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Abstract

On the basis of a reproducing kernel space, an iterative algorithm for solving the one-dimensional linear and
nonlinear Schrédinger equations is presented. The analytical solution is shown in a series form in the reproducing
kernel space and the approximate solution is constructed by truncating the series. The convergence of the
approximate solution to the analytical solution is also proved. The method is examined for the single soliton
solution and interaction of two solitons. Numerical experiments show that the proposed method is of satisfactory
accuracy and preserves the conservation laws of charge and energy. The numerical results are compared with both
the analytical and numerical solutions of some earlier papers in the literature.
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1. Introduction

Finding analytical and numerical solutions of
various types of partial differential equations
(PDEs) is avery important and attractive subject in
the study of many physical and engineering model
problems [1-10]. One of the most important
equations of mathematical physics is the nonlinear
Schrédinger  equation (NLSE) with severa
applications in many different fields such as plasma
physics, nonlinear optics, water waves, and
bimolecular dynamics [11-14]. Its importance
comes from two of the most basic processes in a
physica  system, namely dispersion and
nonlinearity. The solutions of the NLSE are
balanced due to competing forces of nonlinearity
and dispersion. The typica example of such a
balanced solution is soliton. It can be solved
analytically by using the inverse scattering
transform for limited initial conditions [15-17].
Moreover, in real physical systems, existence of
driving forces or dissipation may give rise to
additional perturbations to the model and, hence,
makes it analytically intractable. In order to
understand the dynamics of the complicated
perturbed soliton models, one has to use numerical
simulations. There have been numerous
investigations on numerical solutions of variants of
the NLSE based on the finite difference [18-25],
finite element [26, 27, 28], discontinuous Galerkin
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[29, 30], differentid quadrature [31, 32], radial
basis functions collocation [33] and spectral [34,
35] methods. Hu et al. developed a grid method for
numericaly solving the n-dimensional bound-state
Schrédinger equation based on the reproducing
kernel Hilbert space and radial basis approximation
theory [36]. Recently, Dereli used a meshless
kernel-based method of lines for the numerical
solution of nonlinear Schrodinger equation [37].

The theory of reproducing kernels [38], was used
for the first time at the beginning of the 20th
century by S. Zaremba in his work on boundary
value problems for harmonic and biharmonic
functions. This theory has been successfully applied
for solving numerous problems, see e.g. [39-41]
and references cited therein.

In this study, an iterative method for solving the
nonlinear Schrédinger equation in the reproducing
kernel space is proposed. We decompose the
nonlinear Schrédinger equation to a coupled system
of nonlinear partial differential equations which is
solved by using the reproducing kernel method. The
advantages of the approach must lie in the
following facts. The approximate solution
converges uniformly to the analytical solution. The
method is mesh free, easily implemented and
capable of treating the various boundary conditions.
Since the method needs no time discretization, the
time in which the approximate solution is
computed, from the both elapsed time and stability
problem point of views, is not important. Also, we
can evaluate the approximate solutionu | _ (x,t) for

fixed n and m once, and use it over and over. Like
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in [42], we work with the reproducing kernel spaces
and basis functions for the vector-valued functions,
but we avoid having to practise the Gram-Schmidt
orthogonalization process. Therefore, required
computational time can be somewhat saved.

The rest of the paper is organized as follows. In
section 2 the governing equation is described.
Several reproducing kernel spaces are defined in
section 3. The method implementation and
convergence anaysis are given in section 4.
Numerical results are presented in section 5. The
last section isabrief conclusion.

2. Governing equation

Consider the initial-value problem for the one-
dimensional NLSE

_du  d%u
{1 E-H]W-F qlulPu=0, (xt) € (—%,0) X (0,T)
lux, 0) = px),

02u1_lauz %,

10u, 9%u, %9, ¢

n

u,(x,0)=u,(x0)=0,

u,(at)y=u, (bt)=u,(at)=u,(bt)=0.

Put
0%u 10u,
Ajug = %2’ Ajpu, = _ﬁ 3t
A 10u, A 0%u,
21U1 T ot ’A 2;“2 T ox2’
A :( 11 12)’
Az Ay ;
9% 2 2\3
Ni(otu) = — aj)zl—%(ul+¢l)((ul+¢l) +(u,+4,))°

NI

¢, q 2 2
Na(otu) = ——— —ﬁ(u2+¢2)((u1+¢1) +(u,+9,))

then problem (1) can be converted into the
following form:

Au=N(x,tu), (xt)€EQ,
u(x,0) =0, 2
u(a,t) = u(b,t) =0,

where u = (u;,u,)T, N= (N;,N,)T, ue W(Q) @

W(Q), Ne W(Q) ® W(Q). The space W(Q) @

W(Q) isdefined as

W(Q) @ W(Q) = {u = (ug, u)T|{u;}, € W)}
The inner product and norm are defined

respectively by

n at + ox? = %2 __(u2+¢2)((u1+¢1)2+(u2+¢2)2)

where i =+/-1,1#0,q=0 and p > 0 are redl
constants, and u(x,t) which governs weakly
nonlinear, strongly dispersive and amost
monochromatic wave, is a complex-valued function
of the spatial coordinate x and time t. In order to
compute a numerical solution on the interval [a, b],
artificia boundary conditions u(a,t) = u(b,t) =0
is chosen to model the physical conditions that
u—0asx —» too. Let

u(x,t) = ul(x,t) + iuz(x,t),
P =0, )+ i¢,X.

After homogenizing the initial condition, we get
the following system of partid differential
equations

b
T rmr= T3, +0,) (w4 0,) + (0, +9,)) wHea=@bxOD

p
2
)

@

2

1
2 2

(u,v) = Z (Up i)y, llull= (Z Iy ||2> , Yu,v
i=1

= € W(Q) ® W(Q).

The space W(Q) @ W(Q) can be defined in a
similar manner. The reproducing kernel Hilbert
spaces W(Q) and W(Q) are defined in the
following section.

3. Reproducing kernel spaces

Definition 1. Let H be a real Hilbert space of
functions f:Q — R. Denote by (-,:) the inner
product and let |I-l= /(- ,} be the induced norm in
H. A complex valued function K(x,y): 2 x Q - R
is called a reproducing kernel of H if the following
are satisfied:

DKy (x) =K(xy) €H forally € Q,
(iDf(y) = (f(x),K,(x)) forallfe
Hand forally € Q.
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Definition 2. A Hilbert space H of functions on a
set Q is called a reproducing kernel Hilbert space if
there exists areproducing kernel K of H.

Remark 1. The existence of the reproducing kernel
of a Hilbert space H is due to the Riesz
Representation Theorem. It is known that the
reproducing kernel is unique.

Definition 3. Let K: Q x Q — C be a kernel on Q.
The kernel K is called positive definite, if for any
finite set of points {y,,...,yn} ad any complex
numberse,, ..., g, we have

n

ij=1

Theorem 1. The reproducing kernel K, (x) of a
reproducing kernel Hilbert space H is positive
definite.

It has been proved that for every positive definite
kernel K corresponds one and only one class of
functions F with a uniquely determined inner
product in it, forming a Hilbert space and admitting
K as a reproducing kerndl. In fact, the kernel K
produces the entire space H, i.e.,

H = span{K(z,.)|z € Q}.

We note that it is possible to define severa
different inner products in the same class of
functions H, so that H is complete with respect to
each one of the corresponding norms. To each one
of the Hilbert spaces (H,{.,.)) there corresponds
one and only one kernel function K. That isto say K
depends not only on the class of functions H, but
aso on the choice of the inner product that H
admits. Now, we define some useful reproducing
kernel spaces.

Definition 4. Wy[a, b] = {u(x)|u(x), u’(x), u” (x)
are absolutely continuous in [a,b],u®(x) €
L?[a,b],u(a) = 0,u(b) = 0}. The inner product
and the norm in Wy[a, b] are defined respectively
by

(u,v)y, = u@v(a) + u'(a)v'(a) + u(b)v(b) +
P u® v dx, u,v e Wola,b], A3)

|IuIIW0= ’(u,u)wo, u € Wy[a, b].

The space W;[a, b] is a reproducing kernel space
and its reproducing kernel function is R, (x) given
in Appendix.

and

Definition 5. W;[0,T] = {u(t)|u(t),u’(t) are
absolutely continuous in [0, T],u’”’(t) € L?[0,T],
u(0) = 0}. The inner product and the norm in
W, [0, T] are defined respectively by

1

T
, — (i) 0 (i) 0 " " d,
(v, ;u TR )+f0 u (V" (Hdt
u,v € W,[0,T],

IIuIIW1= ’(u,u)wl, u € W, [0, T].

The space W; [0, T] is a reproducing kernel space
and its reproducing kernel function rg(t) is given
by

and

S 1

st+=-t2—=t3 t<s,
_ 2 6

rs(t) - SZ

st+—t——=s3 t>s.
2 6

Definition 6. W,[a,b] = {u®)|u(x),u’(x) are
absolutely continuous in [a,b],u”(x) € L?[a,b]}.
The inner product and the norm in W,[a,b] are
defined respectively by
1 b
W)y, = Z u®@v?(a) +f u' X))V (x)dx,

i=0 a

u,v € W,[a,b],

IIuIIW2= f(u,u)WZ, u € W,[a,b].

The space W, [a, b] is a reproducing kernel space
and its reproducing kernel function Q,(x) is given

by

and

1
1+yx+Xx2——x3 x<y,
3 2% 76
Qy(X)_ y2 1
1+yx+7x—€y3 X>y.

Definition 7. W5[0, T] = {u(t)|u(t) is absolutely
continuous in [0, T],u’(t) € L?[0,T]}. The inner
product and the norm in W;[0,T] are defined
respectively by

T
(w,v)y,, =u(0)v(0) +f u'(H)v'(B)dt,
0

u,v € W3[0, T],

hull,,= /(u,u)w3, u € W5[0,T].

and
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The space W;[0, T] is a reproducing kernel space
and its reproducing kernel function g¢(t) is given
by

1+t t<s,
qS(t)_{1+s t>s.

Definition 8. W(Q) = {u(x t)| is completely

0x2 at
continuous in - Q, = atz € 12(Q),u(x,0) =
0,u(a,t) = 0,u(b,t) = 0}. The inner product and
the norm in W(Q) are defined respectively by

2 i

0% o a
(V) Zf [atza @Y 5E5v@ t)]
+2 (% 6: O) Py v(x 0)) w,

3 0? 0% 9?2
f J. [6 352 u(x, t)a 352 —v(x, t)] dxdt,
u,v e W(Q),

lully,= f(u, u),,, u€WwQ).

Theorem 2. W(Q) is a reproducing kernel space
and its reproducing kernel functionis

K(y,s)(X' t) = Ry(X)rs(t)'
such that for any u(x, t) € W(Q),

u(y,s) = (ux ), Ky ),

and

and

Ky, =K, 8),
where Ry (x), rg(t) are the reproducing kernel
functions of Wy[a, b] and W, [0, T], respectively.
Proof: See[43].

Definition 9. \TV(Q) = {u(x, t)|a—u is completely
continuous in £, T € L2(Q)}. The inner product

and the norm in W(() are defined respectively by

(ulx 0, v(x Ow

9 a 9 9
Zf ataxt V0D 5 V(O D[t

+(u(x 0),v(x, 0))
T bra% 9 9% 0
+f f Em Zatu(x t)a ZatV(x t)] dxdt,
u,v € W(Q),

and

Tull = /(u, U gy UE WQ).

W(Q) is a reproducing kernel space and its
reproducing kernel function is

G(YrS) xt) = Qy(X)qs ®.

4. The method implementation

In this section, we will give the representation of
analytical and approximate solution of (2) in the
reproducing kernel space W(Q) @ W(Q). At first
the following lemmais given.

Lemma 1. If Aj:W(Q) »W(Q), i,j=12, ae
bounded linear operators, then A: W(Q) @ W(Q) -
W(Q) ® W(Q) isabounded linear operator.

Proof: See[42].
It is easy to show that the adjoint operator of A is

A7 A’
A = ( 11 31)’
A, Ay

where Aj; is the adjoint operator of Aj;. Now let

{(x,ti)}i=, be a countable dense subset in (, and
define

T .
(G(xirti)(x‘ t),O) =1
(Ov G(xi,ti) (Xr t))T ] =2,

Lbi]' xt) = A*(I)ij (x,t),i=12,
where A* is the adjoint operator of A.

¢ij (X, t) = G(Xi-ti)(x’ t) e]- = {

.,00,j=1,2

Theorem 3. Suppose that {(x;, t;)}i=, isdensein Q.
Then {i;(x, t)}Ef'f)) is a complete system in W(Q) @
W) and (%, ) = Agy) (K% D& (59250
Proof: We have

wij(x' t) = A¢;j(x, t)
Z b1y 0,5, Ky 0, 5))¢;

2

Z (d)l] (y: S) A(ys)K(x t)(y' S)e]>e]

j=1
= Agy,5) Koty (0, 5)€) | (3,5)=p )
= Agy,5) (Kiy,5) (X, 1)) | (y,5)=Cxpt)-

If
(u(x, t),l/)ij(x, t))=0, i=12..,00, j=1,2

then
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(u(x! t),A*(pi]’ (x' t)) = (Au(x' t), ¢i}' (x' t)) = 0.
Thus

2
Au(xl-,ti) = Z (Au(y’ S)’ ¢l](Y'S))gJ) =0.
=1

Note that {(x;t;)}i=; is dense in (, hence,
(Auw)(x,t) = 0. It follows that u =0 from the
existence of A~1. So the proof is complete.

In the sequel, we give the anaytical and
approximate solutions of the operator equation (2)
in the reproducing kernel space.

Theorem 4. Suppose that {(x;,t;)}i2; is dense in
0, then the anaytical solution of (2) can be
represented as

u(x' t) = Zloil Zi:l Nk(xl' tl'u(xli tl))flk(x' t) (4)

where the vectors & = [¢  (x,1),¢,, (x,1),..]"
and &, = [¢,,(x,1),¢,,(x,t),..]" can be obtained
by

B¢ =1y, 5)
B¢, =1, (6)
where

Bk = [Alp jk (x' t) | (X't)z(xi‘ti)]i,j=1 2

wl = [l/) 11(x' t)JPZl(x; t)' '--]T:
=, ,xty,,x1),..]"

Proof: Since {(x;, t;)};=, isdensein Q, it is enough
to show that

Au(xl-, ti) = N(xi, ti,u(xl-, ti))r i= 1, ey, OO,
So

Au(x;, t;) = Z (Au(x, 0, (0 0)e;
=
= Z <u(x, t);A*d)i]‘(x’ t))e_)]

j=1

2
Z NG i )8, (5,0, 4° , (x, D)

Now, since the matrix [A¢ , (%, )| 0=yt | o
k=12

is an identity matrix, we have

L0  k=1i=1,

Aflk(x’ t)l(x,t):(xi,ti) = (0’1)T k= 2’1’ = l’
0,07  i#l

So

Aux;, t) = Ny (g, t, u(x;, £,))(1,0)7
+ NZ (xiﬁ til u(xil tl))(otl)T
= N(xl-, ti,u(xl-, tl))
Using the initial function

u(x,t) = (u, ,(x,0),u,,(x, )", the following
approximate solution is constructed

[oe)

2
up(x,t) = Z Nk(xl: t, Un—q (xy, tl))flk(X. t),
=1 k=1

n=1.2,. (7)

Now, we will prove the convergence of u, (x,t)
to the analytical solution u(x, t) given by (4).

Theorem 5. Suppose that for each v =
(v, v2), 7 = (01, 7,) INnW(2) @ W(2),
I N(x,t,v) — N(x,t, D) Il W(ﬂ)@W(ﬂ)< C

v =71y eeway

Il
andC |l A7t lI< 1, thenu,, » u, asn — .

Proof: From Theorem 4,

Au(x,t) = N(x, t,u(x,t)), Au,(x,1t)
= N(x,t, up_1(x,t)).

So

II un(x, t) —u(x,t) lI=
” A_l(N(x! t’ un—l(xl t))
—N(x, t,u(x,t)) |l
<AL
I NCx, t, up_1(x, 1))
— N(x, t,u(x, )l
SCHATNN Uy (x, ) —ulx, t) Il

I
Thereforeu,, » u, asn - .

(]
Theorem 6. If u,(x,t) - u(x,t), then u,(x,t) -
u(x,t),asn - oo.

Proof: Since

[un (e, t) —ulx, )] = Kup(§,n) — u(,n), Koy ($m))
<l u,({,m) —u@@n)l
I Kty (S,m) I
< G lup(@om) —u@n) .
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Henceu,(x,t) - u(x,t), asn — oo.

Now, by choosing two nonnegative integers n
and m, the following computable approximate
solution can be obtained by taking finite terms in

@),

m 2
om0 8) = D Nyt G )8, (5, )
=1

k=1

In this case B, and B, are a 2m = 2m matrix and
Y1, P,, & and &, are 2m * 1 vectors.

Remark 2. There exists a unique solution for
equations (5) and (6) due to the strictly positive
definiteness property of the reproducing kernel.

5. Numerical results

In this section, we present some numerical
examples to test the accuracy of our scheme. The

set of pointsin the region Q, are defined by

b—a, .
X;=a-+ i L=0,...,N1
1
T .
tl=N—l, i=0,. ,N2

where N, and N, are the number of interior points
in the spatial and time domains, respectively, and
m=(N; +1) X (N, +1). The accuracy of the
method is measured by using the maximum error
norm

where u and i are the exact and approximate
solutions, respectively. The pointwise rate of
convergence in space and time are calculated by
using the following formul ae:

E(N1is1) E(N3i11)
1 ( ’ ) 1 ( ‘ )
"EML "EMN,D
N,y md e
In (—1'1 ) In (—Z’L )
Niisq Nojitq

where E(N;;) and E(N,;) are the norm of the
relative errors of the solution with number of spatial
points N;; and number of time points N,
respectively, where the norm of the relative errors
of the solution is defined by

1/2

le-\]: (u; — ;)?
(B

1 2
Ly Wi

where u and i are the exact and approximate
solutions, respectively. The NLSE has an infinite
number of conservation lawsincluding

o b
Q =f |u|?dx =f |ii|%dx,
—00 a

@ u|? 2q
— _ 7l -t p+2
E f_OO(n e p+2|u| )dx
fb( ot
~ Nl
a ox

2
_ q |a|p+2> dx,

2

p+2

corresponding to the conservation laws of charge
and energy, respectively. Relative errors of
invariants are defined by

Q—0Qo

Q|
Il

Q '
E - EO
EO ’

|
Il

where E, and Q, are the values of Q and E at the
time T = 0, respectively. To test the accuracy of
the proposed method, two examples are treated in
this section.

Example 1. (Thelinear Schrddinger equation)
Consider the linear Schrédinger equation

ou 0%u

i e +7 E%) +qu=0.
The exact solution is given by
u(x,t) = aexp(i (q — 4nk?*n?)t)sin(2kmx).

We work with the parameters a =0, b =1,
n =25, q=%, and « =n =k =1. The absolute

errors of |u(x,t)| for t =§ are shown in Fig. 1,

with different values of the parameter m. The
numerical invariant values are plotted in Fig. 2,
with m = 100, which shows that our method
preserves the two conservation laws. The curves of
real and imaginary parts of the numerical and exact
solutions at different times are shown in Fig. 3,
with m = 100, which indicate that they are in good
agreement. In order to examine the pointwise rate
of convergence in space and time, computations are
carried out with the different number of spatial and
time points. In Table 1, the number of time pointsis
kept fixed at N, = 20 and the number of spatial
points N; = 2,4,8,16,32 is varied to calculate the
spatial rate of convergence. It can be noted from
Table 1, that the rate of convergence increases with
the larger number of spatial points. In Table 2, the
number of spatial points is kept fixed at N; = 20
and the number of time points N, = 2,4,8,16,32 is
varied to compute the time rate of convergence. It
can be noted from Table 2, that the rate of
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convergence increases with the larger number of
time points.

m=36

m==81

0.0016
0.0014-
0.0012+
0.0010
Error g 0008
0.0006
0.0004

0.0002

m=64

0.0020+

0.00154

Error

0.00104

0.0005

m=100

0.0008
0.0007
0.0006-
0.0005

Error 0.0004
0.00034
0.00024

0.0001

ll) IJ’. 2 ﬂ:{ 0‘.6 0‘.3 |.
X

Fig. 1. Absolute errors of |u(x, %) - usrm(x,%)L for the

linear Schrodinger equation

2.5

0.5

————7—7——
0 01 02 03 04 05 06 07 08 09 1

70

50

304

20+

Fig. 2. The numerical charge (@Q) and energy (E) for the
linear Schrodinger equation from t=0 to 1 with
m =100

Table 1. Spetia rate of conwergence for the linear
Schradinger equation at T = % N, =20

N, L Order

.
2 2.110038E-02 -

4  8.522371E-03 1.307942
8  2.913090E-03 1.548705
16 8.233013E-04 1.823058
32 2.121349E-04 1.956438

Table 2. Timerate of convergence for the for the linear
Schradinger equation at T = % N,y =20

N, L Order

r
2 1.330025E-02 -
4  7.392653E-03 0.847289
8 3.514223E-03 1.072886
16 1.211148E-03 1.536831
32 3.699890E-04 1.710817
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Real of ximate solutions of u at T=0,0.2,0.4,0.60.8,

Reu

01 02 03 04 05 06 07 08 09
x

- T=04 T=0.6
— T=0.2 — T=1
T=0

y parts of app ions of u at T=0,0.2,0.4,0.6,0.8,1

24 y E T T H
0 0.2 0.4 0.6 0.8 1
X
T=0 T=0.2
——— T T=0.8
T=0.6

Exact and approximate solutions of real part u at T=1
24

Reu 04—

Exact and approximate solutions of imaginary part u at T=1
24

T T T T T T
[1] 0.2 04 0.6 0.8 1

[ Exact ApT |

Fig. 3. The real and imaginary parts of the numerical and
exact solutions of the linear Schrodinger equation from
t=0tot=1

Example 2. (The cubic nonlinear Schrodinger
equation)

I) One-soliton solution

Consider the cubic nonlinear Schrédinger equation

o%u

2y +qlulu=0
Lot Tgye talulu=0
It has the following single soliton solution

1
u(x,t) = a(g)z exp i (%sx - %(sz - az)t) sech (a(x — st)),
where s represents the speed of the soliton and its
magnitude depends on a. We work with the
paaneters a = —-20, b=20,n=a =1, s =4,
q = 2 in order to make comparison with analytical
solutions and earlier studies [28, 31, 32, 33, 37].
The absolute errors of |u(x, )| for t = 1 are shown
in Fig. 4, with n =5 and different values of the
parameter m. The numerical invariant values are
also plotted in Fig. 5, with mm = 100, which shows
that the numerical invariant values are almost
constant during the simulation. The modulus of the
exact and numerical solutions with m = 100 at
different timesis shown in Fig. 6 and the curves of
real and imaginary parts of those solutions are
drawn in Fig. 7, which indicate that they are in
good agreement. The calculated L., error norms
and the conserved quantities Q and E in addition to
their relative errors a time T = 1 are tabulated in
Table 3. The analytical values of the invariants are
Q=2 and E=7.333333. It can be seen from
Table 3 that the numerical invariants are completely
equal to the analytical ones, in our method. The L,
error norms corresponding to our method are in
agreement with the reported ones in [31, 37], but
better than the results of [28, 32].
I1) Interaction of two solitary waves

We consider the interaction of two solitary waves.
Theinitial and boundary conditions are given by

u(x,0) = sech (x)exp(2ix)+ sech(x
—10)exp(0.01i (x — 10)),

and
u(-10,t) = u(30,t) = 0.

This initial condition yields a two-soliton
solution, where the solitons are separated by a
distance of 10 units at t = 0. As time progresses,
the faster soliton eventually catches up with the
dower one and, according to the soliton theory,
passes through it with only a phase shift resulting
from the collision. Our numerical experiment is
conducted fromtime t = 0 to 5 withm = 100 and
n = 5. The evolution of the two invariants is given
in Fig. 8, which shows that our method preserves
the conservation laws for charge and energy.
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During our simulations, the charge @ seems to
remain constant value Q = 4 all the time, whereas
the energy E changes dightly when the solitons
interact and then E becomes constant value
E =6.51000 again after the interaction. The
modulus and the real and imaginary parts of the
numerical solution are drawn in Figs. 9 and 10,
respectively. In our numerical experiment the two
solitons collide but recover their shapes afterwards
despite a strongly nonlinear interaction. These
results are in qualitative agreement with the
behavior predicted by the soliton theory [44, 45,
46]. In the second experiment, collision of two
solitons is studied with the initial condition

u(x,0) = uy(x,0) + uy(x,0),

where

1
2\2 1
u;(x,0) = a; (E)Z exp i (E s(x— x,-)) sech (a;j(x — x;)),j
=1,2.

By taking q =2, a; =1, s; =4, x; = —10,
a,=1,s,=—-4,x,=10,m=100,andn =5
over the region —20 < x < 20, numerical values
of invariants in addition to their relative errors at
time T =5 are given in Table 4. The analytical
values of invariants are Q=4 and E =
14.6666666667. |t is clear that the invariants are
conserved as time increases. The relative errors of
invariants in our method are dightly smaller than
the reported onesin [28, 31, 32, 37].

m=36
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0.0024
Error

0.00H

m=64
0.00204
0.00154
Error 4 0910/
0.0005+
0 T ¥
~20 10 0 10 20
X
m=81
0.0014
0.0012
0.0010
0.0008
Error
0.0006
0.0004
0.0002
0% T
-20 10 0 10 20
x
m=100
0.0007+
0.0006+
0.0005+
0.0004
Error
0.0003+
0.0002
0.0001
0% T T T T
-20 -10 0 10 20

Fig. 4. Absolute errors of |u(x, 1) —u, (x,1)|, for the
one-soliton solution of the cubic NLSE
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Table 3. Comparison of error norms and relative error of invariantsat timeT = 1

Method Parameters L, Q E Q E
RKS(present) n=5 m =400 1.021000E-062.00000000  7.3333333%  0.000000 0.000000
[371G h=0.3125 At =0.02 1.668400E-062.00000000  7.33333332 2.559900E-12  -1.650000E-09
[37]MQ h=0.3125 At =0.02 1.874100E-061.99999999  7.33333319 4.078000E-03  -1.855700E-08
[37]W(7,5) h=0.3125 At =0.02 7.228600E-061.99999999  7.33333222 -2.555000E-11  -1.509400E-07
[28] h=0.3125 At =0.02  2.000000E-03- - 6.600000E-06  -3.417000E-04
[32] h =0.3125 At =0.02 2.531700E-05- - -1.440300E-06  -3.941900E-06
[31] h =0.3125 At =0.01 2.089000E-061.99900000  7.33300000 -4.512000E-08  -1.253000E-07
RKS(present) n=6 m =441 3.041011E-072.00000000  7.3333333%  0.000000 0.000000
[371G h=0.1 At =0.0025 8.114500E-081.99999999  7.3333333% -9.050500E-13  -6.914400E-13
[37]MQ h=0.1 At =0.0025 2.898400E-072.00000000  7.33333329 8.574000E-11  -5.692900E-09
[37]W(7,5) h=0.1 At =0.0025 5.189700E-081.99999999  7.33333331 -2.165100E-09  -2.467700E-09
[32] h=0.1 At =0.0025  1.932000E-071.99999999  7.3333333% -5.222200E-11  2.930600E-09

Fig. 8. The numerical charge (Q) and energy (E)
for the interaction of two solitary waves of the
cubic NLSE fromt = 0 to 5 withm = 100

|

asaaliia e

Fig. 9. The modulus of numerical solutions of the
interaction of two solitary waves of the cubic NL SE
fromt=0tot =5

Fig. 10. The real and imaginary parts of numerical
solutions of the interaction of two solitary waves of the
cubicNLSEfromt =0tot= 15
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Table 4. Comparison of invariants and relative error of invariantsat timeT = 5

Method Parameters Q E Q E
RKS(present) N =5 m =400 40000000121  14.6666659644  3.0250000000E-09  -4.7884000000E-08
[37]G h=025 At =0.01  4.0000003174  14.6666657344  7.9349999904E-08  -6.3563863627E-08
[37]MQ h=0.25 At =001  4.0000003175 14.6666620288  7.9374999906E-08  -3.1621840915E-07
[371W(7,5) h=025 At =0.01  4.0000003174  14.6666664743  7.9349999904E-08  -1.3116136419E-08
[31] h=0.25 At =0.01 3.9999991015  14.6666577117 - -

[32] h=0.25 At =0.01 39999991036  14.6666616240  -2.215067637E-07 -4.3588854792E-07
[28] h=0.1 At =001 3.9999900000  14.8315300000 - -
. [6] Déag, I., Sahin, A. & Korkmaz, A. (2010). Numerical
6. Conclusion

A new method on the basis of reproducing kernel
Hilbert spaces with reasonable accuracy is
presented for the 1-D Shrédinger equations.
Numerical experiments presented for the linear
Shrédinger and the cubic nonlinear Shrodinger
equations show that our method is of satisfactory
accuracy, preserves the conservation laws of charge
and energy, and successfully simulates the physical
behaviors of the motion of a single soliton and a
two-soliton  solution. The advantages of the
approach lie in the following facts. The method is
mesh free, easily implemented and capable of
treating various boundary conditions. The method
needs no time discretization against [33] and any
ODE integrator against [31, 32, 33]. Also, we can
evauate the approximate solution u,,,(x,t) for
fixed n and m once, and use it over and over. The
approximate solution also converges uniformly to
the analytical solution. The main disadvantage of
the method is that it can not handle the high
dimensional PDEs with irregular regions because it
needs to work with the tensor product of the
reproducing kernel spaces corresponding to each
dimension. However, the methods [33, 37] use
radial basis functions as kernel functions and hence
they do not have this disadvantage.
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Appendix

For constructing reproducing kernel function R, (x) in
W, [a, b], according to (3) we have

(u(x), Ry (), = w(@v(a) + u'(a)v'(a) + u(b)v(b)
b
+ f u® @RS (x)dx

= /(@) (R, (@) + R (@) +u" ()RS (b)
- u”(a)Rj(,S)(a)
—u" (DR} (b) = [, uGR (x)dx. -

Since R, (x) € Wyla, b], it follows that

Ry(a) =0, Ry(b)=0.

Ry (@) +RP @ =0, RP @ =0, RP(b)
_ P
=0, RP®) =0,

then (8) implies that

b
(), Ry (), = — f u()RY (x)dx.
For every x in [a, b], if R, (x) also satisfies
R (x) = —8(x — y),
then

(u(x), Ry (), = u().

Thus we introduce the analytical representation of
R, (x). Consider the following boundary value problem
with y as a parameter:
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R3(,6)(x) =0, x#y;

Ry(a) =0,

Ry(b) =0,

Ry, (@) + R (@) = 0,

RP(a) =0, ©
R (b) = 0,

R (b) =0,

R (@)l gmy-0 = RE () oy, k =0,1,234

Ry ()lemyto = Ry (0)]my-0 = ~1.

It can be shown that the solution of problem (9) is

Ry (x)
_eg +eax + e g x® 4 csxt + cgx®, x<y
dy +dox + dzx? +dyx® +dsx* +dgx5, x>y

where the unknown coefficients can be obtained by
applying the boundary conditions of (9).



