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Abstract 

On the basis of a reproducing kernel space, an iterative algorithm for solving the one-dimensional linear and 
nonlinear Schrödinger equations is presented. The analytical solution is shown in a series form in the reproducing 
kernel space and the approximate solution is constructed by truncating the series. The convergence of the 
approximate solution to the analytical solution is also proved. The method is examined for the single soliton 
solution and interaction of two solitons. Numerical experiments show that the proposed method is of satisfactory 
accuracy and preserves the conservation laws of charge and energy. The numerical results are compared with both 
the analytical and numerical solutions of some earlier papers in the literature. 
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1. Introduction 

Finding analytical and numerical solutions of 
various types of partial differential equations 
(PDEs) is a very important and attractive subject in 
the study of many physical and engineering model 
problems [1-10]. One of the most important 
equations of mathematical physics is the nonlinear 
Schrödinger equation (NLSE) with several 
applications in many different fields such as plasma 
physics, nonlinear optics, water waves, and 
bimolecular dynamics [11-14]. Its importance 
comes from two of the most basic processes in a 
physical system, namely dispersion and 
nonlinearity. The solutions of the NLSE are 
balanced due to competing forces of nonlinearity 
and dispersion. The typical example of such a 
balanced solution is soliton. It can be solved 
analytically by using the inverse scattering 
transform for limited initial conditions [15-17]. 
Moreover, in real physical systems, existence of 
driving forces or dissipation may give rise to 
additional perturbations to the model and, hence, 
makes it analytically intractable. In order to 
understand the dynamics of the complicated 
perturbed soliton models, one has to use numerical 
simulations. There have been numerous 
investigations on numerical solutions of variants of 
the NLSE based on the finite difference [18-25], 
finite element [26, 27, 28], discontinuous Galerkin 
 
*Corresponding author 
Received: 4 October 2012 / Accepted: 18 May 2013 
 

[29, 30], differential quadrature [31, 32], radial 
basis functions collocation [33] and spectral [34, 
35] methods. Hu et al. developed a grid method for 
numerically solving the n-dimensional bound-state 
Schrödinger equation based on the reproducing 
kernel Hilbert space and radial basis approximation 
theory [36]. Recently, Dereli used a meshless 
kernel-based method of lines for the numerical 
solution of nonlinear Schrödinger equation [37].  

The theory of reproducing kernels [38], was used 
for the first time at the beginning of the 20th 
century by S. Zaremba in his work on boundary 
value problems for harmonic and biharmonic 
functions. This theory has been successfully applied 
for solving numerous problems, see e.g. [39-41] 
and references cited therein. 

In this study, an iterative method for solving the 
nonlinear Schrödinger equation in the reproducing 
kernel space is proposed. We decompose the 
nonlinear Schrödinger equation to a coupled system 
of nonlinear partial differential equations which is 
solved by using the reproducing kernel method. The 
advantages of the approach must lie in the 
following facts. The approximate solution 
converges uniformly to the analytical solution. The 
method is mesh free, easily implemented and 
capable of treating the various boundary conditions. 
Since the method needs no time discretization, the 
time in which the approximate solution is 
computed, from the both elapsed time and stability 
problem point of views, is not important. Also, we 
can evaluate the approximate solution u	౤,ౣሺx, tሻ for 
fixed n and m once, and use it over and over. Like 
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in [42], we work with the reproducing kernel spaces 
and basis functions for the vector-valued functions, 
but we avoid having to practise the Gram-Schmidt 
orthogonalization process. Therefore, required 
computational time can be somewhat saved.  

The rest of the paper is organized as follows. In 
section 2 the governing equation is described. 
Several reproducing kernel spaces are defined in 
section 3. The method implementation and 
convergence analysis are given in section 4. 
Numerical results are presented in section 5. The 
last section is a brief conclusion.  

2. Governing equation 

Consider the initial-value problem for the one-
dimensional NLSE  
 

ە
۔

	i	ۓ
∂u
∂t
൅ η

∂ଶu
∂xଶ

൅ q|u|୮u ൌ 0,			ሺx, tሻ א ሺെ∞,∞ሻ ൈ ሺ0, Tሻ

uሺx, 0ሻ ൌ Ԅሺxሻ,

 

 
where 	i	 ൌ √െ1, η ് 0, q ൒ 0 and p ൐ 0 are real 
constants, and uሺx, tሻ which governs weakly 
nonlinear, strongly dispersive and almost 
monochromatic wave, is a complex-valued function 
of the spatial coordinate x and time t. In order to 
compute a numerical solution on the interval ሾa, bሿ, 
artificial boundary conditions uሺa, tሻ ൌ uሺb, tሻ ൌ 0 
is chosen to model the physical conditions that 
u ՜ 0 as x ՜ േ∞. Let  
 

uሺx, tሻ ൌ u	భሺx, tሻ ൅ 	i	u	మሺx, tሻ, 
Ԅሺxሻ ൌ Ԅ	భሺxሻ ൅ 	i	Ԅ	మሺxሻ. 

 
After homogenizing the initial condition, we get 

the following system of partial differential 
equations  
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u	భሺx, 0ሻ ൌ u	మሺx, 0ሻ ൌ 0,

u	భሺa, tሻ ൌ u	భሺb, tሻ ൌ u	మሺa, tሻ ൌ u	మሺb, tሻ ൌ 0.

             (1) 
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then problem (1) can be converted into the 
following form:  
 

ቐ
Au ൌ Nሺx, t, uሻ,				ሺx, tሻ א Ω,
uሺx, 0ሻ ൌ 0,
uሺa, tሻ ൌ uሺb, tሻ ൌ 0,

                       (2) 

 
where u ൌ ሺuଵ, uଶሻT, N ൌ ሺNଵ, NଶሻT, u א WሺΩሻْ
WሺΩሻ, N א W෩ ሺΩሻْW෩ ሺΩሻ. The space WሺΩሻْ
WሺΩሻ is defined as  
WሺΩሻْWሺΩሻ ൌ ሼu ൌ ሺuଵ, uଶሻT|ሼu୧ሽ୧ୀଵ

ଶ א WሺΩሻሽ. 
The inner product and norm are defined 

respectively by  

 

,uۃ vۄ ൌ෍	

ଶ

୧ୀଵ

,u୧ۃ v୧ۄ	W ,				 צ u ൌצ ൭෍	

ଶ

୧ୀଵ

צ u୧ ଶ൱צ

ଵ
ଶ

,u׊				, v

א WሺΩሻْWሺΩሻ. 
 

The space W෩ ሺΩሻْW෩ ሺΩሻ can be defined in a 
similar manner. The reproducing kernel Hilbert 
spaces WሺΩሻ and W෩ ሺΩሻ are defined in the 
following section.  

3. Reproducing kernel spaces 

Definition 1. Let H be a real Hilbert space of 
functions f: Ω ՜ Թ. Denote by ۃ	ڄ	ۄڄ, the inner 
product and let צڄצൌ ඥۃ	ڄ	ۄڄ, be the induced norm in 
H. A complex valued function Kሺx, yሻ: Ω ൈ Ω ՜ Թ 
is called a reproducing kernel of H if the following 
are satisfied:  
 
ሺiሻK୷ሺxሻ ൌ Kሺx, yሻ א H								for	all	y א Ω, 
ሺiiሻfሺyሻ ൌ ,fሺxሻۃ K୷ሺxሻۄ							for	all	f א
H	and	for	all	y א Ω.   
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Definition 2. A Hilbert space H of functions on a 
set Ω is called a reproducing kernel Hilbert space if 
there exists a reproducing kernel K of H.  
 
Remark 1. The existence of the reproducing kernel 
of a Hilbert space H is due to the Riesz 
Representation Theorem. It is known that the 
reproducing kernel is unique.  
 
Definition 3. Let K:Ω ൈ Ω ՜ C be a kernel on Ω. 
The kernel K is called positive definite, if for any 
finite set of points ሼyଵ, … , y୬ሽ and any complex 
numbers εଵ, … , ε୬ we have  
 

෍ 	

୬

୧,୨ୀଵ

εത୧ε୨K൫y୧, y୨൯ ൒ 0. 

  
Theorem 1. The reproducing kernel K୷ሺxሻ of a 
reproducing kernel Hilbert space H is positive 
definite.  

It has been proved that for every positive definite 
kernel K corresponds one and only one class of 
functions F with a uniquely determined inner 
product in it, forming a Hilbert space and admitting 
K as a reproducing kernel. In fact, the kernel K 
produces the entire space H, i.e.,  
 

H ൌ spanሼKሺz, . ሻ|z א Ωሽ. 
 

We note that it is possible to define several 
different inner products in the same class of 
functions H, so that H is complete with respect to 
each one of the corresponding norms. To each one 
of the Hilbert spaces ሺH, .ۃ , .  ሻ there correspondsۄ
one and only one kernel function K. That is to say K 
depends not only on the class of functions H, but 
also on the choice of the inner product that H 
admits. Now, we define some useful reproducing 
kernel spaces.  
 
Definition 4. W଴ሾa, bሿ ൌ ሼuሺxሻ|uሺxሻ, uԢሺxሻ, uԢԢሺxሻ 
are absolutely continuous in ሾa, bሿ, uሺଷሻሺxሻ א
Lଶሾa, bሿ, uሺaሻ ൌ 0, uሺbሻ ൌ 0ሽ. The inner product 
and the norm in W଴ሾa, bሿ are defined respectively 
by  
 
,uۃ vۄ	Wబ

ൌ uሺaሻvሺaሻ ൅ uԢሺaሻvԢሺaሻ ൅ uሺbሻvሺbሻ ൅

׬ 	
ୠ
ୟ u

ሺଷሻሺxሻvሺଷሻሺxሻdx,				u, v א W଴ሾa, bሿ,					             (3) 
 
and  
 

צ u Wబ	צ
ൌ ටۃu, uۄ	Wబ

,				u א W଴ሾa, bሿ. 

 
The space W଴ሾa, bሿ is a reproducing kernel space 

and its reproducing kernel function is R୷ሺxሻ given 
in Appendix. 

 
Definition 5. Wଵሾ0, Tሿ ൌ ሼuሺtሻ|uሺtሻ, uԢሺtሻ are 
absolutely continuous in ሾ0, Tሿ, uԢԢሺtሻ א Lଶሾ0, Tሿ, 
uሺ0ሻ ൌ 0ሽ. The inner product and the norm in 
Wଵሾ0, Tሿ are defined respectively by  
 

,uۃ vۄ	Wభ
ൌ෍	

ଵ

୧ୀ଴

uሺ୧ሻሺ0ሻvሺ୧ሻሺ0ሻ ൅ න 	
T

଴
uԢԢሺtሻvԢԢሺtሻdt,				 

u, v א Wଵሾ0, Tሿ, 
and  
 

צ u Wభ	צ
ൌ ටۃu, uۄ	Wభ

,				u א Wଵሾ0, Tሿ. 

 
The space Wଵሾ0, Tሿ is a reproducing kernel space 

and its reproducing kernel function rୱሺtሻ is given 
by  
 

rୱሺtሻ ൌ ൞
st ൅

s
2
tଶ െ

1
6
tଷ t ൑ s,

st ൅
sଶ

2
t െ

1
6
sଷ t ൐ s.

 

 
Definition 6. Wଶሾa, bሿ ൌ ሼuሺxሻ|uሺxሻ, uԢሺxሻ are 
absolutely continuous in ሾa, bሿ, uԢԢሺxሻ א Lଶሾa, bሿሽ. 
The inner product and the norm in Wଶሾa, bሿ are 
defined respectively by  
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ୟ
uԢԢሺxሻvԢԢሺxሻdx,				 

u, v א Wଶሾa, bሿ, 
 
and 
 

צ u Wమ	צ
ൌ ටۃu, uۄ	Wమ

,				u א Wଶሾa, bሿ. 

 
The space Wଶሾa, bሿ is a reproducing kernel space 

and its reproducing kernel function Q୷ሺxሻ is given 
by  
 

Q୷ሺxሻ ൌ ൞
1 ൅ yx ൅

y
2
xଶ െ

1
6
xଷ x ൑ y,

1 ൅ yx ൅
yଶ

2
x െ

1
6
yଷ x ൐ y.

 

 
Definition 7. Wଷሾ0, Tሿ ൌ ሼuሺtሻ|uሺtሻ is absolutely 
continuous in ሾ0, Tሿ, uԢሺtሻ א Lଶሾ0, Tሿሽ. The inner 
product and the norm in Wଷሾ0, Tሿ are defined 
respectively by  
 

,uۃ vۄ	Wయ
ൌ uሺ0ሻvሺ0ሻ ൅ න 	

T

଴
uԢሺtሻvԢሺtሻdt,				 

u, v א Wଷሾ0, Tሿ, 
 
and  
 

צ u Wయ	צ
ൌ ටۃu, uۄ	Wయ

,				u א Wଷሾ0, Tሿ. 
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The space Wଷሾ0, Tሿ is a reproducing kernel space 
and its reproducing kernel function qୱሺtሻ is given 
by  
 

qୱሺtሻ ൌ ቄ1 ൅ t t ൑ s,
1 ൅ s t ൐ s.

 

 

Definition 8. WሺΩሻ ൌ ሼuሺx, tሻ|
பయ୳

ப୶మ ப୲
 is completely 

continuous in Ω, 
பఱ୳

ப୶య ப୲మ
א LଶሺΩሻ, uሺx, 0ሻ ൌ

0, uሺa, tሻ ൌ 0, uሺb, tሻ ൌ 0ሽ. The inner product and 
the norm in WሺΩሻ are defined respectively by  
 

,uۃ vۄ	W ൌ෍	

ଵ

୧ୀ଴

න 	
T

଴
ቈ
∂ଶ

∂tଶ
∂୧

∂x୧
uሺa, tሻ

∂ଶ

∂tଶ
∂୧

∂x୧
vሺa, tሻ቉ dt 
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∂tଶ
vሺx, tሻ቉ dxdt,				 

u, v א WሺΩሻ, 
 
and  
 

צ u Wൌ	צ ටۃu, uۄ	W,				u א WሺΩሻ. 

 
Theorem 2. WሺΩሻ is a reproducing kernel space 
and its reproducing kernel function is  
 

Kሺ୷,ୱሻሺx, tሻ ൌ R୷ሺxሻrୱሺtሻ, 
 
such that for any uሺx, tሻ א WሺΩሻ,  
 

uሺy, sሻ ൌ ,uሺxۃ tሻ, Kሺ୷,ୱሻሺx, tሻۄ	W, 
 
and  
 

Kሺ୷,ୱሻሺx, tሻ ൌ Kሺ୶,୲ሻሺy, sሻ, 
 
where R୷ሺxሻ, rୱሺtሻ are the reproducing kernel 
functions of W଴ሾa, bሿ and Wଵሾ0, Tሿ, respectively.  
 
Proof: See [43].  
 

Definition 9. W෩ ሺΩሻ ൌ ሼuሺx, tሻ|
ப୳

ப୶
 is completely 

continuous in Ω, 
பయ୳

ப୶మ ப୲
א LଶሺΩሻሽ. The inner product 

and the norm in W෩ ሺΩሻ are defined respectively by  
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∂
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         ൅ۃuሺx, 0ሻ, vሺx, 0ሻۄ	Wమ
 

൅න 	
T

଴
න 	
ୠ

ୟ
ቈ
∂ଶ

∂xଶ
∂
∂t
uሺx, tሻ

∂ଶ

∂xଶ
∂
∂t
vሺx, tሻ቉ dxdt,				 

u, v א W෩ ሺΩሻ, 
 

and  
 

צ u W෪ൌ	צ ටۃu, uۄ	W෪ሺಈሻ
,				u א W෩ ሺΩሻ. 

 
W෩ ሺΩሻ is a reproducing kernel space and its 

reproducing kernel function is  
 

Gሺ୷,ୱሻሺx, tሻ ൌ Q୷ሺxሻqୱሺtሻ. 

4. The method implementation 

In this section, we will give the representation of 
analytical and approximate solution of (2) in the 
reproducing kernel space WሺΩሻْWሺΩሻ. At first 
the following lemma is given.  
 
Lemma 1. If A୧୨:WሺΩሻ ՜ WሺΩሻ, i, j ൌ 1,2, are 
bounded linear operators, then A:WሺΩሻْWሺΩሻ ՜
WሺΩሻْWሺΩሻ is a bounded linear operator.  
 
Proof: See [42].  
It is easy to show that the adjoint operator of A is  
 

Aכ ൌ ൬
Aଵଵכ Aଶଵ

כ

Aଵଶ
כ Aଶଶ

כ ൰, 
 
where A୧୨

כ  is the adjoint operator of A୧୨. Now let 
ሼሺx୧, t୧ሻሽ୧ୀଵ

ஶ  be a countable dense subset in Ω, and 
define  
 

Ԅ୧୨ሺx, tሻ ൌ Gሺ୶౟,୲౟ሻሺx, tሻe୨
՜
ൌ ൝

൫Gሺ୶౟,୲౟ሻሺx, tሻ,0൯
T

j ൌ 1,

ሺ0, Gሺ୶౟,୲౟ሻሺx, tሻሻ
T j ൌ 2,

 

 
ψ୧୨ሺx, tሻ ൌ AכԄ୧୨ሺx, tሻ, i ൌ 1,2, … ,∞, j ൌ 1,2 

 
where Aכ is the adjoint operator of A.  
 
Theorem 3. Suppose that ሼሺx୧, t୧ሻሽ୧ୀଵ

ஶ  is dense in Ω. 
Then ሼψ୧୨ሺx, tሻሽሺଵ,ଵሻ

ሺஶ,ଶሻ is a complete system in WሺΩሻْ

WሺΩሻ and ψ୧୨ሺx, tሻ ൌ Aሺ୷,ୱሻሺKሺ୷,ୱሻሺx, tሻe୨
՜
ሻห	ሺ୷,ୱሻୀሺ୶౟,୲౟ሻ.  

 
Proof: We have  
 

߰௜௝ሺݔ, ሻݐ ൌ ,ݔ௜௝ሺ߶כܣ ሻݐ
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՜
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		ൌ ,ݕሺ௫,௧ሻሺܭሺ௬,௦ሻሺܣ ሻݏ ௝݁
՜
ሻ|ሺ௬,௦ሻୀሺ௫೔,௧೔ሻ 

	ൌ ,ݔሺ௬,௦ሻሺܭሺ௬,௦ሻሺܣ ሻݐ ௝݁
՜
ሻ|ሺ௬,௦ሻୀሺ௫೔,௧೔ሻ. 

 
If  
 
,ݔሺݑۃ ,ሻݐ ߰௜௝ሺݔ, ۄሻݐ ൌ 0,				݅ ൌ 1,2… ,∞,				݆ ൌ 1,2 

 
then  
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,ݔሺݑۃ ,ሻݐ ,ݔ௜௝ሺ߶כܣ ۄሻݐ ൌ ,ݔሺݑܣۃ ,ሻݐ ߶௜௝ሺݔ, ۄሻݐ ൌ 0. 

 
Thus  
 

,௜ݔሺݑܣ ௜ሻݐ ൌ෍	

ଶ

௝ୀଵ

,ݕሺݑܣۃ ,ሻݏ ߶௜௝ሺy, ۄሻݏ ௝݁
՜
ൌ 0. 

 
Note that ሼሺݔ௜, ௜ሻሽ௜ୀଵݐ

ஶ  is dense in Ω, hence, 
ሺݑܣሻሺݔ, ሻݐ ൌ 0. It follows that ݑ ؠ 0 from the 
existence of ିܣଵ. So the proof is complete.  
In the sequel, we give the analytical and 
approximate solutions of the operator equation (2) 
in the reproducing kernel space.  
 
Theorem 4. Suppose that ሼሺݔ௜, ௜ሻሽ௜ୀଵݐ

ஶ  is dense in 
 then the analytical solution of (2) can be ,ߗ
represented as  
 
,ݔሺݑ ሻݐ ൌ ∑ 	ஶ

௟ୀଵ ∑ 	ଶ
௞ୀଵ ௞ܰሺݔ௟, ,୪ݐ ,௟ݔሺݑ ,ݔ೗ೖሺ	ߦ௟ሻሻݐ  ሻ    (4)ݐ

 
where the vectors ߦଵ ൌ ሾߦ	భభሺݔ, ,ሻݐ ,ݔమభሺ	ߦ ,ሻݐ … ሿ

் 
and ߦଶ ൌ ሾߦ	భమሺݔ, ,ሻݐ ,ݔమమሺ	ߦ ,ሻݐ … ሿ

் can be obtained 
by  
 
ଵߦଵܤ ൌ ߰ଵ,                                                            (5)	
 
ଶߦଶܤ ൌ ߰ଶ,                                                            (6) 
 
where  
 

௞ܤ ൌ ቂܣ 	߰ೕೖሺݔ, 					…,ሻ|ሺ௫,௧ሻୀሺ௫೔,௧೔ሻቃ௜,௝ୀଵ,ଶݐ
 

߰ଵ ൌ ሾ 	߰భభሺݔ, ,ሻݐ 	߰మభሺݔ, ,ሻݐ … ሿ
்,				߰ଶ

ൌ ሾ 	߰భమሺݔ, ,ሻݐ 	߰మమሺݔ, ,ሻݐ … ሿ
். 

 
Proof: Since ሼሺݔ௜, ௜ሻሽ௜ୀଵݐ

ஶ  is dense in Ω, it is enough 
to show that  
 
,௜ݔሺݑܣ ௜ሻݐ ൌ ܰሺݔ௜, ,௜ݐ ,௜ݔሺݑ ݅								,௜ሻሻݐ ൌ 1,… ,∞. 

 
So  
 

,௜ݔሺݑܣ ௜ሻݐ ൌ෍	

ଶ

௝ୀଵ

,ݔሺݑܣۃ ,ሻݐ ߶	೔ೕሺݔ, ۄሻݐ ௝݁
՜

ൌ෍	

ଶ

௝ୀଵ

,ݔሺݑۃ ,ሻݐ ,ݔ೔ೕሺ	߶כܣ ۄሻݐ ௝݁
՜

 

ൌ෍	

ଶ

௝ୀଵ

	෍ۃ

ஶ

௟ୀଵ

෍ 	

ଶ

௞ୀଵ

௞ܰሺݔ௟, ,௟ݐ ,௟ݔሺݑ ,ݔ೗ೖሺ	ߦ௟ሻሻݐ ,ሻݐ ܣ
,ݔ೔ೕሺ	߶כ ۄሻݐ ௝݁

՜
 

ൌ෍	

ଶ

௝ୀଵ

	෍ۃ

ஶ

௟ୀଵ

෍ 	

ଶ

௞ୀଵ

௞ܰሺݔ௟, ,௟ݐ ,௟ݔሺݑ t௟ሻሻߦܣ	೗ೖሺݔ, ,ሻݐ ߶	೔ೕሺݔ, ۄሻݐ ௝݁
՜

 

	ൌ෍	

ஶ

௟ୀଵ

෍ 	

ଶ

௞ୀଵ

௞ܰሺݔ௟, ,௟ݐ ,௟ݔሺݑ ,ݔ೗ೖሺ	ߦܣ௟ሻሻݐ  ሺೣ,೟ሻసሺೣ೔,೟೔ሻ	ሻ|ݐ

 

Now, since the matrix ൣߦܣ	೗ೖሺݔ, …,೔,೗,సభ,మ	ሻ|ሺ௫,௧ሻୀሺ௫೔,௧೔ሻ൧ݐ
ೖసభ,మ

 

is an identity matrix, we have  
 

Aߦ	೗ೖሺݔ, ሻ|ሺ௫,௧ሻୀሺ௫೔,௧೔ሻݐ ൌ ቐ
ሺ1,0ሻ் 				݇ ൌ 1, ݅ ൌ ݈,
ሺ0,1ሻ் 				݇ ൌ 2, ݅ ൌ ݈,
ሺ0,0ሻ் 				݅ ് ݈.

 

 
So  
 

,௜ݔሺݑܣ ௜ሻݐ ൌ ଵܰሺݔ௜, ,௜ݐ ,௜ݔሺݑ ௜ሻሻሺ1,0ሻ்ݐ

൅ ଶܰሺݔ௜, ,௜ݐ ,௜ݔሺݑ  ௜ሻሻሺ0,1ሻ்ݐ
																			ൌ ܰሺݔ௜, ,௜ݐ ,௜ݔሺݑ  .௜ሻሻݐ

 
Using the initial function 

,ݔ଴ሺݑ ሻݐ ൌ ሺݑ	భ,బሺݔ, ,ሻݐ ,ݔమ,బሺ	ݑ ሻሻݐ
், the following 

approximate solution is constructed  
 

,ݔ௡ሺݑ ሻݐ ൌ෍	

ஶ

௟ୀଵ

෍ 	

ଶ

௞ୀଵ

௞ܰ൫ݔ௟, ,௟ݐ ,௟ݔ௡ିଵሺݑ ,ݔ೗ೖሺ	ߦ௟ሻ൯ݐ  				,ሻݐ

݊ ൌ 1,2, ….                                                              (7) 
 

Now, we will prove the convergence of ݑ௡ሺݔ,  ሻݐ
to the analytical solution ݑሺݔ,  .ሻ given by (4)ݐ
 
Theorem 5. Suppose that for each ݒ ൌ
ሺݒଵ, ,ଶሻݒ ෤ݒ ൌ ሺݒ෤ଵ,   ,ሻߗሻْܹሺߗ෤ଶሻ in ܹሺݒ
 

צ ܰሺݔ, ,ݐ ሻݒ െ ܰሺݔ, ,ݐ ෤ሻݒ ೈ෪ሺಈሻْೈ෪ሺಈሻ	צ
൑ ܥ

צ ݒ െ ෤ݒ ೈሺಈሻْೈሺಈሻ	צ
, 

 

and ܥ צ ଵିܣ ൏צ 1, then ݑ௡ ՜
צ.צ
݊ as ,ݑ ՜ ∞.  

 
Proof: From Theorem 4,  
 

,ݔሺݑܣ ሻݐ ൌ ܰሺݔ, ,ݐ ,ݔሺݑ ,ݔ௡ሺݑܣ				,ሻሻݐ ሻݐ
ൌ ܰሺݔ, ,ݐ ,ݔ௡ିଵሺݑ  .ሻሻݐ

 
So  
 

צ ,ݔ೙ሺ	ݑ ሻݐ െ ,ݔሺݑ ሻݐ ൌצ
צ ,ݔଵሺܰሺିܣ ,ݐ ,ݔ௡ିଵሺݑ ሻሻݐ
െ ܰሺݔ, ,ݐ ,ݔሺݑ ሻሻݐ  צ

																																								൑צ ଵିܣ .צ
צ ܰሺݔ, ,ݐ ,ݔ௡ିଵሺݑ ሻሻݐ
െ ܰሺݔ, ,ݐ ,ݔሺݑ ሻሻݐ  צ

൑ ܥ צ ଵିܣ .צ צ ,ݔ௡ିଵሺݑ ሻݐ െ ,ݔሺݑ ሻݐ  .צ
 

Therefore ݑ௡ ՜
צ.צ
݊ as ,ݑ ՜ ∞.   

 

Theorem 6. If ݑ௡ሺݔ, ሻݐ ՜
צ.צ
,ݔሺݑ ,ݔ௡ሺݑ ሻ, thenݐ ሻݐ ՜

,ݔሺݑ ݊ ሻ, asݐ ՜ ∞.  
 
Proof: Since  
 
,ݔ௡ሺݑ| ሻݐ െ ,ݔሺݑ |ሻݐ ൌ ,ߞ௡ሺݑۃ| ሻߟ െ ,ߞሺݑ ,ሻߟ ,ߞሺ௫,௧ሻሺܭ  |ۄሻߟ

																																				൑צ ,ߞ௡ሺݑ ሻߟ െ ,ߞሺݑ ሻߟ צ
צ ,ߞሺ௫,௧ሻሺܭ ሻߟ  צ

																																				൑ ଵܥ צ ,ߞ௡ሺݑ ሻߟ െ ,ߞሺݑ ሻߟ  .צ
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Hence ݑ௡ሺݔ, ሻݐ ՜ ,ݔሺݑ ݊ ሻ, asݐ ՜ ∞.  

Now, by choosing two nonnegative integers ݊ 
and ݉, the following computable approximate 
solution can be obtained by taking finite terms in 
(7),  
 

,ݔ௡,௠ሺݑ ሻݐ ൌ෍	

௠

௟ୀଵ

෍ 	

ଶ

௞ୀଵ

௞ܰ൫ݔ௟, ,௟ݐ ,௟ݔ௡ିଵ,௠ሺݑ ,ݔ೗ೖሺ	ߦ௟ሻ൯ݐ  .ሻݐ

 
In this case ܤଵ and ܤଶ	are a 2݉ כ 2݉ matrix and 

߰ଵ, ߰ଶ, ߦଵ and ߦଶ are 2݉ כ 1 vectors.  
 
Remark 2. There exists a unique solution for 
equations (5) and (6) due to the strictly positive 
definiteness property of the reproducing kernel.  

5. Numerical results 

In this section, we present some numerical 
examples to test the accuracy of our scheme. The 
set of points in the region Ω, are defined by  
 

௜ݔ ൌ ܽ ൅
ܾ െ ܽ

	ܰభ
݅,												݅ ൌ 0,… , 	ܰభ 

௜ݐ ൌ
ܶ

	ܰమ
݅,																				݅ ൌ 0,… , 	ܰమ 

 
where ଵܰ and ଶܰ are the number of interior points 
in the spatial and time domains, respectively, and 
݉ ൌ ሺ ଵܰ ൅ 1ሻ ൈ ሺ ଶܰ ൅ 1ሻ. The accuracy of the 
method is measured by using the maximum error 
norm  
 

ஶܮ ൌצ ݑ െ ෤ݑ ൌצ max
௝
௝ݑ| െ  ,|෤௝ݑ

 
where ݑ and ݑ෤  are the exact and approximate 
solutions, respectively. The pointwise rate of 
convergence in space and time are calculated by 
using the following formulae:  
 

ln ൬
ሺܧ ଵܰ,௜ାଵሻ
ሺܧ ଵܰ,௜ሻ

൰

ln ൬ ଵܰ,௜

ଵܰ,௜ାଵ
൰

,					ܽ݊݀					
ln ൬

ሺܧ ଶܰ,௜ାଵሻ
ሺܧ ଶܰ,௜ሻ

൰

ln ൬ ଶܰ,௜

ଶܰ,௜ାଵ
൰
, 

 
where ܧሺ ଵܰ,௜ሻ and ܧሺ ଶܰ,௜ሻ are the norm of the 
relative errors of the solution with number of spatial 
points ଵܰ,௜ and number of time points ଶܰ,௜, 
respectively, where the norm of the relative errors 
of the solution is defined by  
 

௥ܮ ൌ ൭
∑ 	
ே	భ
௜ୀଵ ሺݑ௜ െ ෤௜ሻଶݑ

∑ 	
ே	భ
௜ୀଵ ௜ݑ

ଶ
൱

ଵ/ଶ

, 

 
where ݑ and ݑ෤  are the exact and approximate 
solutions, respectively. The NLSE has an infinite 
number of conservation laws including  

 

ܳ ൌ න 	
ஶ

ିஶ
ݔଶ݀|ݑ| ؄ න 	

௕

௔
 ,ݔ෤|ଶ݀ݑ|

ܧ ൌ න 	
ஶ

ିஶ
ቆߟ ฬ

ݑ∂
ݔ∂
ฬ
ଶ

െ
ݍ2
݌ ൅ 2

ݔ௣ାଶቇ݀|ݑ|

؄ න 	
௕

௔
ቆߟ ฬ

෤ݑ∂
ݔ∂
ฬ
ଶ

െ
ݍ2
݌ ൅ 2

෤|௣ାଶቇݑ|  ,ݔ݀

 
corresponding to the conservation laws of charge 
and energy, respectively. Relative errors of 
invariants are defined by  
 

ܳ ൌ
ܳ െ ܳ଴
ܳ଴

, 

ܧ ൌ
ܧ െ ଴ܧ
଴ܧ

, 

 
where ܧ଴ and ܳ଴ are the values of ܳ and ܧ at the 
time ܶ ൌ 0, respectively. To test the accuracy of 
the proposed method, two examples are treated in 
this section.  
 
Example 1. (The linear Schrödinger equation) 
Consider the linear Schrödinger equation  
 

݅	
ݑ∂
ݐ∂

൅ ߟ
∂ଶݑ
ଶݔ∂

൅ ݑݍ ൌ 0. 
 

The exact solution is given by  
 
,ݔሺݑ ሻݐ ൌ ݍሺ	݅	expሺߙ െ  .ሻݔߨሻsinሺ2݇ݐଶሻߨଶ݇ߟ4

 
We work with the parameters ܽ ൌ 0, ܾ ൌ 1, 

݊ ൌ ݍ ,5 ൌ
ଵ

ଶ
, and ߙ ൌ ߟ ൌ ݇ ൌ 1. The absolute 

errors of |ݑሺݔ, tሻ| for ݐ ൌ
ଵ

ଶ
 are shown in Fig. 1, 

with different values of the parameter ݉. The 
numerical invariant values are plotted in Fig. 2, 
with ݉ ൌ 100, which shows that our method 
preserves the two conservation laws. The curves of 
real and imaginary parts of the numerical and exact 
solutions at different times are shown in Fig. 3, 
with ݉ ൌ 100, which indicate that they are in good 
agreement. In order to examine the pointwise rate 
of convergence in space and time, computations are 
carried out with the different number of spatial and 
time points. In Table 1, the number of time points is 
kept fixed at ଶܰ ൌ 20 and the number of spatial 
points ଵܰ ൌ 2,4,8,16,32 is varied to calculate the 
spatial rate of convergence. It can be noted from 
Table 1, that the rate of convergence increases with 
the larger number of spatial points. In Table 2, the 
number of spatial points is kept fixed at ଵܰ ൌ 20 
and the number of time points ଶܰ ൌ 2,4,8,16,32 is 
varied to compute the time rate of convergence. It 
can be noted from Table 2, that the rate of 
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Table 4. Comparison of invariants and relative error of invariants at time ܂ ൌ ૞ 

 

Method Parameters Q E  Q E  
RKS (present) = 5n  = 400m  4.0000000121 14.6666659644 3.0250000000E-09 -4.7884000000E-08

[37]G = 0.25h = 0.01t  4.0000003174 14.6666657344 7.9349999904E-08 -6.3563863627E-08

[37]MQ = 0.25h  = 0.01t  4.0000003175 14.6666620288 7.9374999906E-08 -3.1621840915E-07

[37]W(7,5) = 0.25h = 0.01t  4.0000003174 14.6666664743 7.9349999904E-08 -1.3116136419E-08
[31] = 0.25h = 0.01t  3.9999991015 14.6666577117 - - 

[32] = 0.25h = 0.01t  3.9999991036 14.6666616240 -2.215067637E-07 -4.3588854792E-07

[28] = 0.1h = 0.01t  3.9999900000 14.8315300000 - - 

 

6. Conclusion 

A new method on the basis of reproducing kernel 
Hilbert spaces with reasonable accuracy is 
presented for the 1-D Shrödinger equations. 
Numerical experiments presented for the linear 
Shrödinger and the cubic nonlinear Shrödinger 
equations show that our method is of satisfactory 
accuracy, preserves the conservation laws of charge 
and energy, and successfully simulates the physical 
behaviors of the motion of a single soliton and a 
two-soliton solution. The advantages of the 
approach lie in the following facts. The method is 
mesh free, easily implemented and capable of 
treating various boundary conditions. The method 
needs no time discretization against [33] and any 
ODE integrator against [31, 32, 33]. Also, we can 
evaluate the approximate solution ࢛࢓,࢔ሺ࢞, ࢚ሻ for 
fixed ࢔ and ࢓ once, and use it over and over. The 
approximate solution also converges uniformly to 
the analytical solution. The main disadvantage of 
the method is that it can not handle the high 
dimensional PDEs with irregular regions because it 
needs to work with the tensor product of the 
reproducing kernel spaces corresponding to each 
dimension. However, the methods [33, 37] use 
radial basis functions as kernel functions and hence 
they do not have this disadvantage.  
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Appendix 

For constructing reproducing kernel function ܴ௬ሺݔሻ in 

଴ܹሾܽ, ܾሿ, according to (3) we have  
 
,ሻݔሺݑۃ ܴ௬ሺݔሻۄௐబ

ൌ ሺܽሻݒሺܽሻݑ ൅ ԢሺܽሻݒԢሺܽሻݑ ൅ ሺܾሻݒሺܾሻݑ

൅ න 	
௕

௔
ሻܴ௬ݔሺଷሻሺݑ

ሺଷሻሺݔሻ݀ݔ 

ൌ Ԣሺܽሻݑ ቀܴ௬ᇱሺܽሻ ൅ ܴ௬
ሺସሻሺܽሻቁ ൅ ԢԢሺܾሻܴ௬ݑ

ሺଷሻሺܾሻ

െ ԢԢሺܽሻܴ௬ݑ
ሺଷሻሺܽሻ 

െݑᇱᇱሺܾሻܴ௬
ሺସሻሺܾሻ െ ׬ 	

௕
௔ ሻܴ௬ݔሺݑ

ሺ଺ሻሺݔሻ݀.ݔ							(8)                   
 

Since ܴ௬ሺݔሻ א ଴ܹሾܽ, ܾሿ, it follows that  
 

ܴ௬ሺܽሻ ൌ 0,				ܴ௬ሺܾሻ ൌ 0. 
 
If  
 

ܴ௬ᇱሺܽሻ ൅ ܴ௬
ሺସሻሺܽሻ ൌ 0,				ܴ௬

ሺଷሻሺܽሻ ൌ 0,				ܴ௬
ሺଷሻሺܾሻ

ൌ 0,				ܴ௬
ሺସሻሺܾሻ ൌ 0, 

 
then (8) implies that  
 

,ሻݔሺݑۃ ܴ௬ሺݔሻۄௐబ
ൌ െන 	

௕

௔
ሻܴ௬ݔሺݑ

ሺ଺ሻሺݔሻ݀ݔ. 

 
For every ݔ in ሾܽ, ܾሿ, if ܴ௬ሺݔሻ also satisfies  

 
ܴ௬
ሺ଺ሻሺݔሻ ൌ െߜሺݔ െ  ,ሻݕ

 
then  
 

,ሻݔሺݑۃ ܴ௬ሺݔሻۄௐబ
ൌ  .ሻݕሺݑ

 
Thus we introduce the analytical representation of 

ܴ௬ሺݔሻ. Consider the following boundary value problem 
with ݕ as a parameter:  
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ە
ۖ
ۖ
ۖ
ۖ
ۖ
۔

ۖ
ۖ
ۖ
ۖ
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ሺ௞ሻሺݔሻ|௫ୀ௬శబ,				݇ ൌ 0,1,2,3,4

ܴ୷
ሺହሻሺݔሻ|௫ୀ௬శబ െ ܴ௬

ሺହሻሺݔሻ|௫ୀ௬షబ ൌ െ1.

   (9) 

 
It can be shown that the solution of problem (9) is  

 
ܴ௬ሺݔሻ

ൌ ቊ
ܿଵ ൅ ܿଶݔ ൅ ܿଷݔଶ ൅ ܿସݔଷ ൅ ܿହݔସ ൅ ܿ଺ݔହ, ݔ				 ൑ ݕ
݀ଵ ൅ ݀ଶݔ ൅ ݀ଷݔଶ ൅ ݀ସݔଷ ൅ dହݔସ ൅ ݀଺ݔହ, ݔ				 ൐ ݕ

 

 
where the unknown coefficients can be obtained by 
applying the boundary conditions of (9). 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 


