ  is ሺ, ሻ ൌ ሺ, ሻ;  
(ii) with the exceptions of the relations ሺૢሻ െ
ሺሻ ൌ െ and  െ .  ൌ  every solution 
of  െ  ൌ േ has exponents of  ൌ  ൌ , 

i.e. it comes from a unit  െ . 

 of the quadratic 

field ࡽሺ

ሻ.  

 
Lemma 2.8. [11] Let ࡳ be a finite group with 
ሻࡳሺ࢚  . If ࡴ ٳ  group, then-࣊ is a ࡳ
ሺ∏ 	ஸஷஸ࢚ሺࡳሻ |ࡴ| ሻ divides െ .  
 
Lemma 2.9. [12] Let ࡳ ൌ  ሻ be a finite simpleሺ
group of Lie type over a field of characteristic , 
where  ൌ  :Then .
(i) if  ൌ , then |࢚࢛ࡻሺࡳሻ| ൌ ,ሺࢊࢉࢍ ܙ െ ሻ;  
(ii) if   , then |࢚࢛ࡻሺࡳሻ| ൌ ࢊࢉࢍሺ  ,  െ
ሻ.  

The list of finite simple groups with disconnected 
prime graph and their odd order components is 
given in Table 1-3 [9, 13]. 
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Table 1. Finite Simple Groups ࡼ with ࢚ሺࡼሻ   
 

 
Table 2. Finite Simple Groups ࡼ with ࢚ሺࡼሻ ൌ  

 

 ሻࡼሺ࣊   ࡼ Restrictions on  ࡼ    
ሺሻ  ሼሽ   ૠ   
	ሺሻ  ൌ ା   ሼሽ  െ   െ ඥ     ඥ     

	ࡱሺሻ  ሼ, , , ૠ, ሽ  ૠ ૢ   
 ሻૡሺࡱ ؠ , ሺሻ ࣊ሺሺૡ െ ሻሺ െ ሻ 

ሺ െ ሻሺૡ െ ሻሺ െ ሻሻ
    
    

ૡ െ     െ   
 െ   

  

,  ሼࡹ ሽ  ૠ    
,  ሼࡶ , ሽ ૠ  ૢ   
,ሼ  ࡺԢࡻ , , ૠሽ  ૢ    
,ሼ  ࡿ࢟ࡸ , , ૠ, ሽ  ૠ ૠ   
,Ԣ  ሼࡲ , , ૠ, , ሽ ૠ  ૢ   
,  ሼࡲ , , ૠ, , , ૠ, ૢ, , ૢ  ૢ ૠ   

 ሻૡሺࡱ ؠ , , ሺሻ ࣊ሺሺૡ െ ሻሺ െ ሻ 
ሺ െ ሻሺ െ ሻሺૡ െ ሻሻ

    
    

 െ   
 െ   

 
ૡ െ      

  

 

,  ሼࡶ , , ૠ, ሽ  ૢ  ૠ 

  ሻࡼሺ࣊   ࡼ Restrictions on   ࡼ
   ൏  ൌ ,   ,   

 or  െ  is not prime 
ሺሺ࣊ െ ሻ!ሻ  

,ሻ ሺሺି ሻ ് ሺ, ሻ, ሺ, ሻ 
ෑሺ࣊

ି

ୀ
ሺ െ ሻሻ 

 െ 
ሺ െ ሻሺ,  െ ሻ

 

ሻ ሺሺ െ ሻ|ሺ  ሻ 
ାሺሺ࣊ െ ሻෑ

ି

ୀ
ሺ െ ሻሻ 

 െ 
 െ 

 

	ିሺሻ  
ෑሺ࣊

ି

ୀ
ሺ െ ሺെሻሻሻ 

  
ሺ  ሻሺ,   ሻ

 

	ሺሻ ሺ  ሻ|ሺ  ሻ 
ሺ, ሻ ് ሺ, ሻ, ሺ, ሻ ࣊ሺሺ

ା െ ሻෑ
ି

ୀ
ሺ െ ሺെሻሻሻ

  
  

 

	ሺሻ  ሼ, ሽ  
 ሻሺ ൌ   ,  is odd 

ෑሺ࣊
ି

ୀ
ሺ െ ሻሻ 

  


 

  ሺሻ
ሺሺ࣊  ሻෑ

ି

ୀ
ሺ െ ሻሻ 

 െ 


 

 ሻሺ ൌ    
ෑሺ࣊

ି

ୀ
ሺ െ ሻሻ 

  
ሺ,  െ ሻ

 

 ሻሺ ൌ ,  
ሺሺ࣊  ሻෑ

ି

ୀ
ሺ െ ሻሻ 

 െ 
ሺ,  െ ሻ

 

 ሻሺࡰ  ,  ൌ , ,  
ෑሺ࣊

ି

ୀ
ሺ െ ሻሻ 

 െ 
 െ 

 

 ሻାሺࡰ ൌ ,  
ሺሺ࣊  ሻෑ

ି

ୀ
ሺ െ ሻሻ 

 െ 
ሺ,  െ ሻ

 

	ࡰሺሻ  ൌ    
ෑሺ࣊

ି

ୀ
ሺ െ ሻሻ 

  
ሺ,   ሻ

 

	ࡰሺሻ  ൌ   ,   
ሺሺ࣊  ሻෑ

ି

ୀ
ሺ െ ሻሻ 

ି   

	ࡰሺሻ    ്    
ሺෑ࣊

ି

ୀ
ሺ െ ሻሻ 

  


 

	ࡰሺሻ  ൌ    ് ,  
ሺሺ࣊  ሻෑ

ି

ୀ
ሺ െ ሻሻ 

ି  


 

ሻ ሺࡳ ൏  ؠ ,ሺሻࢿ ࢿ ൌ േ ሺሺ࣊ െ ሻሺ െ ሻሻࢿ  െ ࢿ   
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Table 3. Finite Simple Groups ࡼ with ࢚ሺࡼሻ ൌ  

 
ሻࡼሺ࣊  ࡼ Restrictions on   ࡼ   
    , 

 ൌ ,  െ 	ࢋ࢘ 
ሺሺ࣊ െ ሻ!ሻ   െ  

ሻ  ሺ ൏  ؠ  ,ሺሻࢿ
ࢿ ൌ േ

ሺ࣊ െ  ሻሺ࣊ ሻࢿ  ࢿ


 

  ሻሺ  ,  ሼሽ ࢋ࢜ࢋ	 െ     
	ሺሻ   ሼ, , ሽ ૠ  
	ࡰሺሻ   ൌ      

ିሺሺ࣊ െ ሻෑ
ି

ୀ
ሺ െ ሻሻ

ି  


 
  


 

  ሻሺࡳ ؠ ሺሻ ࣊ሺሺ െ ሻሻ  െ        
	ࡳሺሻ   ൌ ା   ࣊ሺሺ െ ሻሻ  െ ඥ     ඥ   
ሺሺ࣊ ࢋ࢜ࢋ  ሻሺࡲ െ ሻሺ െ ሻሻ  െ       
	ࡲሺሻ   ൌ ା   ࣊ሺሺ  ሻሺ െ ሻሻ  െ ඥ

  െ ඥ
 

  ඥ    ඥ  

,ૠሺሻ   ሼࡱ , , ૠ, , , ૠ, ૢ, , ሽ ૠ ૠ 
,ૠሺሻ   ሼࡱ , , ૠ, , , ૢ, ૠ, , , ૠ ૠૠ ૢ 
,   ሼࡹ ሽ   
,   ሼࡹ , , ૠሽ   
,   ሼࡹ , , ૠሽ   
,   ሼࡶ , ሽ ૠ ૢ 
,ሼ   ࡿࡴ , ሽ ૠ  
,ሼ   ࢠ࢛ࡿ , , ૠሽ   
,   ሼ , , ૠሽ   
,   ሼࡲ , , ૠ, , ሽ ૠ  
,   ሼࡲ , , ૠ, ሽ ૢ  
,   ሼࡲ , , ૠ, , , ૠ, ૢ, ሽ  ૠ 

3. Proof of main theorems  

3.1. Proof of Theorem A 

Let ࡹ ൌ  ሺሻ, whereࡰ ൌ     . Assume 
that ࡳ is a finite group such that |ࡳ| ൌ  and |ࡹ|
ሻࡳሺࡰ ൌ ሻࡹሺ࢚ ሻ. Recall thatࡹሺࡰ ൌ  and ࣊ሺࡹሻ ൌ
ሻሺିሺሺ࣊  ሻሺି െ ሻ∏ ି	

ୀ ሺ െ
ሻሻ࣊܃ሺି  ሻ. By assumption, |࣊ሺି 

ሻ| ൌ , so ࣊ሺି  ሻ א ሻࡳሺࢀ െ ሼ࣊ሺࡳሻሽ. This 
shows that ࢚ሺࡳሻ  . First, suppose that ࢚ሺࡳሻ  . 
We are going to reach a contradiction under this 
assumption. Thus by Lemma 2.4, ࡳ is neither a 
Frobenius group nor a -Frobenius group and 
hence, by Lemma 2.6(ii), there is a normal series 

 ٳ ࡴ ٱ ࡷ ٳ ࡼ such that ࡳ for ࡳ ൌ
ࡷ

ࡴ
 is a non-

abelian finite simple group and every odd order 

	ࡰሺሻ  ࣊ሺሺ െ ሻሻ  െ    
ሺሺ࣊ is odd  ሻሺࡲ െ ሻሺૡ െ ሻሻ  െ    
	ࡲԢሺሻ  ሼ, , ሽ  
ሺሺ࣊  ሻሺࡱ െ ሻሺૡ െ ሻሺ െ ሻሻ     

ሺ,  െ ሻ
 

	ࡱሺሻ    ࣊ሺሺ  ሻሺૡ െ ሻሺ െ ሻሻ  െ   
ሺ,   ሻ

 

,  ሼࡹ , ሽ  
,  ሼࡶ , ሽ ૠ 
,ሼ  ࢛ࡾ , , ૠ, ሽ ૢ 
,ሼ  ࢋࡴ , , ૠሽ ૠ 
,ሼ  ࡸࢉࡹ , , ૠሽ  
,  ሼ , , ૠ, , ሽ  
,  ሼ , , ૠ, ሽ  
,  ሼࡲ , , ૠ, ሽ  
,  ሼࡲ , , ૠ, ሽ ૢ 
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component of ࡳ is an odd order component of ࡼ 
and ࡴ is a nilpotent group. So ࢚ሺࡼሻ   and  
 
ି   א ሻࡼሺࡻ െ ሼሺࡼሻሽ, 	ࢋ࢘ࢋࢎ࢝ ൌ
    .                                                          (1) 
 

Thus the classification theorem of finite simple 
groups and Tables 1 and 3 show that one of the 
following possibilities holds for ࡼ: 
 
Case 1. 
ࡼ ؆ ,ሺሻ ,ૠሺሻࡱ	 ,ૠሺሻࡱ	 ,ࡹ	 ,ࡹ	 ,ࡹ	 ,ࡿࡴ,ࡶ	  ,ࢠ࢛ࡿ
, ,ࡲ ,ࡲ ,ࡲ ,ࡹ,ሺሻ ,ࡶ ,ࡺᇱࡻ ,ࡿ࢟ࡸ ,ࡲ ,ࡶ ,ሺሻࡱ  .Ԣࡲ
By (1), ሺି  ሻ א ሻࡼሺࡻ െ ሼሺࡼሻሽ. Since   , 
ି    ૠ. Thus considering the odd order 
components of the finite simple groups mentioned 
above leads to ࡼ ؆ ,ࡶ ,ࡲ  Ԣ. Inࡲ ሺሻ orࡱ
these cases, we can see that  ൌ  and |ࡼ| does not 
divide |ࡳ| ൌ |ࡰሺሻ|, which is impossible. 
 
Case 2.  
ࡼ ؆  where ,   and ,  െ  are prime. Then 
ሻࡼሺࡻ െ ሼሺࡼሻሽ ൌ ሼ,  െ ሽ, so by (1), 
ି   א ሼ,  െ ሽ. If  ൌ ି  , then for 
every   , the largest power of 2 dividing หห 

is ቀቂ

ቃ  ቂ




ቃ  ቁڮ െ  ൌ ቀቂ

షା


ቃ  ቂ

షା


ቃ 	 ቁڮ െ

 ൌ ି  ି. . .    െ  ൌ ି െ   ሺ െ
ሻ. 

But |ࡳ| ൌ |ࡹ| ൌ ሺିሻ, so |ࡼ| 	 ץ  which ,|ࡳ|	
is impossible. If  ൌ , then  ൌ ૠ, so |ࡼ|		 ץ  .|ࡳ|
If  െ  ൌ ି  , then  ൌ ି  , so the 
same argument as above leads us to a contradiction. 
 
Case 3. 
ࡼ ؆  ሺሻ, whereࡰ ൌ ᇱ    . Then 

ሻࡼሺࡻ െ ሼሺࡼሻሽ ൌ ሼ
షା


,
ା


ሽ. Thus (1) 

shows that either ି െ  ൌ  or  ൌ ା 
. If ି െ  ൌ , then by Lemma 2.7(i),  ൌ  
and  ൌ , contradiction with assumption on . If 
 െ  ൌ ା, then |ା, which is impossible. 
 
Case 4.  
ࡼ ؆ ሻ and ሺ ൏ ሻࡼሺࡻ is even. Then  െ
ሼሺࡼሻሽ ൌ ሼ െ ,   ሽ. Thus (1) shows that 
ି   א ሼ െ ,   ሽ. If  െ  ൌ ି  , 
then  ൌ ሺି  ሻ, so  is not a power of , a 
contradiction. If    ൌ ି  , then  ൌ ି. 

Set |
ࡳ

ࡷ
| ൌ |ࡳ| so ,࢚ ൌ  Of course by .|ࡼ||ࡴ|࢚

Lemma 2.6(ii) and Lemma 2.9(i), ࢚|, so  
 

|ࡴ|࢚ ൌ
|ࡳ|
|ࡼ|

ൌ
|ࡰሺሻ|
|ሻሺ|

ൌ ሺିሻ

ሺ  ሻෑ	

ି

ୀ

ሺ െ ሻ. 

 
Thus for every ࢘ א ࡿ If .|ࡴ||࢘ ,ሺሻࡾ א

is a divisor of  ࡿ ሻ, then the order ofࡴሺ࢘࢟ࡿ   

and by Lemma 2.8, |ሺ|ࡿ| െ ሻ, which is a 
contradiction. 
 
Case 5. 
ࡼ ؆  ሻ, whereሺ ؠ െሺࢊ	ሻ. Then 

ሻࡼሺࡻ െ ሼሽ ൌ ሼ,
ି


ሽ. Thus by (1), ି 

 א ሼ,
ି


ሽ. If  ൌ ି  , then  ؠ

ሺࢊ	ሻ, which is a contradiction. Now we 

assume that 
ି


ൌ ି  , so  ൌ   . Since 

 ൌ     , an easy computation shows that 
|  , so  is a power of , say  ൌ ࢌ. Thus 
 ؠ ሺࢊሻ, which is a contradiction. 
 
Case 6.  
ࡼ ؆  ሻ, whereሺ ؠ ሺࢊ	ሻ. Then ࡻሺࡼሻ െ
ሼሺࡼሻሽ ൌ ሼ,

ା


ሽ. Thus by (1), ି   א

ሼ,
ା


ሽ. First assume that  ൌ ି   and 

 ൌ ࢻ where ,ࢻ  . So we have the following 
subcases: 
(i) if ࢻ  , then by Lemma 2.7(i), ࢻ ൌ  and 
 ൌ , which is not the case;  
(ii) if ࢻ ൌ , we have  ൌ  ൌ ି  . Now we 

set |
ࡳ

ࡷ
| ൌ |ࡳ| so ,࢚ ൌ  By Lemma 2.6(ii) .|ࡼ||ࡴ|࢚

and Lemma 2.9(i), ࢚|. Thus  
 

|ࡴ|࢚ ൌ
|ࡳ|
|ࡼ|

ൌ ሺିሻ

ሺ  ሻሺି െ ሻሺି െ ሻෑ	

ି

ୀ

ሺ െ ሻ, 

 
so repeating the argument given for Case 4 leads us 
to a contradiction. 

If 
ା


ൌ ି  , then  ൌ   . Assume 

that  ൌ ࢻ where ࢻ  . So we have the 
following subcases: 
(i) if ࢻ  , then by Lemma 2.7(i), ࢻ ൌ  and 
 ൌ , which is not the case;  
(ii) if ࢻ ൌ , then  ൌ  ൌ    shows that  is 
a Fermat prime, and so  must be a power of , 
which is a contradiction because  ൌ    is an 
odd prime.  
 
Case 7. 
ࡼ ؆  ሻ, whereሺࡳ ؠ ሺࢊ	ሻ or ࡼ ؆  ,ሻሺࡳ
where  ൌ ା  . If ࡼ ؆  ሻ, then theሺࡳ
same reasoning as above shows that      ൌ
ି   or  െ    ൌ ି  . But  
  , 	 െ    ؠ ሺࢊ	ሻ and ି   ؠ
ሺࢊ	ሻ and hence, both cases are ruled out. If 
P	؆2G2ሺqሻ, then the same reasoning as above leads 
to a contradiction.  
 
Case 8.  
ࡼ ؆ ࡼ ሻ orሺࡲ ؆  ሻ. Then the odd orderሺ
components of ࡼ is a number of the form ࢌሺሻ 
 such that ࢊࢉࢍሺ, ሺሻሻࢌ ൌ . If ࢌሺሻ   ൌ



 
 

IJST (2013) 37A4: 533-540                                                                                                                                          538 
 
ି  , then we obtain ࢌሺሻ ൌ ି, which is 
a contradiction. 
 
Case 9.  
ࡼ ؆ ሻࡼሺࡻ is even. Then  ሻ, whereሺࡲ െ
ሼሺࡼሻሽ ൌ ሼ  ,  െ   ሽ, so by (1), 
ି   א ሻࡼሺࡻ െ ሼሽ. If ି   ൌ  െ
  , then ି ൌ ሺ െ ሻ, which is 
impossible. If ି   ൌ   , then  ൌ ି. 
If ܖ ൌ , then |ࡼ| ൌ  which does not divide 
|ࡳ| ൌ . Thus    and hence, Zsigmondy’s 
Theorem allows us to assume that ࢘ is a primitive 

prime divisor of 


ሺିሻ െ , but considering |ࡼ| 

and |ࡳ|, we have 
 

ሺ

ሺିሻ െ ሻ|ሺିሻሺିሻሺ  ሻ ෑ 	

ି

,ஷ,ୀ

൫ െ ൯, 

 
	ࢋ࢘ࢋࢎ࢝	 ൌ

ି


,  ൌ




ሺ െ ሻ.	Thus: 

(i) if ࢘|ሺିሻሺିሻ, then ࢘ ൌ , which is a 
contradiction;  
(ii) if	࢘|ሺ  ሻ, then ࢘|ሺ െ ሻ, so ࢘|ሺ െ

ሻ െ ሺ


ሺିሻ െ ሻ. Therefore ࢘|



ሺିሻሺି



ሺିሻ െ

ሻ, hence ࢘|ሺି


ሺିሻ െ ሻ implies that  െ




ሺ െ ሻ 




ሺ െ ሻ and so   , contradicting; 

(iii) if ࢘|∏ ି	
,ஷ,ୀ ሺ

 െ ሻ, then for some , 
     െ ,  ב ሼ,  ሽ, the same argument as
above shows that    െ , which is a 
contradiction. 

This shows that |ࡼ| ץ  .which is contradiction ,|ࡳ|	
 
Case 10.  
ࡼ ؆ ࡼ ሻ. Ifૡሺࡱ ؆  ሻ withૡሺࡱ ؠ , ሺࢊ	ሻ, 
then the odd order components of ࡼ are ૡ  ૠ െ
 െ  െ     , ૡ െ ૠ   െ    െ
   and ૡ െ    െ   . If ି   ൌ
ૡ  ૠ െ  െ  െ     , then:   
(i)if  ؠ ሺࢊሻ, then ૡ  ૠ െ  െ  െ
     ؠ ሺࢊሻ, but ି   ؠ
ሺࢊሻ, which is a contradiction;  
(ii) if  ؠ ሺࢊሻ, then we get a contradiction in 
a similar manner.  

Therefore, ି   ൌ ૡ െ ૠ   െ  
 െ    or ି   ൌ ૡ െ    െ  
, then the same reasoning as above leads to a 
contradiction. If ࡼ ؆  ሻ, whereૡሺࡱ ؠ
, , ሺࢊ	ሻ, then we get a contradiction in a 
similar manner. 

The above contradictions imply that ࢚ሺࡳሻ ൌ , so 
ሻࡳሺ࣊ ൌ ሻࡳሺ࣊ ሻ andࡹሺ࣊ ൌ  ሻ. Thusࡹሺ࣊
ሻࡳሺࡻ ൌ  ሻ, so the main theorem in [14]ࡹሺࡻ
shows that ࡳ ؆    .as claimed ,ࡹ

3.2. Proof of Theorem B 

Let ࡹ ൌ  ሺሻ, whereࡰ ൌ     ૢ is not 
prime. Assume that ࡳ is a finite group such that 
|ࡳ| ൌ ሻࡳሺࡰ and |ࡹ| ൌ ሻࡹሺ࢚ ሻ. Recall thatࡹሺࡰ ൌ
 and ࣊ሺࡹሻ ൌ ሺ࣊




. ሺିሻሺ  ሻሺି െ

ሻ∏ ି	
ୀ ሺ െ ሻሻ࣊܃ሺ

షା


ሻ. By assumption, 

ሺ࣊|
ܖషା


ሻ| ൌ , so ࣊ሺ

షା


ሻ א ሻࡳሺࢀ െ ሼ࣊ሺࡳሻሽ. 

This shows that ࢚ሺࡳሻ  . First suppose that 
ሻࡳሺ࢚  . We will reach a contradiction under this 
assumption. Thus by Lemma 2.4, ࡳ is neither a 
Frobenius group nor a -Frobenius group and 
hence, by Lemma 2.6(ii), there is a normal series 

 ٳ ࡴ ٱ ࡷ ٳ ࡼ such that ࡳ of ࡳ ൌ
ࡷ

ࡴ
 is a non-

abelian finite simple group, ࡴ is a nilpotent group 
and every odd order component of ࡳ is an odd 
order component of ࡼ. So ࢚ሺࡼሻ   and 
 
షା


א ሻࡼሺࡻ െ ሼሺࡼሻሽ, 	ࢋ࢘ࢋࢎ࢝ ൌ  

   (2)                                           .ࢋ࢘	࢚	࢙	ૢ
 

Thus the classification theorem of finite simple 
groups and Tables  and  show that one of the 
following possibilities holds for ࡼ:  
 
Case 1. 
ࡼ ؆ ,ሺሻ ,ૠሺሻࡱ ,ࡹ,ࡹ,ࡹ,ૠሺሻࡱ ,ࡶ ,ࡿࡴ  ,ࢠ࢛ࡿ

, ,ࡲ ,ࡲ ,ࡲ ,ࡹ,ሺሻ  ,ࡶ

,ࡺᇱࡻ ,ࡿ࢟ࡸ ,ࡲ ,ࡶ ,ሺሻࡱ  ,Ԣ. By (2)ࡲ
షା


א

ሻࡼሺࡻ െ ሼሽ, so "
షା


 ૡ" implies that 

షା


 is larger than every odd order component of 

the above groups. 
 
Case 2.  
ࡼ ؆  where ,   and ,  െ  are prime. Then 
ሻࡼሺࡻ െ ሼሺࡼሻሽ ൌ ሼ,  െ ሽ and hence, by (2), 
షା


א ሼ,  െ ሽ. If  ൌ

షା


, then  െ  ൌ

ሺషିሻ


. But  െ  is prime, so ି െ  ൌ . 

Therefore  ൌ , contradiction with assumption on 

 If . െ  ൌ
షା


, then  ൌ

షା


, so the 

largest power of  dividing || is ሾ



ሿ  ሾ



ૢ
ሿ. . . 

షି


 ሺ െ ሻ. But |ࡳ| ൌ |ࡹ| ൌ ሺିሻ, so 

ץ	|ࡼ|  .|ࡳ|
 
Case 3.  
ࡼ ؆  ሺሻ, whereࡰ ൌ ᇱ     is prime. 

Then ࡻሺࡼሻ െ ሼሺࡼሻሽ ൌ ሼ
షା


,
ା


ሽ. If 

షା


ൌ

షା


, then  ൌ  which is a ,

contradiction, because assumption says that  is not 

prime. If 
ା


ൌ

షା


, then    ൌ ሺି 
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ሻ. We obtain that  ൌ . ି   ؠ ሺࢊ	ሻ, 
which is a contradiction. Thus both cases are ruled 
out. 
 
Case 4.  
ࡼ ؆ ሻ and ሺ ൏ ሻࡼሺࡻ is even. Then  െ
ሼሺࡼሻሽ ൌ ሼ െ ,   ሽ. Thus (2) shows that 
షା


א ሼ െ ,   ሽ. If  െ  ൌ

షା


, then 

ି   ൌ . So |, which is a contradiction. 

Therefore,    ൌ
షା


, so ି െ  ൌ . 

Since  is a power of , then by Lemma 2.7(i), 
 ൌ , which is not the case. 
 
Case 5.  
ࡼ ؆  ሻ, whereሺ ؠ െሺࢊ	ሻ. Then 

ሻࡼሺࡻ െ ሼሺࡼሻሽ ൌ ሼ,
ି


ሽ. Thus by (2), 

షା


א ሼ,

ି


ሽ. If  ൌ

షା


, then ሺ  ሻ ൌ

ି  . But ሺ  ሻ ؠ ሺࢊ	ૡሻ and 
ି   ؠ ሺࢊ	ૡሻ, which is a contradiction. If 
ି


ൌ

షା


, then  ൌ ି  . This shows that 

 െ  ൌ 
షା


. But by our assumption 

ሺ࣊
షା


ሻ ൌ ሼ࢘ሽ and hence  െ  ൌ ࢚࢘. Assume 

 ൌ ࢻ where ࢻ   and obviously   , because 
 ؠ ሺࢊ	ሻ and  ؠ ሺࢊ	ሻ. So we have 
the following subcases:   
(i) if ࢻ  , then  െ | െ , so  െ |࢚࢘. 
Hence  െ |, which is a contradiction;  
(ii) if ࢻ ൌ , we have  ൌ  ൌ ି  . Now we 

set |
ࡳ

ࡷ
| ൌ |ࡳ| so ,࢚ ൌ  By Lemma 2.6(ii) .|ࡼ||ࡴ|࢚

and Lemma 2.9(i), ࢚|. Thus  
 

  |ࡴ|࢚| ൌ
|ࡳ|
|ࡼ|

, 

 
so for every ࢘ א ࡿ If .|ࡴ||࢘ ,ሺሻࡾ א  ,ሻࡴሺ࢘࢟ࡿ
then the order of ࡿ is a divisor of    and by 
Lemma 2.8, |ሺ|ࡿ| െ ሻ, which is a 
contradiction.  
 
Case 6.  
ࡼ ؆  ሻ, whereሺ ؠ ሺࢊ	ሻ. Then ࡻሺࡼሻ െ

ሼሺࡼሻሽ ൌ ሼ,
ା


ሽ, so by (2), 

షା


א ሼܙ,

ା


ሽ. 

First assume that 
ା


ൌ

షା


, so  ൌ ି. Now 

we set |
ࡳ

ࡷ
| ൌ |ࡳ| so ,࢚ ൌ  of course by ,|ࡼ||ࡴ|࢚

Lemma 2.6(ii) and Lemma 2.9(i), ࢚|ା. Thus  

|ࡴ|࢚ ൌ
|ࡳ|
|ࡼ|

ൌ


ሺିሻ


ሺ  ሻෑ	

ି

ୀ

ሺ െ ሻ. 

This implies that for every ࢘ א  If .|ࡴ||࢘ ,ሺሻࡾ
ࡿ א  is a divisor of ࡿ ሻ, then the order ofࡴሺ࢘࢟ࡿ
   and by Lemma 2.8, |ሺ|ࡿ| െ ሻ, 

which is a contradiction. This leads to  ൌ
షା


 

and  ൌ ࢻ ,so by Lemma 2.7(ii) ,ࢻ ൌ  and the 
same reasoning as above leads to get a 
contradiction.  
 
Case 7.  
ࡼ ؆  ሻ, whereሺࡳ ؠ ሺࢊ	ሻ or ࡼ ؆  ,ሻሺࡳ
where  ൌ ା  . If ࡼ ؆  ሻ, then theሺࡳ
same reasoning as above shows that      ൌ
షା


 or  െ    ൌ

షା


. But    

,  െ    ؠ ሺࢊ	ሻ and ି ؠ
ሺࢊ	ሻ and hence, both cases are ruled out. If 
P	؆2G2(q), then the same reasoning as above leads 
to get a contradiction.  
 
Case 8.  
ࡼ ؆  ሻ, whereሺࡲ ൌ ᇱା  . Then 

ሻࡼሺࡻ െ ሼሺࡼሻሽ ൌ ሼ  ඥ    ඥ 

,  െ ඥ   െ ඥ  ሽ, so by (2), 
షା


א

ሻࡼሺࡻ െ ሼሽ. If 
షା


ൌ   ඥ   

ඥ  , then ି ൌ ᇱା  ᇱା 
ᇱା  ᇱା  . But ି ؠ ሺࢊ	ሻ and 
ᇱା  ᇱା  ᇱା  ᇱା   ؠ

ሺࢊሻ, which is a contradiction. If 
షା


ൌ

 െ ඥ   െ ඥ  , then we get a 
contradiction in a similar manner. 
 
Case 9.  
ࡼ ؆ ሻࡼሺࡻ is even. Then  ሻ, whereሺࡲ െ

ሼሽ ൌ ሼ  ,  െ   ሽ, so by (2), 
షା


א

ሻࡼሺࡻ െ ሼሺࡼሻሽ. If 
షା


ൌ   , then 

ି െ  ൌ . Hence by Lemma 2.7(ii),  ൌ , 
contraction with our assumption. Therefore 
షା


ൌ  െ   , so ି ൌ  െ   . 

Since  is a power of , an easy computation shows 
that  െ    ؠ ሺࢊ	ሻ, which is a 
contradiction. 
 
Case 10.  
ࡼ ؆  ሻ, whereሺ ൌ ᇱା  . Then 
ሻࡼሺࡻ െ ሼሽ ൌ ሼ  ඥ  ,  െ ඥ 

,  െ ሽ, so by (2), 
ܖషା


א ሻࡼሺࡻ െ ሼሽ. If 

షା


ൌ  െ , then ି   ൌ , therefore 

|, which is a contradiction. If 
షା


ൌ  

ඥ  , then 

ൌ ሺᇱାሻ  . ᇱା   and 

hence, ሺ
ష

ሻ ൌ ሺᇱା  ሻ. Thus 
ష

ൌ
ᇱା  , so by Lemma 2.7(i),  ൌ , which is 
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impossible. If 
షା


ൌ  െ ඥ  , then 

ି ൌ ᇱା െ ᇱା  . Thus: 
(i) if Ԣ is odd, then  ؠ ି ൌ ᇱା െ
ܕᇱା   ؠ ሺࢊሻ, which is a contradiction;  
(ii) if Ԣ is even, then  ؠ ି ൌ ᇱା െ
ᇱା   ؠ ሺࢊሻ, which is a contraction.  
 
Case11.  
ࡼ ؆ ࡼ ሻ. Ifૡሺࡱ ؆  ሻ withૡሺࡱ ؠ , ሺࢊ	ሻ, 
then the odd order components of ࡼ are ૡ  ૠ െ
 െ  െ     , ૡ െ ૠ   െ    െ

   and ૡ െ    െ   . If 
షା


ൌ

ૡ  ૠ െ  െ  െ     , then:   
(i) if  ؠ ૡሻ, then ሺࢊሺ  ૠ െ  െ  െ
    ሻ ؠ ሺࢊ	ሻ and hence, ି   ؠ
ሺࢊሻ, which is a contradiction;  
(ii) if  ؠ , ሺࢊ	ሻ, then we get a 
contradiction in a similar manner.  

Therefore 
షା


ൌ ૡ െ ૠ   െ    െ

   or 
షା


ൌ ૡ െ    െ   , then 

the same reasoning as above leads to get a 
contradiction. If ࡼ ؆  ሻ, whereૡሺࡱ ؠ
, , ሺࢊ	ሻ, then we get a contradiction in a 
similar manner. 

The above contradictions imply that ࢚ሺࡳሻ ൌ , so 
ሻࡳሺ࣊ ൌ ሻࡳሺ࣊ ሻ andࡹሺ࣊ ൌ  ሻ. Thusࡹሺ࣊
ሻࡳሺࡻ ൌ  ሻ and hence, the main theorem inࡹሺࡻ
[15] shows that ࡳ ؆  .as claimed ,ࡹ
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